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ABSTRACT

Variational integrators have traditionally been constructed from the per-
spective of Lagrangian mechanics, but there have been recent efforts to
adopt discrete variational approaches to the symplectic discretization of
Hamiltonian mechanics using Hamiltonian variational integrators. In this
paper, we will extend these results to the setting of Hamiltonian multisym-
plectic field theories. We demonstrate that one can use the notion of Type
Il generating functionals for Hamiltonian partial differential equations as
the basis for systematically constructing Galerkin Hamiltonian variational
integrators that automatically satisfy a discrete multisymplectic conserva-
tion law, and establish a discrete Noether's theorem for discretizations that
are invariant under a Lie group action on the discrete dual jet bundle.
In addition, we demonstrate that for spacetime tensor product discretiza-
tions, one can recover the multisymplectic integrators of Bridges and Reich,
and show that a variational multisymplectic discretization of a Hamiltonian
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multisymplectic field theory using spacetime tensor product Runge—Kutta
discretizations is well-defined if and only if the partitioned Runge-Kutta
methods are symplectic in space and time.

1. Introduction

Variational integrators have become an important class of geometric numerical integrators for the
simulation of mechanical systems, and provides a systematic method of constructing symplectic
integrators. The variational approach has numerous benefits, the first of which is that the resulting
numerical integrators are automatically symplectic, and if they are group-invariant, then they satisfy a
discrete Noether’s theorem and preserve a discrete momentum map. In addition, it can be shown that
the order of accuracy is related to the best approximation property of the finite-dimensional function
space and the order of the quadrature rule used to construct the variational integrator [17].
However, the variational integrator approach has traditionally been applied to Lagrangian for-
mulations of mechanical systems, as summarized in Marsden and West [30], and the development
of Hamiltonian variational integrators has been less extensive. The notion of Hamiltonian variational
integrators was first introduced in Lall and West [22] as the dual formulation of a discrete constrained
variational principle, but it did not provide an explicit characterization of the discrete Hamiltonian in
terms of the continuous Hamiltonian and the corresponding discrete Noether’s theorem, which was
introduced in Leok and Zhang [26]. This involves constructing the exact Type II/Type III generating
functions for the Hamiltonian flow of a mechanical system, which can be viewed as the analogue of
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Jacobi’s solution of the Hamilton-Jacobi equation. The variational error analysis result for Hamilto-
nian variational integrators was established in Schmitt and Leok [40], and methods based on Taylor
expansions were developed in Schmitt et al. [41].

Hamiltonian variational integrators also find application in discrete optimal control and discrete
Hamilton-Jacobi theory, and it was shown in Ohsawa et al. [35] that the Bellman equations of discrete
optimal control are the lowest order approximation of a continuous optimal control problem arising
from a particular choice of Hamiltonian variational integrator. The Poincaré transformed Hamilto-
nian was used independently by Hairer [15] and Reich [36] as a means of constructing time-adaptive
symplectic integrators, and an adaptive approach based on Hamiltonian variational integrators was
developed in Duruisseaux et al. [12]. The Hamiltonian approach is necessary in this case as many
monitor functions result in Poincaré transformed Hamiltonians that are degenerate, for which no
Lagrangian analogue exists.

In the setting of Lagrangian and Hamiltonian partial differential equations, multisymplectic inte-
grators that can be viewed as generalizations of symplectic integrators for mechanical systems to field
theories were introduced from a Lagrangian perspective in Marsden et al. [31], and from the Hamil-
tonian, but non-variational perspective, in Bridges and Reich [6]. Our approach to constructing a
variational description of multisymplectic integrators for Hamiltonian partial differential equations
is based on the notion of generating functionals for multisymplectic relations that was introduced in
Vankerschaver et al. [44].

The advantage of the discrete variational principle approach is that it automatically yields mul-
tisymplectic integrators, and exhibit a discrete analogue of Noether’s theorem. Furthermore, they
naturally lend themselves to Galerkin discretizations that allow for the systematic construction of
multisymplectic integrators by choosing a finite-dimensional approximation space for sections of the
configuration bundle, and a numerical quadrature rule. In addition, group-invariant discretizations
that exhibit a discrete Noether’s theorem can be constructed from finite-dimensional approxima-
tion spaces that are equivariant with respect to the Lie symmetry group that generates the relevant
momentum map.

1.1. Lagrangian and Hamiltonian variational integrators

Geometric numerical integration aims to preserve geometric conservation laws under discretization,
and this field is surveyed in the monograph by Hairer et al. [16]. Discrete variational mechanics
[25,30] provides a systematic method of constructing symplectic integrators. It is typically approached
from a Lagrangian perspective by introducing the discrete Lagrangian, Ly : Q x Q — R, which is a
Type I generating function of a symplectic map and approximates the exact discrete Lagrangian, which
is constructed from the Lagrangian L : TQ — R as

h
L i) = ext gecaqonng) [ La(O.a(0) dr M)
q(0)=qo.q(=q *'0

which is equivalent to Jacobi’s solution of the Hamilton-Jacobi equation. The exact discrete
Lagrangian generates the exact discrete-time flow map of a Lagrangian system, but, in general, it
cannot be computed explicitly. Instead, this can be approximated by replacing the integral with a
quadrature formula, and replacing the space of C? curves with a finite-dimensional function space.
Given a finite-dimensional function space M"([0,4]) C C?([0, k], Q) and a quadrature formula

G:CX[0,h],Q) — R, G(f) =h Z]m=1 bif (cjh) ~ fohf(t) dt, the Galerkin discrete Lagrangian is

m
La(qo, q1) = ext genprony GL(G Q) = ext gengrqonpy 1 Y biL(q(cih), 4(ih)).
9(0)=qo,q(M=q1 90)=qo.q(W=q1  j=1
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Given a discrete Lagrangian Lg, the discrete Hamilton-Pontryagin principle imposes the discrete
second-order condition g} = qg 41 using Lagrange multipliers py1, which yields a variational prin-
ciple on (Q x Q) xq T*Q,

n—1 n—2
8 [Z La(q)qp) + ) prar (@, — q}g] =0.

k=0 k=0

This in turn yields the implicit discrete Euler-Lagrange equations,

G =dve Pr1 = DaLa(@l g, pr = —DiLa(ql.qp), )

where D; denotes the partial derivative with respect to the ith argument. Making the identification
qk = q2 = q;_,»we obtain the discrete Lagrangian map and discrete Hamiltonian map which are Fy , :

(qk—1>9%) = (Gk> gk+1) and PLd : (gl Pr) P> (Gk+1> Pk+1)> respectively. The last two equations of (2)
define the discrete fiber derivatives, ]FL?IE :Qx Q— T*Q,

FL (k> Gk+1) = (qk+1> DaLa(qis Gr1))s
FL; (gk> qk+1) = (gk> —D1La(qk> gk+1))-

These two discrete fiber derivatives induce a single unique discrete symplectic form Qr, = (FL:;L)*Q,
where 2 is the canonical symplectic form on T*Q, and the discrete Lagrangian and Hamiltonian maps
preserve Qr, and €, respectively. The discrete Lagrangian and Hamiltonian maps can be expressed
as Fr, = (]FL{;)_1 o IFL;; and Fp = IFL;' o (IE‘L;)_l, respectively. This characterization allows one
to relate the approximation error of the discrete flow maps to the approximation error of the discrete
Lagrangian.

The variational integrator approach simplifies the numerical analysis of symplectic integrators.
The task of establishing the geometric conservation properties and order of accuracy of the discrete
Lagrangian map F, and discrete Hamiltonian map Fy, reduces to the simpler task of verifying certain
properties of the discrete Lagrangian L instead.

Theorem 1.1 (Discrete Noether’s theorem (Theorem 1.3.3 of [30])): If a discrete Lagrangian Ly is
invariant under the diagonal action of G on Q x Q, then the single unique discrete momentum map,
Ji, = (FL;IE)*], is invariant under the discrete Lagrangian map Fr , i.e. de]Ld =T,

Theorem 1.2 (Variational error analysis (Theorem 2.3.1 of [30])): If a discrete Lagrangian Ly
approximates the exact discrete Lagrangian Lg to order p, i.e. Ly(qo,q1;h) = Lg(qo, qi; h) + OhPh),
then the discrete Hamiltonian map Fy, is an order p accurate one-step method.

The bounded energy error of variational integrators can be understood by performing back-
ward error analysis, which then shows that the discrete flow map is approximated with exponential
accuracy by the exact flow map of the Hamiltonian vector field of a modified Hamiltonian [4,42].

Given a degenerate Hamiltonian, where the Legendre transform FH : T*Q — TQ, (g,p) —
(9, %i;), is noninvertible, there is no equivalent Lagrangian formulation. Thus, a characterization of

variational integrators directly in terms of the continuous Hamiltonian is desirable. This is achieved
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by considering the Type II analogue of Jacobi’s solution, given by

b1

H;’E(Qk)Pk—H) = eXt(q,p)eCz([tk,tkH],T*Q) |:P(tk+1)‘Z(tk+l) - /; [Pq - H(%P)] dtj| .
k

q(t)=q-p(tk+1)=Pk+1

A computable Galerkin discrete Hamiltonian H;' is obtained by choosing a finite-dimensional
function space and a quadrature formula,

HJ (g0, p1) = ext qu{J(I)’;([O,h]) p1q(t) —h Z bjlp(cihg(cih) — H(q(cjh), p(cih))]
q(0)=g -
@(hple)eT*Q =

Interestingly, the Galerkin discrete Hamiltonian does not require a choice of a finite-dimensional
function space for the curves in the momentum, as the quadrature approximation of the action inte-
gral only depend on the momentum values p(c;jh) at the quadrature points, which are determined by
the extremization principle. In essence, this is because the action integral does not depend on the time
derivative of the momentum p. As such, both the Galerkin discrete Lagrangian and the Galerkin dis-
crete Hamiltonian depend only on the choice of a finite-dimensional function space for curves in the
position, and a quadrature rule. It was shown in Proposition 4.1 of [26] that when the Hamiltonian is
hyperregular, and for the same choice of function space and quadrature rule, they induce equivalent
numerical methods.
The Type II discrete Hamilton’s phase space variational principle states that

N-1

8 1PNGN — Z [Pk+1¢]k+1 - H;(qk’pk+1):| =0,
k=0

for discrete curves in T*Q with fixed (go, pn) boundary conditions. This yields the discrete Hamilton’s
equations, which are given by

Qi1 = D2H (@i pk+1)> Pk = DiHJ (s pies1)- (3)

Given a discrete Hamiltonian H:{, we introduce the discrete fiber derivatives (or discrete Legendre
transforms), IFiH;,

FYH] : (q0,p1) > (D2H (40, p1)s 1)
F~H : (q0,p1) — (90 D1H, (g0, 1))

The discrete Hamiltonian map can be expressed in terms of the discrete fiber derivatives,
Byt (@0, po) = FTHT o (FH) ™ (g0, po) = (q1,p1),

Similar to the Lagrangian case, we have a discrete Noether’s theorem and variational error analysis
result for Hamiltonian variational integrators.

Theorem 1.3 (Discrete Noether’s theorem (Theorem 5.3 of [26])): Let ®T°R be the cotangent
lifted action of the action ® on the configuration manifold Q. If the generalized discrete Lagrangian
Ri(q0>q1,p1) = p191 — H;(qo,pl) is invariant under the cotangent lifted action ®T Q, then the

discrete Hamiltonian map PH; preserves the momentum map, i.e. F;;] =]
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Theorem 1.4 (Variational error analysis (Theorem 2.2 of [40])): If a discrete Hamiltonian Hd+
approximates the exact discrete Hamiltonian H;’E to order p, i.e. Hj{ (qo>p1:h) = H;’E(qo,pl; h) +
O(WPtL), then the discrete Hamiltonian map FH; is an order p accurate one-step method.

It should be noted that there is an analogous theory of discrete Hamiltonian variational integrators
based on Type III generating functions H (po, q1)-

Remark 1.1: It should be noted that the current construction of Hamiltonian variational integrators
is only valid on vector spaces and local coordinate charts as it involves Type II/Type III generating
functions H; (gk-pr+1)> Hy (Pk> gk+1)> which depend on the position at one boundary point, and the
momentum at the other boundary point. However, this does not make intrinsic sense on a man-
ifold, since one needs the base point in order to specify the corresponding cotangent space. One
possible approach to constructing an intrinsic formulation of Hamiltonian variational integrators is
to start with discrete Dirac mechanics [25], and consider a generating function E; (Gk> G+1> Pr+1)>
E; (qk> Pk> 9k+1)» that depends on the position at both boundary points and the momentum at one
of the boundary points. This approach can be viewed as a discretization of the generalized energy
E(q,v,p) = (p,v) — L(g,v), in contrast to the Hamiltonian H(q, p) = ext,(p,v) — L(q,v) = (p,v) —
L(g:v)],— —iL-

1.2. Multisymplectic Hamiltonian field theory

While classical field theories can be viewed as an infinite-dimensional Hamiltonian system with time
as the independent variable (see, for example, Abraham and Marsden [1]), we will adopt the mul-
tisymplectic formulation with spacetime as the independent variables, which has been extensively
studied in, for example, Gotay et al. [13,14], Marsden and Shkoller [29], Marsden et al. [32]. The
description of multisymplectic classical field theories in the literature is traditionally formulated in
the Lagrangian setting or in the Hamiltonian setting via the covariant Legendre transform to pass
between the two settings. However, as we are interested in constructing variational integrators purely
within the Hamiltonian setting, we will outline the necessary ingredients of multisymplectic Hamil-
tonian field theory in this section, without the use of the Lagrangian framework or the covariant
Legendre transform.

Consider a trivial vector bundle E = X x Q — X over an oriented spacetime X (although we
will refer to X as spacetime with evolutionary Hamiltonian PDEs in mind, X could be either Rie-
mannian or Lorentzian), with volume form denoted d"*!x. Let ® be the Cartan form on the dual
jet bundle J'E*, which has coordinates (x“ %, p, pﬁ) where x* are the coordinates on spacetime,

¢ are the coordinates on Q, and p and p4 .. are the coordinates of the affine map on the jet bundle,
VA = @+p AVA) d"*!x. Define the restricted dual jet bundle J 1E* as the quotient of J'E* by hori-
zontal one-forms; this space is coordinatized by (x*, ¢4, p M) and is the relevant configuration bundle

for a Hamiltonian field theory; we interpret ¢ as the value of the field and p/; as the associated
momenta in the direction x*. The dual jet bundle can be viewed as a bundle over the restricted bun-
dle, u : J'E* — ]lE* (see Ledn et al. [27]) Let H € C* (]lE*) be the Hamiltonian of our theory. This
defines a section of 1, in coordinates H(x*, ¢4, ply) = (x*, ¢*, —H, p',) or using the projections /" ok
from the bundle of (j + k)-forms on E to the subbundle of j-horizontal, k-vertical forms, this can be
defined as the set of z € J'E* such that 7"710(z) = —H(n™(z)) d"*'x. Using this section, one can
pullback the Cartan form to a form on the restricted bundle,

Oy = H*® = py dp* Ad"x, — Hd""'x.
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We then define the action SV (relative to an arbitrary region U C X) as a functional on the sections
of JLE* (viewed as a bundle over spacetime),

sV1g,p) = fU 6.9)" . ()

Hamilton’s principle states that this action is stationary for compactly supported vertical variations,
ie.

0=dsV[g.p]- V = / (6,p) iy dOy + / 6.p)"ivOu.
U oU

=0,VeU

Since U is arbitrary, for a sufficiently smooth solution, this gives the strong form of Hamilton’s equa-
tions, (¢, p)*ivQu = 0, where we defined the multisymplectic form Qy = —d®p. In coordinates,
for V = §¢49/0¢" + 8p';d/9p!;, these equations read

0H oH
st <8Mpﬁ + W) d"*x + sply <—3M¢A + 87) d"lx =o.
A

Since this must hold for independent variations 8¢, §p, , this gives the De Donder-Weyl equations

oH

B
Py = TR (52)
oH
At = —1. (5b)
oply
To write these equations as a multi-Hamiltonian system, define 24 = (¢4, 0%, ..., p")T; itis clear that
the De Donder-Weyl equations can be written as
0o 0 ... 0 -1
0 -1 0 0
1 0 O 0 0 ... 0 0
0 0 0 Ofooz +---+: . ¢ 1 | ot =VaH,
0 0 0 0 O 0 0 0 0

—
o
o
o
o

=K0
=K"

or K%9pz4 + - - - + K"9,24 = V,aH, where the matrices K" are (n 4 2) x (n + 2) skew-symmetric
matrices which have value —1 in the (0, u# 4 1) entry and 1 in the (1 + 1,0) entry (we are indexing
the matrices from 0 to n + 1), and 0 everywhere else. This form of the equations was studied in Bridges
[5]. We can associate to each of these matrices a degenerate two-form on the restricted dual jet bundle,

o' =3 "dE"T @ K* dz! = (~dply ® dp* + dp* @ dply) = dg” A dpl;.
A

For simplicity of notation, we will implicitly suppress the duality pairing between (¢*)4 (valued
in Q) and (pﬁ) 4 (valued in Q*) and write this as w* = d¢ A dp** (throughout, we will suppress
this duality pairing, e.g. p*¢ = p/,¢*). Hamilton’s equations (¢, p)*iy Q2 = 0 can then be written
as 0" (9,2, V) = 0 (sum over u), which relates the multisymplectic structure Qg to (1 + 1)-pre-
symplectic structures {o"}.
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Remark 1.2: The multisymplectic structure is more fundamental, since the w" were constructed via
a particular coordinate representation. In fact, as discussed in Marsden and Shkoller [29], the w"
are a particular coordinate decomposition of the multisymplectic form; in general, the w* are not
intrinsic unless the dual jet bundle is trivial, although their combination as the multisymplectic form
is intrinsic. Since we will utilize Cartesian coordinates on a rectangular mesh for discretization and
we will assume trivial bundles for the discrete theory, these coordinate representatives will be simpler
to deal with and correspond to the current literature on multisymplectic Hamiltonian integrators.
It would be interesting to investigate variational discretizations of field theories where the dual jet
bundle is not trivial; in this setting, utilizing the multisymplectic structure is more fundamental.

Multisymplecticity and the Boundary Hamiltonian. The above Hamiltonian system admits a notion
of conserving multisymplecticity, which generalizes the usual notion of symplecticity. In particular,
let V, W be two first variations, i.e. vector fields whose flows map solutions of Hamilton’s equations
again to solutions; then, for any region U C X, one has the multisymplectic form formula:

/ (¢, p)*(iviwQm) = 0, (6)
U

which follows from d28Y[¢, p] - (V, W) = 0 for a solution (¢, p) of Hamilton’s equations. In coordi-
nates where V = 8¢3/3¢" + 8p',3/0p'y and V = §y49/d¢* + 87 3/3pl;, this reads

0= [6 (6.p)* (ivin ) = /3 6157 — 859" o0 A" = /d Loy (Vs W) dx,.
oU U oU

Applying Stokes’ theorem and noting that U is arbitrary, the strong form of the multisymplectic form
formula can be expressed as 9, w" = 0, which holds when evaluated on two first variations at a solu-
tion of Hamilton’s equations (¢, p). In terms of our coordinate representation of Hamilton’s equations,
by taking the exterior derivative of Hamilton’s equations, a first variation is a vector field V" which
satisfies

K%dzp(V) + - - - 4+ K" dz, (V) = (D H) dz(V),

where z,, = 9,z. One of the aims of this paper is to construct variational integrators for multi-
Hamiltonian PDEs which admit a discrete analogue of the multisymplectic conservation law for a
suitably defined discrete notion of first variations.

Analogous to how the Type II generating functions are utilized in the construction of Galerkin
Hamiltonian variational integrators (see Leok and Zhang [26]), we will utilize the boundary Hamil-
tonian introduced in Vankerschaver et al. [44], which will act as a generalized Type II generating
functional. Consider a domain U C X and partition the boundary dU = A U B; we supply fixed field
boundary values ¢4 on A and fixed normal momenta 7 on B. The boundary Hamiltonian is defined
as a functional on these boundary values

Hyy(pa,mp) = ext |:/BP”¢ d"x, — /(J(¢>P)*®H:|

= ext |:/pu¢ dn‘xﬂ - / (puaﬂ(b _H(¢>P)) d?H’lx} > (7)
B U
where one extremizes over all fields (¢, p) satisfying the fixed boundary conditions along A and B.

An extremizer of the above expression restricted to the aforementioned boundary conditions
satisfies the De Donder-Weyl equations, which follows from

8 [ fB prodix, — /U (P" 0,9 — H(,p)) d"“x}
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:/ép“(qbd”xu—i—/p”Sqﬁd”xu
B B

_ / (SP,L.M t sy — HOD s HGp) ¢) 4y
U

dpt ¢

:fp“&pd"xﬂ —/ prepdx,
B 9U=AUB

dH(¢,p) d0H(¢,p) n+1
_ 13, — 3, pHSp — ——LLspht —
/U <8p 0up — 9up" S 2 3pt — o0 5¢’)d x

— _/ puwdnxﬂ _/ [( /L¢ 8H(¢ P)) _ <3;LPM + 3H(¢’P)>5¢i| dn_HX,
IU=A U apt d¢

where we used §p*|p = 0 = §¢|a.
This is a Type II generating functional in the sense that it generates the boundary values for the
field along B (denoted ¢|p) and the normal momenta along A (denoted p"|4),

dHyu n
Hou _ P14, — dlp. 8
S |A s 5 |B ( )

To obtain (8), perform an analogous computation as the one above (take the variation, integrate by
parts, and use that the internal field satisfies the De Donder-Weyl equations), which gives

dHyu(a 75) - (S, 575) = f 505 - Bl — f 74 - Sous
B A

i.e. (8). Note that the generating relation (8) only determines the normal component of the momen-
tum along A; this is consistent with the De Donder-Weyl equation (5a), since it only specifies
Iup".

Since an extremizer of Hyy (¢4, 7p) satisfies the De Donder-Weyl equations, it satisfies the multi-
symplectic form formula. Since the multisymplectic form formula is expressed as an integral over U
and the generating functional gives us the field values on aU, (¢, w) = (¢4, ¥B, Ta, 7B), the above
generating map (8) is multisymplectic in the sense

/ w"|(¢,n)(v, W) d"xﬂ =0,
aU

for first variations V and W.
We will utilize a discrete approximation of the boundary Hamiltonian and its property as a
generating functional to construct variational integrators which are naturally multisymplectic.
Noether’s Theorem. Another important conservative property of Hamiltonian systems arises from
symmetries. Suppose there is a smooth group action of G on the restricted dual jet bundle which leaves
the action SV invariant. Let £ denote the infinitesimal generator vector field for £ € g associated to
this action. For a solution (¢, p) of Hamilton’s equations, one has

0= $§SU[¢,P] _ dSU[d”P] g- = / (¢,p)*i§ dOy +/ (¢>P)*i§®H.
U oU

Note that the term involving the integral over U vanishes, even though & is not necessarily compactly
supported in U, since Hamilton’s equations hold pointwise (U is arbitrary). Hence, Noether’s theorem
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in this setting is the statement

| @prizon=o ©)
U

In the discrete setting, we will be particularly concerned with vertical variations (where the group
action on the base space X is the identity). In this case, we can write the above in coordinates as

/ Pz dp) d"x, = 0. (10)
aU

We will see that if there is a group action on the discrete analogue of the restricted dual jet bun-
dle which leaves the discrete action (the generalized discrete Lagrangian) invariant, then there is a
discrete analogue of Noether’s theorem, Equation (10).

1.3. Multisymplectic integrators for Hamiltonian PDEs

Consider the class of Hamiltonian PDEs,
K% + -+ + K"z, = V;H(2), (11)

with independent variables x = (x,...,x") € R""!, dependent variables z : R” — R™, each K/ is
an m x m skew-symmetric matrix, and the Hamiltonian H : R™ — R is sufficiently smooth.

Defining a two-form for each K*, o*(U, V) = (K*U, V) (with respect to an inner product (-, -)
on R™), the Equation (11) admits the multisymplectic conservation law

(U, V) =0, (12)
for any pair of first variations U, V satisfying the variational equation
K%dzg + - -+ K"dz, = D,H(2).

As we saw, the De Donder-Weyl equations, which arose from the variational principle applied to the
Hamiltonian action (4), are an example of a Hamiltonian PDE in the form (11). From our variational
perspective, the action and variational principle are more fundamental, as opposed to the field equa-
tions (11). However, as shown by Chen [9], the Hamiltonian system (11) arises from the variational
principle, so there is no loss of generality working with the formulation based on the Hamiltonian
action (4).

For the Hamiltonian system (11), a multisymplectic integrator is defined in Bridges and Reich [6]
to be a method

KO3 " zjy iy 4 - -+ K"z o = (V,8(Ziy...in)ip..ins
where 83'“’"‘ is a discretization of 9, such that a discrete analogue of Equation (12) holds,
8[1[({)...1?10)#([]1‘04..1‘,,) Vio...iy,) = 0)
when evaluated on discrete first variations Uj,__;,, Vj,..i, satisfying the discrete variational equations

Koa(i)o'“i” dziy i, + - + K"90n dgyy 5 = d((vzs(zio...in))io...in)-

We will see that the variational integrators that we construct will automatically satisfy a discrete mul-
tisymplectic conservation law, as a consequence of the Type II variational principle. Furthermore, we



10 B. TRAN AND M. LEOK

will show in Section 2.4 that this discrete multisymplectic conservation law reproduces the Bridges
and Reich notion of multisymplecticity.

Example 1.1: An example of a multisymplectic integrator in 1+ 1 spacetime dimensions is the
centred Preissman scheme,

1 _ .0 1/2 1/2
12~ A1)2 141 — % 1/2
Ar K TTAe T vZH(ZI/Z)’

where z‘l)/2 = 1(z) + 2)), etc. and zig = 1(z} +2) 4+ 2} + 20). As noted in Reich [37], this can be

obtained from a cell-vertex finite volume discretization on a rectangular grid, or alternatively, as
observed in Reich [38], it is an example of a multisymplectic Gauss-Legendre collocation method,
in the case of one collocation point. Furthermore, the multisymplectic Gauss-Legendre collocation
methods are members of a larger class of multisymplectic integrators, the multisymplectic parti-
tioned Runge-Kutta methods (see, for example, Hong et al. [19], Ryland et al. [39]). In Section 2.3,
we will derive the class of multisymplectic partitioned Runge-Kutta methods within our variational
framework.

1.4. Main contributions

In this paper, we introduce a variational construction of multisymplectic Hamiltonian integrators
utilizing a discrete approximation of the boundary Hamiltonian and the corresponding Type II vari-
ational principle. Although variational integrators have been extensively studied in the setting of
Lagrangian PDEs, where they have been used to construct robust and flexible numerical methods
for nonlinear elasticity [28], collision and impact dynamics for continuum mechanics [11], and geo-
metrically exact beam dynamics [23], the variational perspective has not been studied in the setting
of integrators for Hamiltonian PDEs.

This paper serves as a stepping stone in constructing variational integrators in the Hamiltonian
PDE setting. Our hope is that, by introducing a variational perspective in the setting of integrators
for Hamiltonian PDEs, the well-developed techniques and machinery of variational integrators for
Lagrangian PDEs can be analogously developed on the Hamiltonian side. It should be noted that the
theory in this paper relies on a trivial configuration bundle, since the notion of a boundary Hamil-
tonian is only intrinsic in the case that the bundle is trivial. Analogous to an intrinsic approach to
variational integrators for Hamiltonian mechanics, outlined in Remark 1.1, one possible approach
for constructing an intrinsic formulation of multisymplectic integrators is to start with a discrete
notion of a multi-Dirac structure (for details on multi-Dirac structures in classical field theories, see
Vankerschaver et al. [43]) and discretize the variational principle utilizing the generalized energy as
a generating functional; we will investigate this in future work.

In Section 2.1, we begin by developing a discrete notion of Hamiltonian field theory, the discrete
boundary Hamiltonian, and the corresponding Type II variational principle. Subsequently, we spe-
cialize to the case of a spacetime tensor product rectangular mesh which allows us to give an explicit
characterization of the equations resulting from the Type II variational principle. We prove discrete
analogues of multisymplecticity and Noether’s theorem for these equations. In Section 2.2, we utilize
a Galerkin approximation of the action to complete the discretization of the boundary Hamiltonian.
Subsequently, in Section 2.3, we utilize a particular choice of Galerkin approximation to derive the
class of multisymplectic partitioned Runge-Kutta methods. In Section 2.4, we reinterpret the discrete
multisymplectic conservation law as one that is naturally associated to the difference equations which
approximate the De Donder-Weyl equations. Finally, in Section 3, we provide a numerical example
which allows us to visualize multisymplecticity as symplecticity in the spatial and temporal directions
for the class of sine-Gordon soliton solutions.
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2. Multisymplectic Hamiltonian variational integrators
2.1. Discrete Hamiltonian field theory

We will discuss our construction of a discrete boundary Hamiltonian for the general case of an arbi-
trary mesh and subsequently study the particular case of a rectangular mesh where the variational
equations can be written explicitly. Let X C R""! be a polygonal domain and 7 (X) an associated
mesh. In general, a discrete configuration bundle consists of a choice of finite element space taking
values in the fiber Q that is subordinate to the mesh 7 (X). To be more concrete, for every mesh
element A € 7 (X), we introduce nodes x; € A,i € I, and parametrize the finite element space by
the fiber value at each node. A multisymplectic variational integrator based on finite elements was
developed from the Lagrangian perspective in Chen [10].

The discrete analogue of the configuration bundle, on an element by element level, is the base
space {x;}ic; with fiber Q over each node; the total space is {x;}ie; X Q and a section is a map from
each node to Q, denoted ¢; € Q. Analogously, the discrete analogue of the restricted dual jet bundle
is {xitier x Q x (Q*)"™!, where a section is specified by ¢; € Q,pi" € Q*. Let S (¢, p!'] be some
discrete approximation of the action S” [¢, p]. As in the discussion of the boundary Hamiltonian (7),
partition the boundary of the element A = A U Band let Y 7ppp be some discrete approximation
to the boundary integral [, p*¢ d"x,,, depending only on the field and normal momenta boundary
values on the nodes x; € B, which we denoted ¢p and 7p respectively. Define the discrete boundary
Hamiltonian

H™ (94, m8) = ext g i [I e — Sg (4 pf‘]} ,
Pla=ea.p"|p="s
where p"|p denotes the normal component of the momenta along B. Repeat the above construc-
tion for each A € 7 (X); partitioning the boundaries A = A(A) U B(A) and the boundary of the
full region 0X = A(X) U B(X) (where A(X) = Upe7(x)(A(A) N 0X) and B(X) = UpaeT(x)(B(A) N
0X)). Define the discrete action sum

Salfean) mBay}aeT ol = I TBXPBX) — D I T eB(a) — HY® (94, 7B)
B(X) AeT (X) B(A)

The Type II variational principle §S; = 0 (subject to variations of ¢ vanishing along A(X) and
variations of 7 vanishing along B(X)) gives a set of (generally coupled) maps (¢a(a), Tp(a)) H>
(¢B(A)> TA(A)) in analogy with the generating functional relation, Equation (8). In the case of finite
element spaces which are not parametrized by the nodal values, we evaluate the discrete boundary
Hamiltonian on the discrete space of boundary data induced by the choice of mesh and discrete
configuration bundle, and extremize the expressions above over the finite elements that satisfy the
prescribed boundary conditions. This is the most general form of our multisymplectic Hamiltonian
variational integrator.

Spacetime Tensor Product Rectangular Mesh. Now, consider the particular case of a rectangular
domain X and an associated rectangular mesh 7 (X). For simplicity and clarity in the notation, we
will focus on the case of 1+ 1 spacetime dimensions, although higher dimensions can be treated
similarly (we treat the case of higher dimensions in Appendix 1).

Consider a rectangle [t,t + At] x [x,x + Ax] =0 € T (X). Introduce nodes on the intervals
{t =t ty,... ts_1,ts =t + At} and {x1 = %, %2,...,Xs_1,Xs = x + Ax} (as we will introduce in
the next section for Galerkin Hamiltonian variational integrators, these nodes correspond to quadra-
ture points along the time and space intervals). The discrete base space is Xy = {(t;,xj) | i =
1,...,s, j=1,...,0}, the discrete configuration bundle is X; x Q, where a section is map from
each node (t;, x;) to (%, xj, ¢;j), where ¢;; € Q. Analogously, the discrete restricted dual jet bundle

is X4 x Q x (Q*)%, where a section is specified by ¢;; € Q, pf]‘- € Q*. Let SE[‘/’U” pﬁj» ] be some discrete
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approximation to S2[¢, p] (we will explicitly construct such a discrete approximation in the next
section using Galerkin techniques and quadrature). Partitioning the boundary 00 = A(0J) U B(OJ),
the discrete boundary Hamiltonian is given by

Hgm(fﬂA(D),ﬂB(D)) = ext syeapliea I TROHPRO) — SdD[¢ijan;] , (13)
lay=ea@)?"lsy="80) | BO)

where ¢4 ) denotes the boundary values on A(0J), i.e. at nodes (¢;, xj) € A (and similarly for 7). The
discrete action sum is

Sa[{eamy a0y 0eT 0] = I TBX)PB(X) — Z I TROHYPRO) — H3D(¢A(D)a”B(D))
B0 0T | 5,

Recall the Type II variational principle §S; = 0 gives a set of maps (¢4 ), Tp)) = (@BO)> Ta))-
To give a more explicit characterization of these maps, let us introduce a quadrature approximation
of the boundary integral over B. First, consider the simple case of one quadrature point along each
edge of Oy = [t + aAt ty + (a+ 1)At] X [x9 + bAx, x0 + (b + 1) Ax], where 7 (X) = {Oap}ap.
Let ¢[4)p denote the field boundary value at the quadrature point along the bottom edge (¢4, ¢, +
At) x {xp} (where we orient our axes such that time is horizontal and space is vertical) and @gp)
denote its value at the quadrature point along the left edge {,} x (xp, xp + Ax) (and similarly {41441
for the top edge, ¢,+1[p for the right edge). We take A to be the bottom and left edges, and B to the
top and right edges. The normal momenta through the top edge is the momenta associated to the

x direction (at the quadrature point), which we denote n[la] p41> and the normal momenta through

the right edge is the momenta associated to the ¢ direction, which we denote n(g 1[p]- Since we only
have one quadrature point along each edge, the quadrature weight for the temporal edge is At and
similarly for the spatial edge is Ax. See Figure 1.

Then, the boundary integral can be approximated

tat1 ) Xp+1 0
/B prodix, = / 0" P)lx=x,,, dt + / 0" P)i=t,y, dx
ta X

b

~ 77[1;,]17+1(/’[a]b+1At + 772+1[b]¢a+1[b] Ax = I TBYB.
B

Ax

Figure 1. Schematic for one quadrature point along each edge of [y, € 7 (X).
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The associated discrete boundary Hamiltonian is

U,
H (@1albs (pa[b]’ﬂ[la]b+1’”3+l[h]) = ext (”[la]b+1¢[a]b+1At + ”2+1[b]¢’ﬂ+1[b] Ax =S, b[¢>P]>’

where the + specifies that we chose B to be in the forward direction (in the direction of increas-
ing temporal and spatial values), analogous to the notion of discrete right Hamiltonian in discrete
mechanics. Again, we extremize over ¢, p satistying the boundary conditions (note we have not given

an explicit construction for such a S, yet; see Section 2.2).

Proposition 2.1: The Type II variational principle Sz = 0, subject to variations of ¢ vanishing along
A(X) and variations of w vanishing along B(X), yields the following,

1
1 1 0
n[u]b = EDIH;_((p[a]ha (pa[b]>77[a]b+1)77a+1[b])> (143)
1
0 + 1 0
Tap) = _AxDsz (Plalb> Palbl> T agp41> Tar1(p)> (14b)
1
Glalpr1 = 1-DsHJ @lalbs @alb)s Tlajps 1> Tari): (14c)
_1p H( ! 0 ) (14d)
Pa+1(b] = Ax 411 5 (@Pla]b> (pa[b]>n[a]b+1>ﬂa+1[b] >

where D; denotes differentiation with respect to the ith argument. We refer to these equations as the
discrete forward Hamilton’s equations (in the case of one quadrature point). Note that these equations

deﬁne a map (§0A> NB) = ((p[a]ba Palb]> ﬂ[la]b-‘,-l’ n2+1[b]) = ((PB: 7TA) = (‘P[u]b+17 Pa+1[b]> n[ltl]h’ntg[b])

Proof: Recall the full mesh 7(X) = {Ogp}ap; saya=0,...,N—1,and b =0,...,M — 1 (so that
X = [to, to + NAt] X [x0,x0 + MAx]). B(X) consists of the forward edges of X, i.e.

B(X) = ([to, to + NAt] x {xo + MAx}) U ({to + NA x [x0,%0 + MAx]).
Consider the discrete action sum

Salleam), )}

= I TB(X)PB(X) — Z I TROHYPBO) — H; (pay> T(Oy)

B(X) HeT) | gy
N-1 M-1
1 0
= Z T mPlalMAL + Z TN b PN[b) AX
a=0 b=0
N—-1,M—1
_ 1 At 0 Ax — HT 1 0
Z T a)bp+1Plalb+1 A + Ty (p) Pat1[b) AX 4 Plalb> Palb)s T(a)ps 1> Tag1(p)
a,b=0
N—-1,M-2 N-2,M-1
1 0
== Z T(a]p+1Plalb+1 A — Z T g i1[p)Pat1[b] AX
a,b=0 a,b=0
=(a) =(b)
N—-1,M-1

+ 1 0
+ Z Hd(w[a]ba%[b])”[a]bﬂ’”uﬂ[b])'
a,b=0

=(c)
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The Type II variational principle states 0 = §S; = 8(a) + 8(b) + &(c), subject to variations of ¢
vanishing along A(X) (i.e. 8¢[q0 = 0 = 8¢o[p)) and variations of 7 vanishing along B(X) (ie.
8”1(\)1[171 =0= 871[1{1] ) Compute the variations of (a), (b), (c) keeping only the independent vari-
ations 8¢[4)p, 8@ap)> Sng[h], 87r[1u , hot required to vanish by the boundary conditions (note such
vanishing variations will only appear in (c)).

N—-1M-2

d(a) = —At Z Z (fﬂ[a]b+15”[1a]b+1 + ”[la]b+13€0[a]b+1)
a=0 b=0
N—1M-2 N—1M-1
1 1
= =AY D Glabr 18Ty = ALY Y T dtalns
a=0 b=0 a=0 b=1
N—2M-1
§(b) = —Ax Z Z <¢a+1[b]5”2+1[b] + 772+1[b]5¢a+1[h])
a=0 b=0
N—2M-1 N—1M-1
0 0
= —AxY Y Partbldgy iy — AX Y Y Ty %aie
a=0 b=0 a=1 b=0
For brevity, denote H; [a,b] = H; (@[a1b> Palb]> n[la]b_H, T[a-i-l b]) Compute
N-1,M—1
s = > (D1Hj[a, b18¢1ay + D2Hy [a, b18@qp)
a,b=0

+ D3H @, bl3elyy + Da] [, 61670, )

N—-1M-1 N—-1M-1
=YY DiH;[a,bldgis+ Y Y D2HJ [a,bl8gap
a=0 b=0 a=0 b=0
N—-1M-1 N-1M-1
+ DsHJ [a,bls )y, + Y Y DaHJ [a,blsmy, -
a=0 b=0 a=0 b=0

Note in the first double sum above, 8¢[4)0 = 0 so we remove the b = 0 terms. In the second double
sum, d¢p[p) = 0 so we remove the a = 0 terms. In the third double sum above, 871[ aM = = 0 so we
remove the b = M—1 terms. In the fourth double sum above, SJTN[ b= = 0soweremove thea = N—1

terms. This gives,

N-1M— N—1M-1
JOEDS Z DiH [a, b1 + Y ) D2H; [0, b13¢ap)
a=0 b a=1 b=0
—1M=-2 N-2M-1
+ Z Y DsHJ[a,bl6m ],y + Y Y DuHj[a,bl6my,
a=0 b=0 a=0 b=0

Putting everything together, we have

0=26S;=25(a)+8(D)+ ()
N-1M-1 N—1M-1

=YY (=Atnly, +DiH] [a,bD)8gap + Y Y (—Ax w0y + DaH} [a,b])8¢ap)

a=0 b=l a=1 b=0
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N—-1M-2

+ D > (At e + DsHy [0, bD87 gy
a=0 b=0

N-2M-1

+ Z Z (—AX @ay1[p) + D4H2_[a, b])8ﬂ2+1[h]~
a=0 b=0

The variations in the above expression are all independent, so this gives (14a)-(14d). [ |

Discrete Multisymplecticity. Analogous to the continuum case, we define a discrete first variation
as a vector field such that the above equations (14a)-(14d) still hold when evaluated at the level of the
exterior derivative, e.g. for Equation (14a),

1
1 + 1 0
A7ty = Ed(DlHd ((p[ﬂ]h’¢a[h]’n[a]b+l’na+l[b]))'

and similarly for the others. As we saw in the continuum theory, the map generated by the boundary
Hamiltonian implies the multisymplectic form formula, since the multisymplectic form formula can
be expressed over the boundary dU. Since we constructed a discrete approximation to the boundary
Hamiltonian before enforcing the variational principle, we would naturally expect a discrete notion
of multisymplecticity to arise as well. Furthermore, in the continuum theory, multisymplecticity fol-
lows from d*> = 0 applied to the boundary Hamiltonian, evaluated on first variations. As we will see,
our discrete multisymplectic form formula follows from computing d*> = 0 applied to the discrete
boundary Hamiltonian, in analogy with the continuum theory.

Proposition 2.2: The discrete forward Hamilton’s equations (14a)-(14d) are multisymplectic, in the
sense that for a solution of the discrete forward Hamilton’s equations,

At degp+1 A dJT[la]b_H — Atdepgp A dn’[la]b + Axd@aqip A dn2+1[b] — Axdggp A dﬂg[b] =0,
evaluated on discrete first variations.

Proof: In what follows, H; will be evaluated at (¢[4)p> @a[b]> n[la]bﬂ , n(gﬂ [h])' Compute

2 1 0
0= d2H] = d(DyH; dpjap + D2H dpas) + D3H dmfy + DsHjdnl, )

= d(D1HJ) A dgpa)p + d(D2HJ)) A dgap) + d(DsHj) A drtlyy, g + d(DsHy) Adm) -
Then, by our definition of discrete first variations, we have
d(D1H}) = Atdrly,
d(D,H}) = Axdryy,,
d(D;HY) = Atdg(apr1,
d(DsH) = Ax d@aiip)-

Substituting these expressions into the equation for dij yields

0= d(D1H}) A dgapp + d(D2Hy) A dgae) + d(D3Hj ) Adrly,,q + d(DsH) Adml,
= Atdn[la]b A depap + Ax dT[{(;[b] A d@gpp) + At dgpap+1 A d”[la]b+1 + Axd@gtip A dJTg_H[b]

= —Atdeap A dTL’[la]b — Axdegp A dﬂg[b] + Atdogp+1 A dﬂ[lu]b_H + Axd@giip A d7l’2+1[b]
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= Atdg[ap+1 A d”[la]b-i-l — Atdepap A dﬂ[la]b + Axdgai1p A dJT;)Jrl[b] — Axdggp A dng[b].

Remark 2.1: Recall that w* = dgp A dz#. Observe that if we divide the above discrete mul-
tisymplectic form formula by AtAx, it is just a first-order finite difference approximation of
Iyt = 0.

Furthermore, it is clear that the above equation is precisely quadrature applied to the multisym-
plectic form formula faD o] () () A", = 0.

Finally, we note that a discrete notion of multisymplecticity holds in the more general setting
described at the beginning of Section 2.1. In the more general setting, discrete multisymplecticity
is interpreted as dzHgA = 0 (when evaluated on first variations), which reduces to the ‘usual’ notion
of multisymplecticity in the spacetime tensor product case.

General Quadrature Approximation. From here, the generalization to multiple quadrature points
is straightforward. For simplicity, we take the bottom-left vertex of [J € 7 (X) to be (0,0). Then,
0O = [0, At] x [0, Ax].In the temporal direction, introduce quadrature points¢; € [0,1],i = 1,...,s,
and associated quadrature weights b;; we normalize these such that ) ; b; = 1 (for both ¢; and b;,
we will have to explicitly include a factor of At later) and without loss of generality, we assume
each b; # 0. Similarly, for the spatial direction, introduce quadrature points ¢4, @ = 1,...,0 and
the associated non-zero weights by (normalized as before). Let ¢[;j0 = ¢(ciAt,0), @ojo] = (0, Co Ax),
e = @(ciAt, Ax), ¢1[o] = (At, ¢e Ax). Similarly define ”(())[a]’ 71[1,.]0, n?[a], ”[li]r As before, we take
B to be the part of the boundary in the forward direction. See Figure 2.

Then, use quadrature to approximate the boundary integral:

At Ax
/I;PM¢ dnxu = (p1¢)|x=Ax dt + / (PO¢)t:At dx
0 0

N (e
~ Z At biﬂ[lin@[i]l + Z AXbap(l)[a](ﬂl[a] = I TTBYB-
B

i=1 a=1

The associated discrete boundary Hamiltonian is

S o
~ Da
H} ({01i10> Polals (51 T1[q) i) = €Xt (Z At bl o + Z Axba ()1 0110) — S4 b[¢,P]) .

i=1 a=1

Ax

Figure 2. Schematic for multiple quadrature points along each edge of (I € 7 (X).
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Proposition 2.3: The discrete forward Hamilton’s equations arising from the Type II variational
principle are

1
1 + 1 0 .
T = le’in (g0, pog1s 7(j0 gy dip)s =105, (15a)
1
0 + 1 0
Tole] = A AxDZ,aHd ({QOU]O: Po[B)> (> 771[/3]}]',/3): a=1,...,0, (15b)
o
1 .
Pp = ng,,’H;({(p[j]o,(po[ﬂ],ﬂé]l,ﬂﬂﬂ]}j,ﬂ), i=1,...,s (15¢)
1
1
Plla] = 7 AxD‘l’O‘H;({wU]O"pO[ﬂ]’”[11']1’”{)[5]}1»/3)’ a=1,...,0, (15d)

o
where D1; = 0/0¢[i)0, D2,o = 8/0¢0[a)> D3i = 8/871[11.]1, Dy, = 8/871?[(1]. Furthermore, a solution of
the discrete forward Hamilton’s equations (15a)-(15d) satisfies the discrete multisymplectic conservation
law,

N [
> At bi(dpn A dryy — dego Adafy ) + D Ax by (dgrge A drfly = dgoge A drfly) =0,
i=1 a=1
(16)
evaluated on discrete first variations.

Proof: The proof follows similarly to the case of one quadrature point, Proposition 2.1. Namely, the
discrete forward Hamilton’s equations follow from the Type II variational principle §S; = 0 sub-
ject to variations of ¢ vanishing along A(X) and variations of 7 vanishing along B(X). The discrete
multisymplectic conservation law follows from

2 1 0
d*Hy Uegio wors)s 7ijy Trip i) = O-
n

As in the case of one quadrature point, the discrete multisymplectic conservation law is the given
quadrature rule applied to fal:l o)) () d"x, = 0.

Remark 2.2: The above discrete forward Hamilton’s equations were defined on [0 = [0, At] x
[0, Ax]. For Oy = [t4, ta + At] X [xp, xp + Ax], shift the indices 0, 1 appropriately to a, a+ 1 and
b, b+1, ie. ¢[ijo = @lilbs Pl — Plilb+1> Pola] = Pala]> Pila] = Pa+1[e) and similarly for the
momenta.

Boundary Conditions and Solution Method. Recall that the discrete forward Hamilton’s equations
produce a map (@), 7)) +> (¢ wa()) for each O € 7(X). However, depending on the
boundary conditions that we supply on 9X, the actual realization of these maps may be different
(in that the boundary conditions determine the variables in (¢4 ), 7)) +> (@5 Ta()) that we
implicitly solve for). The key point is that we must specify the field value or the normal momenta
along four edges (and the edges may repeat, such as supplying field values and normal momenta on
the same edge; see the discussion of evolutionary systems below). This will depend on whether the
Hamiltonian PDE we are considering is stationary or evolutionary.

Consider a stationary system, e.g. an elliptic system. Then, along d.X, we can specify either Dirichlet
boundary conditions, given by the field value ¢, or Neumann boundary conditions, given by the
normal momenta value 7. If we supply such boundary conditions, then each [] € 7 (X) either has
two edges with supplied boundary conditions (those on the corners of X), has one edge with supplied
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k— porm! — >

Figure 3. Coupling of all of the discrete forward Hamilton’s equations for stationary Hamiltonian PDEs; dashed lines along interior
edges denote field and normal momenta continuity.

le— gornl— 5

@ and r0

le—— gorml— 5

I t

Figure 4. Coupling of the discrete forward Hamilton’s equations in the same time slice for evolutionary Hamiltonian PDEs; dashed
lines along interior edges denote field and normal momenta continuity.

boundary conditions (those on the edges of X), or no supplied boundary conditions (those on the
interior). However, the field values and normal momenta values have to be the same along interior
edges, which makes up the other required degrees of freedom (recall, we need to specify the field
value or normal momenta along four edges). This couples all of the implicit maps (¢4 ), 7p) +>
(@B (1)) together, so that the solution must be solved simultaneously for every [ € 7 (X). See
Figure 3.

For an evolutionary system, e.g. a hyperbolic system, we specify the initial conditions at t = 0,
which consist of both the field and normal momenta value (;7°). On the spatial boundaries, we can
either supply Dirichlet or Neumann conditions as above. The continuity of field and normal momenta
on the interior edges couples the maps (¢4, 7)) +> (@B Ta()) together for each [ in the
same time slice and produces the remaining required degrees of freedom. Hence, one solves these
coupled equations on the first time slice which supplies new initial conditions for the subsequent
timeslice; one then continues this process recursively for each time step, thereby allowing the discrete
solution to be computed in a time marching fashion. See Figure 4.

Remark 2.3 (Solvability): It should be noted that the map (¢a,7B) — (@B, ma) defined by the
discrete forward Hamilton’s equations are always well-defined, as can be seen explicitly from the
equations (15a)-(15d). This is a property of the (discrete) generating functional and is agnostic to
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the specific Hamiltonian in question. However, as discussed above, with regard to constructing a
numerical method, the implementation of the method in general involves implicitly inverting the
relation (¢4, wg) > (@B, ) for the desired variables. For example, if one specifies Neumann bound-
ary conditions on all of X for a stationary system, then the numerical method is given by solving
for the map (w4, ) > (@4, pp) implicitly from the map (¢4, wp) > (¢B,74). As another exam-
ple, for an evolutionary problem, if one specifies Neumann spatial boundary conditions and specifies
initial conditions (with both ¢ and %), then the numerical method is given by solving for the map
(pa,ma) > (@B, wp) implicitly from the map (pa,wB) — (¢B, w4). As these two examples indicate,
in general, the form of the map necessary to implement the method is highly dependent on the
type of Hamiltonian, as well as the supplied boundary conditions. As such, a discussion of the well-
definedness of the implemented map is beyond the scope of this paper, since such a discussion would
be highly dependent on the type of problem and boundary conditions, and the functional analytic
tools needed in each case would differ drastically.

We will outline the general argument, although the specifics are left to future work. Note that
equations (15a)—-(15d) can be written formally as

ma = Dy, HJ (9, 7p), (17a)

@B = DnBH;(ﬁﬂA)ﬂB)a (17b)

where D denotes the differentiation operators in (15a)-(15d) (and appropriately scaled by the quadra-
ture weights). Showing that one can invert the relations (17a)-(17b) for the implemented map would
then rest on an implicit function theorem type argument, for a sufficiently small [J C X. The deriva-
tives of the equations (17a)-(17b) would then involve second derivatives of H;, so hyperregularity
would prove crucial in such a proof. For degenerate Hamiltonians, some form of constraint or gauge-
fixing would be necessary to complete the proof. We aim to explore issues dealing with solvability in
future work, as well as related issues such as error analysis, which is again highly dependent on the
specific class of Hamiltonians and boundary conditions considered.

Discrete Noether’s Theorem. In the continuum theory, we saw that for a vertical group action
on the restricted dual jet bundle which leaves the action invariant, there is an associated Noether
conservation law (10) for solutions of Hamilton’s equations.

In the discrete setting, suppose there is a differentiable and vertical G action on the discrete
restricted dual jet bundle {#;,x;} x Q x (Q*)? (relative to [0 € T(X)) which leaves invariant the
generalized discrete Lagrangian

RdD((pA(I:I)>(pB(D)a7TB(D)) = I TP — Hi (0ays Ta0)
B

s o
=Y Atbiry e + Y Axbaplg911a)

i=1 a=1
- H:{({Wi]o’ Po[a]> 7T[li]1’ 77{)[0(] Via)-

Proposition 2.4: If the generalized discrete Lagrangian is invariant under a differentiable and vertical
G action on the discrete restricted dual jet bundle, then a solution of the discrete forward Hamilton’s
equations (15a)-(15d) admits a discrete analogue of Noether’s theorem:

Z Atbin[li]ligd(p[iu + Z Ax Eaﬂ?[a]igdﬂﬂl[a]
i o

— Y Atbmlgizdero — Y Ax baTtglyizdgor) = 0, (18)
i a
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where & is the infinitesimal generator associated with £ € g.

Proof: For brevity, we will omit the arguments of RE and Hd+ (refer to the definition of RE above).
Since the generalized discrete Lagrangian is invariant under the G action, that means that the
directional derivative in the direction of the infinitesimal generator vanishes,

0=dr} £

= Z At biiéd(n[li]lgo[i]l) + Z Ax I;o,ig d(ﬂ?[a]g)l[a])
i o

1
-2 (DLZHJ ig dppito + Ds,iH ig dﬂﬂm) -2 (DwHJ ig dpofa) + DacHy iz dﬂi’m)
i

o

(1) . )
= ZAt bi(iz d 11 TPl +7T[1i]1i§ d(p[,-]l)-l-ZAx by (iz d Oa] 1la] +T[{)[a]i§ dei[a))
i o
1 . . ( z [ . @
— Z At b; (”[i]olg derio —i—M— Ax by (770[a]’§ deo[e —I—W.
i o

Remark 2.4: Note that the above looks like quadrature applied to the continuous Noether’s theorem,

@iz dg)d"x, =0
/GDP (lg @) Xu

(with the caveat that, in the continuum case, G acts on the restricted dual jet bundle, whereas in the
discrete case, G acts on the discrete restricted dual jet bundle). One can obtain such a G-invariant R
via G-equivariant interpolation (see Leok and Zhang [26] and Leok [24]), in which case, the discrete
Noether theorem is precisely quadrature applied to Noether’s theorem.

Also, note that a discrete Noether’s theorem holds in the more general setting described at the
beginning of Section 2.1. In the more general setting, the discrete Noether’s theorem is interpreted as
dRﬁ - £ = 0 (for a G-invariant generalized discrete Lagrangian), which reduces to the ‘usual’ coor-
dinate notion of the discrete Noether’s theorem, Equation (18), in the spacetime tensor product
case.

Remark 2.5: Another way to interpret this discrete Noether’s theorem is to view the map determined
by the discrete forward Hamilton’s equations, (¢4 (), 7)) +> (¢B(0)> Ta(1))» as implicitly defining
a forward map FH; : (@a)> Ta@y) > (@p)> Ta))- For some subset S of 9L, define the discrete
(Hamiltonian) Cartan form (at a solution of the discrete forward Hamilton’s equations)

e = Z Braryy dpxis (19)

(te-x1) €S

where 7" denotes the normal component of the momenta and g denotes the quadrature weight
at (tx,x;) € S (which equals At b; for the ith node of S along fixed x and equals Ax by for the ath
node of S along fixed f). Such a discrete Cartan form involving summing over nodes correspond-
ing to boundary variations was introduced by Marsden et al. [31] in the Lagrangian framework; in
the discrete Hamiltonian setting which we constructed, (19) is the appropriate definition since @gD
precisely encodes such discrete boundary variations.
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Then, the discrete Noether theorem (18) can be expressed as
B(O), £ AO) z
FZ;((”)d( )-E=0," &
Note also that the discrete multisymplectic form formula (16) can be expressed as
o, =0,

when evaluated on discrete first variations.

2.2. Galerkin Hamiltonian variational integrators

The missing ingredient in our construction of a variational integrator is the discrete approximation
of the action over J € 7 (X), SdD [¢, p]. We will extend the construction of Galerkin Hamiltonian
variational integrators, introduced in Leok and Zhang [26] for Hamiltonian ODEs, to the case of
Hamiltonian PDEs.

Remark 2.6: To be definitive, we will assume that the space(time) X has the Euclidean metric. The
discussion below is equally valid for the Minkowski metric, except one has to include the appropriate
minus signs throughout.

Consider for simplicity [0, At] x [0, Ax] = O € 7 (X). Fix quadrature rules in the temporal direc-
tion (weights b; and nodes ¢;, i =1,...,s) and spatial direction (weights ?)a and nodes ¢y, 0 =
1,...,0)asbefore. Note the action S[¢, p] = [(p"d,.¢ — H(¢, p° p')) d>x involves the fields ¢, their
derivatives 0,,¢, and the multimomenta p* (u = 0, 1). For the field and their derivatives, we could
either approximate the field using a finite-dimensional subspace and subsequently take derivatives;
or conversely, approximate the derivatives and subsequently integrate to obtain the values of the field.
We will take the latter approach (we will extremize over the internal stages at the end, so the two
approaches are equivalent). Introduce basis functions {x;(t)};_;, T € [0, 1], for an s-dimensional
function space and similarly {},(7)}J_, for a o-dimensional function space. We will use the ten-
sor product basis {x;(t At) o (0Ax)}iq to discretize the derivatives of the field. Approximate the
derivatives as

dipa(t AL, pAx) =Y V™ ¥i(T) Fa (p), (20a)
i,
Dxpa(T AL, pAX) =Y W xi(T) T (p). (20b)
i,o
We can integrate in time or space to determine the field values. In particular, the internal stages are
given by the field values at the nodes (c;At, ¢y Ax):

Ci .
Diy = G(ciALTa AX) = $(0, 0 Ax) + ALY VIP / Xi($)ds % Co) = @ola] + ALY Aiajp VP,
i 0 i
Ca - .
Diy = P(ciAL Ty AX) = G(¢ALO) + Ax Y Wfﬁxj(c,-)/ Xp(S)ds = prijo + Ax Y Ainjg W,
i 0 i
where Ajy jp = foci Xj(s)ds xp(cy) and A,’a,j/g = xj(ci) foc"‘ % (s)ds. Note that ®;, must of course be
single-valued, so we have a relation between the two above equations:

Yola] + At ZA,'O,#; Vvib — Dy = @[ijo + AxZAiot,jﬂ wib. (21)
B B
We expect such a relation since extremizing over ®;, is equivalent to extremizing over Vj, or Wi,
(but not both; however, we will relax this assumption in the subsequent discussion).
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Integrating to 1 gives the unknown field boundary values,

1
V1] = ¢ (AL, CaAx) = ¢(0,¢q Ax) + Atz 1% / Xj(S)dS Xﬂ(za) = @o[a] + AtZBa,jﬁ V]ﬂs
i 0 B

@i = ¢ (AL Ax) = ¢(GALO) + Ax ) WP xi(ci) / Xp()ds = gio + Ax ) By W,
7B 7B

where By jg = fol xj(s)ds xp(Cy) and Bijg = xj(ci) fol %p(s)ds.

We define the internal stages for the momenta ng = pO(ciAt, Ax),Pila = pl(ciAt, Ty Ax).
Unlike the field internal stage expansions, one does not need to introduce an approximating func-
tion space for the momenta internal stages, since the action only involves derivatives of the field and
not the momenta. At this point, we could work directly with these internal stages; however, we will
expand the momenta similarly to the fields,

0
P = AtZAm]ﬁX

1 1 it i
Pl =mfy, — AxZA;aJﬂYJﬁ,
B

where A}, jp and A;a jp are arbitrary expansion coefficients and X/, YiP are internal variables rep-

resenting dop° and d;p! respectively. The unknown momenta boundary values are similarly defined
as

Tola] = Tila] — AtZB X7

o = i szBuﬁYJ
B

where B:x’j 5 and B, jp are again arbitrary expansion coefficients. We will see later that the expansion
coeflicients will have to satisfy symplecticity conditions in order for the method to be well-defined.
We then approximate the action integral S[¢, p] = [(p"8,,¢ — H(¢,p°, p')) d*x using quadrature
and the above internal stages
S @iy, Pig] = AtAX Z biby <Plaat¢d(c,At Sy AX) + PL3yda(ciAt,Cy AX) — H(®ig, PY,, PL, )).

o

The discrete boundary Hamiltonian is obtained by extremizing over the internal stages @, P%, P!,
which are defined in terms of V, X, Y. Since we have already enforced the boundary conditions in
the above field and momenta expansions, we can construct the discrete boundary Hamiltonian by
extremizing over V%, X@ Y (foreveryi=1,...,sanda = 1,...,0),

H;({(P[i]Os(PO[a])”[li]pn?[a]}i,a)

= Viaﬁ()i(;( yi Z At b 7[[1 19011 + Z Ax b 7[1[0(](/71[05] Sd [q)zozapzol]
> a=1

=K({pa,mp,Via, X, Yi})
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H is then given by extremizing K ({¢a, g, V% X™, Y*}) with respect to V**, X, and Y™ (where
again we denote 4 = {@[ij0, Po[«]} and 71p = {n[li]l, n?[a] 1. Expanding K, we have

K({wAa 7TB, Via,Xia, Yi()l})

- Athrr[l po + AxZB,]ﬁWJﬁ) + Abe 711 (P0la] + AtZBQJﬁvfﬂ)
i B JB

— AtAX Y biby | 7, — At ZAW o XD VP (e R o)
ia JsB

— AtAx Y biby | 7y — AxZAw o Y7 D WP i) R (B
ia JB
+ AtAx Y biby H(®iq, P),, Pl).

o
L,o
The stationarity conditions dK/dV™® = 0, d0K/dX'* = 0, d0K/dY'® = 0, combined with the discrete
forward Hamilton’s equations (15a)-(15d) define our multisymplectic variational integrator.
Supposing that one solves the stationarity conditions for Vi, X', Y™ in terms of ¢4 and 7p, this
gives H;'({(pA, 78)) = K({@a, 8, V¥ (@4, 8), X'* (@4, ), Y (@04, 7B)}). The right hand side of the
discrete forward Hamilton’s equations, (15a)-(15d), can then be computed in terms of K via

d
——H; ({¢a,75}) =

7B, V(@a, B), X' (@, 78), Y (04, 7))
9¢[ijo 3<ﬂ[io
0 o Vi d X 0 oY
=i Z (500 s * 380 gy * 00 )
3<P[z i deuo X depo /3@ 9¢[ilo
_ d
dono

and similarly for the other specified boundary values. Hence, the derivatives of H; with respect to
@4, T can be computed using only the explicit dependence of K on ¢4, 7p.

2.3. Multisymplectic partitioned Runge-Kutta method

Let us suppose that instead of the basis {x;}, { X« }, we choose basis functions {;}, {¥o} that have the
interpolating property ¥i(cj) = §j;, Y (Cg) = 84p. Note that one can always transform the previous
set of basis functions to a set of basis functions with this property, assuming that the original choice
of basis functions x;, o have the property that the matrices with entries M;; = x;(cj), Malg = Xa(Cp)
are invertible. If they are not, then the expansion of the derivatives, equations (20a)-(20b), does not
depend independently on all of the V*®, W™ and hence one needs to reduce the number of indepen-
dent variables; to avoid this, ensure that the matrices with entries x;(c;) and ¥« (cp) are invertible.
Letting x(-) = (x1()s . > xs(NT and ¥ () = (G1()s -+ .5 %o ()T (and smrnlarly define ¥, w) a set
of basis functions with the interpolating property can be constructed by v = M~ !y, v =M'%.In
particular, the {1}, (Vo) span the same function spaces as the {x;}, { X} respectively, so there is no
loss of generality.
With this assumption, we approximate the derivatives of the fields as

dupa(cilt, EaAx) = ) V(e Pp ) = VP,
B
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Oxpa(cint, CaAx) = WPYi(c)Prp (Ea) = W,
B
Integrating gives the internal stages and the unknown boundary values,

Diy = Qo[a] + AtZaijVj"‘,
j

(I),'a = ¢lilo + Ax Z Ela/g ‘/\/i/“3

B

P1la] = Poja] + ALY bV,
j

Pl = Plijo t sz bgW'e,
B

where a;; = foci Vi(s)ds, dap = OE“ 1/7,3 (s)ds and the quadrature weights b; = fol Yi(s)ds, I;a =

/i 01 Ve (s)ds are chosen so that quadrature is exact on the span of the basis functions. As before, expand
the momenta using a different set of coefficients.

X = 3,p5(ci AL, Ey Ax),
Y = 3.pl(ciAt,Cy AX),

0 0 j
P), =7, — Aty apx”,
j
1 1 ~ i
Py =1, — AxZaaﬁY’ﬂ,
B
0 0 j
Tole] = Thla] — AtZ bj’-X]“,
j
1 1 7 i
7o = iy — Ax ) By
8

We impose that b; > 0, 5;3 > 0andthat} ;b; =1, 4 E}; = 1 for the approximation to be consistent.

We will later derive a condition on the coefficients a;»j, a, 5 b, b/, in order for the method to be well-
defined. For now, we proceed formally.

With these, K can be expressed as
K({ga, 75, VI, X", Y™))

= sz Do) (@oa) + At Z bV + At Z birtly (@0 + Ax Z b WP
o j i B

— AtAX Y biby [ — At apxi® | v
i, j

— AtAxZ biBD( jT[ll]l - sza&ﬂYlﬁ Wia
i,o B
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7 0 1
+ AtAx E bibo H(®jy, Py, P;y,).

o

Now, we compute the stationarity conditions. First, note that V and W are not independent, since
they are related by

©o[a] + Atz a,-jVj“ = CD,'a = ¢Jilo + AXZ Zlaﬂ Wiﬁ;
j B
then, taking the derivative with respect to V/#,

W

Atajjdop = AxZaay SViF

Let us assume that the Runge-Kutta matrices (a;)) and (dq, ) are invertible (however, in the subse-
quent section, we will show how to derive the stationarity conditions without this assumption using
independent internal stages). Then, the above relation can be inverted to give

IWe At
dViF — Ax

aij(@ Hop.

Extremizing K with respect to X/,

0K
Y&

9H
_AtAbebaV’“ AtAbeba 0(®;a,P0 pL).

1

Dividing by At2Axb, gives
. OH
Zb, aj <V’°‘ - @(qampf;,zﬂ )) 0.

Similarly, extremizing K with respect to Y/* gives

These are respectively the internal stage approximations to the De Donder-Weyl equations 9;¢ =
dH/3p and d,¢ = dH/dp". '
Extremizing K with respect to V77,

IK 70 ;o At 750
0= 055 = AtAxbibpyg + AtAbeibgrr[i]lEaij(a Jop — AtAxbibg Pl
i,0

At - 9H
_ AtAbe b, P a,](a Yep + AtAbeibﬂAtaijﬁ(@iﬂ,P?ﬁ,P ).
i
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Dividing by At? Ax and grouping gives

0 0
. T —P- _ P!
bjbﬂ%+2bb a;(@ 1)0,3M _—beﬂa,] (cp,ﬂ,p,ﬂ,p ).

1,00

15 ~Pis kB i —Pi ;
. B _ / i i __ ~/ iy
Substitute —-—= =3 K @pX and 5 =3 d,, YV,

i oH
Zb bpap X'V + ) biboay(@ opy, Y = Zl’ bpaj— 3¢ (Pig, P, Pig).
Lo,y

To symmetrize the above equations, multiply by ags and sum over 8, which yields

Zb bﬂa ka/s(sX kp + Zb bga,]aayY” = Zb bﬁauaﬁa—d)((b,ﬂ,Plﬂ,P )
kB iy B

This is the internal stage approximation to the remaining De Donder-Weyl equation 9;p° + d,p! =

—dH/d¢. Note that the above form of the stationarity condition does not involve a—! or @71, so it is

plausible that one can derive these equations without assuming the invertibility of the Runge-Kutta
matrices; later, we will show that this is the case using independent internal stages.

Now, we compute the discrete forward Hamilton’s equations. We have

1 0H]
l;a Ax om {) (o]

1 0K

Ea Ax om ? (o]

Plla] =

. . oH
= Qo] + Atz ij]a — Atz ij]a + Atz bji—5 ap0 ((I)Ja,P?a,lea)
J j J

oH
= (pO[Ol] —+ Atz bja—po(cb a’P;]Ot’Pl )
J

Similarly,
Pl = @lijo + sz bﬁ (®15’P?ﬂ>P ).
Computing the discrete forward Hamilton’s equations for the momenta gives
T0la) = Tila) T 5 ; Z bi bﬂ (q’lﬂ’Ptﬂ’ zﬂ)

b 5 Pola)’

Ax 0Dy
Thio =Tl + 7 D biba— (Djas Py Plo) ——.
[0 = Tl Z ¢( e Fieo i) 50

We will postpone the discussion of the discrete forward Hamilton’s equations until after discussing
independent internal stages, which will give a more explicit characterization of these equations.
To summarize, our method is given by

Diy = @o[a] + Atz aijVj“, (22a)
j
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= {4 — At Z aXi, (22b)
Plla] = Poa] + At Z bV, (220)
Tole) = i) — A D BX, (22d)
Dig = @i + sz A (22e)
Pl =mly — Ax Y a,Y", (22f)
@i = @lijo + sz l~7,3 wib, (22g)
Mo = Tl — Ax Z b, YP. (22h)
Z biaj; (v"“ - 8—p0(CI>,'a,P?a,P1 )) =0, (22i)

i

Z bpi, ( ( Pjoﬂ,P]ﬂ)> =0, (22j)
Y bibpayags X + Y bibsayay, Y7 = Z b b,ga,]a/g,g (cp,ﬁ,P,ﬂ, Ply). (22Kk)
kB iy

Independent Internal Stages. We now reformulate the above construction using independent inter-
nal stages and derive explicit conditions on the coeflicients for the momenta expansion for the method
to be well-defined. Recall that in the above construction, we enforced the condition that the internal
stages ®;, produced by both V* and W had to be the same; we now relax this assumption and let the
internal stages be independent, but subsequently enforce that they are the same by using Lagrange
multipliers. Compared to the previous formulation, the use of independent internal stages has the
advantage that the discrete forward Hamilton’s equations can be written explicitly. Furthermore, the
generalization to higher spacetime dimensions is straightforward as opposed to the previous formu-
lation, which would involve inverting the condition that the internal stages obtained from the various
spacetime derivative approximations, 9, ¢4, are consistent.

Hence, we define independent internal stages corresponding to integration in each spacetime
direction,

Qiy = ¢(ciAt, g Ax) = ¢(0,¢q0 Ax) + AtZ VP f %(S)ds WB(C(J() Yola] + Atzaljvj
B

Big = (AL Ty AX) = $ (AL 0) + Ax ) WHhipj(cr) / Vp()ds = gy + AxZaaﬂ w?.
7B

The expansion of the other quantities are the same as the previous discussion.

We will evaluate the Hamiltonian at the weighted combination d>9 =0d;y + (1 — 0)Pjy for
some arbitrary parameter 0 € R and subsequently enforce that the two sets of internal stages are the
same through a Lagrange multiplier term ) ; , Aig (Piey — ®;y). Thus, after enforcing the stationarity
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conditions, CD?Q = &y = Djy. In this formulation, K is

K{¢a,ms, Via, Wia,Xia, Yia’ Aia}) = Ax Z Eaﬂlo[a] ((pO[oz] + At Z ijjot)
o J

+ At Z bin[li]l @lijo + sz Z),g wib
i B

— AtAx Y biby [ — ALY apxi® | Ve

ia j

— AtAx Y biby [ iy — Ax ) YF | W
i, B
+ AtAX Y bibyH(®G, P, Pl) + ) hia(Pia — Bia);

o o

where now both {V*} and {W*®} are independent. The discrete boundary Hamiltonian H;r is given
by extremizing K with respect to all of the internal variables, {V*, Wi, X yi 3,1,

Extremizing K with respect to X/* and Y/* gives the same stationarity conditions as the previous
case of equal internal stages, since the momenta expansions were unchanged, except with H evaluated
at <I>?a. Namely,

Z b’ 1] (Via - (q)zga’P?a’Pl )) =0, (23a)

S i, (W = 51 @ Pl ) =0 )
B

Extremizing K with respect to V77,

oK 7 0 0 0
= viF = AtAxbibpy g — AtAxby jbpPly + At Abe bﬂaye o (d>1ﬁ,Plﬂ,P )
+ AtZ)\iﬂaij
i
= AP Axbibg Y ay XM + APAxY biéﬁaij o (<I>lﬁ, Ply, Ply) + Ath,ﬁal]
k i
Dividing by At*Ax,

bind. XK biiaand L (b po
Z j ﬂaij —i—Z i ﬁaﬁQ%(Qzﬁ’PZﬂ’P )—I— AiAx Z)\,ﬁa,]—o (24)
k i

Similarly, extremizing K with respect to W/# (and dividing by AtAx?) gives

- ) - 1
iy . 1 P
Ea bjbﬁaﬂa Y/* + Ea bjbaaaﬁ(l 9)—8 ((D o> ja’P]a) Ay Ea A.jaaaﬁ =0. (25)

Let us combine these two stationarity conditions to eliminate 6 and the Lagrange multiplier terms.
Multiply equation (24) by dgs and sum over f; multiply equation (25) by a;; and sum over j.
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Subsequently, add the two resulting equations. This gives

I - - _ 9H
> bibpajaps X + 3 bibsagay, YV = = bibpasags 5o (Vi Plp Pig). (26)
k.p Ly B

Finally, extremizing K with respect to A;, enforces that the independent internal stages are the same,
0 = 0K/dAiy = Pig — Pio, and hence Q?a = ®jy = Djy. We have rederived the stationarity condi-
tions that we saw in the case of equal internal stages, without the assumption of invertibility of the
Runge-Kutta matrices, (a;), (Gap)-

Now, we aim to provide a more explicit characterization of the discrete forward Hamilton’s equa-
tions. We will assume again that the Runge-Kutta matrices (a;j), (dqp) are invertible. Computing the
discrete forward Hamilton’s equations for the field boundary values,

1 0HJ 1 9K H o o o
Plle] = = == ®o +At§ bj—— (Pjo> Pig» Pi)>
[o] by Ax 371?[04 by Ax 37‘[{)[0[] o] - ]apo joor et
1 9H] 1 98K
. = +A § b of ,PO,P
O = At ol biAtagl | fueTax ﬂa 1( ig> Pig: Pip)-

[i]1 [i]1

Recall that we also have the expansion for the field boundary values

Plla] = Poja) + ALY _ bV,
j

@i = ¢ + sz bW
B

We will see shortly that, with a particular condition on the coefficients of the momenta expansion,
the discrete forward Hamilton’s equations for the field values are consistent with the field expansions,
; o _ 0H (50 pO po ip _ H 6 p0 pl
i.e. that VI* = 20 (QDJO[,PJQ,P ) and similarly Wit = apt (cbzﬁ’Pzﬂ’P ).

First, we compute the discrete forward Hamilton’s equatlons for the momenta boundary values,

1 OHT 1 8K oH
0 d 0 9 0 1
7 = = = =7 +At§ b0 — (&Y, P ,P)+~ § Nics
O by Ax 090la)  byAxOp0e) — g T “
1 oHT 1 9K N 9H
1 d 1 0 0
T = = = TTy; A bl—@—q),P, _ Aig-
00 bAtdpue  bidtdpge T xza (1= 0055 (P P P bAtZ “

For our method to be well-defined, these are required to be consistent with the momenta expansions,

no[a] = ”1 Atz b X,
o = Ty — sz b, Y.

To do this, we solve the stationarity conditions (24) and (25) for the Lagrange multipliers. Multiply
equation (24) by (a‘l)ﬂ and sum over j; multiply equation (25) by @"h gy and sum over 8. This gives

Ap = —Amxblb,ge o (CDIQﬂ,P?ﬂ,P}ﬂ) — AtAx ) bjé,ga;k(a—l)jlxkﬂ,
jk
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Ay = AtAxbib, (1 — 9) 99 (<I>]9y,P]0y,P1 ) + AtAX Y bibpiy, (@) g, Y.
op

Plugging these into the respective discrete forward Hamilton’s equations for the momenta boundary
values, we have

k
”[]= —Ath k(a )]lX —”1[a —Ath/X“
kol k
1 ~ .
7[[11‘]0 = ”[lin Ax Z bpag, (@~ Dpy Y = 1 - Abefo’“.
By o

Proposition 2.5: The method arising from approximating the internal stages with the partitioned
Runge-Kutta expansion is well-defined if and only if the partitioned Runge-Kutta method is symplectic
in both space and time, i.e.

> bidi@ D =1b,
5l

> bpay, @ gy = b
By

A sufficient condition is the usual choice of symplectic partitioned Runge-Kutta coefficients,

a]’.k = @,
j

= _ bodap

B l;ﬂ

(We will see after expressing the momenta internal stages in terms of w4 instead of g that these are the
usual choice of symplectic partitioned Runge-Kutta coefficients).

Proof: By comparing the momenta expansions to the discrete forward Hamilton’s equations for the
momenta, we must have

D biah X = Z b X", (272)
okl
D bpig, (@ py Y = b Y™ (27b)
a.B.y o

Since the internal variables {X'®, Y™} are generally arbitrary (depending on the choice of Hamiltonian
and the supplied boundary data), the above must hold for arbitrary choices of {X"*} and {Y**}; hence,
we have the necessary and sufficient conditions

Y bai(a =1t
i

> bpap, @ Mgy = b,
By
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Plugging in the choice (27a) and (27b) to the left hand sides of the above conditions,

Z bja k(a )Jl = Z bkak](a )]l = Z bk(skl = bk’
Zbﬂ“ﬁa(“ )py = Zb aop(@ gy = Zb Suy = b3

so this choice is sufficient for the method to be well-defined. [ |

Now, consider the stationarity conditions (23a) and (23b). Plugging in the choice of coefhi-
cients (27a) and (27b), we have

S (v ot ) <o
> Bl (Wf'ﬂ (<I>]ﬂ, ﬂ)> = 0.
B

Since (aj;) and (@qp) are invertible, we have Vi = g 0 (<I>]9a, Pjoa, P ) and Wik = P{ (<1>19ﬂ, P?ﬁ, ,-15) )
that the discrete forward Hamilton’s equations for the field boundary values are also consistent with
the their expansions. Similarly, plugging this choice of coefficients into the stationarity condition (26)

gives

Z b;bﬁakjaﬁngﬂ + Z bib;,a,-j&y(; YV = Z b; bﬁa,]aﬁg ((I)”g, Pzﬂ’ lﬁ)

k.p Ly
To invert this relation, we impose bj = by, l;;, = Ey. Note that the matrix with jk entry byay; is invert-
ible since (ajx) is (its transpose is obtained by multiplying the ith row of (a;;) by b; # 0, so the rows are
still linearly independent) and similarly for the matrix with §y entry Z)y ay 5. Hence, this stationarity
condition can be inverted to give

XiOt+Yia — __¢((I)lﬂ, ig> lﬂ)

Finally, to write our method in the traditional form of a partitioned Runge-Kutta method, we express
the internal stages P), and P}, in terms of 774 instead of 75, by plugging equations (22d) and (22h)
into equations (22b) and (22f) respectively,

] _,_/

—,(2
=a;

be — & i bgbg b a .
Pil“ - n[li]() + sz(bﬁ - a&,g)Ylﬂ ]0 + AxZ Z2B%a — TBPa yif
B

To summarize, our method is

Qi = Qo] + AtZaijVja, (28a)
j
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P, =7y + ALY X", (28b)
j
Vlla] = Pola] + At Z ijj"‘, (28¢)
j
Tia) = Tola) + ALY bX, (28d)
j
iy = Pig = @pijo + szaaﬁ wib (28e)
B
P, =l + Ax Y aR Y, (28f)
B
Qi = ppjo + Ax Yy bgW?, (28g)
B
B
- 9H .
Ve = 8—po(<1>,-a,P?C,,P}O,), (281)
. 9H .
W = 8—1)1(<I>ia,P?a,P}a), (28)
, , OH
Xla + th - _ﬁ(cbia)ngs Pill)l)’ (28k)

2) _ hjb,‘*bjuj,‘
i = b »
Runge-Kutta method. Note that our choice of al(jz) and &gg (or equivalently our choice of a;, thxﬁ) is
the usual choice for the coeflicients in the momenta expansion for a partitioned Runge—Kutta method
to be multisymplectic (see, for example, Hong et al. [19], Reich [38], Ryland et al. [39]). Interestingly,
however, from our perspective, our method based on the discrete boundary Hamiltonian is guar-
anteed to be multisymplectic so we had to impose no such conditions on the coefficients to ensure
multisymplecticity; rather, the conditions for the coefficients arose from the necessity of the method
to be well-defined, i.e. that the expansions of the field and momenta boundary values agreed with the
discrete forward Hamilton’s equations.

where a and Zzgﬁ) = bﬂb“gﬂ. This is the usual form of a multisymplectic partitioned

Remark 2.7: In the above construction, we saw that the Runge—Kutta matrices (a;;) and (aqg) were
required to be invertible. We can see this directly from the internal stage expansions

Piy = Pofa] + Afz a;i V%,
J

Pio = @pijo + sz aap W,
B

since only when (a;j) and (aqp) are invertible is extremizing K over Vi@ and W equivalent to
extremizing K over ®;, and @, respectively. In the case of non-invertible Runge-Kutta matrices,
the internal stages ®;, and ®;, do not depend independently on all of the V®, W, For collocation
Runge-Kutta methods, non-invertibility arises from the choice of the first quadrature point ¢c; = 0.In
our construction, if we choose ¢; = 0, then we are specifying an internal stage at a quadrature point
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where the field boundary value ¢, is already specified; thus, the internal stage at this point is not free
to extremize over. Hence, in the non-invertible case, one has to use the specified boundary values to
eliminate the degeneracy in the internal variables V* and W, reducing the number of internal vari-
ables to an independent subcollection of internal variables. Subsequently, one extremizes only over
this independent subcollection of internal variables.

Remark 2.8: It should also be remarked that while certain types of Galerkin multisymplectic Hamil-
tonian variational integrators recover multisymplectic partitioned Runge-Kutta methods, it remains
to see whether there is a more general correspondence between Galerkin multisymplectic Hamil-
tonian variational integrators with a class of modified multisymplectic partitioned Runge-Kutta
methods for the case of spacetime tensor product (hyper)rectangular meshes. This would general-
ize the connection between Galerkin variational integrators and modified symplectic Runge-Kutta
methods in the ODE setting that was observed in [34].

Momenta Internal Stages. In the above construction, we saw that we had to enforce consistency
conditions on the momenta expansion coeflicients in order for the method (28a)-(28k) to be well-
defined. The issue is that we over-constrained the form of the momenta internal stages via our
particular choice of expansion, since ultimately our goal was to derive the class of multisymplec-
tic partitioned Runge—Kutta methods within our variational framework. One can avoid this problem
altogether by working directly with the momenta internal stages P, and P}, instead of the internal
variables X"* and Y%, although the method will not ultimately be in the form of a multisymplectic par-
titioned Runge-Kutta method. This is possible for the momenta internal stages since the action does
not depend on the derivatives of the momenta, unlike the field variable. We outline this procedure.

Assume the same expansions of ®jq, Dy, @l[al)> <p[,]1 in terms of {V®} and {W®}. For the
momenta, we work directly with the internal stages P}, P instead of using an expansion. In this
case, K is

K({ga, 75, VI, W, P, Py M) = Ax Y bat])y) (Gofa) + ALY bV
o j

io?

+ Atz biﬂ[li]l(‘ﬂ[i]o + AXZ Eﬂ Wiﬂ)
i B

- AtAbeb P vie AtAbeb pLw™

+ AtAxZ biby H(®},, P, Pi) + D hia(Pia — Picy).

i, o

H; is obtained by extremizing K over the internal variables, {V®, W P9 Pl i, }.

The stationarity condition K/ 8ng = 0 (divided by AtAxb;by) gives

; oH
VlDl (@9 PO Pl )

o

Similarly, the stationarity condition dK /3P, = 0 (divided by AtAxb;by) gives

; oH
WlOl (CI)Q PO Pl )

oo

The stationarity condition dK/dA;, = 0 gives iy = ®,y. The stationarity conditions 0K /9 ViP =0
and 9K/d W/ = 0 give respectively

AtAxbibp (g — Py) + At sz bi bﬂaqe » (CID?/S,P?ﬂ,P ) + Ath,ﬂaU =0,
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AtAxbibp(nfy, — Plg) + Ax AtZ bjbags (1 — 021 9 (©]a,Pfa,P1 — Ax ) hjulap = 0.
o

Performing the same procedure we used to combine equations (24) and (25) to eliminate 6 and the
Lagrange multipliers, these two stationarity conditions can be combined to give

7 (”?[ﬁ] ~ Pfﬂ) z (77[1']1 —P)
~ 0
E bjbﬂaﬂaT + E b,’baa,‘le = — E bbﬁayalgg ¢(<Dzﬂ’pzﬂ’P )
B i LB

Thls combined condition, together with the other stationarity conditions V* = dH/3p°(®% , P PL ),

o2 (¢ 2aay (04

= 0H/0p! (®? ,PY P1 o) and @, = Dy (ranging over all free indices) can be used to solve for

i i

the collection of internal varlables {vie, wie P9 Pl 1} in terms of the supplied boundary data.

To conclude, we compute the discrete forward Hamllton s equations. For the field boundary values,

1 0K .
(pl[a] = = = (po[a] + At ijja,
boAx By XJ:
1 BK .
@l b A7 8 = @[ijo + AXZ blg Wlﬂ.

B

Note that these equations already agree with the field expansion. For the momenta boundary values,

1 K oH
0 0 9 0 1
o] = = =7 +At§ bi0— (@ ,P; ,P)-|-~ z Mics
0[] by Ax a‘PO[a] 1[«] ' i 3 i’ Lio i
1 K
1 _ _ 0 po _ E .
T[[i]O N blAt 8§0[l]0 - n[’]l + sz b (1 ) ¢ (qDIOl’PlOt’ 10() b At )"l()b

As we did before for the partitioned Runge-Kutta method, we can act on the stationarity conditions
dK/3ViP =0 = dK/d WP by the inverses of the Runge-Kutta matrices to solve for the Lagrange
multipliers and substitute them into the discrete forward Hamilton’s equations for the momenta,
ultimately eliminating 6 and the Lagrange multipliers. The discrete forward Hamilton’s equations for
the momenta are then

Tl ~ P
0 0 —1 o
Tl = Tila) = D Y bi(@

pl
Tl = T} sz ba (@ ap [l]l -

Hence, by working with the internal stages for the momenta directly, as opposed to utilizing an
expansion, we see that the method we derived is already well-defined (and also automatically mul-
tisymplectic), although it is not directly in the form of a multisymplectic partitioned Runge-Kutta
method.

These various approaches demonstrate the versatility of our variational framework; once one
chooses an approximation for the fields, its derivatives, and the momenta (as well as some approxi-
mation for the various integrals involved), one can construct the discrete boundary Hamiltonian and
subsequently the variational framework produces a multisymplectic integrator. If one over-constrains
the form of the momenta expansion, as opposed to using the internal stages directly, one must also
check whether the method is well-defined. Another approach that is possible within this framework
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is to discretize at the level of the field using some (possibly non-tensor product) function space and
subsequently take derivatives of the basis functions to obtain an approximation of the derivatives of
the fields. For example, we expect that utilizing spectral element bases to discretize at the level of the
field within our framework will produce multisymplectic spectral discretizations like those obtained
in Bridges and Reich [7], Islas and Schober [20,21]. Another interesting application of our construc-
tion would be to construct multisymplectic discretizations of the total exterior algebra bundle (see
Bridges and Reich [8]) using Galerkin discretizations arising from the Finite Element Exterior Cal-
culus framework (Arnold et al. [2,3], Hiptmair [18]), allowing one to discretize Hamiltonian PDEs
with more general configuration bundles.

2.4. Multisymplecticity revisited

Now, we discuss in what sense the discrete multisymplectic form formula (16) corresponds to our
discretization of the field equations. Consider the integral form of the De Donder-Weyl equations
over 1 = [0, At] x [0, Ax],

fD (%p“ + —¢(¢ 0% p )> d’x =0, (29a)

/D (30¢ - 8—p0(¢, P° p1)> dx =0, (29b)
OH

/D (3105 - a—pl(¢,p°,p1)> d’x = 0. (29¢)

Applying our quadrature approximation to Equation (29a),

At Ax
0=/ / (301’ + oip' +8—(¢P P))dde
o Jo ¢

Ax At At Ax aH
- / Pliea — P limo) dx+ | (0 lrmax — pleo) dt + / f 97 (6.p° pY) dxdt
0 0 o Jo 0¢

~ Ax Z ba (0 |(atzg 00 — Pl0zuan) + At Z bi(p' (ciatan = P'lician0)
i

+ AtAxZ (d) PP iz, Ax)-

Consider the multisymplectic partitioned Runge-Kutta method (28a)-(28k); if we multiply
equation (28d) by b, and sum over «, multiply equation (28h) by b; and sum over i, and add the
resulting equations together, we have

0= sz ba (1) — Topa)) + AtZ bi(m iy — i) + AtAxZ b; b 5 (CDW,P?a,Pl ), (30)
o i

where we used X + Y* = 9H/d¢ (P4, P, PL,). Comparing these two, we see that the discrete
method satisfies an approximation of the integral form of the De Donder-Weyl equation (29a) and
that the error in the approximation of the field equations is directly related to the quadrature error and
the field and momenta expansions. Similar statements can be made about the other De Donder-Weyl
equations, (29b) and (29¢).

Now, let us write our approximation (30) of the integral De Donder—Weyl equations as a difference
equation. For a quantity f defined on the nodes of the edges {0} x [0, Ax] and {At} x [0, Ax] (and

similarly a quantity ¢ defined on the nodes of the edges [0, At] x {0} and [0, At] x {Ax}), define
8pf = fila) — folals
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8118 = &Il — &ilo-

Define the discrete difference operators

% Ath Bler>
O_ 1 5y
o = Abe,am.

1

Dividing equation (30) by AtAx, we see that it satisfies

oH
o +oPn! = § :bb (<I>1a,P?a,P} <£>
O

where ( %I)D denotes our quadrature approximation of the average value of 9H/d¢ on [J. Similarly,
the other discrete equations satisfy

O oH
Po={5)
O dH
e <w>

These difference equations correspond to our discretization of (the integral form) of the DDW
equations dpp° + d1p! = —0H /3¢, d,¢ = IH/p*. As mentioned in Section 1.3, a method is called
multisymplectic if the difference operators used in the discretization of the field equations are the
same difference operators which appear in the discrete multisymplectic form formula that the method
admits. In our case, if we divide the discrete multisymplectic form formula (16) by AtAx, we see that
it satisfies

3 +81a)—0

(when evaluated on discrete first variations), where w® = dp A d° w! = dg A dr!. Hence, our
method is multisymplectic in the sense that the difference operators which appear in the difference
equation that the discrete solution satisfies over [J € 7 (X) are the same difference operators which
appear in the discrete multisymplectic form formula.

3. Numerical example

For our numerical example, we will study the (1 + 1)—dimensional sine-Gordon equation,
85 (1,) — 37 (1, %) = —sin $ (1,.%). (31)

The Hamiltonian for this equation is given by

1 1
H(.p"ph) = 0% = S (p1)* = cos¢. (32)
The De Donder-Weyl equations corresponding to this Hamiltonian are
dop = 0H/3p" = p°, (33a)
d1¢p = dH/dp' = —p, (33b)

dop® + d1p' = —0H/dp = — sin . (33¢)
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Note that substituting (33a) and (33b) into (33c) recovers (31).
With this example, we aim to qualitatively show the preservation of multisymplecticity by consid-
ering the family of soliton solutions,

¢, (t, x) = 4arctan (exp (;1_—_Vtz>> , (34)
—v

where the family of solutions is indexed by a parameter v € (0, 1). Consider the following curve on
the space of sections of the restricted dual jet bundle

V> (G P P3) = (s Doy, —16by)

and note that it is differentiable for v € (0, 1). Thus, the associated vector field, given by differentiating
the above map with respect to v, defines a vector field on the space of sections of the restricted dual
jet bundle. The associated vector field is a first variation on the space of soliton solutions, since its
flow maps soliton solutions to other soliton solutions.

To visualize multisymplecticity for this example, we observe the following. Each soliton solu-
tion (34) propagates to the right at speed v in time, without changing form. Thus, the shape of a
soliton solution in the (¢, p°) plane does not change with respect to time. Hence, for a family of soli-
ton solutions, the associated area in the (¢, p°) plane will not expand or contract as the system evolves
in time. In other words, restricting to the above first variations, this means that

30600 = 0.
By the multisymplectic form formula dy@° + ;0! = 0, we also have that
31601 =0,

and hence the family of soliton solutions, occupying an area in the (¢, p!) plane, will not expand or
contract as the system evolves in space. This example then provides an intuitive way to visualize mul-
tisymplecticity as symplecticity in each spacetime direction, since the multisymplectic conservation
law splits into two symplectic conservation laws, for this given family of solutions. This is a multisym-
plectic analogue of the visualization of symplecticity in the literature for symplectic integrators, where
one evolves a family of initial conditions occupying an area in phase space; for symplectic integra-
tors, this area is preserved under the flow of the integrator, unlike a generic method (see, for example,
Hairer et al. [16]).

Explicit Methods for Separable Hamiltonians. Recall that in the above derivation of the multisym-
plectic partitioned Runge-Kutta method, we used that the Runge—Kutta matrices a, a were invertible
and hence the variational construction in Section 2.3 does not directly apply to explicit Runge-Kutta
matrices a and a (since explicit Runge-Kutta methods have strictly lower triangular Runge-Kutta
matrices and hence are non-invertible). Since Equation (31) is nonlinear, using an implicit method
would be computationally expensive and hence an explicit method would be preferable. However, for
separable Hamiltonians of the form H(¢, p*) = K(p") + V(¢) (as is the case for the sine-Gordon
Hamiltonian (32)), we can derive an explicit method as follows. Let a be an explicit Runge-Kutta
matrix such that its symplectic pair a'® is invertible, where again the symplectic pair is given by

o, _ bibi— b
i b; )
Then, it follows that the symplectic pair of the symplectic pair of a equals 4, i.e. (a®)® = g, since

(2) b —
WO _ bibi — bbb~ by

Y bi B bi

= a,'j.

Thus, we can choose a to instead be a'?, so that the symplectic pair of a becomes an explicit
Runge-Kutta matrix. The variational construction now applies with this choice of a, since it is



38 (&) B.TRANAND M.LEOK

invertible. For a separable Hamiltonian, the integration scheme splits and the system can be evolved
explicitly in time.

Numerical Scheme. We take a one-stage Runge-Kutta matrix in the temporal directiona = 1 (with
b=1,c=1) so that a®® = 0, and similarly in the spatial direction a = 1 (with b=1,¢=1) so
that 3@ = 0. Let <I>a,b,P2,b,P;’h, Vao» Wap Xap> Yap denote the internal stages associated to U, =
{ta, ta + At} x {xp,xp + Ax}. Letting ¢, denote the value of ¢ at {t;,xp} (and similarly for the
momenta), the multisymplectic partitioned Runge-Kutta method (28a)-(28k) gives, with the choice
of the sine-Gordon Hamiltonian (32),

Pg,b = ”:?,b+1’ (35a)
Vat1,b+1 = Papt1 + AtV = Py, (35b)
”2+1,b+1 = ”3,b+1 + AtXap, (35¢)

Pop = Tapip (35d)
Vat1,b+1 = Pat1b + DxWay, (35¢)
7Tal+1,b+1 = ”;—H,b + AxYgp, (35f)

wﬁ=%g@ubﬂyphw=$y (35g)

vnﬁ=%;@abﬂypg)=—m@ (35h)
&b+nb=%g@%hﬂp%ﬂ=—ﬂméml (351)

Eliminating the internal stage variables, equations (35g) and (35i) can be expressed as an integration
scheme in time
Pa+1,b — Pa,b _ 7[017>
At *
0 0 1 1
Tat1b — Tap " Tar1b ~ Tat1b-1
At Ax

= —sin(@gy1,6)

(where we shifted b > b — 1). Further eliminating the 71 variables using (35d), (35e), (35h), the
second equation above can be expressed as

0 0
Tar1b ~— Tap  Patibtl = 2Qat1b + Pat1b-1

At Ax?

= —sin(@a41,b)-
Thus, the corresponding numerical scheme is

Pat1b = Qap + ALTY}, (36a)

Pat+1,b+1 — 2Qar1,b + Pat1,6—1
Ax?

Topry = Tap + Al — Atsin(@ai1p)- (36b)

The scheme corresponds to discretizing the first-order formulation of the sine-Gordon equation,
dop° = 979 — sin g,
3¢ = p°,

in space using the standard discrete Laplacian and in time using the (adjoint) symplectic Euler
method. We refer to the method (36a)-(36b) as MSE (multisymplectic Euler).
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As discussed in Section 2.1, this scheme can be computed in a time marching fashion, given sup-
plied initial conditions for ¢ and 7%, as well as spatial boundary conditions. This scheme is explicit,
since the values of the field can first be updated using (36a), followed by updating the temporal
momenta using (36b). For the numerical experiment, we will compare this scheme to the scheme
which uses the standard discrete Laplacian in space and the forward Euler method in time,

Pat+1,b = Pab + Atn,?’b, (37a)

Dab+1 — 20apb + Pap—1
Ax?

T, =Toy + At — Atsin(@ap). (37b)
We refer to the method (37a)-(37b) as FE (forward Euler).

For our numerical experiment, we consider a family of initial conditions given by interpolating
the soliton solutions (g, (x), 718 (%)) = (¢4(0,x), dpv(0,x)) onto the spatial grid, for several values of
v (v = 0.50, 0.47, 0.45), on a spatial domain [—L, L]. We choose Neumann boundary conditions
7l(~=L) = 0 = 71(L) and choose L sufficiently large so that the Neumann conditions are satisfied
initially, up to a desired level of error (since 7!(x) = —d1¢,(0,x) decays monotonically to 0 as |x]|
increases), say L = 20 (so that 71 (L) = n'(—L) ~ 10719). To demonstrate the robustness of MSE,
we take a large spatial step Ax = 0.1 and a time step At = Ax/2; the experiment is run until a final
time T = 20.

(p°,#) Phase Space at t=0

o v=0.5
A~ v=0.47
& v=0.45

Figure 5. The (p°, ¢) phase space distribution of the initial conditions (running over all spatial nodes in [—L, L]). The solid curves
indicate the exact distribution.

(P°,¢) Phase Space at t=20 for MSE

o v=0.5
A v=0.47
& v=0.45

Figure 6. The (p°, ¢) phase space distribution at t = 20 using MSE (running over all spatial nodes in [—L, L]). The solid curves
indicate the exact distribution.
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(p°,) Phase Space at t=20 for FE

o v=0.5
A v=0.47
& v=045

Figure 7. The (p°, ¢) phase space distribution at t = 20 using FE (running over all spatial nodes in [—L, L]).

(p',¢) Phase Space at x=5 for MSE

Figure 8. The (p, ¢) phase space distribution at x = 5 using MSE (running over all timesteps in [0, T]). The solid curves indicate
the exact distribution.

(p',¢) Phase Space at x=6 for MSE

Figure 9. The (p', ¢) phase space distribution at x = 6 using MSE (running over all timesteps in [0, T1). The solid curves indicate
the exact distribution.

The initial (p°, ¢) phase space distribution is shown in Figure 5. The (p°, ¢) phase space distribu-
tion at t = 20 is shown in Figures 6 and 7 for MSE and FE, respectively. Comparison of Figures 5 and
6 shows the preservation of symplecticity in the temporal direction for the method MSE, whereas it
is clearly not preserved for FE.

Similarly, Figures 8 and 9 shown the preservation of symplecticity in the x direction for MSE.
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4. Conclusion and future directions

In this paper, we extended the construction of Hamiltonian variational integrators to the setting of
multisymplectic Hamiltonian PDEs. Our construction is based on a discrete approximation of the
boundary Hamiltonian, introduced in Vankerschaver et al. [44]. Through the Type II variational
principle, this discrete boundary Hamiltonian is a generating function for the discrete Hamilton’s
equations that define our multisymplectic integrator. The discrete variational principle automatically
yields integrators which are multisymplectic and satisty a discrete Noether’s theorem for group-
invariant discretizations. As an application of this variational framework, we derived the class of
multisymplectic partitioned Runge-Kutta methods; however, our construction is more general and
is not limited to this class of multisymplectic integrators. Finally, we showed that the discrete mul-
tisymplecticity which arose from the discrete variational principle agrees with the notion of discrete
multisymplecticity introduced in Bridges and Reich [6].

Perhaps the most natural research direction is to establish a variational error analysis result which
demonstrates that a computable discrete Hamiltonian that approximates the boundary Hamiltonian
to a given order of accuracy will result in a numerical method for the Hamiltonian partial differential
equation with the same order of accuracy. It should be observed that this poses two main challenges as
compared to the case for ordinary differential equations. The first is that the boundary of the space-
time domain is in general curved, and the space of boundary data (and boundary momentum) is
infinite-dimensional. As such, one would first have to approximate the spacetime domain with a
spacetime mesh, and choose a finite-dimensional subspace for sections of the dual jet bundle that
is subordinate to this spacetime mesh. Then, the error between the computable discrete Hamilto-
nian and the boundary Hamiltonian can be decomposed into three terms, the first of which can be
bounded by assuming that the boundary-value problem is well-posed and therefore has continuous
dependence on the boundary data, the second is associated with the variational crime of replacing
the spacetime domain with a spacetime mesh, and the third is a term that is analogous to what arises
in the usual variational error analysis for ordinary differential equations.

The second natural direction would be to establish a quasi-optimality result which demonstrates
that the variational error in the construction of a Galerkin boundary Hamiltonian is bounded from
above by a multiple of the best approximation error of the finite-dimensional function space used to
approximate sections of the configuration bundle.

Finally, it was established in McLachlan and Stern [33] that many hybridizable discontinuous
Galerkin methods are multisymplectic when applied to semilinear elliptic PDEs in mixed form, and
it would be interesting to see the kind of multisymplectic Hamiltonian variational integrators that
would arise for Hamiltonian time-evolution PDEs when using spacetime discontinuous Galerkin
finite element spaces to discretize the dual jet bundle.
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Appendices
Appendix 1. Higher spacetime dimensions

In this appendix, we treat the case of a spacetime tensor product (hyper)rectangular mesh in (n 4 1)-spacetime dimen-
sions, where the coordinates on spacetime are given by {x*},_. Let 7T (X) be a regular (hyper)rectangular mesh, with

AxH the spacing in the x* direction. We index the nodes of this mesh by x; = aAx* (where a is an integer) and con-
sider Jgo_gn € T(X) given by Do on = [T}, [x4,, xb, + Ax*], where [ denotes the (ordered) Cartesian product.
Fix a spacetime direction x*. For this direction, there are two (n — 1)-dimensional faces of [J,0_;», located along the
hyperplanes x** = x}, andx* = x/, |, to which the unit vector in the x* direction is normal. To each pair of such faces,
we associate a quadrature rule (for simplicity, we consider the case of one quadrature point). The field values at this
pair of quadrature points are denoted @40 _ [au—1]an[ant1].. [a7] A0 P[00].. (a1 ]ar+1[as+1]...[a]> Where the unbracketed
indices a* and a* 4+ 1 indices denote the faces with smaller and larger x*, respectively. Similarly, the corresponding

© 0 :
normal momenta to these faces are denoted 07 a1 ]at [ah1]...[a"] and L0, [V ]a 1 [+, ("] Note that, in the

(1 + 1)-dimensional case, this notation agrees with the notation that we used in Section 2.1 (where a’ =a,al = ).

We take B(L o) to consist of the ‘forward’ faces; that is, B(LCl,0__ ) is the union, over all i, of the face in the x*
direction with larger x* coordinate, x** = x, 1 (and similarly A(Cgo ) is the union, over all 11 of the face in the x*
direction with smaller x* coordinate, x* = x/,,). For brevity in the following equations, let

Tlgu[ = n{:zo]...[a”’l]a"[u““]...[a“]’
Plat[ = Pla]...[ar]ar [a# 1], [a"]>
a1l = (] a1 a4 1{an .. ]
Plat+1[ = Pla0]...[a#]ak +1[ak+1]...[a"]>

where we implicitly understand that (a’, .. .,a") are fixed. Then, the quadrature approximation of the integral over B
is given by
n
TBYB = Z I:]T]IZ/‘+1[¢]“”+1[Aan:| ,
B0 ) #=0
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where A"x;, =[], Ax". Letting 4 denote the collection of values of ¢ on the quadrature points on Ay, 4n)
(and similarly for ), the associated discrete boundary Hamiltonian is

n

O n
HY (pa,mp) = ext Z |:7T]"Zu+1[§0]a"+l[Anxﬂ:| =S, @1, p] |,
n=0

O
where S " js some discrete approximation of the action and the extremization is over all (¢,p) in the discrete
approximating space satisfying the prescribed (g4, 7g) boundary conditions. The Type II variational principle yields
the discrete forward Hamilton’s equations: for each p,

Tl = #DWA,LH;@A 7B)
wyp — LA, > >
lak 0™ Any,

1 +
Plar+1] = ATXMDJT,B,;LH,; (pa,mB),

where Dy 4, denotes differentiation with respect to the value of ¢ on the node on A in the u direction, i.e. 3/9¢)ax|
(and similarly D; 5, = 8/871]’(‘1#+1[).

Analogous results to the main body of the paper can be derived for the case of higher spacetime dimensions. For
example, the multisymplectic conservation law dZH;r = 0 (when evaluated on first variations) gives

Z (d(ﬂ]aqul[ A dﬂ]ﬁ”_'_l[ — d(p]au[ A dﬂ]l;ﬂ[) A"xu =0
"

(which formally is the quadrature approximation to | y o) d"x, =0).

Similarly, the generalization to multiple quadrature Sdigts is straightforward; for each pair of forward and backward
(n — 1)-dimensional faces in the u direction, we can choose multiple quadrature points and weights on the faces (the
quadrature rules on the forward and backward faces in the same direction must be the same, but the quadrature rules can
differ among the spacetime directions, as was the case in (1 + 1)-spacetime dimensions). Associated to these quadrature
points are the field and normal momenta values. Then, the discrete forward Hamilton’s equations just states that the
value of ¢ on a quadrature node in B is given by differentiating H with respect to the normal momenta 7 on that
node, divided by the product of A"x, and the quadrature weight at that node (and similarly, the value of the normal
momenta 7w on a quadrature node in A is given by differentiating H} with respect to the field value on that node,
divided by the product of A"x,, and the quadrature weight at that node). As one can verify, in the (1 4 1)-dimensional
case, this precisely reproduces (15a)-(15d).

One can then proceed as we did in the main body of the paper, in using the Galerkin construction as a discrete
approximation for the action. Utilizing analogous expansions to those in the main body of the paper (with an expan-
sion in each spacetime direction), the resulting variational integrator would then give a multisymplectic partitioned
Runge-Kutta method, where the integrator would formally be a symplectic partitioned Runge-Kutta method in each
spacetime direction with the internal stages satisfying the De Donder-Weyl equations.

Finally, it is worth noting that, at the start of Section 2.1, we laid a general formulation for unstructured meshes, arbi-
trary finite element spaces, and arbitrary spacetime dimensions. However, in general, the form of the discrete Hamilton’s
equations arising from the Type II variational principle can not be written explicitly, which is why we specialized to
the case of spacetime tensor product (hyper)rectangular meshes. It would be interesting to determine the form of the
discrete forward Hamilton’s equations in other settings for particular choices of meshes, finite element spaces, and
spacetime dimensions. For example, although a fully unstructured spacetime mesh would be challenging, one could
consider a spacetime tensor product mesh which is the tensor product of an unstructured spatial mesh and a regular
temporal mesh. Even in the case of a (hyper)rectangular mesh, it would be interesting to consider finite element spaces
of differential forms (such as the Q- AF spaces arising in finite element exterior calculus [2]), which could be interesting
in physical applications such as lattice field theory.

Appendix 2. Relation to Galerkin Lagrangian variational integrators

In this appendix, we discuss the relation between Galerkin Hamiltonian and Lagrangian variational integrators. From
the Lagrangian perspective, the appropriate generating functional is the boundary Lagrangian (see Vankerschaver et al.
[44]),

Lov(e) = /U L(, 8,) A",

where the expression on the right hand side is extremized over all ¢ such that ¢|3y = ¢. In general, methods derived
from discretizing the boundary Hamiltonian and boundary Lagrangian are not expected to be equivalent, even in the
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hyperregular case, as was shown in Schmitt and Leok [40] for the case of mechanics (where the boundary Hamilto-
nian and boundary Lagrangian are referred to as the exact discrete Hamiltonian and the exact discrete Lagrangian,
respectively).

However, for the case of Galerkin Lagrangian variational integrators on a (1 + 1) —dimensional rectangular mesh,
they are equivalent (in the hyperregular case), for a suitable choice of discrete boundary Lagrangian and using the same
(Galerkin based) expansions that we utilized in our construction of Galerkin Hamiltonian variational integrators. We
assume the same field expansions that we used in Section 2.3 (when discussing independent internal stages). Unlike
the boundary Hamiltonian where ¢ is specified on A and 7 is specified on B, the Lagrangian perspective specifies ¢ on
both A and B. One can define a discrete boundary Lagrangian as

L8P (o4, op) = ext o AtAx Y L(p(ciAt Ty AX), B0 (ciAL, T Ax), D16 (ciAL Ty Ax))
A=PAPIB=¥B

i
= eXtyie yio 1, 2i ATAX [Z bibo L(®,, VI, W)

i

+ ) ko | 1iel — Pola) — ALY bV
o j

+ D i | e — o — Ax Y bW
i B

+ Z Aia (Pie + q>ioz):| >
io

where in the first line, the right hand side is extremized over the finite-dimensional function space chosen in the
Galerkin construction (to obtain a discrete boundary Lagrangian instead of the exact discrete boundary Lagrangian
which extremizes over an infinite-dimensional space). The second equality follows from substituting the chosen expan-
sion and explicitly enforcing that the boundary condition ¢|g = ¢p are satisfied by the Lagrange multipliers A, and A;.
The normal momenta are then obtained by enforcing the variational principle, which gives the normal momenta 74, 7p
in terms of the derivatives of LgD with respect to ¢4, ¢p. This defines a Galerkin Lagrangian variational integrator.

Proposition A.1: If the continuous Hamiltonian H is hyperregular and the associated Lagrangian L is constructed by
the Legendre transform, then the Galerkin Hamiltonian variational integrator and the Galerkin Lagrangian variational
integrator are equivalent, for the same choice of expansion, i.e. specified by the basis functions yr;, Vg and quadrature rules.

Proof: The proof follows from using the Legendre transform to express

OH($,p".p")
W=
pM
which is invertible by assumption of hyperregularity, i.e. one can express the momenta in terms of the field and their
derivatives. The computation then follows analogously to the 1-dimensional (mechanics) case, as shown in Leok and
Zhang [26], noting that the Legendre transform holds at the internal stages. |

It is expected that this equivalence holds in the case of higher-dimensional spacetime tensor product
(hyper)rectangular meshes, although it is still unclear to what degree this holds for general unstructured spacetime
meshes and general finite element spaces. We aim to explore this in future work.



	1. Introduction
	1.1. Lagrangian and Hamiltonian variational integrators
	1.2. Multisymplectic Hamiltonian field theory
	1.3. Multisymplectic integrators for Hamiltonian PDEs
	1.4. Main contributions

	2. Multisymplectic Hamiltonian variational integrators
	2.1. Discrete Hamiltonian field theory
	2.2. Galerkin Hamiltonian variational integrators
	2.3. Multisymplectic partitioned Runge–Kutta method
	2.4. Multisymplecticity revisited

	3. Numerical example
	4. Conclusion and future directions
	Acknowledgments
	Disclosure statement
	Funding
	ORCID
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /PageByPage
  /Binding /Left
  /CalGrayProfile ()
  /CalRGBProfile (Adobe RGB \0501998\051)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings false
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.90
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.90
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Average
  /MonoImageResolution 300
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /ENU ()
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [493.483 703.304]
>> setpagedevice




