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We derive a variational characterization of the exact discrete Hamiltonian, which is a Type Il generating
function for the exact flow of a Hamiltonian system, by considering a Legendre transformation of Jacobi’s
solution of the Hamilton—Jacobi equation. This provides an exact correspondence between continuous
and discrete Hamiltonian mechanics, which arise from the continuous- and discrete-time Hamilton’s
variational principle on phase space, respectively. The variational characterization of the exact discrete
Hamiltonian naturally leads to a class of generalized Galerkin Hamiltonian variational integrators that
includes the symplectic partitioned Runge—Kutta methods. This extends the framework of variational
integrators to Hamiltonian systems with degenerate Hamiltonians, for which the standard theory of
Lagrangian variational integrators cannot be applied. We also characterize the group invariance
properties of discrete Hamiltonians that lead to a discrete Noether’s theorem.

Keywords geometric numerical integration; geometric mechanics; symplectic integrators; variational
integrators; Hamiltonian mechanics.

1. Introduction
1.1 Discrete mechanics

Discrete-time analogues of Lagrangian and Hamiltonian mechanics, which are derived from discrete
variational principles, yield a class of geometric numerical integratéag¢ret al.,2006) referred to as
variational integratord\larsden & West2001;Lall & West, 2006). The discrete variational approach to
constructing numerical integrators is of interest as they automatically yield methods that are symplectic,
and, by a backward error analysis, exhibit bounded energy errors for exponentially long times (see, for
exampleHairer,1994). When the discrete Lagrangian or Hamiltonian is group invariant, they will yield
numerical methods that are momentum preserving.

Discrete Hamiltonian mechanics can be derived from discrete Lagrangian mechanics by relaxing
the discrete second-order curve condition. The dual formulation of this constrained optimization prob-
lem yields discrete Hamiltonian mechanitsll & West, 2006). Alternatively, the second-order curve
condition can be imposed using Lagrange multipliers, and this corresponds to the discrete Hamilton—
Pontryagin principle (Leok & Ohsaw2008).
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In contrast to the prior literature on discrete Hamiltonian mechanics, which typically start from the
Lagrangian setting, we will focus on constructing Hamiltonian variational integrators from the Hamilto-
nian point of view, without recourse to the Lagrangian formulation. When the Hamiltonian is hyperreg-
ular, it is possible to obtain the corresponding Lagrangian function, adopt the Galerkin construction of
Lagrangian variational integrators to obtain a discrete Lagrangian and then perform a discrete Legendre
transformation to obtain a discrete Hamiltonian. This is described in the following diagram.

|
|
|
Y

H;(Qo,pl) T Ld(QOle)

d

The goal of this paper is to directly express the discrete Hamiltonian in terms of the continuous
Hamiltonian, so that the diagram above commutes when the Hamiltonian is hyperregular. An added
benefit is that such an approach would remain valid even if the Hamiltonian is degenerate, as is the case
for point vortices (se&lewton,2001, p. 22), and no corresponding Lagrangian formulation exists.

The Galerkin construction for Lagrangian variational integrators is attractive since it provides a
general framework for constructing a large class of symplectic methods based on suitable choices of
finite-dimensional approximation spaces and numerical quadrature formulas. Our approach allows one
to apply the Galerkin construction of variational integrators to Hamiltonian systems directly and may po-
tentially generalize to variational integrators for multisymplectic Hamiltonian partial differential equa-
tions (PDESs) Marsdenret al.,1999;Bridges & Reich2001;Lew et al.,2003).

Discrete Lagrangian mechanics is expressed in terms of a discrete Lagrangian, which can be viewed
as a Type | generating function of a symplectic map, and discrete Hamiltonian mechanics is naturally ex-
pressed in terms of discrete Hamiltoniahal{ & West, 2006), which are either Type Il or lll generating
functions. The discrete Hamiltonian perspective allows one to avoid some of the technical difficulties
associated with the singularity associated with Type | generating functions t tinz(seeMarsden,
1992, p. 177).

ExamMpPLE 1.1. Toillustrate the difficulties associated with degenerate Hamiltonians consider

H(a, p) = ap,

with the Legendre transformation given BH: T*Q — T Q, (g, p) — (4, H/op) = (q, ). Clearly,
in this situation, the Legendre transformation is not invertible. Furthermore, the associated Lagrangian
is identically zero, thatis. (9, §) = pg — H(Q, P)lg=or/ep = P4 — APlg=q = 0.

The associated Hamilton’s equations are givenjby: o0H/op = gandp = —éH/oq = —p,
with exact solutiom(t) = q(0)exp(t) and p(t) = p(0)exp(—t). This exact solution is, in general,
incompatible with thgqp, g1) boundary conditions associated with Type | generating functions, but it
is compatible with th€qp, p1) boundary conditions associated with Type Il generating functions.

In view of this example, our discussion of discrete Hamiltonian mechanics will be expressed directly
in terms of continuous Hamiltonians and Type Il generating functions.
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1.2 Main results

We provide a characterization of the Type Il generating function that generates the exact flow of Hamil-
ton’s equations and derive the corresponding Type Il Hamilton—Jacobi equation that it satisfies. By
considering a discrete Type Il Hamilton’s variational principle in phase space, we derive the discrete
Hamilton's equations in terms of a discrete Hamiltonian. We provide a variational characterization of
the exact discrete Hamiltonian that, when substituted into the discrete Hamilton’s equations, generates
samples of the exact continuous solution of Hamilton’s equations. Also, we introduce a discrete Type Il
Hamilton—Jacobi equation.

From the variational characterization of the exact discrete Hamiltonian, we introduce a general-
ized Galerkin approximation from both the Hamiltonian and the Lagrangian viewpoints and show that
they are equivalent when the Hamiltonian is hyperregular. In addition, we provide a systematic means
of implementing these methods as symplectic-partitioned Runge—Kutta (SPRK) methods. We also es-
tablish the invariance properties of the discrete Hamiltonian that yield a discrete Noether's theorem.
Galerkin discrete Hamiltonians derived from group-invariant interpolatory functions satisfy these in-
variance properties and therefore preserve momentum.

1.3 Outline of the paper

In Section2 we present the Type Il analogues of Hamilton’s phase space variational principle and the
Hamilton—Jacobi equation, and we consider the discrete-time analogues of these in SectiSec-

tion 4 we develop generalized Galerkin Hamiltonian and Lagrangian variational integrators and consider
their implementation as SPRK methods. In Sectave establish a discrete Noether’s theorem and pro-
vide a discrete Hamiltonian that preserves momentum. In Seétwom present numerical experiments
where we apply two Galerkin Hamiltonian variational integrators to a degenerate Hamiltonian system
and the harmonic oscillator.

2. Variational formulation of Hamiltonian mechanics

2.1 Hamilton’s variational principle for Hamiltonian and Lagrangian mechanics
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Consider am-dimensional configuration manifol@ with associated tangent spat€ and phase space
T*Q. We introduce the generalized coordinates: (91, g2,....9" onQ and(q, p) = (9%, 43 ...,
q", p1, P2, ..., Pn) ONT*Q. Given a HamiltoniarH: T*Q — R, Hamilton’s phase space variational
principle states that

T
o [ tpa—H@. pldt =0
for fixed q(0) andq(T). This is equivalent to Hamilton’s canonical equations
oH oH
1= — )= —— . 2.1
q ap(q, P, P 2q @, p) (2.1)
If the Hamiltonian is hyperregular, then there is a corresponding LagrahgitiQ — R given by

L@.q) = extpd — H(a, p) = pd — H(@, P)lg=oH,ap »
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whereext, denoteghe extremum ovep. Then Hamilton’s phase space principle is equivalent to Hamil-
ton’s principle

.
5/ L(g, g)dt = 0
0

for fixed q(0) andq(T). The exact discrete Lagrangian is then given by

h h
LS. q) = ext / L@, qapdt= e / pd — H(g. p)dt,
qeC2([0,h],Q) Jo (g,p)eC?([0,h], T*Q) Jo
9(0)=qo0.q(h)=01 9(0)=00,q(h)=01

which corresponds to Jacobi’s solution of the Hamilton—Jacobi equation. The usual characterization
of the exact discrete Lagrangian involves evaluating the action integral on agptimee satisfies the
boundary conditions at the end points and the Euler—Lagrange equations in the interior.; However, as we
will see, the variational characterization above naturally leads to the construction of Galerkin variational
integrators.

2.2 Type Il Hamilton's variational principle in phase space

The boundary conditions associated with both Hamilton’s principle and Hamilton’s phase space varia-
tional principle are naturally related to Type | generating functions since they specify the positions at the
initial and final times. We will introduce a version of Hamilton’s phase space principle for fixed bound-
ary conditionsg(0), and p(T) boundary conditions, that correspond to a Type Il generating function,
and we will refer to this as the Type Il Hamilton’s variational principle in phase space. As would be
expected this will give a characterization of the exact discrete Hamiltonian. Taking the Legendre trans-
formation of the Jacobi solution of the Hamilton—Jacobi equation leads us to consider the functional
G:C%([0, T], T*Q) — R given by

T
S@), p()) = p(Ma(T) — /O [pd — H(q(t), p(t))]dt. (2.2)
LEMMA 2.1. Consider the functionab(q(-), p(-)) given by €.2). The condition tha&(q(-), p(-)) is

stationary with respect to the boundary conditi6qé0) = 0 andop(T) = 0 is equivalent tqq(-), p(-))
satisfying Hamilton’s canonical equations (2.1).

Proof. Direct computation of the variation @ over the path spad@?([0, T], T*Q) yields
06 =q(T)op(T) + p(T)éq(T)
Tr. , oH oH
- /O GOIPM) + PO — Z-@D. PH)IAD — 7@, PHISPO) |t
By using integration by parts and the boundary conditdm@®) = 0 anddsp(T) = 0, we obtain
06 = q(T)op(T) + p(T)dq(T) — p(T)dsa(T) + p(0)oq(0)

Tr/. oH . oH
+ /0 [(p(t) + 2@, p(t))) st - (q(t) - 2w, p(t») 5p(t)} dt

Try. oH , oH
=/ [(D(t) + 6—(Q(t), D(t))) aq(t) — (CI(t) - —(q(), p(t))) 5p(t)} dt. (2.3)
0 q op
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If (q, p) satisfies Hamilton's equations (2.1), then the integrand vanisheg@ng 0. Conversely,
if we assume thaiS = 0 for anydq(0) = 0 andop(T) = 0, then from (2.2) we obtain

T H Y
56 = /O [(p(t) + aa—q(qa), p(t))) Jq(t) — (q(t) - Z—p(q(t), p(t))) 5p(t)} dt =0,

and, by the fundamental theorem of calculus of variationsn()id, 1989), we recover Hamilton’s
equations

. oH . oH
a@ = a—p(Q(t), p(®), p@) = —E(Q(t), p(t)). 0

The above lemma states that the integral cuigé), p(-)) of Hamilton's equations extremizes the
action functionalS(q(-), p(-)) given in .2) for fixed boundary conditiong(0) and p(T). We now
introduce the function”” (qo, pt), which is given by the extremal value of the action functio&abver
the family of curves satisfying the boundary conditiai{®) = go andp(T) = pr, hamely,

)
7 (do, PT) = et &0, p() = et prar— / [pd — H (. pldt.
(9,p)eC3([0,T],T*Q) (9,p)eC?([0,T],T*Q) 0
q(0)=do, p(T)=pr q(0)=dqo, p(T)=pr
(2.4)

Thenext theorem describes ho# (qo, pr) generatethe flow of Hamilton's equations.

THEOREM 2.2 Given the function?(qo, pt) definedby (2.4), the exact tim&- flow map of Hamil-
ton’s equationgdo, po) — (ar, pr) is implicitly given by the following relation:

ar = D2.7(o, Pt), Po = D1.7(qo, PT). (2.5)

In particular,.# (qo, pt) is a Type |l generating function that generates the exact flow of Hamilton’s
equations.

Proof. We directly compute

0.
a—qO(QO, pT)

aqr /T [ap(t) . aq(t) aq(t) oH ap(t) oH ]
N LI a0 + L pt) — 22 (q, p) — —27"(q, p) | dt
a0 ™" o0 t) 20 p(t) 300 29 @, p) 500 op @, p)
oqr oqT 0o /T[ap(t)(. oH ) aq(t)(. oH )}
= — _— —l—_ - S - k) - +_ 9 dt
20 pT aquT aqo|oo o | oo q ap(q p) 20 p 2q @, p)

T Top(t) ( oH ) aq(t) ( oH )]
= —_ — —_— - - d
Po /0 [6(40 q ap(q, p) 2% P+ 3 (q, p) ) | dt,

wherewe have used integration by parts. By Lem&a, the extremum o6 is achieved when the

curve(q, p) satisfies Hamilton's equations. Consequently, the integrand in the above equation vanishes,

giving po = %(qo, pt). Similarly, by using integration by parts and restricting ourselves to the curves
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(g, p) thatsatisfy Hamilton’s equations, we obtain

7 (ao. pr)
opr Qo, PT

opr oqr /T [8p(t) . oq(t) oq(t) oH op(t) oH }
= — + — — —q@t) + —pt) — ——(q, - ——(q, dt
opr ar opr opT a®) opr P®) opr oq @ p) opr op @ p)

aqr oqr a9 /T [ap(t) ( oH ) aq(t) ( oH )}
=qr+-——pr——pr+—po— | |=—0-—-@p)-——(p+—-@. p)|dt
ar apr pT e pr apr o | pr q ap(q P e p 2 @, p .
:qT,

2.3 Type Il Hamilton—Jacobi equation

Let us explicitly consider” (do, pt) asa function of the timel, and we denote this by (qo, pT).
Theorem?2.2 statesthat the Type Il generating functioss (qo, pt) generateshe exact timeFr flow

map of Hamilton’s equations, and consequently it has to be related by the Legendre transformation to
the Jacobi solution of the Hamilton—-Jacobi equation, which is the Type | generating function for the
same flow map. Consequently, we expect that the funci®iiqo, pr) satisfiesa Type Il analogue of

the Hamilton—Jacobi equation that we derive in the following proposition.

PROPOSITION2.3. Let

t
PO =A@ = et (poaw - [ [pede - HEE. pe)ds).
(0, p)eC([0,t], T* Q) 0
q(0)=0p, p(t)=p

(2.6)
Thenthe functionS(qo, p, t) satisfieghe Type Il Hamilton—Jacobi equation
02(%. p.H _ (@ p)‘ 2.7)
ot op

Proof. From the definition of$(qp, p, t), the curve that extremizes the functional connects the fixed
initial point (qo, po) with the arbitrary final point{q, p) at timet. Computing the time derivative of
S(qo, p, t) yields

d
d_Stz = p®)a(t) + p®q) — pm)a) + H@), p)). (2.8)
On the other hand,
d$ 09 0
Equating(2.8) and 2.9) and applyingZ.5) yields
%% = b0 + . p) - p0 52 = Haw. po) = # (2p). @210
p op 0

The Type Il Hamilton—Jacobi equation also appears on page 2(Haokr et al. (2006) and in
de Lébdn et al. (2007). However, this equation has generally been used in the construction of sym-
plectic integrators based on Type Il generating functions by considering a series expanSpoim of
powers oft, substituting the series into the Type Il Hamilton—Jacobi equation and truncating. Then, a

TTOZ ‘22 Iudy uo Areiqr uibug pue asuaios Je o sjeunolpioyxo euleuw woiy papeojumoq


http://imajna.oxfordjournals.org/

DISCRETEHAMILTONIAN VARIATIONAL INTEGRATORS 7 of 36

term-by-term comparison allows one to determine the coefficients in the series expanSoffraf
which one constructs a symplectic map that approximates the exact flondm&pdel&re,1956;Ruth,
1983;Feng,1986;Channell & Scovel1990).

However, approximating Jacobi’s solution in the Lagrangian formulation or the exact discrete right
Hamiltonian (qo, pt) in (2.4) in terms of their variational characterization provides an elegant method
for constructing symplectic integrators. In particular, this naturally leads to the generalized Galerkin
framework for constructing discrete Lagrangians and discrete Hamiltonians, which we will explore in
the rest of the paper.

In Section3 we will also present a discrete analogue of the Type Il Hamilton—Jacobi equation, which
can be viewed as a composition theorem that expresses the discrete Hamiltonian for a given time interval
in terms of discrete Hamiltonians for the subintervals. This can be viewed as the Type Il analogue of the
discrete Hamilton—Jacobi equation that was introducdglatanov & Schiff(1996).

3. Discrete variational Hamiltonian mechanics
3.1 Discrete Type Il Hamilton’s variational principle in phase space

The Lagrangian formulation of discrete variational mechanics is based on a discretization of Hamil-
ton’s principle, and a comprehensive review of this approach is givéfaimsden & Wes{2001). The
Hamiltonian analogue of discrete variational mechanics was introdudeadli& West (2006), wherein
discrete Lagrangian mechanics was viewed as the primal formulation of a constrained discrete opti-
mization problem, where the constraints are given by the discrete analogue of the second-order curv
condition, and dual formulation of this yields discrete Hamiltonian variational mechanics. An analogous
approach is based on the discrete Hamilton—Pontryagin variational princigdé & Ohsawa2008),
in which the discrete Hamilton’s principle is augmented with a Lagrange multiplier term that enforces
the discrete second-order curve condition.

We begin by introducing a partition of the time interval Q] with the discrete times G= tp <
t7 < .-+ <ty = T anda discrete curve i *Q, denoted by{(gk, pk)}kNZO, wheregx ~ q(tk), and
px ~ p(tx). Our discrete variational principle will be formulated in terms of a discrete Hamiltonian
HJ(qk, pk+1), Which is an approximation of the Type Il generating function given in (2.4), as follows:

pJojxoeufew woly papeojumoq

et

M (G Prra) ~ et ptedte - [ [P H@ Pl @)
(@,p)eC?([tk,tk 111, T* Q) t
q(tk) =0k, P(tk+1)=Pk+1
Aswe saw in Sectiog, the curve in phase space with fixed boundary conditigfnspr) thatextremizes
the functional (2.2),

TT0Z ‘22 Iudy uo Areiqr uibug pue asuas Je ﬁJo‘smu%l

.
S(@(), p()) = p(Ma(T) —/0 [pd — H(q(®), p(t)]dt,

satisfiesHamilton’s canonical equations. Consequently, we can formulate discrete variational Hamilto-
nian mechanics in terms of a discrete analogue of this functional, which is given by

N-1 e
Sa(((Gke PO = Pua = >~ [ [pd— H(@(). p(O)
k=0 "%

N-1

= PNON — D [Prsatkrs — HYf (@ks Prsa)]. (3.2)
k=0
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Thenthe Type Il discrete Hamilton’s phase space variational princigiates that

0&d({(Tk» PK)}Reg) =0
for discrete curves iif * Q with fixed (qo, pn) boundaryconditions.

LEMMA 3.1 The Type Il discrete Hamilton's phase space variational principle is equivalent to the
discrete right Hamilton’s equations

CIk = DZHJ(QK—L pk)a k = 15- L] N — la

! (3.3)
pk= DlHd (qk’ pk-’rl)’ k:].,.,N_l,

whereH] (0k, pr+1) is defined in 8.1).

Proof. We compute the variation @y asfollows:

N—1
06gq = 5(DNQN - Z(pk+lQK+l - HJ(Qk, pk+l)))
k=0

N-2 N—1
5(— > Prratkr1+ D, Hy (@ pk+1))

k=0 k=0
2

pzd
|

N-1

(Ok+10Pk41 + Pri100ki1) + D (D1Hg (k. Pry1)d0k + D2Hg (ks Pkr1)IPk1)
k=0

Il
M

z =
- O

N-1

— D (@kdPk + Pkdak) + D, D1Hg (k. Pr+1)dtk + D1Hy (o, P1)ddo
k=1

[

P
N—
+ DoHy (Ok—1, PPk + D2Hg (An-1, PN)IPN

k=

[y

N-1 N-1
= — > (G — D2Hg (Gk-1, PPk — D (P — D1H (0, Prs1))d0k
k=1 k=1

+ D1H{ (do. p1)dto + D2Hg (An-1, PN)SPN,

wherewe have re-indexed the sum, which is the discrete analogue of integration by parts. Using the fact
that(qo, pn) arefixed, which implies thafgqg = 0 anddpn = 0, the above equation reduces to

N-1 N-1
664 = — (G — D2Hg (Gk-1, PPk — D (Pk — D1Hq (ks Pir1))d0k (3.4)
k=1 k=1

Clearly, if the discrete right Hamilton’s equatiogg = D> HJ(qk_l, px) and px = DlH;(qk, Pk+1)
aresatisfied, then the functional is stationary. Conversely, if the functional is stationary, then a discrete
analogue of the fundamental theorem of the calculus of variations yields the discrete right Hamilton’s
equations. O

The above lemma states that the discrete-time solution trajectory of the discrete right Hamilton’s
equations (3.3) extremizes the discrete functioBal)(for fixedgp and py . However, it does not indicate
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how the discrete solution is related pg andqy. Note that the discrete solution trajectory that renders
Sa({(Ok, pk)}L\I:o) stationarydepends on the boundary conditioqsand py. Consequently, we can
introduce the function”y thatis given by the extremal value of the discrete functiogiglasa function

of the boundary conditiong(tp) and p(tyn) andis explicitly given by

Za(q(to), p(tn)) = ext Sa({(ak POIN)
(O, P)eT*Q
Go=0(to), PN =P(tN)

N—-1
B e - G : 35
0 g PO 2 (Peather —HE @ pea). (39)

Go=d(to), Pn=Pp(tN)

Then,using a similar approach to the proof of Theor2m, we compute the derivatives .of;(qo, pn)
with respect tagqg and pn. By re-indexing the sum, which is the discrete analogue of integration by
parts, we obtain

0.7 5 N-2 N—-1
—(qO, PN) = 200 ( Z Pi1Okr1+ > He (k. pk+1))

k=0
6
— - Z ﬂ(qk — D2H (G-t P)
- Z —(pk — D1Hg (ak, Pk+1)) + D1Hy (do, pa).

By Lemma3.1, the extremum o84 is obtained if the discrete curve satisfies the discrete right Hamil-
ton’s equations (3.3). Thus, by the definition.@§(qo, pn), the above equation reduces to

D1.%4(co, Pn) = D1Hg (do, Po). (3.6)
A similar argument yields
0.4
— 3.7
20N (do, PN) (3.7)
P N—-2 N-1
= Z Piatrs + D Hyf (Ok, Prya)
9PN k=0
N-—1 aqk
=- Z —(qk — DaHg (Ok-1. P¥)) — > ooy P D1Hg (k. Pre1)) + D2Hg (@n-1, Pn)
k=1

= Dsz (AN-1, PN)-

Recallthat the exact discrete Hamiltoniari(qo, pt) definedin (2.4) is a Type Il generating function of
the symplectic map implicitly defined by the relatichRg) that is, the exact flow map of the continuous
Hamilton’s equations. To be consistent with this, we require tfgio, pn) satisfieghe relation 2.5),
which is to say

an = D24(0o, Pn),  Po = D1-%4(do, PN)- (3.8)
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Comparing(3.6) and 8.7) to 3.8), we obtain
dn = D2Hg (An-1, Pn). Po = D1Hg (do. p1). (3.9)
Then,by combining 8.3) and 8.9), we obtain the complete set of discrete right Hamilton’s equations

qk+1 = D2 H&F(qkﬂ pk+l)) k = 09 1! AR N - l’ (3-10a)
P« = DiHG (@ Pern). k=0,1,...,N—1. (3.10b)

It is easy to see that

0 = ddH (ak, Pk+1) = d(D1H{ (Gk, Pre-1)dak + D2HG (Ok, Prs-1)dPrs1)
= d(pkdak + Ok+1dpPk+1) = dpk A dok — dpky1 A ddkt1

fork =0,..., N — 1. Then, successively applying the above equation gives
dpoAddo=dp1Adg: =--- =dpn-1 Addn-1 = dpN A dON.

This implies that the map from the initial statgp, po) to the final state(qn, pn) definedby (3.8)
is sympletic since it is the composition of tid symplectic mapsdk, pk) — (Ok+1, Pk+1), Where
k=0,...,N—1, given in (3.10). Alternatively, one can directly prove the symplecticity of the map
(o, Po) — (an, Pn) by using B.8) to compute G= d?.%4(0o, pn) = dpo A dgo — dpn A dan. Given

52

+
initial conditionsgp and pp, and under the regularity assumptigi ka';iﬂ (0k, Pxr1)| # 0, we can solve

(3.10b) to obtainp;, and then substitutp; into (3.10a) to gety;. By repeatedly applying this process,
we obtain the discrete solution trajectd(g, pk)}l'(\‘zl.

3.2 Discrete Type |l Hamilton—Jacobi equation

A discrete analogue of the Hamilton—Jacobi equation was first introdudgdatanov & Schiff(1996),
and the connections to discrete Hamiltonian mechanics and discrete optimal control theory were ex-
plored inOhsaweet al. (2009). In essence, the discrete Hamilton—Jacobi equation therein can be viewed
as a composition theorem that relates the discrete Hamiltonians that generate the maps over subintervals
to the discrete Lagrangian that generates the map over the entire time interval.

We will adopt the derivation of the discrete Hamilton—Jacobi equatio®hisawaet al. (2009),
which is based on introducing a discrete analogue of Jacobi’s solution to the setting of Type Il generating
functions.

THEOREM3.2. Consider the discrete extremum functi@#) that is given as follows:

k—1
SE0) = Ptk — D [Pty — Hy @, pieo)], (3.12)
1=0

which can be obtained from the discrete functioraR) by evaluating it along a solution of the right
discrete Hamilton’s equation8.(0). Eachk(pk) is viewed as a function of the momentupp atthe
discrete end timé&. Then these satisfy the discrete Type || Hamilton—Jacobi equation

FX L (Pei1) — ZX(pk) = HE (DX (), Prsn) — P - DK (o). (3.12)
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Proof. From equation3.11) we have

FX (Pes1) — LX) = He (ks Prs1) — Pr - Gk (3.13)

whereg is considered to be a function pk and px1, that is,gx = adk(Pk, Pk+1)- Taking the derivative
of both sides with respect tpk, we have

0
-D%ﬂm=—%+£EDﬁHWmmﬂ—M-

However, the terms in the brackets vanish because the right discrete Hamilton’s equations (3.10) are
assumed to be satisfied. Thus we have

Ok = D7 (P (3.14)
Substituting this into (3.13) gives (3.12). O

3.3 Summary of discrete and continuous results

We have introduced the continuous and discrete variational formulations of Hamiltonian mechanics
in a parallel fashion, and the correspondence between the two is summarized in Siignilarly, the
correspondence between the continuous and discrete Type Il Hamilton—Jacobi equations is summarize
in Tablel.

o
(=]
2
E
o
2
2
g
d
=
®
2
=)
3 E
2
Cotangent space Discrete cotangent space 3
@
(¢,p) € T*Q (qk, Pr+1) € Q X Q7 a
\ s
<}
o
1 l :
( 2
Hamiltonian Discrete right Hamiltonian 2
a
H(q,p) H (a, Prt1) z
H
2
( (" ( N N 5
~
. N . . ., Discrete action Discrete extremum N
Action functional & Extremum function .% functional G4 function .%; §
=
- - J - J

l l l l

. s . Discrete right .
Hamilton’s equation qr = D25(qo, p1), Hamilton’s equation an = D2%(qo0,PN),

ax = DaHJ (qr—1,pk), )
= D% R
P = DlH;-((Ik;7pk+1) Po 1%4(90, PN)
- J - J

. 7 N/

OH . _ _9H
q

G=%,p= po = D17(qo, pT)

Symplecticity Symplecticity
0 = dd= dpo A 0 = dds = dpo A
dgo — dpr A dgr dgo — dpN A dgn

FiG. 1. The continuous and discretgpe Il Hamilton's phase space variational principle. In the continuous case the variation
of the action functiona& over the space of curves gives Hamilton’s equations, and the derivatives of the extremum functional
. with respect to the boundary points yield the exact flow map of Hamilton’s equations. In the discrete case the variation
of the discrete action function&y over the space of discrete curves gives the discrete right Hamilton’s equations, and the
derivatives of the extremum functionaly with respect to the boundary points yield the symplectic map from the initial state to the
final state.
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TABLE 1. Correspondence between ingredients in the continuous and discrete Type Il Hamilton—Jacobi
theories Ny is the set of non-negative integers aRglg is the set of non-negative real number

Continuous Discrete

(p,t) € Q* x Rxg (P, k) € Q* x No
4 =oH/aop Ok+1 = D2Hg 0k, Pr+1)
p=—0H/aq pc = D1HS (k. Prt)
S(p,t) LX)

t k—1

= p0a® — | [P — H(A®), ps)Ids = ok — 3. [P+1041 — HE @, Pso)]
1=0
0 0

ds; = a—‘?dp + P2t S (pesr) — K (o)
qdp+ H(q, p)dt Hy (O, Prs+1) — Px - Ok
0 0 K
= H (6_p’ p) yd+l(pk+l) - ydk(pk)

= HJ (DZX(PK), Prs1) — Pk - DLK ()

4. Galerkin Hamiltonian variational integrators
4.1 Exact discrete Hamiltonian

The exact discrete Hamiltoniaﬂ&fexact(qo, p1) andthe discrete right Hamilton’s equatior.10) gen-

erate a discrete solution cur{gy, pk}Q':O thatsamples the exact solutigqg(-), p(-)) of the continuous
Hamilton’s equations for the continuous Hamiltonidiiq, p), that is,qx = q(tx) andpx = p(tk).

By comparing the definition3(1) of a discrete right Hamiltonian functidfh(;r (9o, p1) on[0, h] and
the corresponding discrete Hamiltonian flow 8140) to the definitionZ.4) of the extremal function on
[0, T] and corresponding symplectic map given ByS), and applying Theore® 2, it is clear that the
discrete right Hamiltonian function on [8], given by

h
Hy exact(Cos P1) = ext P10 —/ [p®at) — H(q(), p(t))]dt, (4.1)
(4.p)eC2([0,T]. T*Q) 0
q(to)=do, p(t1)=p1

is an exact discrete right Hamiltonian function on [,

4.2 Galerkin discrete Hamiltonian

In general, the exact discrete Hamiltonian is not computable since it requires one to evaluate the func-
tional 5(q(-), p(-)) given in £.2) on a solution curve of Hamilton’s equations that satisfies the given
boundary conditiongqp, p1). However, the variational characterization of the exact discrete Hamil-
tonian naturally leads to computable approximations based on Galerkin techniques. In practice, one
replaces the path spa€#([0, T], T*Q), which is an infinite-dimensional function space, with a finite-
dimensional function space and uses numerical quadrature to approximate the integral.

Let{wi(7)}’_,, wherer € [0, 1], be a set of basis functions for aslimensional function spacg;.
We also choose a numerical quadrature formula with quadrature wejginslquadrature points , that
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is, fol f (x)dx ~ Z?zl b f(¢). From these basis functions and the numerical quadrature formula, we
will systematically construct a generalized Galerkin Hamiltonian variational integrator in the following
manner.

1. Use the basis functiong to approximate the velocitgj over the interval [Oh] as follows:
S .
Ga(zh) = D V'yi(o).
i=1

2. Integratedq(p) over [0, £h] to obtain the following approximation for the position

th S

S T
(e = WO+ [ S V(o) = qo+h >V [ v,
i=1 i=1

where we have applied the boundary condit@iO) = qo. Applying the boundary condition
dd(h) = qu yields

S ! S )
qu=0a(h) =go+h> V! /O yi(p)dp=do+hD BV,
i=1 i=1
whereBj = fol yi (r)dz. Furthermore, we introduce the internal stages
. S . G s )
Q =aueh) =ao+h > V! [T yidr = a0 h Y AV,
j=1 /0 j=1
whereAjj = [ wj(z)dr.

3. LetP! = p(cih). Use the numerical quadrature formyla, ¢;) andthe finite-dimensional func-
tion spaceC; to constructH(jr (qo, p1) asfollows:

h
Hef (G, po) ~ et pugy— / [p®G(®) — H(@G(), p))dt,
(4,p)eC?(0,T], T*Q) 0
q(to)=qo, p(t1)=p1

S
p1da(h) —h D bi[p(cih)da(cih)

i=1

HJ (qo, p1) = ext
d 0€C3([0.h], Q). P eQ*

— H(aa(cih), p(c h))]]

i=1

oo

= ext K(qo, V', P', p1). (4.2)
VI,PI

S S S
= et lpl(qo+hz Biv‘)— h> b {P‘ 2 Vi)
’ i=1 j=1
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In order_ to (_)btain an expression ﬂar(jr (qo, p1) we first compute the stationarity conditions for
K(qgo, V', P', p1) underthe fixed boundary conditiofyg, p1) asfollows:

0= ~ =hp15,-_hi§bi P'W,-(ci)—hAi,-%(Q',P') . j=1,....s
(4.3a)

_ oK@ VL PLp) (e i j =
0= opl = hbj { > vi(c)V —a—p(Q ,PH), j=1,....s (4.3b)

i=1

4. By solving the 2 stationarity conditions4.3), we can express the parametétandP' in terms
of go andpy, thatis,V' = V'(qo, p1) andP' = P'(qo, p1). Then the symplectic mafmo, po) —
(g1, p1) canbe expressed in terms of the internal stages as follows:

oHy (qo, p1) 9K (do, V' (o, P1), P'(do. p1). P1)
9% B 9%

oK oK aV' oK oP' oK

3t T Vi g0 T P ago 440

> oH
p1+hzbia(Q,P)~ (4.4)
i=1

Similarly, we obtain

oH{ (9o, p1) @K (g0, V' (qo, P1), P (o, p1), P1)
ql = =
op1 op1

oK aV! +6K8Pi+aK _ oK
T oViopy 6P op1  op1 op1

S
=go+h> BV (4.5)
i=1

Without loss of generality, we assume that the quadrature welghis 0. Then the stationarity
condition (4.3b) reduces to

S
. 8H ..
> vV - —(@Ql, Ph=o0.
: op
i=1
Moreover, by substituting4.4) into the stationarity conditior(3a), we obtain

s ) s oH . .
> biP'yj(c) - poBj +h > (biBj - b A S (@ P =0.
i=1 i=1
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In summary, the above procedure gives a systematic way of constructing a generalized Galerkin
Hamiltonian variational integrator, which can be rewritten in the following compact form:

S
i =0o+ hz BV, (4.6a)
i=1
pL= po—hzb.—(Q' Ph, (4.6b)
Qi=qo+hZAijVj, i=1,...,s,  (4.60)

j=1

0= Zb.P y;,(q)—poB,+hZ(b.BJ—b|A.,)—(Q' PH, j=1,...,5 (4.6d)
i=1 i=1

0= Zw.(CJ)V'——(Q' Py, j=1,....s (4.6¢)
i=1

where (bj, ¢;) arethe quadrature weights and quadrature points Bnd= fol yi(r)dr and Ajj =
foc' yij(r)dr.

This is the general form of a Galerkin Hamiltonian variational integrator. Issues of solvability, con-
vergence and accuracy depend on the specific Hamiltonian system and the choice of finite-dimensiona
function space&y andnumerical quadrature formuld, ¢;). We will not perform an in-depth analysis
here, but we will illustrate how our proposed framework is related to the discrete Lagrangian-based
methods given itMarsden & Wes{2001) and page 209 éfaireret al. (2006).

[piojxoeulew; woiy papeojumoq
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4.3 Galerkin variational integrators from the Lagrangian point of view

In this subsection we investigate the generalized Galerkin variational integrators from the Lagrangian
point of view when the Hamiltonian function is hyperregular. In this case the exact discrete right Hamil-
tonian function is related by the Legendre transformation to the exact discrete Lagrangian function, that
is,

1702 ‘22 |udy uo Areigr uibug pue aousios Je b.

h
L= et [ L@, o
geC?([0,h], Q) Jo
a(0)=go,q(h)=

- / pd — H(a, p)dt
(@, p)ecz(lo h.T*Q)
9(0)=00,q(h)=01

_ . , ‘ ) 4.7
plql d,exact(qo pl) 1= D> HJ:exact(qu pl) ( )

We wish to see how Galerkin variational integrators that are derived from the Hamiltonian and La-
grangian viewpoints are related. In order for the comparison to make sense, we will approximate the
exact discrete Lagrangian using the same basis functions and numerical quadrature formula as in the
Hamiltonian formulation. As before, € (7)}7_,, wherez € [0, 1], be a set of basis functions for an
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s-dimensionafunction spac€§ andchoose a numerical quadrature formula with quadrature welghts
andquadrature points . From these basis functions and the numerical quadrature formula, we will sys-
tematically construct a generalized Galerkin Lagrangian variational integrator in the following manner.

1. Use the basis functiong to approximate the velocitg over the interval [Oh] as follows:
S .
a(zh) = D" V'yi(o).

2. Integrateajq(p) over [0, 7h] to obtain the following approximation for the positign
th S

as(eh) = @@+ [ SV () = a0+ 3V [ o,
i=1 i=1

where we have applied the boundary conditig0) = qo. In the discrete Lagrangian framework
the boundary conditions are given {iy, g1), and so we will use a Lagrange multiplier to enforce
the boundary conditiogqg (h) = q; asfollows:

S ) 1 S .
ql=Qd(h)ZQO+hZVI/O pi(p)dp=qo+h > BV,
i=1 i=1
whereB; = fol wi (r)dz. Furthermore, we introduce the internal stages
. S, .G S .
Q' Eqd(Cih)=qo+hZV‘/0 pi()dr=qo+h> AjVI, (4.8)
i=1 j=1

whereAjj = [ yj(r)dr, and their velocities
= da(cih) = Zw, @)V, (4.9)

3. Use the numerical quadrature formula, ¢;) andthe finite-dimensional function spa@ to
constructl 4(qo, g1) asfollows:

h
La(@o,q0) ~  ext [/ L@, Q(t))dt] + (@ —a(h),
qC([0.n]. Q.4 L/o

q(0)=ao

S

La(do.an) = et |h> biL(qa(Gh), da(ch)) |+ A(gs — qa(h))
Qdecd((([)?sh],Q)m )

q(0)=0o

s s s
:\%al{h;bﬂ <QO+hZAijVj,Zij/j(Ci)>j|

j=1 j=1
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+/1(q1—q0—hiZ;BiVi)]

= extK (0o, V', 2, ). (4.10)
Vi,a
To obtain an expression farg (qo, 1) we compute the stationarity conditions fisi(qo, V', 2, q1)

underthe fixed boundary conditioqp, 1) asfollows:

0— aK (qo, V', 2, q1)

oA

oV
S oL . .. 1
=h§bi (E(Q',Q')hAij+£(Q',Q')W1(Ci))—h/131‘a J=L...s (4113
[ S _
o:aK(q0>V ,i,ql):ql_qo_hZBlvl (411b)
i=1

4. By solving the 2sstationarity equations (4.11) we can express the paraméteaad in terms
of go andqy, that is,V' = V'(qo, 1) and. = A(go, q1). Then the symplectic mafmp, po) —

(q1, p1) canbe expressed in terms of the internal stages and the Lagrange multiplier as follows:

_ _0Ld(@o, @) _ _ (aK(Qo, V' (do. P1). A(Go. Py). ql))
ado 0o

B 8K+6K8Vi+aK a2\ oK
~ \oqo  aViaogy 04 oo 0o

oL o
:—h;bia(Q,Q)-l—/l. (4.12)

Similarly, we obtain

| 9La(Go. @) _ 3K (o, V'(d. Py). A(do. Py). G0)

g1 og1
oK oKV oK ez oK
oqu  oV'oqy 04 0t 0o
— A (4.13)

By combining @.12) and 4.13) we obtain
S
oL A
pp=po+h> bi—(@Q. Q)
=
Substitutingthis into the stationarity condition (4.11a) yields

S L .. s L. ..
>0 5(Q. Q)wi(@) - poBj —h > (0 By —bi A (@, Q) =0.
i=1

i=1
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In summary, the above procedure gives a systematic way of constructing a generalized Galerkin
Lagrangian variational integrator, which can be written in the following compact form:

S

i=Go+h Z BV, (4.14a)
i=1
< oL . .

pL= po+ hzbia(ng Qh, (4.14b)
i=1

Q=d+h> AV, i=1..s5 (4.14c)

j=1

°.oaL . ° oL o .
O=Zbi£(Q|»QI)U/j(Ci)_DOBj—hZ(biBj—biAij)a(Qlan), j=1,...,5,
i—1 i—1

(4.14d)

S
0=>wicpV' - Ql, j=1...5 (4.14e)
i=1

where (b, ¢j) arethe quadrature weights and quadrature points Bnd= fol wi(r)dr and Ajj =
Jo wi(o)de.

As expected, this is equivalent to the generalized Galerkin Hamiltonian variational integrator, as the
following proposition indicates.

ProPOSITION 4.1 If the continuous Hamiltoniaid (q, p) is hyperregular and we construct a La-
grangianL (q, q) by the Legendre transformation, then the generalized Galerkin Hamiltonian variational
integrator (4.6) and the generalized Galerkin Lagrangian variational integrator (4.14), associated with
the same choice of basis functiomb andnumerical quadrature formul®;, ¢; ), are equivalent.

Proof. Since we chose the same basis functions and numerical quadrature formula for both methods,
the approximations fog; and Q' arethe same in both methods, as can be seen by compatiég)(

to (4.14a) and (4.6c¢) to (4.14c). Since we assumed that the Lagrangian and Hamiltonian are related by
L(g,q) = pg — H(q, p), subject to the Legendre transformatipa= o6H /op(q, p), we considemp to

be a function ofq, q) and compute

oL qay=q. P Mgy OH P oM
a(q,q)—q 2q aq(q,lo) ap(q’p)aq_ aq(q,p),
oL o . 0P oH op

a—q(%q}—q aq+p 6p(q’p)8q_p'

Sincethese identities have to hold at the internal stages, we have that
oH i A
- PI — |
ap (Q.P)=Q,
oH i oL . .
P = —— (O i
aq(Q’ ) 6q(Q,Q),

i 0L i A
P _aq(Q’Q)
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fori = 1,...,s. Clearly, substituting these identities into (4.61),6d) and 4.6e) yields 4.14b),

(4.14d) and4.14e). Thus the two systems of equations (4.6) and (4.14) are equivalent once the Legendre

transformation and the identities relating the continuous Lagrangian and Hamiltonian are taken into

account. O

4.4 Variational integrators and SPRK methods

In this subsection we consider a special class of Galerkin variational integrators and demonstrate that

they can be implemented as SPRK methods.

Let C3([0, 1], Q) beans-dimensional function space and consider a set of basis funafidng on
[0, 1] and a set of control points wheeg i = 1,...,s. We would like to construct a new set of basis
functionsg; () that span the same function space and satigfi@s) = dij, wheredj; is the Kronecker
delta. This is possible whenever the matrix

yi(€) ya(C) -+ wi(Gs)
pa(c1)  wya(c) - w2(Cs)
M = : : . . (4.15)
ws(C1)  ws(C2) -+ ws(Cs)
is invertible. In particular, lety (-) = [w1(-), ..., ws(-)]" andconstruct a new set of basis functions

) = [p10), ..., ds()]T by p(-) = M~y (). Itis easy to see that (cj) = 4 since

p1(c1) ¢u(c2) - P1(Cs) 10 ... 0
$2(C1)  Pa(c2) -+ P2(Cs) 01 --- 0
: L o =mTim= L (4.16)
$s(Cr)  ps(C) oo ps(Co) 0 0 1

We can construct a numerical quadrature formula that is exact on the span of the basis func-

tions yi(z) as follows. Sincepi(cj) = dij, we can interpolate any functiofi(z) on [0, 1] at the
control pointsc by taking f(z) = >°_; f(G)¢i(r). Then we obtain the following quadrature
formula:

1 1 1.8 s 1 s
/0 f(r)dw/o f(r)dr=/0 éf(cn@mdméf@i)[/o ¢i(r>dr}z§bif<q),

(4.17)

whereb; = fol ¢i (r)dz are the quadrature weights. By construction, the above quadrature formula is

exact for any function in the-dimensional function spadgj ([0, 1], Q). Now, if we apply this quadra-
ture formula with the quadrature poirtgs then we obtain a Galerkin variational integrator that can be
implemented as an SPRK method.

THEOREM 4.2. Given any set of basis functions(-) = [w1("), ..., ws()]" that spanC3([0, 1], Q),

considerthe quadrature formula given id.(L7). Then the associated generalized Galerkin Hamiltonian
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variational integrator (4.6), which is expressed in terms of the discrete right Hamiltonian function (4.2),
can be implemented by the followirggstage SPRK method applied to Hamilton’s equatidh)

S
oH .
a=do+h> bi——(Q,P, (4.18a)
i=1 P
S
oH . .
p1= Ppo— hzbia—(Q', P, (4.18b)
i=1 q
S
: oH
Q'=QO+hZaija—(QJ,PJ), i=1,...,s, (4.18¢)
[
S
Pi=PO—hZ§ij%(Qj,Pj), i=1,...,s (4.18d)
j=1

whereb = [ ¢i(r)dr # 0,aj = J3 ¢j(r)dr and&j = m. The basis functions satisfy
#i(cj) = ¢ andare given byp(-) = M~y (), wheres (-) = [p1(-), ..., #s(-)]T andM is defined in
(4.15).

Proof. The new basis functiong(z) are constructed from the original basis function&) by the
relationshipp (-) = M1y (). Thusy (-) = M¢(-), and, in particulary; (r) = 2721 wi(Cj)¢j(z). By
substituting this intd3; = fol wi (r)dz, equation (4.6a) becomes

s
qlqu+hZBiV'
i=1

s 1S
—qo+h 2V [ e ode
i—1 /0

i=1

s s S
—a+h > > eV [ 4o

j=1i=1

S oH, ot
—qo+n > QP [ 4000
=) p 0

. oH .
=qgo+h bj — ], p! ,
% ; 55 (@ P
wherewe have used equation (4.6e) to go from the third equality to the fourth one. Similarly, by substi-
tuting wk(z) = Zle wk(Cj)j(7) into Aix = f(f‘ wk(7)dr and using equation (4.6e), equation (4.6c¢)
becomes

S
Q =ao+h> Akvk
k=1

s G S
= qo+h > VK [T S e e
k=1 79 j=1
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S
oH . . (G
—q+nY T0QL P [ 4o
-1 8p 0
—qo+hza.,—(Q’ Pl),

whereg;; = fé" ¢j(7)dz. Note that equatior4(6b) has the same form a4 {8b), and so we only have
to recover equation4(18d) LetE¥ = [EY,..., E{]T, where EV’ = >0 1 biP'yj(c) — poBj +
h> > _,(biBj — b A.J) H(Q', P') = 0, which corresponds t04(6d) By substituting

B = /O i (r)de = / Zw.(c,>¢,(r>dr
andb; = fol ¢i(z)dz into E!, we obtain
O=E-"’=ib~Pi (i) — PoB; +hi(b~B- “nap Q. P
i i:1|‘//JI 0Dj i:llj I]aq ,
s : 1 S 1 Ci oH i i
=P vi@) = po | w,-<r>dr+h_z(bi/o i@ b [ Wj(r)df)E(Q,P)
- Zb. Plyj(G) - po/ Zw,<c.>¢.(r)dr
: oH i L
+h§(bi /0 Zw,-<ck>¢k(r>dr—bi /0 Zl//j(Ck)ﬁbk(T)df)a(Q»P)

=Zw;(ci)(b.P —b 0+hZ(b|bk bkak.)—(Qk P ))
i=1

k=1

We have swapped the role of the indideandk in the second-to-last line to obtain the final equality.

Let E? = [E{, ..., E{]T, whereE{ = b P! — bipo + h >5_; (bibx — braw) 2 (QX, PX). Then the
above equation can be viewed as fiie component of the system of equatiodiE? = E¥ = 0, where
M = [l//i (cj)] is invertible. Therefore we have the? = 0, that is,E ¢ =bi P' —bj po+h 3 5_; (bibx—

brawi )28 (QX, P¥) = 0. Sincebi # 0, dividing by bj and recallmg thatd; = %_Tf’j—ajl yields
(4. 18d) |

4.4.1 Comparisorwith discrete Lagrangian SPRK method®ropositiord.1states that, for hyperreg-
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ular Hamiltonians, if one chooses the same basis functions and quadrature formula, the the generalized

Galerkin Hamiltonian variational integrator is equivalent to the generalized Galerkin Lagrangian vari-
ational integrator. Therefore the above theorem also applies in the Lagrangian setting. In particular, if

one chooses the Lagrange polynomials associated with the quadraturechadesir choice of basis

functionsy; (), then the coefficients of the SPRK method derived above agree with the method derived
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in Marsden% West (2001) using discrete Lagrangians. However, our approach remains valid in the case
of degenerate Hamiltonians, for which it is impossible to obtain a Lagrangian and apply the method in
Marsden & Wes{2001) to derive Hamiltonian variational integrators.

The derivation on page 209 of the boblairer et al. (2006), which is analogous to the result in
Suris(1990), generalizes the approachMiarsden & Wes{2001) by considering discrete Lagrangian
SPRK methods without the restriction that the Runge—Kutta coefficients are obtained from integrals of
Lagrange polynomials. It is, however, unclear how one should choose these coefficients. In contrast,
our approach provides a systematic means of deriving the coefficients by an appropriate choice of basis
functions and quadrature formula. Our discrete Hamiltonian method is expressed in terms of Type I
generating functions and the continuous Hamiltonian, as opposed to the discrete Lagrangian approach
based on Type | generating functions and the continuous Lagrangian.

4.4.2 Discrete Hamiltonian associated with the Galerkin SPRK methdthr the SPRK methodi(18)
described above we can explicitly compute the corresponding Type Il generating quQtimo, p1)
given in @.2) as follows:

Hg (do. p1) = p1aa(h) —h D bi[P'da(ch) — H(Q', P
i=1

S H . . S 8H . o
:pl(QO-l-hzbii—p(Qlapl))—thi[Pli—p(Qlapl)—H(Qlapl)}

= plqo+hzb|(p1— P)—(Q' P)+hzb.H(Q' P')

i=1 i=1

= p1do — h? Zb.a,—(Q' P) (Q’ P‘)+hzb.H(Q' P). (419

i,j=1 i=1

This Type Il generating function is consistent with the Type | generating function for SPRK methods
that was given in Theorem 5.4 on page 19&8aireret al. (2006).

4.4.3 Sufficient condition for consistency of the SPRK methdfthe constant functiorf (x) = lisin

the finite-dimensional function spa(:?§ then, by interpolation, we have that:lz, f(c)gi(r) =

> 1¢i(r). Thus> 5 1 bi = fo Z, 1 ¢i (r)dr = 1. Partitioned Runge—Kutta order theoBugcher,

2008) states that the condltlcﬁI _1 bi = limplies that the variational integrator (4.18) is at least first
order. Therefore, to obtain a consistent method, it is sufficient that the constant function is in the span
of the basis functions we choose. In particular, if weyetr) = 1, then we ensure that our method is

at least first order.

4.4.4 Construction of the SPRK tableaulLet the SPRK method (4.18) be denoted by the following
tableau.

C1 ann e ais C1 ay1 e ays

Cs as] Ass Cs as1 dss
by bs B bs
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Based on the above generalized Galerkin method, the coefficients in the partitioned Runge—Kutta

tableau can be constructed in the following systematic way.

ALGORITHM 4.3(GENERALIZED GALERKIN HAMILTONIAN SPRK METHOD).

1. Choose a basis sgt(r), wherer € [0, 1],andi=1,...,s, with w1(z) = 1.
2. Choose quadrature poirds wherei =1, ...,s. Ensure thaM = [y (c;)] is invertible.

3. Let the column vectdn = [bq, by, ..., b_c,]T containthe coefficients in the SPRK tableau. There

are two ways to obtaib.

(i) ComputeB; = [ yi(r)dr and letB = [By, By, ..., Bs]T. Then we havé = M~1B.
(i) Compute a new basis sgi(r) by using the relatiog (r) = M~1y (z), and then compute

b=[b1,by,....bs] T byb = [ ¢i(r)dr.

4. Let the matrixA? = [aij] contain the coefficients of the SPRK tableau. As before, there are two

ways to obtainA?.

(i) Compute the coefficient8” = [A;j], whereA;j; = foci y(7)dr. Then the matrix is given

by A? = [gj] = AYMT.

(i) ComputeA? = [a;;], whereajj = Oci ¢j(r)dz, directly by using the new basis functions

() =MLy ().
__ bibj—bjayi
b '

5. Compute the coefficient? = [&;] by usingdj =

4.5 Examples

In this subsection we will consider four examples to illustrate the above procedure for constructing

variational integrators.

EXAMPLE 4.4. We consider one-stage methods. Choose the basis fungtice 1. Then, for any

guadrature pointy, the matrixM = [y 1(c1)] = [1] is invertible.

(i) If c1 =0,thenb; = 1,a17 = 0,anda;1 = 1, which is the symplectic Euler method.
(i) If c1 = 3, thenby = 1,811 = 3, anday; = 3, which is the midpoint rule.
(i) If c1 =1,thenb; = 1,a17 = 1,anda;1 = 0, which is the adjoint symplectic Euler method.

EXAMPLE 4.5. Choose the basis functiong = 1 andyw, = cos(zr). If we choose the quadrature

pointsc; = 0 andc,; = 1, then we obtain

C C 1 1 1
M = yi(c)  yi(c) _ and M1 _1
pa(c1)  ya(c2) 1 -1 2|1
One can easily compute

1 1
B1 = / yi(r)dr =1, Bp :/ w1(z)dz = 0.
0 0

|
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Thereforewe getb = [by, bp]T = M~1B = [3, 1]T, which is the trapezoidal rule. We also compute
v _ [Jotvi@de [ ype(ode| o 0
B f(g:z w1(r)dt f(;:z w2 (r)dr 11 ol

Therefore the matrix

AP — [f(fl pr(v)de [ ¢2(r)dr:| AT [o o} |

62 p1(D)dr 52 ga(r)dr 11
By using the relationshif;; = bibjg—ibiaii' one obtains
A = 0 0
2 2

Thus we obtain the Sirmer—Verlet method. Interestingly, thet8ner—Verlet method is typically
derived as a variational integrator by using linear interpolation, thafdis= 1 and w2 = 7, and
the trapezoidal rule.

EXAMPLE 4.6. If we choose the basis functiong = 1, w» = cos(zr) and w3 = sin(z7) and the
guadrature points; = 0,cp = % andcz = 1, then we obtain a new method that is second-order
accurate, and the coefficients of the SPRK method are given by

x22n—4 | z=2 _z-4
0 0 0 0 2n2—4n 2r 7221
1] 1 1 2-a 1 2 1
2 4 T 4r 2 2r P2
1|22 2 z=2 22—20+4 | 72 1
2r z 2 2n2—An 27 T—2 0
=2 2 T—=2
2r. & 27 z=2 2 n=2
2r P2 2r

EXAMPLE 4.7. Chebyshev quadrature (ddiédebrand 1974, p. 415) is designed to approximate weighted
integrals of the form

1 S
/ fOOw)dx =b D" f(x) + E[f(X)]
-1 i=1

by an equally weighted sum of the function values at the quadrature ppiatslan error termk[ f (x)].
The weightb is chosen so that the quadrature is exactffgx) = 1, thatis,b = %f_ll w(xX)dx. We
are primarily interested in the case when the weight funciigr) = 1, in which case the quadrature
formula becomes

1 S
/1 f (x)dx = éz f(x) + E[f(X)],
- i=1

wherethe quadrature pointg aregiven by the roots of polynomials (sé#ldebrand, 1974, p. 418), the
first three of which are given by

Go(x) =1, Gi(x)=x, Gax)= %(3x2 —1), Gs(x)= %(sz —X). (4.20)
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The error term associated with thgoint formula is given by
f(s+1)(§)

1

E_ | Ter sodd, H [ JZ1xGs()dx s odd,
= (oo wherees = 1" "

s seven JZ1 x*Gs(x)dx seven

The error term implies that the quadrature has degree of pre@dmmodd s and degree of precision

s + 1 for evens. Note that the roots; of the polynomialsG; arein the interval [-1, 1], so that, after

a change of coordinates, we obtain the quadrature pairitsthe interval [Q 1] as follows, Then we

use Lagrange polynomials associated with these quadrature points to construct variational integrators
fors=1, 2, 3 as follows.

(i) One-stage, second-order method

111 111

2 2 2 2

1 1
(i) Two-stage, fourth-order method g
1_ V3 1 1_ 3 1_ 3 1 1_ V3 g
2 6 4 4 6 2 6 4 4 6 2
1 4/3 ] 1, 43 1 1 4/3 ] 1, 43 1 S
2t% |4t a 2t% |ate a :
‘ 1 1 ‘ 1 1 E
2 2 2 2 %
(iii) Three-stage, fourth-order method £
12| 1442 1_42 1_5/72 5
2 4 6 48 6 6 6 48 K
1 1,42 1 1_ 42 5
2 6T 8 6 ] 8
1, V2 | 1,502 1,2 1_42 g
2t 2 |6t &1t &~ 48 2
1 1 1 g
3 3 3 s
1_ V2| 1_¥2 1_v2 1_5V2 3
2 4 6 48 6 8 6 48 i
1 1, 452 1 1_ 42 e
2 67T 6 6 6~ 6 N
1, v2 | 1,5/2 1,42 1,42 5
2t7 |6t a8 T8 T z

1 1 1
3 3 3

For s = 1,2 we obtain the same methods as the ones obtained using Gauss—Legendre quadrature,
namely, the midpoint rule and the two-stage, fourth-order method, respectively. £ we obtain

a three-stage SPRK that is fourth order. The order of the SPRK methods above is determined using
partitioned Runge—Kutta order theory (Butch2008).

5. Momentum preservation and invariance of the discrete right Hamiltonian function
5.1 Momentum maps
First, we recall the definition of a momentum map defined 6@ given inAbraham & Marsdei(1978).

DEFINITION 5.1 Let(P, w) be a connected symplectic manifold anddetG x P — P be a symplectic
action of the Lie groupG on P, that is, for eacty € G the map®yg: P — P; x = @(g,X) is
symplectic. We say that a maji P — g*, whereg* is a dual space of the Lie algebgaof G, is a
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momentummap for the actiord if, for every¢ € g, we have di(é) =5, wherej(é): P— Ris

defined byj(f)(x) = J(x) - £ and¢&p is the infinitesimal generator of the action corresponding. tim
other wordsJ is a momentum map provided th}sitj(g) =¢pforallé eg.

For our purposes, we are interested in the case wheteT*Q andw = dqg' A dp; is the canonical
symplectic two-form ol *Q. This gives a momentum map of the forlmn T*Q — g*, and we now
describe the construction given in Theorem 4.2.18lofaham & Marsderf1978). Note that is exact

sincew = —dd = —d(pidqg'). Consider an actioby thatleaves the Lagrange one-foninvariant,
thatis, @30 = ¢ for all g € G. Then the momentum majx T*Q — g* is given by
J(X) - & =liz50(X). (5.1)

We can show that this satisfies the definition of the momentum map given above by using the fact that
&y leaves the one-fornd invariant for allg € G and{p is the infinitesimal generator of the action
corresponding td@. This implies that the Lie derivative éf along the vector fieldp vanishes, that is,

£:,0 = Ofor all ¢ € g. By Cartan’s magic formula, we have

0= £§Pt9 = igpdﬁ + digpe.

Therefore @:,0 = —igpdd = icpw. Thus, J(&)(x) = iz0 satisfiesthe defining property, di(&) =
igpw, of @ momentum map. Thed(x) - ¢ = j(f)(x) = ig0(X). Moreover, by Theorem 4.2.10
of Abraham & Marsder§1978), this momentum map is Agequivariant.

Let®: G x Q — Q be an action of the Lie grou@ on Q. We will give the coordinate expression
for the cotangent lifted actio® " Q. In coordinates, we denotgyg-1: Q — Q byq = & _1(Q) and
then its cotangent lifted action ™" QG x T Q — T*Qisgiven by

. aq!
®7'9(g,q, p) = T*Pg-1(q, p) = (<P @ Pi 55 (q)) (5.2)

whereT*&y-1 meanshe cotangent lift of the actiozy-1
In the following proposition we give the coordinate expression for the cotangent lifted action and
show that it leaves the Lagrange one-fatre p; dg' invariant.

ProPOSITIONS.2. Given an actiond: G x Q of a Lie groupG on Q, the cotangent lifted action
®T'Q: G x T*Q - T*Q leaves the Lagrange one-forth= p; dg' invariant.

Proof. Giveng € G, let the cotangent lifted action gfon (q, p) be denoted byQ, P) = T*Q(q p),

the components of which are given 9" = ®((q) andP, = pj i~ a(pl( ;- Then a direct computation
yields )
P dQ = B ddl@) = p 022D i g 5.3
1 dQ' = P d&y(q) = p ‘a¢'(q) aqi q' = pjda’. (5.3)
This shows thatbg*Q leaves the Lagrange one-form dg' invariant. O

Corresponding to the cotangent lift actiéd @, for everyé e g the momentum map: T*Q — g*
definedin (5.1) has the following explicit expression in coordinates:

Dexpiec) (@), (5.4)

e=0

_ , d
J(ag) - ¢ =iz (pidg')(aq) = p-So@ =p- P

whereaq = (q, p) € T*Q.
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5.2 Discrete Noether’s theorem

In the discrete case, consider the one-step discrete rowan&ap (9o, po) — (g1, p1) definedby the
discrete right Hamilton’s equations

po = DiH (do, p1), g1 = D2HS (do, p1). (5.5)

We will show that if the generalized discrete LagrangiRy(do, d1, p1) = pP1d1 — HJ(qo, p1) isin-
variant under the cotangent lifted action, then we have discrete momentum preservation, which is the
discrete analogue of Noether’s theorem for discrete Hamiltonian mechanics.

THEOREM5.3. Let ®7'Q bethe cotangent lift action of the actioh on the configuration manifold

Q. If the generalized discrete Lagrangi®a(qo, d1, p1) = P11 — H(T(qo, p1) is invariant under the
cotangent lifted actiordT'Q, then the discrete flow map of the discrete right Hamilton's equations
preserves the momentum map, thatﬁﬁ(,jF J=1J.

Proof. In coordinates, letqs, p§) := cD;;(QEf) (do, po) and (a5, p5) = @L}?{a (1, p1). From the
invariance ofp1q1 — HJr (9o, p1) we have that

d
0= | {pidi— Hy (a5, pD) (5.6)
e=0
d| . d| . d d
=p1 — — — D1H — § — DoHS — ¢
P Y q; + a1 del. g P1 1Hg (Qo, p1) del. do 2H4 (do, P1) de|._q P1
_ d € d c d € d €
=M de |, _o O; + a1 de |, _o P1 — Po del, o Qo — 1 de |, P1
d d
=Py 0¢exp(e¢’) () — Pogc . Dexp(ec) (Do)
€= €=

= p1-<o(01) — po- <o (do),

wherewe have used the discrete right Hamilton’s equati@S)(in going from the second to the third
line, andgg = Pexp(e¢)(do) andq; = Pexp(e) (1) areused in going from the third to the fourth line.
Then, by the definition oFHJr andJ, (5.6) states tha¥:|+J =J. O

d
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5.3 G-invariant generalized discrete Lagrangians from G-equivariant interpolants

We now provide a systematic means of constructing a discrete Hamiltonian, so that the generalized
discrete LagrangiaRy(do, 01, p1) = pP1d1 — HJ“(qo, p1) is G-invariant, provided that the generalized
LagrangianR(q, g, p) = pg — H(q, p) is G-invariant.

Our construction will be based on an interpolatory funcgorQ" — C2([0, h], Q) thatis param-
eterized byr + 1 internal pointgy” € Q, defined at the times & doh < dih < .-+ < drh < h, that
is, p(dyh; {g"}]_y) = q". We also use a numerical quadrature formula given by the quadrature weights
bi andthe quadrature points. We denote the momentum at the timé by p'. Then we construct the
following discrete Hamiltonian:

S
Hy (Qo, p1) =  ext [pmo(h;{q”}izo)—ZbiR(qu(qh;{q”}L:o), p')}, (5.7)
quQO,p'EQ* |:1
q"=0o
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whereR(q, g, p) = pg — H(q, p). An interpolatory function is5-equivariant if

ot {90"Y,_o) = 9o (t; {a"}} o).

Thena G-invariant discrete Hamiltonian can be obtained if we @Gsequivariant interpolatory func-
tions.

LEMMA 5.4. Let G be a Lie group acting o® such thatgQ = Q for all g € G. If the interpolatory
functiong(t; {gg'}|_,) is G-equiariant and the generalized Lagrang@n TQ® T*Q — R,

is G-invariant, then the generalized discrete Lagrandgian Q x T*Q — R, given by

Ru (o, G, P1) = Pads — Hy (Go, p1),

where,
s .
Hy (o, p1) = ext [pl ~p(h; {aY,_o) — Db R(To(cih; (")) p')} )
q"eQ,p'eQ* i1
q°=qo
is G-invariant.

Proof. To simplify the notation we denote the cotangent lifted actioiGoon Q by &g 2(q, p) =
(99, gp). First, we note that

S

Rd(do, 01, P1) = P101 — gxt. o |:pl'¢(h§ 9", — E bi R(To(cih; {9"}},_o), p')}
qUE ,pIE * i

a%=qo

= ext [z bi R(To(cih; ("} o), pi):| :

9"eQ,p'eQ* | (7
0
J"=0o
Then

S
R4(900, 901, gp1) = ext |:ZbiR(T(/’(Cih;{qv}L_o)a ﬁ')}
@"eQ.p'eQ" | j5
q"=gdo

S
= ext > biR(Te(ch: {90 },_p). 9p)
9'egtQ,p'eg™Q* | i
99°=gao

s
= et | D bR(TLg-To(ch; (g}, gp')
0"eQ,p'eQ” Li=1
q°=do
s
= et | D bR(Te@h:{q"}_p). p >}
9"eQ,p'eQ" | i1
q°=do

= Rq(0o, d1, P1),
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where we have used the identificatiGh = gqg’ in the second equality, th&-equivariance of the
interpolatory function and the property tha@ = Q in the third equality and th&-invariance of the
generalized Lagrangian in the fourth equality. O

In view of Theorenb.3and Lemma 5.4, if we use@-equivariant interpolatory function to construct
a discrete Hamiltonian as given iB.7), then the discrete flow given by the discrete right Hamilton’s
equations will preserve the momentum mhpT*Q — g*.

5.4 Natural charts and G-equivariant interpolants

Following the approach oMarsdenet al. (1999), we use the group exponential map at the
identity, exp: g — G, to construct &-equivariant interpolatory function and a higher-order discrete
Lagrangian. As shown in Lemmnta4, this construction yields &-invariant generalized discrete La-
grangian if the generalized Lagrangian itsel3snvariant.

In a finite-dimensional Lie grougs, exp, is a local diffeomorphism, and thus there is an open
neighbourhood) c G of e such that explz U — u c g. When the group acts on the left we obtain a
chartyg: LgU — uatg e G by

Wg = expgl olLg-1.
LEMMA 5.5. The interpolatory function given by
S
0(@’;th) = y g (Z wgo(g”)lu,s(r))
v=0
is G-equivariant.

Proof. we have
S
V. _ -1 NS
0(99’; Th) = v oo, (ZO Vgo(99 )IV,sm)

= I—gg0 €XPe (Z expgl((ggo)_l(ggv))rv,s(f))

v=0

S
=LglLgo expe(z exps 1((90)‘19‘199”))&,3@))

v=0

S
= Lgvg' (Z expgloL(go)Mg”)Fu,s(r))

v=0

=Lgvg (Z t//go(g”)ll,s(r))
v=0

= Lgp(g"; th). .

This G-equiariant interpolatory function based on natural charts allows one to construct discrete
Lie group Hamiltonian variational integrators that preserve the momentum map.
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6. Numerical experiments

In this section we apply some of the SPRK methods derived in Sedt®to the model degenerate
Hamiltonian system (Examplk 1) and the harmonic oscillator, and numerically verify the theoretical
order of accuracy of these methods and consider the error behaviour for position, momentum and energy.

EXAMPLE 6.1. For the degenerate Hamiltonibih= qp, the associated Hamilton’s equations are

which haveq(t) = qpexp(t) and p(t) = poexp(—t) as the exact solution, whefgg, po) is the initial
value at timet = 0. We consider the methods derived in Example 4.7 and refer to the three-stage
method as the Cheby4 method and refer to the two-stage method as the GaulLe4 method since it can also
be derived by using Gauss—Legendre quadrature. Here, the number 4 in Cheby4 and GaulLe4 reflects the
fact that both of these methods are fourth-order accurate.

By applying the Cheby4 method to (6.1) we obtain the following numerical scheme:

__h34+10n°+481+96 __h%—10n*+481-96 6.2)
I+t = "hs _1onztr4sn—96 ™ P T TR 1on2 1 48n+ 96 '
The GaulLe4 method applied to equations (6.1) produces the scheme
h? + 6h 4 12 h? — 6h 4 12
+6h + + 6.3)

On+1 = mqn, Pn+1 = mpw

Figure 2 presents the results of a numerical convergence study and provides a numerical verifica-
tion of the fourth-order accuracy of the Cheby4 and GaulLe4 methods. Ir2 kig. chose the initial
conditions(qp, po) = (2, 2) and the time interval [03]. The global errors for the positiog and mo-
mentum @) components at six step sizesare plotted on a log—log scale. The global error is given by

10 10
2 g 107 g
10 Phd
4 Ve
= Ve
o -4 Q 10 e
£ 10 £
S S 10°
w -6 w
10 -
-8
10
-8 1 10
10 — — - Reference line 10_ — — - Reference line
—O— Cheby4 —O— Cheby4
_10 —%— Gaule4 12 —%— Gaule4
10 : 10
-2 -1 0 -2 -1 0
10 10 10 10 10 10
Step size h Step size h

FiG. 2. Degenerate Hamiltonian example. Global errors for the posigipar(d momentump) at six step sizek for the GauLe4
and Cheby4 methods on a log—log scale.
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the difference between the numerical solution and the exact solution at the eric=i®ieTo show that
the global errors in the position and momentum are fourth-order convergent, we have added a dashed
reference line with slope 4 in each plot in Fig. 2. Clearly, the global error lines produced by the Cheby4
and GaulLe4 methods are parallel to the reference line, which demonstrates that both the Cheby4 and
the Gaule4 are fourth-order methods.

Furthermore, the errors produced by the Cheby4 method are smaller than the ones produced by the
GaulLe4 method in this example, even though they have the same order of accuracy. This can also be
seen from Fig3, which compares the errors in the position and momentum for a fixed step sife4.

The exponential increase in the positional errors for both Cheby4 and GaulLe4 are due to the effect of
roundoff error in combination with the exponentially increasing nature of the exact solution for position.

From equations (6.3) and.), it can be easily verified th@1pn+r1 = Onpn- Thus both the
Cheby4 and GaulLe4 methods preserve the enkrgy qp exactly in infinite precision arithmetic. In
practice, numerical roundoff error results in a small drift in the numerically observed energy error when
the computations are performed in floating-point arithmetic. Figushows the energy errors of the
Cheby4 and GaulLe4 methods for a relatively long time interval.
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FiG. 3. Degenerate Hamiltonian example. Errors in the positipragd momentump) for (a) the Cheby4 and (b) the GaulLe4
methods with the step size= 0.4.
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2 2~2
EXAMPLE 6.2. We consider the harmonic oscillator with Hamiltonidn= £+2"%. The associated
Hamilton’s equations are

d=p, p=-0’q. (6.4)

Given the initial conditiongj(0) = qo and p(0) = po, the exact solution of this system dgt) =
cos(at)do + L sin(at) po and p(t) = — sin(et)do + coS(dt) po.

For our numerical experiments we consider the harmonic oscillator with the initial conditions
(9o, po) = (2,1). The Cheby4 method applied to the harmonic oscillator yields the explicit scheme

(—hbwb + 228h*w* — 432th%w? 4+ 9216Y),  (36h°w* — 124&3w?2 + 9216h) py,

On+1 =

h6w6 — 12h%w4 + 288h2w?2 + 9216 h6w6 — 12h%w4 + 288h2w?2 + 9216
(6.5)
_(—=12h°wb + 124&30* — 9216w?)g, | (—hOw® + 228h*w? — 432(h2w? + 9216)p;
P+l = T16,,6 — 12h%u4 1 2880202 1 9216 h6w6 — 12h%w? + 288h2w?2 + 9216
and the GaulLe4 method for the harmonic oscillator is given by
_ (h*w?* — 60h2w? + 144), N (=12h3w? + 144n) py

I+l = T F 10202 + 144 | hAwd 1 1ohew? 1 144
(12h3w? — 144hw?)qg,  (h*w? — 60h2w? + 144)p,

Pnt+1 = (6.6)

hw? + 120202 + 144 T il 4 120202 1 144
As before, we present a numerical verification of the order of accuracy of these two methods in
Fig. 5 by noting that the global error lines in positiom) @nd momentump) are parallel to the dashed
reference line with slope 4, which implies that these two methods are fourth-order accurate.
The error in the positionq) and momentum [f) are given in Fig.6 for the initial conditions
(9o, po) = (2,1) and step sizér = 0.5. Note that the errors in the position and momentum for the
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Cheby4 method are slightly smaller than for the GauLe4 method, even though, as we will see, the
Cheby4 method has poorer energy properties than GaulLe4.

Itis well known that the energil = 3(p?+w?q?) is an invariant of (6.4). By direct computation, it
can be proved that the GauLe4 meth6db] exactly preserves the energy, that%$ pﬁ at cozqr% 1) =

%(pn + qn) However, the Cheby4 method (6.5) does not possess this property. IA Wig give

the energy error evolution over a long time interval3000], where the error is plotted for every tenth
point. As shown in Fig7, the GauLe4 method exhibits an energy error evolution that is dominated
by roundoff error, while the Cheby4 method exhibits a bounded energy oscillation that is typical of
symplectic methods.

The energy behaviour of the two methods for the two numerical examples is consistent with the fact
that symplectic Runge—Kutta methods preserve all quadratic invariants, whereas SPRK methods only
preserve quadratic invariants of the foghC p, whereC is a constant matrix-{aireret al.,2006). Thus
the GaulLe4 method, which is a symplectic Runge—Kutta method, preserves the energy up to round-
off error for both numerical examples, whereas the Cheby4 method, which is an SPRK method, only
preserves energy to roundoff error for the case of the degenerate Hamiltd(gamp) =

7. Conclusions and future directions

In this paper we provided a variational characterization of the Type Il generating function that generates
the exact flow of Hamilton's equations and showed how this is a Type Il analogue of Jacobi’s solu-
tion of the Hamilton—Jacobi equation. This corresponds to the exact discrete Hamiltonian for discrete
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Hamiltonian mechanics, and Galerkin approximations of this lead to computable discrete Hamiltoni-
ans. In addition, we introduced a discrete Type Il Hamilton—Jacobi equation, which can be viewed as a
composition theorem for discrete Hamiltonians.

We introduced generalized Galerkin variational integrators from both the Hamiltonian and the La-
grangian approaches, and when the Hamiltonian is hyperregular these two approaches are equivalent.
Furthermore, we demonstrated how these methods can be implemented as SPRK methods and derived
several examples using this framework. Finally, we characterized the invariance properties of a discrete
Hamiltonian that ensure that the discrete Hamiltonian flow preserves the momentum map.

We are interested in the following topics for future work.

e Lie—Poisson reduction and connections to the Hamilton—Pontryagin prin@hee we provided
a method for constructing discrete Hamiltonians that yields a numerical method that is momen-
tum preserving, it is natural to consider discrete analogues of Lie—Poisson reduction. In particular,
the constrained variational formulation of continuous Lie—Poisson redu@iemdraet al.,2003)
appears to be related to the Hamilton—Pontryagin variational princtplghimura & Marsden
2006). It would be interesting to develop discrete Lie—Poisson redudilans@ienet al., 1999)
from the Hamiltonian perspective, in the context of the discrete Hamilton—Pontryagin princi-
ple (Leok & Ohsawa2008;Stern,2010).

e Extensions to multisymplectic Hamiltonian PDBAultisymplectic integrators have been devel-
oped in the setting of Lagrangian variational integrators (ke¢al.,2003) and Hamiltonian mul-
tisymplectic integratorsBridges & Reich,2001). In the paper byMarsdenet al. (1998) the
Lagrangian formulation of multisymplectic field theory is related to Hamiltonian multisymplectic
field theory Bridges,1997). It would be interesting to construct Hamiltonian variational integra-
tors for multisymplectic PDESs by generalizing the variational characterization of discrete Hamil-
tonian mechanics and the generalized Galerkin construction for computable discrete Hamiltonians
to the setting of Hamiltonian multisymplectic field theories.
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