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In this paper, we construct numerical schemes for spectral collocation methods and 
spectral variational integrators which converge geometrically. We present a systematic 
comparison of how spectral collocation methods and Galerkin spectral variational integra-
tors perform in terms of their ability to reproduce accurate trajectories in configuration and 
phase space, their ability to conserve momentum and energy, as well as the linear stability 
of these methods when applied to some classical Hamiltonian systems.
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1. Introduction

Hamiltonian systems are omnipresent in scientific and technical applications and play an important role in many dif-
ferent fields, such as celestial mechanics [3], quantum mechanics [11], molecular dynamics [7], control theory [15], etc. 
Ideally, numerical schemes for the simulation of Hamiltonian systems should not only reproduce the solutions accurately 
and efficiently, but also preserve as many geometric invariants of the original system as possible. Variational integrators (VI) 
[12,4] are well-known as they are symplectic, momentum preserving and nearly energy preserving for exponentially long 
times. Spectral collocation methods (SC) [16,17,10] are a popular choice for the construction of numerical approximations 
for problems with smooth solutions, as they can achieve geometric rates of convergence and have a relatively small mem-
ory footprint. Spectral variational integrators (SVI) [5] inherit almost all the benefits of both methods. Comparisons of Euler 
methods and Runge–Kutta methods with their corresponding symplectic counterparts are discussed in [4,1,12]. It would be 
interesting to compare the performance of spectral variational integrators with spectral collocation schemes to see if any 
additional benefits arise from constructing spectral schemes using a variational approach. The procedures for constructing 
SVI and SC are illustrated in Fig. 1. The paradigms underlying spectral variational integrators and spectral collocation meth-
ods for the numerical solution of dynamical systems are straightforward. Approximate solutions of Lagrangian systems are 
represented by finite vectors of their values at certain points such as Chebyshev–Gauss–Lobatto points. Each such vector de-
fines a global interpolant and operations on the analytic solutions of the proposed Lagrangian systems are replaced by the 
corresponding operations on the interpolants. The main difference between the two constructions is that SC performs the 
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Fig. 1. Construction procedures for SC (left column) and SVI (right column).

variation in Hamilton’s principle first and then discretizes the resulting Euler–Lagrange equations, whereas SVI discretizes 
Hamilton’s principle first and then performs the variation of the resulting discrete Hamilton’s principle.

1.1. Discrete Lagrangian mechanics and variational integrators

Considering mechanical systems that evolve on an n-dimensional configuration manifold Q with generalized coordinates 
qi, i = 1, ..., n, the Lagrangian L : T Q × � → R of the proposed mechanical systems are defined as the difference between 
the kinetic energy and the potential energy, i.e.,

L(q, q̇, t) = T (q, q̇, t) − V (q, q̇, t),

where � represents an interval in the time axis, and where T and V denote the total kinetic and potential energy of the 
system, respectively. Define the action S : C2([t0, T ], Q ) →R of the Lagrangian system as the following functional

S =
T∫

t0

L(q(t), q̇(t), t)dt,

where (q, ̇q) ∈ T Q is a smooth curve between states (q(t0), ̇q(t0)) and (q(T ), ̇q(T )). According to Hamilton’s principle, we 
know that the true trajectory q ∈ C2([t0, T ], Q ) is the stationary point of the functional S with fixed endpoints q(t0) and 
q(T ), i.e.,

δS = δ

T∫
t0

L(q(t), q̇(t), t)dt = 0, (1)

which yields the Euler–Lagrange (EL) equations,

d

dt

∂L

∂q̇
− ∂L

∂q
= 0. (2)

The formulation of Lagrangian mechanics in discrete time is mainly based on a discrete analogue of Hamilton’s principle. 
Divide the total time interval [t0, T ] into N subintervals of equal length h. The discrete Lagrangian Ld : Q × Q × R → R is 
an approximation of the exact discrete Lagrangian over each time interval [kh, (k + 1)h], i.e.,
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Ld(qk,qk+1;h) ≈ LE
d (qk,qk+1;h) = ext

q∈C2([kh,(k+1)h],Q )
q(kh)=qk,q((k+1)h)=qk+1

(k+1)h∫
kh

L(q(t), q̇(t))dt. (3)

The exact discrete Lagrangian LE
d is associated with Jacobi’s solution of the Hamilton–Jacobi equation, and cannot typically 

be computed. In the next section, we will show how it can be approximated by choosing a finite-dimensional function space 
and a quadrature formula. Then, the discrete action sum Sd : Q N+1 →R can be constructed as

Sd(q0,q1, ...,qN ) =
N−1∑
k=0

Ld(qk,qk+1).

The discrete Hamilton’s principle states that

δSd = 0,

for variations of the discrete curve q0, q1, ..., qN that keep the endpoints fixed. This yields the discrete Euler–Lagrange 
equations,

D2Ld(qk−1,qk) + D1Ld(qk,qk+1) = 0, k = 1,2, . . . , N − 1, (4)

and implicitly defines the discrete Lagrangian map F (h)
Ld

: (qk−1, qk) �→ (qk, qk+1). Here, D1 and D2 denote partial deriva-
tives of Ld with respect to the first and second variables, respectively. Equation (4) is equivalent to the implicit discrete 
Euler–Lagrange (IDEL) equations,

pk = −D1Ld(qk,qk+1), pk+1 = D2Ld(qk,qk+1), k = 0,1, . . . , N − 1, (5)

which implicitly defines the discrete Hamiltonian map F̃ (h)
Ld

: (qk, pk) �→ (qk+1, pk+1). From equation (5), we can see that the 
discrete Lagrangian Ld is a Type I generating function of the symplectic map F̃ (h)

Ld
. The discrete Lagrangian and Hamilto-

nian maps describe numerical integration schemes that are referred to as variational integrators, which are automatically 
symplectic and exhibit excellent long-time energy behavior. If the discrete Lagrangian Ld is G-invariant under the diagonal 
action, i.e., Ld(gqk, gqk+1) = Ld(qk, qk+1), for every g ∈ G , then, by the discrete Noether’s theorem, the variational integrator 
also preserves the discrete momentum map associated with the G action. The accuracy of the proposed structure-preserving 
numerical scheme is closely related to the approximation accuracy of discrete Lagrangian Ld with respect to the exact dis-
crete Lagrangian LE

d . Specifically, this relationship is characterized by the following theorem.

Theorem 1.1. (Variational error analysis [12]) Given a regular Lagrangian L and corresponding Hamiltonian H, the following are 
equivalent for a discrete Lagrangian Ld:

(1) the discrete Hamiltonian map for Ld is of order r,
(2) the discrete Legendre transforms of Ld are of order r,
(3) Ld approximates the exact discrete Lagrangian LE

d with order r.

2. Spectral variational integrators

Without loss of generality, we consider mechanical systems defined on the total time interval [0, T ] with Lagrangian 
L : T Q × � →R. We divide the time interval [0, T ] into N subintervals of equal length h,

[0, T ] =
N−1⋃
k=0

[kh, (k + 1)h], N = T /h,

and apply spectral variational integrators to solve the Lagrangian system in each subinterval.
Since the accuracy of a variational integrator is determined by how well the discrete Lagrangian Ld approximates 

the exact discrete Lagrangian LE
d , the motivating idea of spectral variational integrators is to approximate the numeri-

cally non-computable exact discrete Lagrangian LE
d with a highly-accurate computable discrete Lagrangian Ld by applying 

Lagrange–Chebyshev interpolation. Specifically, for a given Lagrangian L : T Q × � → R, the spectral discrete Lagrangian 
(SDL) is constructed using the following procedure:

1. Choose an (s + 1)-dimensional polynomial space Ps([kh, (k + 1)h], Q ) ⊂ C2([kh, (k + 1)h], Q ) generated by Lagrange 
basis polynomials {lν,s(t)}s

ν=0 based at the points cν = (2k+1)h
2 − h

2 cos
(
νπ

s

)
, where cν are the Chebyshev–Gauss–Lobatto 

(CGL) points xν = − cos( νπ ), 0 ≤ ν ≤ s, rescaled and shifted from [−1, 1] to [kh, (k + 1)h]. Then, as illustrated in Fig. 2, 
s
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Fig. 2. The red dots represent the quadrature points, which may or may not be the same as the interpolation points which are represented by black dots. 
(For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

the approximation of the solution curve (q, ̇q) ∈ T Q in the interval [kh, (k + 1)h] can be expressed in the following 
form

q(t) ≈
s∑

ν=0

qν
k lν,s(t); q̇(t) ≈

s∑
ν=0

qν
k l̇ν,s(t),

where q(t) = [q1(t), q2(t), · · · , qn(t)], q̇(t) = [q̇1(t), ̇q2(t), · · · , ̇qn(t)];
2. Choose a quadrature rule (wi, τi) to approximate the integral in the definition of the exact discrete Lagrangian, and 

extremize the quadrature approximation over curves in Ps([kh, (k + 1)h], Q ) satisfying the boundary conditions in order 
to obtain a computable discrete Lagrangian in each time interval [kh, (k + 1)h], k = 0, . . . , N − 1, i.e.,

Ld(qk = q0
k ,q1

k , · · · ,qs
k = qk+1;h) = ext

q∈Cs([kh,(k+1)h],Q )

q0
k=qk,q

s
k=qk+1

h

2

m∑
μ=1

wμL(q(dμ), q̇(dμ))

= ext
(q0

k ,q1
k ,...,qs

k)

q0
k =qk,q

s
k=qk+1

h

2

m∑
μ=1

wμL(

s∑
ν=0

qν
k lν,s(τμ),

2

h

s∑
ν=0

qν
k l̇ν,s(τμ)),

(6)

where dμ are quadrature points in the interval [kh, (k + 1)h], τμ = 2
h (dμ − kh) − 1 ∈ [−1, 1] and the Lagrange basis 

polynomials lν,s : [−1, 1] →R are given by

lν,s(τ ) =
∏

0≤μ≤s,μ 	=ν

τ − xμ

xν − xμ
. (7)

In equation (6), we know that qν
k , ν = 1, . . . , s − 1, are stationary points of the discretized action, which provide s − 1

internal stage conditions:

Dν Ld(qk = q0
k ,q1

k , · · · ,qs
k = qk+1;h) = 0, ν = 1, . . . , s − 1.

Here, Dν L means the partial derivative of L with respect to qν
k . Combining these internal stage conditions with the implicit 

discrete Euler–Lagrange (IDEL) equations,

pk = −D1Ld(qk,qk+1), pk+1 = D2Ld(qk,qk+1),

yield a system of nonlinear equations,

−pk =
m∑

μ=1

wμ

[h

2
l0,s(τμ)

∂L

∂q
(dμ) + l̇0,s(τμ)

∂L

∂q̇
(dμ)

]
, (8a)

0 =
m∑

μ=1

wμ

[h

2
lν,s(τμ)

∂L

∂q
(dμ) + l̇ν,s(τμ)

∂L

∂q̇
(dμ)

]
, ν = 1, . . . , s − 1, (8b)

pk+1 =
m∑

μ=1

wμ

[h

2
ls,s(τμ)

∂L

∂q
(dμ) + l̇s,s(τμ)

∂L

∂q̇
(dμ)

]
, (8c)
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which define the discrete Hamiltonian map (qk, pk) �→ (qk+1, pk+1). Equations (8a) and (8b) can be written in the following 
matrix form:

AkQk + Fk = Gk, (9)

where Ak is a s × (s + 1) matrix and the entries are given by,

Ai, j
k = 2

h

m∑
μ=1

wμl̇i−1,s(τμ)l̇ j−1,s(τμ), i = 1, . . . , s; j = 1, . . . , s + 1,

Qk is a (s + 1) × n matrix

Qk = [q0
k ,q1

k , · · · ,qs
k]T ,

Fk is a s × n matrix

Fk = [f0
k , f1

k , · · · , fs−1
k ]T

=
[h

2

m∑
μ=1

wμl0,s(τμ) · ∂L

∂q
,

h

2

m∑
μ=1

wμl1,s(τμ) · ∂L

∂q
, · · · ,

h

2

m∑
μ=1

wμls−1,s(τμ) · ∂L

∂q

]T
,

and Gk is a s × n matrix

Gk = [−pk,0(s−1)×n]T .

As the initial value q0
k can usually be obtained from the previous step, the dimension of (9) can be reduced by considering 

partitions Ak = [A0
k , A�

k] and Qk = [q0
k , Q�

k]T , where A0
k is the first column of matrix Ak , A�

k is the remaining part of Ak , q0
k

is the first row of matrix Qk , Q�
k is the remaining part of Qk . Then, we have

A�
k ⊗ Invec(Q�

k) + A0
k ⊗ (q0

k )T + vec(Fk − Gk) = 0, (10)

where In is the n × n identity matrix and

vec(Q�) = [q1(c1),q2(c1), · · · ,qn(c1),q1(c2),q2(c2), · · · ,qn(c2), · · · ,q1(cs),q2(cs), · · · ,qn(cs)]T ,

vec(F ) = [ f1(c1), f2(c1), · · · , fn(c1), f1(c2), f2(c2), · · · , fn(c2), · · · , f1(cs), f2(cs), · · · , fn(cs)]T ,

vec(G) = [−p1,−p2, · · · ,−pn,0, · · · ,0︸ ︷︷ ︸
n(s−1)

]T .

For arbitrary matrices A = (aij)m×n and B , the Kronecker product ⊗ in equation (10) is defined as

A ⊗ B =

⎛
⎜⎜⎜⎝

a11 B a12 B · · · a1n B
a21 B a22 B · · · a2n B

...
...

. . .
...

am1 B am2 B · · · amn B

⎞
⎟⎟⎟⎠ . (11)

3. Spectral collocation methods

For mechanical systems, the Euler–Lagrange equations are generally second-order nonlinear ODEs. In this section, we 
study the spectral collocation method for the following second-order initial value problem,{

q̈ (t) = f(t,q(t), q̇(t)), 0 < t ≤ T ,

q(t0) = q0, q̇(t0) = q̇0,
q ∈R

n, (12)

where

q(t) = [q1(t),q2(t), · · · ,qn(t)],
f(t,q(t), q̇(t)) = [ f1(t,q(t), q̇(t)), f2(t,q(t), q̇(t)), · · · , fn(t,q(t), q̇(t))].
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3.1. Differentiation matrix for an arbitrary interval

Suppose q̃ ∈ C([−1, 1], R), then on the interval [−1, 1], the Lagrange interpolation function which is based on the 
Chebyshev–Gauss–Lobatto points {xν}s

ν=0 can be constructed as follows

q̃(x) =
s∑

ν=0

q̃νlν,s(x), q̃ν = q̃(xν), (13)

where lν,s are the Lagrange basis polynomials defined by (7). Taking the r-th order derivative of (13), the value of q̃(r) at 
the Chebyshev–Gauss–Lobatto points can be expressed as follows

q̃(r)(xν) =
s∑

ν=0

q̃νl(r)ν,s(xν), r ∈ Z
+. (14)

Equation (14) can be written in matrix form as Q̃(r) = D̃(r) · Q̃, i.e.,⎛
⎜⎜⎜⎝

q̃(r)(x0)

q̃(r)(x1)
...

q̃(r)(xs)

⎞
⎟⎟⎟⎠

︸ ︷︷ ︸
Q̃(r)

[−1,1]

=

⎛
⎜⎜⎜⎜⎝

l(r)0,s(x0) l(r)1,s(x0) · · · l(r)s,s(x0)

l(r)0,s(x1) l(r)1,s(x1) · · · l(r)s,s(x1)

...
...

. . .
...

l(r)0,s(xs) l(r)1,s(xs) · · · l(r)s,s(xs))

⎞
⎟⎟⎟⎟⎠

︸ ︷︷ ︸
D̃(r)

⎛
⎜⎜⎜⎝

q̃(x0)

q̃(x1)
...

q̃(xs)

⎞
⎟⎟⎟⎠ .

︸ ︷︷ ︸
Q̃[−1,1]

(15)

Now, consider q to be defined on the interval [kh, (k + 1)h]. Let {cν}s
ν=0 ∈ [kh, (k + 1)h] be the rescaling and translation 

of the Chebyshev–Gauss–Lobatto points {xν }s
ν=0 ∈ [−1, 1]. Then, the relationship between cν and xν is given by

cν = kh + h

2
(xν + 1), xν = 2

h
(cν − kh) − 1, ν = 0, . . . , s.

Let Q = [q (c0) , · · · ,q (cs)]T =
[

q
(

kh + h
2 (x0 + 1)

)
, · · · ,q

(
kh + h

2 (xs + 1)
)]T

. It is easy to show that Q(r) = D(r) · Q and 

here D(r) and D̃(r) are related by the following equality,

D(r)
i, j =

(
2

h

)r

D̃(r)
i, j . (16)

For the case r = 1, the first-order Chebyshev differentiation matrix D̃(1) is given by [16],

D̃(1)
i, j =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

2s2+1
6 , i = j = 0,
−x j

2(1−x2
j )

, i = j = 1, ..., s − 1,

αi(−1)(i+ j)

α j(xi−x j)
, i 	= j, i, j = 0, ..., s,

− 2s2+1
6 , i = j = s,

αl =
{

2, l = 0 or s,

1, otherwise.
(17)

Here, D̃(1) is a (s + 1) × (s + 1) matrix indexed from 0 to s. Higher-order Chebyshev differentiation matrices D̃(r), (r � 2)

can be obtained by raising the first-order differentiation matrix to the appropriate power, i.e.,

D̃(r) = (D̃(1))r . (18)

3.2. Multi-interval spectral collocation method

To solve (12), we first divide the interval [0, T ] into N subintervals of equal length h and apply the spectral collocation 
method in each subinterval [kh, (k + 1)h]. By introducing the auxiliary variable y = q̇, (12) can be written in the following 
form {

q̇ (t) = y,

ẏ(t) = f(t,q(t),y(t)),
(19)

with initial conditions q(t0) = q0
k , y(t0) = q̇0

k . Then, (19) can be discretized by introducing the first-order Chebyshev differ-
ential matrix 
 in the interval [kh, (k + 1)h] as follows
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{

Qk = Y �

k ,


Yk = F (t,Q�
k, Y �

k ),
(20)

where

Qk = [q0
k ,Q�

k]T , Q�
k = [qk(t1),qk(t2), ...,qk(ts)]T ,

Yk = [y0
k , Y �

k ]T , Y �
k = [yk(t1),yk(t2), ...,yk(ts)]T ,

F (t, Q �
k , Y �

k ) = [f (t1,qk (t1) ,yk (t1)) , f (t2,qk (t2) ,yk (t2)) , . . . , f (ts,qk (ts) ,yk (ts))]T .

From (16), we know that


 = 2

h
D̃(1)(1:s,0:s). (21)

Here, D̃(1)(1:s,0:s) is the matrix obtained from the first-order Chebyshev differentiation matrix D̃(1) by eliminating the 
first row. As the initial values q0

k and q̇0
k are given, (20) can be rewritten as follows:


�Q�
k + λ0q0

k = Y �
k , (22)


�Y �
k + λ0q̇0

k = F (t,Q�
k, Y �

k ), (23)

where 
 = [λ0, 
�], λ0 is the first column of 
. Substituting (22) into (23) yields the following equation,


�(
�Q�
k + λ0q0

k) + λ0q̇0
k = F (t,Q�

k,

�Q�

k + λ0q0
k ), (24)

which is equivalent to the following set of equations,

(
�)2 ⊗ Invec(Q�
k) − vec(F (t,Q�

k,

�Q�

k + λ0q0
k )) + λ0 ⊗ (q̇0

k )T + (
�λ0) ⊗ (q0
k )T = 0. (25)

Thus, vec(Q�
k) can be obtained from (25) by using the Newton–Raphson iteration.

4. Linear stability of SVI and SC

In this part, we perform a brief linear stability analysis of the proposed spectral collocation methods and the corre-
sponding spectral variational integrators. The stability properties of spectral variational integrators for some specific choices 
of polynomial approximations and numerical quadrature rules are discussed in [14]. In our discussion, we establish the 
stability matrix of SVI with an arbitrary number of interpolation and quadrature points.

Consider the simple harmonic oscillator with Lagrangian L(q, ̇q) = 1
2 q̇2 − 1

2 σ 2q2. Then, the Euler–Lagrange equations of 
the system are given by

q̈ = −σ 2q, σ > 0, σ ,q ∈R, (26)

and the corresponding Hamilton’s equations are given by{
q̇ = p,

ṗ = −σ 2q.

4.1. Stability matrix of spectral variational integrator

The spectral variational integrator scheme, (8a) and (8b), applied to (26) can be written in the following matrix form:

ÂkQ̂k + F̂k = Ĝk, (27)

where Âk is a s × (s + 1) matrix whose entries are given by

Âi, j
k = 2

h

m∑
μ=1

wμl̇i−1,s(τμ)l̇ j−1,s(τμ), i = 1, . . . , s; j = 1, . . . , s + 1,

Q̂k is a (s + 1)-dimensional column vector

Q̂k = [q0
k ,q1

k , · · · ,qs
k]T ,

F̂k is a s-dimensional column vector
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F̂k = [ f 0
k , f 1

k , · · · , f s−1
k ]T

=
[h

2

m∑
μ=1

wμl0,s(τμ) · ∂L

∂q
,

h

2

m∑
μ=1

wμl1,s(τμ) · ∂L

∂q
, · · · ,

h

2

m∑
μ=1

wμls−1,s(τμ) · ∂L

∂q

]T

=
(

− σ 2h

2

)[ m∑
μ=1

wμl0,s(τμ)

s∑
ν=0

qν
k lν,s(τμ), · · · ,

m∑
μ=1

wμls−1,s(τμ)

s∑
ν=0

qν
k lν,s(τμ)

]T
,

and Ĝk is a s-dimensional column vector

Ĝk = [−pk,01×(s−1)]T .

Partition Âk , Q̂k and F̂k as follows:

Âk = 2

h
Âk = 2

h
[A0

k ,A�
k],

Q̂k = [qk,Q�
k],

F̂k =
(

− σ 2h

2

)
F̂kQ̂k =

(
− σ 2h

2

)
[F0

k ,F�
k ]Q̂k,

where A0
k is the first column of Âk , A�

k is the remaining part of Âk , F0
k is the first column of F̂k , F�

k is the remaining part 
of F̂k , and F̂k is a s × (s + 1) matrix whose entries are given by

F̂ i, j
k =

m∑
μ=1

wμli−1,s(τμ)l j−1,s(τμ), i = 1, . . . , s; j = 1, . . . , s + 1.

Then, (27) can be rewritten in the following form:

2

h
[A0

k ,A�
k] · [qk,Q�

k] − σ 2h

2
[F0

k ,F�
k ] · [qk,Q�

k] − Ĝk = 0,

or equivalently,

2

h
A�

kQ
�
k + 2

h
A0

kqk − σ 2h

2
F�

k Q
�
k − σ 2h

2
F0

k qk − Ĝk = 0.

So, Q�
k is given by

Q�
k =

(
4A�

k − σ 2h2F�
k

)−1[( − 4A0
k + σ 2h2F0

k

)
qk + 2hĜk

]
. (28)

Then, qk+1 can be obtained as follows

qk+1 = qs
k =

(
4A�

k − zF�
k

)−1
(s,:)

(
− 4A0

k + zF0
k

)
· qk − 2

(
4A�

k − zF�
k

)−1
(s,1) · hpk, z = σ 2h2, (29)

and pk+1 can be derived from (8c),

pk+1 =
m∑

μ=1

wμ

[h

2
ls,s(τμ) · (−σ 2)

s∑
ν=0

qν
k lν,s(τμ) + l̇s,s(τμ) · 2

h

s∑
ν=0

qν
k l̇ν,s(τμ)

]
, (30)

which is equivalent to

hpk+1 =
(

− z

2

) m∑
μ=1

wμls,s(τμ)

s∑
ν=0

qν
k lν,s(τμ) + 2

m∑
μ=1

wμl̇s,s(τμ)

s∑
ν=0

qν
k l̇ν,s(τμ) � BkQk, (31)

where Bk is a (s + 1)-dimensional column vector whose entries are given by

B( j)
k = − z

2

m∑
μ=1

wμls,s(τμ)l j−1,s(τμ) + 2
m∑

μ=1

wμl̇s,s(τμ)l̇ j−1,s(τμ).

Here, B( j) denotes the j-th column of Bk . Inserting (28) into (31), we get
k
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hpk+1 = B0
k qk + B�

kQ
�
k = [B0

k + B�
k(4A�

k − zF�
k )−1(−4A0

k + zF0
k )] · qk − 2B�

k(4A�
k − zF�

k )−1(s,1) · hpk (32)

where B0
k is the first column of Bk , B�

k is the remaining part of Bk . Equalities (29) and (32) can be expressed in the 
following matrix form:(

qk+1
hq̇k+1

)
= S1(z)

(
qk

hq̇k

)
, z = σ 2h2, (33)

where the stability matrix S1(z) is given by

S1(z) =
(

(4A�
k − zF�

k )−1(s,:)(−4A0
k + zF0

k ) −2(4A�
k − zF�

k )−1(s,1)
B0

k + B�
k(4A�

k − zF�
k )−1(−4A0

k + zF0
k ) −2B�

k(4A�
k − zF�

k )−1(s,1)

)
. (34)

4.2. Stability matrix of spectral collocation method

The spectral collocation scheme applied to (26) can be easily derived from (24) and it has the form


�(
�Q�
k + λ0qk) + λ0q̇k = −σ 2Q�

k, (35)

where{
qk+1 = Q�

k(s,:),

q̇k+1 = 
�(s,:)Q�
k + λ0(s)qk.

From (21), we know that


� = 2

h
D̃(1)(1:s,1:s) � 2

h
D�, λ0 = 2

h
D̃(1)(1:s,0) � 2

h
D0.

Then, (35) can be rewritten as

2

h
D�

(2

h
D�Q�

k + 2

h
D0qk

) + 2

h
D0q̇k = −σ 2Q�

k,

and qk+1, q̇k+1 can be obtained as follows{
qk+1 = −(4D2

� + σ 2h2 Is)
−1(s,:) · (2hD0q̇k + 4D�D0qk),

hq̇k+1 = −2D�(s,:) · (4D2
� + σ 2h2 Is)

−1(2hD0q̇k + 4D�D0qk) + 2D0(s)qk.

Thus, we have(
qk+1

hq̇k+1

)
= S2(z)

(
qk

hq̇k

)
, z = σ 2h2, (36)

where the stability matrix S2(z) is given by

S2(z) =
( −4(4D2

� + zIs)
−1(s,:)D�D0 −2(4D2

� + zIs)
−1(s,:)D0

−8D̃(s,:)(4D2
� + zIs)

−1D�D0 + 2D0(s) −4D�(s,:)(4D2
� + zIs)

−1D0

)
. (37)

Now, we recall the various notions of stability in terms of the stability matrix S:

Definition 4.1. ([10,18,2,13]) For equation (26) and its stability matrix S(z), z = σ 2h2,

(1) Rs = {z ∈R|z > 0 and ρ(S) ≤ 1} is called the stability region,
(2) R p = {z ∈R|z > 0, ρ(S) = 1 and tr(S)2 < 4det(S)} is called the periodicity region,
(3) Rq = {z ∈ R|z > 0, and det(S) < 1, |tr(S)| < det(S) + 1} is called the strong stability region,
(4) If {z ∈ (0, +∞)} ⊂ Rs , the method is called A-stable,
(5) If {z ∈ (0, +∞)} ⊂ R p , the method is called P-stable.

The linear stabilities of SVI and SC are mainly determined by their stability matrices S1(z) and S2(z), given by (34) and 
(37), respectively. These formulas allow the users of SVI and SC to compute the stability regions of the proposed numerical 
methods. For different kinds of interpolants and numerical quadrature rules, the specific form of S1(z) and S2(z) might be 
different, but the procedure for deriving them will be similar.
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Fig. 3. Simple harmonic oscillator. Spectral radius ρ(S(z)) of SVI (left and middle) and SC (right) for z ∈ [0, 900]. Here, ‘Cheb’ means the number of 
Chebyshev–Gauss–Lobatto interpolation points and ‘Gau’ means the number of Gauss–Legendre quadrature points.

Fig. 4. Simple harmonic oscillator. tr(S)2 − 4det(S) of SVI (left and middle) and SC (right) for z ∈ [0, 900]. Here, ‘Cheb’ means the number of Chebyshev–
Gauss–Lobatto interpolation points and ‘Gau’ means the number of Gauss–Legendre quadrature points.

5. Numerical experiments

In this section, we demonstrate the stability, convergence and accuracy of the proposed vectorized numerical realizations 
of SVI and SC applied to some classical mechanical systems, where the nonlinear equations are solved using the Newton 
method. The numerical simulations were carried out on a personal computer with an Intel Core i5-4210U, 1.70 GHz CPU, 
8G RAM and the algorithms were implemented using Matlab 2014a.

5.1. Simple harmonic oscillator

Choosing initial values q0 = 0, p0 = 1, we simulate the simple harmonic problem (26) with both the spectral variational 
integrator and spectral collocation method. Figs. 3, 4, 5 and 6 show the value of ρ(S), tr(S) − 4det(S), det(S) and |tr(S)| −
det(S) − 1 of SVI and SC for different z ∈ [0, 900]. Denote the number of chosen Chebyshev–Gauss–Lobatto points by s and 
let the number of Gauss quadrature points be s − 1 (left column of Figs. 3, 4, 5 and 6) and 2s (middle column of Figs. 3, 
4, 5 and 6). It can be easily observed by comparing the first two columns of Figs. 3, 4, 5 and 6 that the stability properties 
of SVI are determined by both the number of interpolation points and the number of quadrature points. Let xk = [q, ̇q]T

denote the state of a Hamiltonian system. To compute this system correctly [1], we should ensure that the determinant 
of the matrix ∂xk+1

∂xk
is equal to 1, i.e., det( ∂xk+1

∂xk
) = 1. As shown in Fig. 5, the determinants of S1 are always equal to 1 to 

machine accuracy which guarantees the symplecticity of SVI, while the determinants of S2 decrease rapidly as z increases. 
The performance of SVI when solving some high-dimensional stiff ordinary differential equations was studied in [8].

Fig. 7 gives a comparison of phase space trajectories computed using SVI and SC. The phase space trajectory for the 
simple harmonic oscillator computed using SVI is more symmetric than the trajectory obtained using SC. Fig. 8 shows the 
position error of these two methods. We can see that the position error of SC is larger and grows faster than SVI when they 
both use the same number of Chebyshev–Gauss–Lobatto points and the same step-size. From Fig. 9, we can see that the 
energy error of SC is also larger and grows faster than SVI. Figs. 10, 11, 12 compare the absolute error in position and energy 
between both methods under N-refinement and h-refinement, where N represents the number of Chebyshev–Gauss–Lobatto 
points and h represents the step-size. Fig. 10 shows the geometric convergence of both SVI and SC. The relative computation 
efficiencies of SVI, SC and some conventional symplectic methods have been discussed in [6,9].
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Fig. 5. Simple harmonic oscillator. det(S(z)) of SVI (left and middle) and SC (right) for z ∈ [0, 900]. Here, ‘Cheb’ means the number of Chebyshev–Gauss–
Lobatto interpolation points and ‘Gau’ means the number of Gauss–Legendre quadrature points.

Fig. 6. Simple harmonic oscillator. |tr(S)| − det(S) − 1 of SVI (left and middle) and SC (right) for z ∈ [0, 900]. Here, ‘Cheb’ means the number of Chebyshev–
Gauss–Lobatto interpolation points and ‘Gau’ means the number of Gauss–Legendre quadrature points.

Fig. 7. Simple harmonic oscillator σ = 1. Left: The phase space trajectory computed by SVI with 9 point Chebyshev interpolation, 18 point Gauss–Legendre 
quadrature. Right: The phase space trajectory computed by SC also with 9 Chebyshev–Gauss–Lobatto points. For both methods, we choose step-size h = 1
and total time T = 100.

5.2. Kepler two-body problem

Now, we apply the spectral variational integrator and spectral collocation method to the Kepler two-body problem which 
describes the motion of two bodies under mutual gravitational attraction. If one body is placed at the origin, the correspond-
ing angular momentum, Lagrangian and energy of the Kepler two-body system are given by

M(q, v) = q1 v2 − q2 v1,
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Fig. 8. Simple harmonic oscillator σ = 1. Left: Error in q computed by SVI with 9 point Chebyshev interpolation, 18 point Gauss–Legendre quadrature. Right: 
Error in q computed by SC also with 9 Chebyshev–Gauss–Lobatto points. For both methods, we choose step-size h = 1 and total time T = 100.

Fig. 9. Simple harmonic oscillator σ = 1. Absolute energy error for SVI with 9 point Chebyshev interpolation, 18 point Gauss–Legendre quadrature and SC 
with 9 Chebyshev–Gauss–Lobatto points. For both methods, we choose step-size h = 1 and total time T = 100.

Fig. 10. Geometric convergence of the simple harmonic oscillator σ = 1. Left: Maximum absolute error of q for both SVI and SC with N-refinement. Right: 
Maximum absolute error of energy for both SVI and SC with N-refinement. For SVI, we choose the number of Gauss–Legendre quadrature points to be 
twice the number of Chebyshev–Gauss–Lobatto points.
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Fig. 11. Simple harmonic oscillator σ = 1. Maximum absolute error of q for both SVI and SC with h-refinement. For SVI, we choose the number of 
Gauss–Legendre quadrature points to be twice the number of Chebyshev–Gauss–Lobatto points.

Fig. 12. Simple harmonic oscillator σ = 1. Maximum absolute error of energy for both SVI and SC with h-refinement. For SVI, we choose the number of 
Gauss–Legendre quadrature points to be twice the number of Chebyshev–Gauss–Lobatto points.

L(q, v) = T − V = 1

2
(v2

1 + v2
2) + 1√

q2
1 + q2

2

,

and

E(q, v) = 1

2
(v2

1 + v2
2) − 1√

q2
1 + q2

2

,

respectively. Here, q = (q1, q2) represents the position of the second body and v = (v1, v2) represents the velocity. Using 
(2), we can easily obtain the Euler–Lagrange equations of the system, expressed in first-order form,
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Fig. 13. Kepler two-body problem. Left: orbit computed by SVI with 6 point Chebyshev interpolation and 12 point Gauss–Legendre quadrature. Right: orbit 
computed by SC with 6 Chebyshev–Gauss–Lobatto points. For both methods, we choose eccentricity e = 0.5, step-size h = 0.2 and total time T = 2000.

Fig. 14. Kepler two-body problem. Top: Energy computed by SC with 6 Chebyshev–Gauss–Lobatto points. Bottom: Energy computed by SVI with 6 point 
Chebyshev interpolation and 12 point Gauss–Legendre quadrature. For both methods, we choose eccentricity e = 0.5, step-size h = 0.2 and total time 
T = 2000.

q̇1 = v1,

q̇2 = v2,

v̇1 = − q1

(q2
1 + q2

2)
3/2

,

v̇2 = − q2

(q2
1 + q2

2)
3/2

.

(38)

The analytic solution of (38) is 2π -periodic. Choosing initial conditions

q1(0) = 1 − e, q2(0) = 0, v1(0) = 0, v2(0) =
√

1 + e

1 − e
(0 ≤ e < 1),

the energy E0 = −0.5 and the momentum M0 = √
1 − e2 are conserved.

Fig. 13 shows the orbits of the Kepler two-body system computed by SVI and SC, both with 6 Chebyshev–Gauss–Lobatto 
points. The orbit computed by SVI is more symmetric than the orbit computed by SC. Fig. 14 and 15 give the energy and 
angular momentum comparisons of both two methods separately. We can see that SVI preserves both energy and angular 
momentum very well, while the energy and angular momentum drift when computed by SC. Fig. 16 and 17 give the com-
parisons of the position error of Kepler two-body problem computed by SVI and SC under N-refinement and h-refinement. 
According to the numerical results, it is not hard to see that SVI is superior to SC in terms of the accuracy of position, 
energy and angular momentum when using the same number of Chebyshev–Gauss–Lobatto points and step-size.
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Fig. 15. Kepler two-body problem. Top: Angular momentum computed by SC with 6 Chebyshev–Gauss–Lobatto points. Bottom: Angular momentum com-
puted by SVI with 6 point Chebyshev interpolation and 12 point Gauss–Legendre quadrature. For both methods, we choose eccentricity e = 0.5, step-size 
h = 0.2 and total time T = 2000.

Fig. 16. Geometric convergence of the Kepler two-body problem. Comparison of the maximum absolute error of q1 and q2 computed by SVI and SC with 
N-refinement. For SVI, we choose the number of Gauss–Legendre quadrature points to be twice the number of Chebyshev–Gauss–Lobatto points.

The numerical experiments demonstrate that the accuracy of spectral variational integrators increases with the number 
of Chebyshev points. However, the accuracy of the discrete Lagrangian depends on both the polynomial order of the approx-
imation space, as well as the accuracy of the quadrature rule. As such, we have to refine both the approximation space and 
the quadrature rule concurrently. Since the quadrature rule is used to approximate the action integral, the required number 
of quadrature points m depends on both the number of interpolation points s as well as the form of the Lagrangian function 
L(q, ̇q). In order to ensure that the accuracy of our spectral variational integrators are not limited by the accuracy of the 
quadrature rule, we have chosen to use a relatively large number of Gauss–Legendre quadrature points, i.e., m = 2s, but a 
smaller number of quadrature points may be sufficient for other Lagrangians.

6. Conclusion

In this paper, we construct vectorized numerical realizations of the spectral collocation method and the Galerkin spec-
tral variational integrator. The linear stability of both methods is also discussed, and we obtain analytical expressions for 
the stability matrices for both methods. From the numerical comparisons of spectral variational integrators and spectral 
collocation methods, we can see that both methods converge geometrically and SVI is more accurate in position, angular 
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Fig. 17. Kepler two-body problem. Comparison of the maximum absolute error of q1 and q2 computed by SVI and SC with h-refinement. For SVI, we choose 
the number of Gauss–Legendre quadrature points to be twice the number of Chebyshev–Gauss–Lobatto points.

momentum and energy than SC, when using the same number of Chebyshev–Gauss–Lobatto points and the same step-size. 
Our future exploration will focus on extending the synthesis of variational integrators and spectral methods to construct 
efficient high-order numerical schemes for partial differential equations and on analyzing the stability properties of these 
methods.
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