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1. Introduction

Hamiltonian partial differential equations are often simulated by semi-discretizing the spatial differential operators, and
applying a symplectic or energy-preserving integrator to the resulting system of Hamiltonian ordinary differential equa-
tions. The critical challenge associated with such an approach is that the resulting system of differential equations become
increasingly stiff as the spatial mesh is refined. This is addressed by combining geometric integrators with exponential inte-
grators [6], which are a class of numerical integrators for stiff systems whose vector field can be decomposed into a linear
term and a nonlinear term,

qg=Aq+ f(Q. (1)

Usually, the coefficient matrix A has a large spectral radius, and is responsible for the stiffness of the system of differ-
ential equations, while the nonlinear term f(q) is relatively smooth. There are various ways to construct an exponential
integrator [10]. For example, we can perform a change of variables G(t) = e~A{q(t), and transform (1) to obtain

[e=Yq®)) =7 (t) = e f (™G (). (2)

Notice that the Jacobian matrix of (2) equals e~V feAf, which has a smaller spectral radius than the Jacobian matrix
A+ Vf of (1). A natural idea is to apply a classical integrator for the mollified system (2) to obtain an approximation
of q(t), then invert the change of variables to obtain an approximation of the solution q(t) of (1). In Section 2, we shall
demonstrate how to construct symplectic exponential integrators using this approach.
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Another way of constructing exponential integrators starts from the variation-of-constants formula,

t

q(t) = e g(to) + / e f(q(r))dr, 3)

to
which is the exact solution for (1) with initial condition q(tp) = qo. Then, a computable approximation can be obtained by
approximating the f(q(t)) term inside the integral. If we approximate f(q(t)) by f(qx), we arrive at the exponential Euler
method,

h

Qi1 =gy +/€ATdT - f(qw). (4)
0

An exponential Runge-Kutta method of collocation type [5] could also be constructed by approximating f(q(t)) with poly-
nomials. In Section 3, we shall show how to construct energy-preserving exponential integrators from (3).

In this paper, we consider a specific form of (1) which is a Poisson system. We assume A = JD, f(q) = JVV(q), where
JT=—J,D"=D, and JD = D], thus the coefficient matrix A is also skew-symmetric. The assumption that | and D
commutes turns out to be essential for constructing structure-preserving integrators, and it is naturally satisfied in practical
problems. Now, the semilinear system (1) can be written as,

q=J(Dg+VV(q) = JVH(q), (5)
with Hamiltonian function H(q) = %qTDq + V(g). Equation (5) describes a constant Poisson system, and there are at least
two quantities that are preserved by the flow: the Poisson structure ]ifaixi ® 337} and Hamiltonian H(q). Geometric integra-
tors that preserve the geometric structure and first integrals of the system typically exhibit superior qualitative properties
when compared to non-geometric integrators, and they are an active area of research [4,8,9].

In this paper we will introduce the exponential midpoint rule and the energy-preserving exponential integrator. Both of
these methods are implicit, and a significant advantage of adopting the exponential integrator approach in the context of
geometric integrators is that the resulting geometric exponential integrators can be implemented using fixed point iterations
as opposed to the more computationally expensive Newton iterations. Recall that classical implicit Runge-Kutta methods

N
Yn+h-Y aijfta+cjh, Yy,
j=1

Yi

S
Yn+h-Y bif (ta+cih, i),

i=1

Yn1

have a form that naturally lends itself to fixed point iterations. However, when % has a large spectral radius, the timestep is

forced to be very small in order to guarantee that the fixed point iteration converges. The alternative is to use a Newton type
iteration, which is time consuming since we need to perform LU decomposition (O (n®) complexity) during each iteration.
This is the problem we face for the stiff semilinear system (1) when the coefficient matrix A has a large spectral radius. In
contrast, in both the exponential midpoint rule

Al _Ah
ev2qx+e 2q1<+1>
5 )
and the energy-preserving exponential integrator

h
Q1 = ey +h'€A2f(

h
Q1 =g -I-feATdf - JVV @k Gi41)s
0

the matrix A only appears in the exponential term e4". Since A is skew-symmetric, this term is an orthogonal matrix,
which has spectral radius 1. Thus, fixed point iterations can be used to implement the exponential integrator, regardless of
the stiffness of A.

In summary, the main contributions of this paper involve the derivation of geometric exponential integrators that either
preserve the Poisson structure or Hamiltonian of (5). They exhibit long time stability, allow for relatively larger timesteps for
the stiff problem, and are computationally more efficient as they can be implemented using fixed point iterations as opposed
to Newton type iterations. For the rest of the paper, Section 2 is devoted to developing symplectic exponential integrators
that preserve the Poisson structure; Section 3 is devoted to developing energy preserving exponential integrators; numerical
methods and experiments are presented in Section 4 and Section 5, respectively.
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2. Symplectic exponential integrator

For constant Poisson systems (5), it was shown in [15] that the midpoint rule and diagonally implicit symplectic Runge-
Kutta methods preserve the Poisson structure Jj Bix, ® % We first start by constructing an exponential midpoint rule: apply

the classical midpoint rule to the transformed system (2) to obtain

dkﬂh_ Gk — e~ Alit1/2 f(eAt’fH/Z {Zk+12+ f~1k>7 (6)

where

tk + tkt1
5
Transform (6) back to g and qi1, and we obtain the exponential midpoint rule,

. _Ag = _Ag
12 = h=tirr —te, QGe=e""%qk, qrs1 =0 ""*1qp41.

Al _Ah
e"iqy +e ZQkH)

> )

h
1 =g +h- €A2f<
Theorem 1. The exponential midpoint rule (7) preserves the Poisson structure when applied to the semilinear Poisson system (5).

Proof. Recall that a map ¢ preserves Poisson structure ]ifaixi ® 337] iff

(Vo) J (V) = J. (8)

Differentiating (7), we obtain,
1 4n 1 h
dgie1 = edgy +h -2 Vf(ief‘quk + Ee**‘qukﬂ),
h h

(I ~3 ~eA%er_A%)qu+1 = (eAh + 5 ~eA%erA%)qu.
So the map ¢ (qx) = qr,1 has Jacobian matrix V¢ = M~!N, where

M=l erbypeal 1 pal jg2yeal

2 2

N =eh 4 g ey el — el 4 g M3 Jv2veAs.

Then, we just need to verify (8), which is equivalent to M JMT = N JNT,

h h
MMT = (1 -3 -eA%]VZVe_A%)]<I+ 5 -e’*'%v2v1e—/*§)

h2 Ah 2 Ah Ah 2 Ah
=]—Ze 2 JVeVe "2 Je"2VeV Je "2

9)
W an o 2y 1,—Ab
=]—Ze 2 VeV V2V Jem 2
=NJNT.
In (9), we used the property that V2V is symmetric, and that A is skew-symmetric which implies that (eA")T = e~4h, Fur-

. - . . h
thermore, the assumption that D and J commutes, implies that the matrix exponential eA2, where A = JD, also commutes
with J. O

The exponential midpoint rule is a second-order method, and we will now develop higher-order symplectic exponential
integrators. Recall that a general diagonally implicit Symplectic Runge-Kutta method (DISRK) [4, Theorem 4.4] has a Butcher
tableau of the form given in Table 1.

If we apply the DISRK method to the transformed system (2), and then convert back, we obtain the following diagonally
implicit symplectic exponential (DISEX) integrator,

i
Qi=eMig +h- Y a;e’" D f(Qy),

=t (10)

S
Qi =Yg +h- Y biet" D F(Qy),
i=1
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Table 1
DISRK.
¢ oo 0 0 0
o | b 2o 0 0
C3 b] bz % 0 0
: : : : "
Cs b1 ba bs 3
by by bs bs
Table 2
DISEX.
efha | b 0 0 0o 0
eAhcy ble/\h(fz*fl) by 0 0 0
efhes | peAhlcs—ci)  ppAh(cs—c2) % 0 0
eAhes | preAhes=c)  popAh(cs=c) g pAh(cs—c3) %
oAl ’bleAh(l—cl) byeAt(—c2)  poeAh(i—cy) beeAh(1—c)

where a;; are the coefficients in Table 1. This integrator can be represented in terms of the Butcher tableau given in Table 2.

It was shown in [15] that any DISRK method can be regarded as the composition of midpoint rules with timesteps
bih, byh, bsh, - - -bsh. As such, it is natural to ask whether the DISEX method is also the composition of exponential midpoint
rules. Notice that (1) is autonomous while the transformed system (2) is nonautonomous, and our application of the DISRK
method to (2) involves time explicitly, so the result does not immediately follow from the result of [15]. However, the same
conclusion still holds for the DISEX method, as demonstrated by the following theorem:

Theorem 2. The DISEX method is equivalent to the composition of exponential midpoint rules with timesteps b1h, byh, bsh, - - - bsh.

Proof. The composition of exponential midpoint rules

bih bah bsh
Gk —> Z1 —> Z2+ —> Zs = Q41

is represented as follows,

by by
eAh 2 g efAh 5 Z])
9

b
Z zeAh”lqk-i-b]h-eA“T]f( 5

by _An22
L S Ahzzz)

b
Zy=eM27 4+ bsh-eM f( -

b; b;
ez Zi—1+ e—Ah7 Z,')

b;
Z; =efhbiz, +b,-h-eAh7f( 5

bs
Zs=eMPszo | 4+ bsh- eAhTf( 3

b b.
eAl3 Zs_ 1+ e‘AhTSZS>

(M.1)

(M.2)

(M.i)

(M.s)

Ahb —A by b
Introduce Q1 = W in (M.1) as an intermediate variable. Then, on both sides of (M.1), multiply by e=M3  add

b
e"”‘?lqk, and divide by two, which yields an equivalent form of (M.1),

b b
Qi =g+ %h~f(Q1)-

(s1)

For the Runge-Kutta method represented by the Butcher tableau in Table 1 to be consistent, the coefficients have to satisfy,
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31
c _b
1=
b
¢ =by+ =,

2

b
ci=by +b2+"~bi,]+§l,

b
Gs=bi+by+b3+- +bs1+ =,

2
1:b1+b2+b3+"'+bs—1+bs«

So equation (S.1) coincides with the first line of the Butcher tableau of the DISEX method. Similarly, introduce Q; =
eAhbTZ 7 +e—Ahsz 7>
2

b b
. Then, on both sides of (M.2), multiply by e‘AhTZ, add eAh? Z1, then divided by two, which yields an
equivalent form of (M.2):

b b
Q=e"7 21+ Zh- f(Q2)
b by b b
=M+ 4 bih-eMMFHD F(Q) + ?zh - f(Q2)

b
= M2y +bih - €™MV Qi) + Sh- F(Qa).

So equation (S.2) coincides with the second line of the Butcher tableau of the DISEX method. Then, as before, we introduce
Al —anbi
i= HZHZ# and apply the same technique to (M.i), which yields

b; b;
Qi=eMM2z_ 1+ 5’h - F(Q)).

By induction,
b
Zi1= eAh(bi—1+-~-+b2+b1)qk +bih- eAh(bi—1+bi—2+'"+7])f(Q])

b bj_
+ boh - eMbi-itbiatHF) £(Qo) 4. bi_th - eMCTD F(Qi_y),
SO

b; b b
Q= eAh(Tl+bi’1+"'+b2+b1)qk +bih- eAh(jl+bi—1+bi—2+"'+71)f(Ql)
bi 1y o4y b
+b2h.eAh(21+b1,1+b,,2+ +2)f(Q2)+

b | big b;
+bi_th.eMG+ zl)f(Qi—l)-i-Elh'f(Qi)

(S8.4)
_ e,Ahc,-qk +bih- eAh(Ci*CI)f(Q]) + ...

+bi_1h-eME=C-D F(Q;_y) + %h - fQp,

which coincides with the i-th row of the Butcher tableau of the DISEX method. Finally, we have
Qk+1 = Zs
= eAhszs—l +bsh- f(Qs)

L
— eAh(str b2+b1)qk +b]h . eAh(b5+ b+~ )f(Q1) + ..

bs_ s
+bg_1h - eMG=) £(Q 1)+ bsh - eAMF £(Qy)
=eMgy +bih- eIV F(Qq) 4 - bsh - M=) £(Qy),

which coincides with the last row of the Butcher tableau of the DISEX method. So the composition of exponential midpoint
rules with timesteps b1h, byh, bsh, ---bsh is equivalent to the DISEX method of Table 2. O
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Theorem 2 establishes an equivalent relationship between the DISEX method and exponential midpoint rules on the
nonautonomous system (2) as was established in [15] for the DISRK method and midpoint rules for the autonomous sys-
tem (1), and it also shows that the DISEX method preserves the Poisson structure.

3. Energy-preserving exponential integrator

Though classical symplectic methods exhibit superior long time stability, it was observed that symplectic schemes are
less competitive for the numerical integration of stiff systems with high frequency. In sharp contrast, energy-preserving
methods perform much better [12]. A general way to construct an energy-preserving method for a Poisson system
G = JVH(q) is the discrete gradient method [11]. We design a discrete gradient VH(qy, qx,1) that satisfies the following
property,

VH(qk: Gi+1) * @k — Q) = H(@r1) — H(qo)- (11)
Then, the resulting discrete gradient method is given by,

Ak+1 — dk =

= = JVH@ Q). (12)

Multiplying VH(qx, qx+1) on both sides of (12), we obtain

H(q+1) — H(@k) = VH @k, Gk+1) * (k1 — qk)

=h- VH (k. qk+1) JVH Gk Gk+1) (13)
—0.

The last equation of (13) holds simply due to the skew-symmetric property of matrix J, which implies that discrete gradient
method (12) preserves energy. We shall combine exponential integrators with the discrete gradient method to obtain an
energy-preserving exponential integrator. This approach was initially proposed in [14] for separable Hamiltonian systems
using the extended discrete gradient method, and we generalize this to semilinear Poisson systems. Replace the f(qy) term
in the exponential Euler method (4) by the discrete gradient JVV (q. qis1), which yields

h
Q1 = e Mg + / e"dt - JVV (i, ki) (14)
0

Theorem 3. Method (14) preserves the Hamiltonian H(q).

Proof. Let S =efh, T = foh eATdr, then Qi1 = Sqi + T JVV (qk, Grs1)- It is beneficial to observe that the assumption that
J and D commute implies that the matrices J, D, A, S, and T all commute with each other. Also, we will show that the
following properties hold:

(1) sT=s71
(2) AT=S—1,
(3) ATT=1-5T
4) STT=T1T

Property 1 follows from the fact that ST = (eA")T = e~A" = §—1. Property 2 follows from

h
:/A‘eAde :AT
0

h

0
Taking transposes on both sides of Property 2 and using the fact that A and T commute gives Property 3. Property 4 follow
from
h h h
ST =e‘Ah/eA’d1: =/e‘A<h—f)dr =/e_’”dr =TT
0 0 0

From this, we obtain
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1 1 —
EQJH.]DQkJrl = Eqk_;,_] D(Sqr+TJVV)
1 —T 1 -
= 5 (Sq+TJVV)'DSq + 245, DTV
1 1 — 1 _
= 5q{STDqu + Eq{(z —sHhvv + 5q{H(s —HVV
1 T X2 1 T, cT VA 1 T VA
= 3UDP% = Werr = Q) VYV = 54 (S + DVV + 2G4y S+ DVV
1 T 1= T T+T V2
= EquQk = V(@Qk+1) + Vg + EVV J'T(S+DVvV
1
= 50D — V@) +V (@0

Here, we have used the fact that DT J =S —1, STDS=D, STDTJ=1—- ST, and JTTT(S +1)= JTT — JTT which is skew-
symmetric. The above calculation demonstrates that H(qx+1) = H(gx). O

4. Numerical methods

We will apply our proposed geometric exponential integrators to the semi-discretization of two Hamiltonian PDEs, as the
resulting system of differential equations can be expressed in the semilinear form (1), with a coefficient matrix A whose
spectral radius increases with the spatial resolution of the discretization. The first is the nonlinear Schrodinger equation,

i + Yx — 2Y Py =0, (16)

in which ¥ =u +iv is the wave function with real part u and imaginary part v, and has the following equivalent form,

U= — Ve + 2(? + v2)v,
5 5 (17)
Ve =Uxx — 2(U” + v)u.
The second is the KdV equation,
U + Ully + Uxxx = 0. (18)
To discretize the two PDEs, we impose 27 periodic boundary conditions. Given a smooth 27 periodic function f(x), on
the interval [0, 27], choose 2n 4 1 equispaced interpolation points x; = jh, j=0,1,2,...,2n, h= 27%% Given nodal values

{v j}?”:o, there exists a unique trigonometric polynomial v(x) with degree less or equal n, such that, v(x;) = v; (see, for
example, [1]).

n 1 2n

s ikx - —ikx;

v(x) = E ve'™, V= E vie .
2n+1 =

k=—n

By substituting the expression for the coefficients v;, we obtain

2n 2n
V) =D vig(x—x) = vi$;(), (19)
j=0 j=0

where

_ - x 1 sin((n+%)x)
PW= 57 = sin()

k=—n

From this, we see that {e”‘"},’j:_n and {qﬁj}?"zo are equivalent orthogonal bases for the trigonometric polynomial function
space, and each such function can be parametrized by either the nodal values {v j}?no or Fourier coefficients {Ok};;l:fn' They

represent the same function, but with respect to two different bases. The transformation between {v j}f”:0 and {\7k}z=7n can
be performed using the Fast Fourier transformation (FFT), which has O (nlogn) complexity.
The first and second-order differentiation matrices [13] with respect to the representation in terms of nodal values

{v j}?"zo are given by
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0, k=j,
(Dkj =1 (p&D .
——=i, k#I],
2sin( &0t zj)h)
) k=],
(D2)kj = (=D cos(E01) .
! —— g k#I,

2 (k—ph
2sin? (4500
respectively. However, with respect to the representation in terms of Fourier coefficients {\7k}z=_n, they are diagonal,

D1 =diag(ik)l__,, D> =diag(—k»}__,.

We can also define a third-order differentiation matrix D3, which has the property D3 = D1D; = D, D1, and it is diagonal
with respect to the Fourier coefficients D3 = diag(—ik3)z:_n. The observation that Dy, D, and D3 are all diagonal in the
Fourier representation is critical to a fast implementation of the product of matrix functions with vectors.

Theorem 4. Suppose that D1, D, D3 are the first, second and third-order differentiation matrices, respectively, q = {q ﬂ?lo is a vector
with Fourier transform F[q] = § = {Gk};__,,, and f is an analytic function. Then,

f(D1)g=F'[diag(f(ik))dl,  f(D2)q=F '[diag(f(—k*)4l,  f(D3)q=F '[diag(f(—ik*))ql,

where F~1 is the inverse Fourier transform.

Proof. Recall that the matrix D, is diagonalizable with eigenvalues Ay = —k?, and corresponding eigenvectors e, =

ikx;y2
{e' xj}jn:()y

f(D2)q = f(D2)< > €1k-ek) =Y Q- f(Dex= Y G- fOu)er = F'[diag(f (A))dl = F ' [diag(f (—k*))q].

k=-—n k=—n k=-—n

Notice that D1 is also diagonalizable with eigenvalues A, = ik, and corresponding eigenvectors e, D3 is diagonalizable
with eigenvalues A, = —ik3, and corresponding eigenvectors ey, so the property that f(D1)q = F~'[diag(f(ik))4], f(D3)q =
F~![diag(f (—ik®))q] can be verified in the same way. O

4.1. Nonlinear Schridinger equation

We perform a semi-discretization of (17) by discretizing the solution u, v in space using their corresponding nodal values
{q;} and {p;}. Applying the pseudospectral method, we obtain the following system of ODEs,

i =—Dap +2(q* + pH)p.
[q 20 +2(q* + pHp 0)

p=D2q—2(¢* + p>aq,

where the nonlinear term (g% + p?)p is computed elementwise, and represents the vector consisting of {(q? +p?)pj} entries.
We adopt this notation throughout the rest of the paper for brevity. Then, (20) can be expressed as,

d(q\_(0 -D»\(q 2@* +p*p
dt (P)‘(Dz 0 ><p>+<—2(q2+p2>q ’ 2D

where

(0 =D\ (0 I -D, O _
A_<D2 0 )‘(—1 0)( 0 —Dz>_1'D’
2(¢* +p*)p 0 I)\[2@*+p>q
fa,p)= = =]-VV(,p),
-2(¢* +p*)q =1 0J\2@@*+p*p
and V(q,p) = %(q2 + p?)2. It is easy to verify that | is skew-symmetric, D is symmetric, and JD = DJ. Thus, (21) is a
semilinear Poisson system.

To apply the exponential midpoint rule, we need to compute the product of a matrix function and a vector, which has

the form eAh ( 4
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0 7D2 oo 1 k
e\D2 0 ZZ_<O —Dz) =<cos(D2)—sin(D2))
p k! D, O sin(Dy) cos(Dy) ) °
=0

By Theorem 4, we have that

(o ) (q) _ (COS(Dzh) —SiH(Dzh)> (q)
p )~ \sin(Dah) cos(D;h) p
__ [ cos(Dzh) -q —sin(Dzh) - p
~ \sin(D3h) - ¢ + cos(Dyh) - p

_ ( F~[cos(k?h)§y + sin(k?h) pk]
~ \ F[cos(k?h) py — sin(k*h)qy]

In summary, the exponential midpoint rule for the nonlinear Schrédinger equation is given by

h h
efizi+e Az
5 ,

h
2 = Mz +h eAff(

where z = (g’; ) Zip1 = <Qk+] ) A= ( 0 _D2>, and e4"z, can be efficiently calculated using (22).
K

DPk+1 D, O
For the energy-preserving exponential integrator for the nonlinear Schrodinger equation,

h
Ah A VA
Zy1=e Zk+/€ tdt - JVV (zk, Zks1).-
0

Here,

sin(Dt) cos(D3T)

sin(Dyh) cos(Dyh)—1
:h‘< )

O\:\-
o
~~
=
)
||

h
/ cos(Dzr) 7sin(D2r)) dr
0

1—cos(Dyh) sin(Dyh)
Dyh Dyh

and by Theorem 4,

/he(é’z 732)%‘ (g)

0

1— cos(Dzh)q + sm(Dzh)p

< sm(Dzh)q + Cos(%zzh)—l P)

[sm(k h) A cos(kzh)f] Pl

F_l[ 1— cos(k h)A

khA
oS Gy + 5‘“( ) pie]

We can construct the discrete gradient

2(q2k+% + P2k+%) . qk+% >

VV (zk, 2ky1) = ) )
2(q k+1 +p I<+%) "Pryl

where
Qi + qr+1 _ Pkt P
eyl = 5 k+3 =7 o
2. 2 2 2
2 Gkt % 2 Pkt Pin
Coy==—5  Prui=——5

35

(23)

(24)

Notice that VV(zk,zkH) is symmetric with respect to z; and zy41, and it can be verified that it satisfies (11). A classical

discrete gradient method can be constructed as follows,

Zk41 = 2k + W JVH 2z, zk+1),

where

(25)
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—D 0 Zk + 2 —
2 ) KT LIV @ zig)-

vH(Zk,zk+1)=< 0 -D, 5

The method described by (25) is very similar to classical midpoint rule, the only difference is that in VV (z;, zx11), q2k+%
is used, while (q,<+%)2 is used in the midpoint rule, so (25) can be viewed as a modified midpoint rule.

4.2. KdV equation
Rewrite (18) as
= (=5 (5 + )
t— ax 2 XX |
then apply pseudospectral semi-discretization to obtain the following system,
. 1,
4= (=D1)(54*+ D2q)
15
=(—D1)D2q + (_Dl)(iq ),
which has the form of a semilinear Poisson system (5),

q=]J(Dg+VV(q)=JVH(),

where | = —Dy, D=D;, A= D =—D3, VV(q) = 3¢, H(q) = 1q"D2q + }¢>. The exponential midpoint rule for KdV reads
as follows,

_Dylt Dyl
e""32qrte 32Qk+1>

_ Dyt
Gp1=e Mg +h-e D32f( 5

and the energy preserving exponential integrator is given by,

h
Qi1 =e D3 + / e D3%dr - (=D1)VV (qk, Giet1),
0

with discrete gradient VV (qy, qk+1) = %(qﬁ +qk - Qk+1 ~|—qﬁ ) A related classical discrete gradient method can be constructed
as follows,

+ VV @k, Gi+1)- (26)

= qk + qk+1
VH(@r Qs 1) = (Dz)%

By Theorem 4, in each iteration, the matrix function and vector product can be implemented as

— _ ik3h ~
e D3hq=F 1[elk hqk]’

and
h
—D3h_1 eik3h_1
D3t _ (€ | A
e o= (o= [ 1]
(/ )q _Ds q i3 qk
0
4.3. Remarks

We have not analyzed the stiff order and long-time behavior of the methods proposed in this paper. In particular, it
should be observed that the standard backward error analysis results for symplectic integration of Hamiltonian systems do
not apply to the highly oscillatory systems that we are considering here. A rigorous proof of long-time energy stability will
likely involve modulated Fourier expansions, as in [2,3].
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Table 3
Maximum timestep and average iteration number for convergence for the nonlinear Schrédinger equation, as a function of the numerical integrator, non-
linear solver, and spatial resolution.

n Midpoint Midpoint exp Discrete gradient Energy exp DISEX

Fixed point Newton Fixed point Fixed point Fixed point Fixed point

himax itergyg Mimax iterayg himax iterayg Nimax itergyg himax itergyg himax itergyg
11 0.02 14.2 0.1 8.3 0.1 12.6 0.02 14 0.1 119 0.1 1014
21 0.01 129 0.1 83 0.08 12.6 0.01 118 0.1 12 0.03 47.7
41 4x1073 7.9 0.1 83 0.06 109 4x1073 5.8 0.1 12 0.03 49.2
61 2x1073 21 01 8.3 0.04 8.1 2x1073 4 0.1 12 0.025 445
81 1073 41 0.1 8.3 0.04 8.1 103 3 0.1 12 0.025 44.6
121 5x 1074 13.9 0.1 8.3 0.04 8.1 5x 1074 34 0.1 12 0.01 433
161 2x107% 3.9 0.1 8.3 0.01 5 2x 1074 2 0.1 12 0.01 30.5
201 1x1074 3.08 0.1 8.3 8 x 1073 47 1x 1074 2 0.1 12 8 x 1073 30
401 4x107° 2 0.1 8.3 5x 1073 49 4x107° 1 0.1 12 4x1073 32

5. Numerical experiments
5.1. Nonlinear Schridinger equation

In Table 3 above, n denotes the number of nodes we discretize the spatial domain with, and we tabulate the maximum
timestep that the nonlinear solver converges for, and the number of iterations taken to converge when averaged over the
first thousand timesteps. We consider the convergence properties of fixed point iteration and Newton type iteration for the
midpoint rule, and fixed point iteration for the exponential midpoint rule, discrete gradient method (25), energy-preserving
exponential integrator, and diagonally implicit symplectic exponential (DISEX) integrator with six stages [7]:

b1 =0.5080048194000274 b, =1.360107162294827 b3 =2.019293359181722
bs = 0.5685658926458250 bs = —1.459852049586439 bs = —1.996119183935963.

The underlying symplectic diagonally implicit Runge-Kutta method has algebraic order 5, and due to the conjugacy between
(1) and (2), the corresponding DISEX integrator also has order 5. The midpoint exponential integrator, discrete gradient
integrator and energy preserving exponential integrator, are all implemented using fixed point iteration, while DISEX is
implemented as the composition of midpoint exponential integrators. For the Newton iteration, since each iteration requires
the LU factorization of the Jacobian, which is computationally prohibitive, we instead implemented a Quasi-Newton method,
i.e., the Jacobian of the initial point is used repeatedly until convergence, so the LU factorization need only be computed
once per timestep. Since for numerical integration of ODEs, the initial point is well approximated by a high order explicit
method, this technique works well in practice.

If the timestep is too large, the nonlinear solver fails to converge, the number of required iterations diverges, or the
numerical accuracy of the solution degrades dramatically. Here, we have chosen the maximum timestep by considering
both the long time stability and the number of iterations necessary. Since DISEX is implemented as the composition of
exponential midpoint rules, the number of iterations reported is the sum of number of iterations for each component
exponential midpoint rule.

We observe that when the midpoint rule is implemented using fixed point iterations, there is a significant decay in
the allowable timestep as the spatial resolution is increased, whereas the Newton type iteration allows a relatively large
timestep that is independent of the spatial resolution. In contrast, the midpoint exponential method exhibits a slower
rate of decrease in allowable timestep when using fixed point iterations. When using fixed point iterations, the allowable
timestep of the discrete gradient method, which is an energy preserving method, behaves similarly to the midpoint rule,
and in contrast, the energy preserving exponential integrator has an allowable timestep that is independent of the spatial
resolution.

In Fig. 1, we observe that the allowable timestep when using fixed point iteration scale like n=2 for the classical midpoint
rule, and like n~=! for both the midpoint exponential rule and DISEX. As shown in Fig. 2, the exponential midpoint rule
exhibits an energy error that remains small and bounded, which is consistent with it being a symplectic integrator, and the
trajectory error grows linearly.

The energy preserving exponential integrator is designed to preserve energy exactly, so even when the timestep is 0.1, we
see in Fig. 3 that the energy is still preserved approximately to within machine error. For DISEX, the energy and trajectory
error is shown in Fig. 4. Observe that the energy error is small and bounded, as expected of a symplectic integrator, and
the trajectory error is small as well, as expected of a higher-order numerical integrator.

In general, the number of iterations decrease as the timestep decreases, which is not surprising since the initial guess
is typically more accurate as the timestep decreases. For a fixed time interval, the total computational cost depends on
the number of timesteps, average number of iterations per timestep, and the algorithmic complexity of each iteration. To
illustrate the relative computational efficiency of the various methods with different solvers, we set n = 161, and plot the
trajectory error over the time interval [0, 1] vs. total computational cost in Fig. 5. As can be seen from the figure, for
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Fig. 1. Maximum timestep for which fixed point iterations converge as a function of the spatial resolution for the nonlinear Schrédinger equation.
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Fig. 2. Error plots for the exponential midpoint rule applied to the nonlinear Schrédinger equation, n =161, h =0.01.

the same trajectory accuracy, the midpoint rule with Newton iterations is the most computationally expensive, due to the
higher complexity of the Newton iterations. However, the minimum computational cost achievable using the midpoint rule
with fixed point iterations and the discrete gradient methods is rather high, as they require the use of smaller timesteps in
order to converge. This problem becomes more severe for non-exponential integrators as the spatial resolution n increases,
as the condition number of the matrix A increases with n. In contrast, the minimum computational cost achievable by
the midpoint exponential and energy exponential methods is lower, and their trajectory error is also smaller for the same
computational cost. For DISEX, the steeper slope indicates that it is a higher-order method, and it is the most economical
choice when high accuracy is required.

5.2. KdV

We simulate the KdV equation,

Ut + Uly + VUxxx = 0,

where v =5 x 104, In Table 4, n denotes the number of nodes used to discretize the spatial domain, and we tabulate
the maximum timestep for which the nonlinear solver converges, and average number of iterations taken to converge. In
particular, we explore the effect of the numerical integrator, the nonlinear solver, and the spatial resolution of the semi-
discretization, on the convergence properties of the solver. The maximum timestep is chosen by considering both the long
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Fig. 3. Error plots for the energy preserving exponential integrator applied to the nonlinear Schrédinger equation, n =161, h =0.1.
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Fig. 4. Error plots for the 6 stage DISEX applied to the nonlinear Schrédinger equation, n =161, h =0.01.

time stability and the number of iterations necessary, and the number of iterations is averaged over the first one thousand
timesteps. For the midpoint rule, the maximum timestep decreases like n—3 for fixed point iterations, and a comparable
timestep is required for the Newton iterations to converge, which renders it too costly in practice. It is interesting to com-
pare this with the convergence properties of the NLS problem, where the maximum timestep for the midpoint rule with
fixed point iteration decreases like n—2. This difference is due to the fact that for NLS, the second order derivative term 1y
introduces a Dy term in the semi-discrete ODE, and its spectral radius increases quadratically; whereas for KdV, uyxy intro-
duces a D3 term in the semi-discrete ODE, and its spectral radius increases cubicly. The classical discrete gradient method
for the KdV equation is given by (26), and it exhibits the same timestep restrictions as the midpoint rule. In contrast, both
the exponential midpoint and energy preserving exponential integrator allow rather large timesteps that are independent
of the spatial resolution. Even though DISEX is implemented as the composition of exponential midpoint rules, it requires
smaller timesteps than a single exponential midpoint rule.

In Fig. 6, we observe that the exponential midpoint rule has an energy error that is small and bounded, as is typical for
a symplectic integrator, and the trajectory error grows linearly. In Fig. 7, the energy preserving exponential integrator has
an energy that is preserved to within machine precision, and the trajectory error grows linearly.

As in the NLS case, we explore the relative computational efficiency of the above algorithms by setting n = 1001, and
plotting the trajectory error over the time interval [0, 1] vs. the total computational cost in Fig. 8. We did not implement



40 X. Shen, M. Leok / Journal of Computational Physics 382 (2019) 27-42

0 T

—O©— midpoint fixed

—5— midpoint Newton
DISEX 4

***** energy exp

***** discrete gradient

—©— midpoint exp

log10(trajectory error)
&

10 F 1

-1 -0.5 0 0.5 1 1.5 2 25
log10(cpu time)

Fig. 5. Comparison of trajectory error vs. CPU time for the nonlinear Schrodinger equation.

Table 4
Maximum timestep and average iteration number for convergence for the KdV equation, as a function of the numerical integrator, nonlinear solver, and
spatial resolution.

n Midpoint Midpoint exp Discrete gradient Energy exp DISEX
Fixed point Newton Fixed point Fixed point Fixed point Fixed point
hmax itergyg Rimax itergyg hmax itergyg Rimax itergyg hmax itergyg hmax itergyg
401 4x10°4 17.9 4x107* 255 8§x107% 84 4x107* 15.4 0.005 149 4%x10™* 269
601 1x1074 42 1x1074 73 6x107% 86 1x107* 34 0.005 148 4%x10™* 480
801 6x 107> 185 5x107° 44 6x 1074 9.4 5x107° 35 0.005 149 1x1074 19
1001 3x107° 7.7 3x107° 11.0 6x 1074 10.6 3x107° 14.9 0.005 148 1x1074 19
1201 1x107° 2 1x107° 2 6x 1074 114 1x107° 1 0.005 148 1x107% 22
1401 1x107° 1 1x107° 2 6x1074 161 1x10° 1 0.005 148 1x107% 34
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Fig. 6. Error plots for the exponential midpoint rule applied to the KdV equation, n =401, h=5 x 10~4.

the Newton based solvers here, as we extrapolated that it would require approximately 4 x 10* seconds to compute the
trajectory over the time interval [0, 1], so they are not included in the figure. As can be seen from the graph, the minimum
computational cost achievable by the energy exponential method is the lowest of the methods considered, as it is capable of
taking the largest timestep stably. In addition, it has the highest accuracy for a given computational cost amongst all the low
order methods. The method with the next lowest minimum computational cost is the exponential midpoint rule, followed
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Fig. 7. Error plots for the energy preserving exponential integrator applied to the KdV equation, n =401, h = 0.005.
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Fig. 8. Comparison of trajectory error vs. CPU time for the KdV equation.

by the midpoint rule with fixed point iteration, and the discrete gradient methods. As before, DISEX still has the steepest
slope, which indicates that it is a higher-order method. But, the disadvantage is that the maximum possible timestep is not
as large this time, which results in it having the largest minimum computational effort amongst all the methods considered.

6. Summary

For semilinear Poisson system, we have developed two types of geometric exponential integrators, one that preserves the
Poisson structure, and the other preserves the energy. They allow fixed point iteration methods to be used for significantly
larger timesteps as compared to non-exponential integrators, such as the classical midpoint rule and the standard discrete
gradient method, which require the use of Newton type iterations to converge with comparably large timesteps. This results
in substantial computational savings, particularly when applied to the simulation of semi-discretized Hamiltonian PDEs.
They also exhibit long time stability and conservation of the first integrals. We notice that in practice, energy preserving
exponential integrators are more stable and allow for larger timesteps than symplectic exponential integrators. In future
work, we will develop higher-order energy preserving exponential integrators.
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