Lie Group Variational Collision Integrators for a Class of Hybrid Systems*
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Abstract. The problem of 3-dimensional, convex rigid-body collision over a plane is fully investigated; this
includes bodies with sharp corners that is resolved without the need for nonsmooth convex analysis
of tangent and normal cones. In particular, using nonsmooth Lagrangian mechanics, the equations
of motion and jump equations are derived, which are largely dependent on the collision detection
function. Following the variational approach, a Lie group variational collision integrator (LGVCI)
is systematically derived that is symplectic, momentum-preserving, and has excellent long-time,
near energy conservation. Furthermore, systems with corner impacts are resolved adeptly using
e-rounding on the sign distance function (SDF) of the body. Extensive numerical experiments are
conducted to demonstrate the conservation properties of the LGVCI.
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impacts, hybrid systems
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1. Introduction. Hybrid systems are dynamical systems that exhibits both continuous
and discrete dynamics. The state of a hybrid system changes either continuously by the flow
described by differential equations or discretely following some jump conditions. A canonical
example of a hybrid system is the bouncing ball, imagined as a point mass, over a horizontal
plane. The extension of this problem to 3-dimensions, wherein the bouncing body is rigid and
convex, is rather complex, especially in the case of sharp corner impacts; in fact, these systems
have unilateral constraints that describe the collision surface. We study such problems with
perfectly elastic collisions and the Lie group variational collision integrators (LGVCI) are de-
rived following the approaches introduced in [10] and [22]. The advantage of these frameworks
is that they yield a global description of the system, in contrast to local representations such
as Euler angles [30, 45]. Furthermore, in high-precision physics engine and graphics dynamics,
the integrator becomes a foundation, and its extensions with inelastic collisions and friction
can be derived to fully actualize the engine. This is also naturally applicable to problems in
optimal control with similar nonlinear manifold constraints [27, 36, 38, 40, 41]. In particu-
lar, these constraints and optimal control problems arise in robotics [9, 28, 39, 56, 57] and
multi-body dynamics [18, 26].

There is an extensive literature on various extensions of the bouncing ball example. In fact,
it is a subset of the broader, classical field of rigid-body dynamics, which has a strong emphasis
on collisions, contact, and friction. Due to its practical importance and various theoretical
challenges, there have been extensive studies which have been summarized in textbooks [3,
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4, 13, 14, 19, 24, 43, 47, 53], some of which are considered classical references in the field.
However, there is a notable absence in the literature on global descriptions of rigid-body
dynamics with collisions, e.g., configurations of the bodies via Lie groups. This is due to the
fact that systems with collisions are not continuous because there is an instantaneous jump in
momenta after each collision. Consequently, research interests focus mostly on discrete impact
solutions of systems with rigid-bodies, which date back to Brach’s “Rigid Body Collisions” in
1989 [1, 2].

There are, of course, more general studies of impacts for rigid-bodies, for example, the case
of extremely small deformations (also known as “hard” collisions) at the contacting points; the
research on this case stem from three main theories regarding the compression and restitution
phases brought forth by Newton in 1833 [35], Poisson in 1838 [44], and Stronge as early as
1990 [50, 51, 52, 54]. Actually, these “extremely small” deformations are one of the three
main categories of collision problems indicated by Chatterjee and Ruina in [5] and Najafabadi
et al. in [34]. The first other category is “small” deformation collision which can be resolved
using compliant contact modeling such as Hertz’s model [16] and non-linear damping model
introduced by Hunt and Crossley [17]; the second is “large” deformation collisions which
require tools from continuum mechanics, e.g., finite element methods [8, 21, 48, 55]. In short,
the literature and history of rigid-body and contact dynamics modeling are extensive, so one
may refer to the following surveys and reviews in [10, 11, 12, 49] for a more complete picture
of the field.

Our approach to the collision problem for a convex rigid-body is based on the varia-
tional methodology and integrators developed in Fetecau et al. [10]. They specifically develop
the theory for nonsmooth Lagrangian mechanics, which automatically gives a symplectic-
momentum preserving integrator. Furthermore, near impacts, a collision point and time are
determined to solve for the next configurations using the variational method as well. This
approach was extended to develop collision algorithms for dissipative systems [6, 29, 46] that
take advantage of the near-energy preserving properties of the variational integrators in the
absence of dissipation in order to more reliably track the energy decay of dissipative systems.
The case of nonsmooth field theories was considered in [7], which is built on multisymplectic
field theories [15] and multisymplectic variational integrators [31].

This paper, however, extends the work of Fetecau et al. to the 3-dimensional case and
explicitly uses the special Euclidean group to give a complete description of the system away
and during impacts. In addition, it investigates the equations of motion and jump conditions
at impact for a class of hybrid systems, in which a convex rigid-body is bouncing elastically
over a horizontal/tilted plane. The corresponding Lie group variational collision integrators
(LGVCI) are derived, and extensions of the algorithm are developed for rigid-bodies with sharp
corners, drawing from the tools of solid geometry. In particular, the signed distance functions
[37] will be utilized to cleverly regularize our hybrid systems at corner impacts; consequently,
nonsmooth analysis and differential inclusions may be avoided entirely. This work provides the
foundation for future directions involving dissipation, multi-body, and articulated rigid-body
collisions.

1.1. Contributions. We first investigate an ellipsoid bouncing elastically on the horizon-
tal plane. The equations of motion and the jump conditions during impacts are derived,
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LIE GROUP VARIATIONAL COLLISION INTEGRATORS FOR A CLASS OF HYBRID SYSTEMS 3

and they are expressed in terms of the signed distance function between the ellipsoid and
plane. Furthermore, the signed distance function allows us to detect collisions and it has the
necessary regularity for us to describe the jump conditions. For the collision response, jump
conditions give a unique, instantaneous configuration after each impact time based solely on
the instantaneous configuration before and the tangent space to the configuration at impact.

The paper also develops the LGVCI for our hybrid system. The integrators adopt the usual
discrete flow for configurations away from the impact points, and the discrete equations are
modified to describe the discrete flow near and at the impacts. Since the integrators are based
on variational integrators, they are symplectic, momentum-preserving, and exhibit excellent
long-time, near energy conservation. In addition, they respect the Lie group structure of
the configuration space. Numerical simulations of the triaxial ellipsoid are presented, and we
discuss the Zeno phenomenon, wherein a hybrid system makes an infinite number of jumps —
collisions in this case — within a finite time.

We demonstrate how to extend the model problem, by considering tilted planes and the
unions and/or intersections of convex rigid-bodies. We further develop a sensible and practical
regularization for the collision response of convex rigid-bodies with sharp corners that avoids
the need for nonsmooth convex analysis, tangent, and normal cones. Since the tangent space of
the configuration is not well-defined for corner impacts, the method introduces a regularization
by smoothing the boundary of the bodies by a small e-parameter to handle such collisions.
We provide numerical results for the case of tilted planes, unions of two ellipsoids, and the
cube.

1.2. Organization. The paper is organized as follows: In Section 2, background mate-
rial and a description of the model problem is given. The theory of nonsmooth Lagrangian
mechanics and the corresponding collision variational integrator discretization are presented
in Section 3. In Section 4, we derive the full equations of motion with jump conditions at
the point of collision, and then the full variational integrators and algorithms are derived in
Section 5. We provide the extension to titled planes and more general rigid-bodies in Section
6. Finally, numerical experiments for four different hybrid systems are explored, and further
discussions of the algorithm are given in Section 7. In Appendix A, we derive the detection
collision for the ellipsoid; in Appendix B, we characterize the necessary inertia matrices for
the equations of motion and variational integrators; in Appendix C, we compute the tangent
maps used to derive the variational integrators.

2. The Problem: Dynamics of a Bouncing Ellipsoid. We want to analyze the dynamics
of an ellipsoid bouncing elastically on the plane under the effect of gravity. Hereafter, we
will refer to this as the dynamics of a bouncing ellipsoid. Some relevant background will be
introduced to describe our system, which will provide the necessary foundation to develop our
proofs, computations, and generalizations of our theory.

2.1. Notation. The notation we adopt for linear algebra and the configuration space of
Special Euclidean group SFE(3) is presented here.

2.1.1. Skew Map, Trace, and Inner products. Recall that the Lie algebra so(3) of the
rotation group SO(3) is the set of skew-symmetric matrices. Consider the skew map S : R? —
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50(3) defined by

0 —XI3 o
S(x)=| z3 0 -z,
—X9 I 0

where S(x)y = x x y for any =,y € R3. One can show the following properties hold:

(2.1a) S(x)! = —S(x),
(2.1b) S(x)? =zl — ||z|*I;,
S(x xy) =5(x)S(y) - S(y)S(x)

(2.1¢) - T

=yr -y,
(2.1d) S(Rx) = RS(x)RT,
for all z,y € R? and R € SO(3), where I3 € R3*3 is the identity matrix and | - | is the
Euclidean norm. Furthermore, S is an isomorphism with the inverse defined by
(2.2) STHY)T = (Q32, 3, ),

for any Q € s0(3).
We introduce the following maps: Asym : R3*3 — R3*3 and Sym : R3*3 — R3%3, which
are defined respectively by

(2.3) Asym(A) = A — AT,
(2.4) Sym(A) = A+ AT,
for any A € R3*3. The trace of a matrix is denoted by tr[A] = S22 | Ay, and satisfies the
following property:
Proposition 2.1. For all skew-symmetric matrices € R3*3,
(2.5) tr[QT P] = 0,
if and only if P € R3*3 is symmetric, i.e., Asym(P) = 0.

This fact provides an insight into the usual inner product of R3*? where one of the matrices
is skew-symmetric. Recall that the inner product (-,-) : R3%3 x R3*3 — R is defined by

(A, B) = tr[BT A].

Suppose that € is skew-symmetric and A € R3*3. Since A = J Sym(A) + 3 Asym(A), we have
that by Proposition 2.1,

(2.6) (A,Q) = %tr[QT Asym(A)].

Note that Asym(A) is also skew-symmetric, so this naturally leads us to the inner product on
50(3). In fact, the Lie algebra is a linear space with the inner product (-, -)g : 50(3) xs0(3) — R,
which is induced by the standard inner product on R? via the skew map,

(2.7) (Q1, Q)5 = wj wi,
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where Q1, Qs € 50(3) and wy,ws € R3 such that S(w;) = Q;. It can be shown that (1, Q) =
$tr[Q7'Q], and by (2.6), the inner products on R**3 and so(3) are related by (A,Q) =
(Asym(A), Q)s.

2.1.2. Special Euclidean Group SFE(3). Given our main goal, it is natural to describe
the translation and rotation of the ellipsoid using the Special Fuclidean group SE(3) as our
configuration space. Recall that SE(3) is the Lie group defined by

SE(3) = {(x,R) € R* x GL(3) | R"R = RR" = I and det(R) = 1}
=R3 x SO(3),

where x is the semidirect product. The semidirect product structure of SE(3) can be conve-
niently encoded in terms of homogeneous transformations,

R =z
oo 3
where the group operation is defined by the usual matrix multiplication. This allows SFE(3)

to be viewed as an embedded submanifold in GL4(R). Furthermore, its action on R? is given
by matrix-vector product once we embed R3 «— R3 x {1} ¢ R*:

(2.82) 0o 1(]lo 1 0 1

(2.8b) []; ﬂ [ﬂ - [Rzi m]

where R, Ry, Ry € SO(3) and z,x,x1, 2 € R3. As a result, (x,R) € SE(3) represents a
configuration of the rigid-body where « is the location of the origin of the body-fixed frame
relative to the inertial frame and R as the attitude of the body. In particular, if p € R3 is
a vector expressed in the body-fixed frame, then x + Rp is the same vector expressed in the
reference frame (see Figure 1).

Furthermore, the Lie algebra se(3) is given by

[32 932] [Rl 331] _ [3231 R2w1+w2]

(2.9) se(3) = {(y,Q) |y € R? and Q € 50(3)},

where the elements of se(3) have the following form in the homogeneous representation:

[2 4

It has an induced inner product from the standard inner product of R3, which is given by
(2.10) (y1,21) s (Y2, Q2) = y3 y1 + (Q1, Q2)s = ya y1 + 5 tr[Q3 Q1]

where (y1,Q1), (y2,2) € se(3).
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R2 x+ Ry
x+ Rz R Y

x+ RZ

Figure 1: Tlustration of the body-fixed frame (left) and inertial frame (right) of an ellipsoid
for a given configuration (x, R) € SFE(3)

2.2. Distance between an arbitrary ellipsoid and the plane. In order to simulate the
dynamics of a bouncing ellipsoid, it is crucial to be able to perform collision detection between
the ellipsoid and plane for each integration step. If the distance between the two is greater
than zero, the next integration step is considered; if it is less than zero, we discard the current
step and utilize a rootfinder to find the integration step that advances the solution to the
impact point and time. Then, we use the variational collision integrator at the impact point
to apply the discrete jump conditions, and then take the remainder of the integration step.

We briefly introduce the notation for the ellipsoid and plane, and then the formula for the
collision detection function will be given. A complete description is given in Appendix A. For
practicality, the plane is fixed as the horizontal plane defined by

(2.11) P={zeR?|nTz+0=0},
where n” = (0,0,1). In general, planes are represented as
(2.12) P(n,D) ={z e R |alz+ D=0},

where 7 € S? and D € R. Now, suppose that a, b, ¢ > 0 and consider fe : R® — R defined by

A 25 4 T(7-1)2 :
(2.13) fe(z) = 2 + 22 + 2= (Ig ")z, where Ig = diag(a, b, ¢).
Let us write the standard ellipsoid centered at the origin as
(2.14) E(a,b,c) = {z € R?| fe(z) < 1},
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LIE GROUP VARIATIONAL COLLISION INTEGRATORS FOR A CLASS OF HYBRID SYSTEMS 7

with the shorthand notation £ when the lengths of the semiaxes are understood. Let (&, R) €
SE(3) denote the configuration of the ellipsoid, where @ is the center of mass and R is the
attitude of the ellipsoid. Consider the map T{4 ) : R3 — R? defined by

Tia,r)(2) = Rz + =,

which represents the action of SE(3) on R3. Then, the arbitrary ellipsoid is simply the image
of the map, denoted by
5/ == T(a:,R) (8)

For a strictly positive distance between the plane and ellipsoid, their intersection is empty.
Thus, & NP = () and x3 > 0 since the center of mass of the ellipsoid is always above the
horizontal plane for our system. In the case that the distance is zero, their intersection must
be a singleton since P is closed and convex and £’ is compact and strictly convex. Essentially,
this is one of the key assumptions of our system to reduce complexity and ensure uniqueness of
the ellipsoid’s trajectory based on the variational approach. The empty intersection condition
gives us the distance formula and a condition:

(2.15) dy (&', P) = min{|nTx| £ | IeRTn|} and |[IeRTn| < |nTx|,

which follows from Theorem A.11 in Appendix A.2. Note that the inequality ||[I¢RTn| <
|nTx| is equivalent to the condition & NP = (. Furthermore, given n’x = x3 > 0 with
the inequality, the minimum value is chosen with the minus sign. As a result, we have the
following proposition for our hybrid system:

Proposition 2.2. Let ® : SE(3) — R be the collision detection function, which is
defined by

(2.16) ®(z,R) =n'x — |IcR n|,

where m is the normal vector of the plane P and Ig¢ = diag(a,b,c). Let (x,R) € SE(3), so
that &' = T3 ry(£) is the arbitrary ellipsoid. Assume that &' NP = and x3 > 0, then

(2.17) do(&E',P) = ®(z, R).

The collision detection function ® allows us to characterize the admissible set of configurations
for the bouncing ellipsoid system. Namely, if the center of mass is below the plane (z3 < 0),
we get ®(x, R) < 0. In the case that the ellipsoid intersects the plane, the inequality becomes
|[Ie RTn|| > z3, and so ®(x, R) < 0. Of course, equality here implies that the ellipsoid makes
an impact on the plane without interpenetration — a description where no body element of the
ellipsoid crosses the plane. Therefore, the signed distance function satisfies ®(x, R) > 0 for
all the “allowable” configurations (x, R) € SE(3), which we will define more rigorously next.

3. Background. Before the variational collision integrators are derived for the bouncing
ellipsoid, we will first give an overview of the main ideas and techniques in both the continuous-
time and discrete-time setting following the approach developed in [10, 42]. Specific results
for the ellipsoid dynamics will be stated in this section, and this will provide us with the tools
to construct the necessary integrators in the subsequent sections.
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3.1. Continuous-Time Model.. Let @) be the configuration manifold. Let the submani-
fold C' C @ be the admissible set, which consists of all the possible configurations where no
contact occurs. The contact set JC consists of all the points at which contact occurs without
any interpenetration.

Consider a Lagrangian L : T'() — R. In the nonautonomous approach, we introduce
a parameterized variable 7 € [0,1] for the time and trajectories in @) with mappings c;(7)
and cq(7), respectively. Assume that there is one contact point occurring at = € (0,1) for
simplicity, but the theory can be easily extended for multiple contacts. Now, let us consider
the smooth manifold path space in [10],

(3.1) M =T xQ([0,1],7;,0C, Q),
where

T ={ct € C>([0,1],R) | ¢, > 0 in [0, 1]},
Q([0,1],7,0C, Q) = {cq : [0,1] = Q | ¢q € C°, piecewise C2,
has one singularity at 7;, and cq(7;) € 0C'}.

Then ¢ = (¢, ¢q) € M, and define the associated curve q : [c,(0),c(1)] = Q by
q(t) = (' (1))

As a result, we are essentially considering paths on an exztended configuration manifold Q. =
R x Q. Now, the extended action map & : M — R is given by

(3.2) &(c) = /0 L(c(r), ¢ (7)) dr,

where L : TQ. — R is defined as
(33 Hdﬂ#&»=LGW%2gDév)

The factor of ¢} appears due to the Jacobian from the change of coordinates s = ¢;(7) for the
usual action of the associated curve

ce(1)
(3.4) wwzjx)uww«@m&

Lastly, we introduce the extended configuration manifold of Q.,

26
(3.5) @:{d<meT@@>

dr?

cecmam@a}

which helps us derive the equations of motion and jump conditions after taking variations of
the action:

This manuscript is for review purposes only.



LIE GROUP VARIATIONAL COLLISION INTEGRATORS FOR A CLASS OF HYBRID SYSTEMS 9

261 Theorem 3.1. Given a C* Lagrangian L, k > 2, there exist a unique C*~2 Euler—Lagrangél}
262 derivative EL : Q. — T*Q. and a unique C*~! Lagrangian one-form © on TQ. such
263 that for all variations éc € T, M, the variation of the extended action is given by

~ Ti 1 T Ll
264 (3.6) dS-dc= / EL(") - dcdr + / EL(c") - dcdr +©r(c) - 60‘(; +0Or5(d) - dc
0 i T,

+7

265 where, in coordinates,

» oL d (0L d (OLcy

266 (37&) EL(C”) = |:an£ — % <8q):| qu + |:d’7' <8cht — L):| dCt,
oL oL ¢

267 . N =|=— —— L
267 (3.7D) Or(cd) [8(}] g — [8(} ’ ] dey,
e o B Oc ddc
268 (3.7¢) de(r) = <(c(7’)7 a7_(7')) , (50(7’), a5 (T))) .
269 Hamilton’s principle states that the possible trajectories of the system are the critical

270 points of the action map. Therefore, all of the solution paths ¢ € M must satisfies dS-5c=0
271 for all d¢ € T, M, which vanish at the boundary points 7 = 0 and 7 = 1. Then, if ¢ is a
272 solution, it satisfies

- Ti 1 ot
273 (3.8) dS - dc = / EL(") - dcdr + / EL(") - dcdr +OL(c)-dc| " =0.

0 Ti T;

274 The above equation holds if and only if the Euler-Lagrange derivative is zero on the smooth
275 portions [0, 7;) U (74, 1], and the Lagrangian one-form has a zero jump at 7;. The first gives us
276 the extended Euler—Lagrange equations expressed in the time domain as

oL d (0L
277 (3.9a) <6q — <8q)> ~0q =0,
278 (3.9b) 7 (qu - L) =0,

279 for all 6q € Ty)C and t € [to, t;) U (t;, 1] where tg = ¢;(0),t1 = (1), and #; = ¢4(7;). There is
280 some redundancy in this set of equations because (3.9b) is actually a consequence of (3.9a):
281 Note that < (8q> 8L for all 6q € Ty;)C, so

282 i <8Lq — L) d <8L> + = aL d—L
dt \ 0q dt \ 8q dt
283 = [an + aL(j] _dL
dq a4 dt
284 =0,

285  since the time derivative of the Lagrangian is the expression in the square brackets In addition,
286 (3.9b) implies energy conservation for the autonomous system where E = a — L, which is
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10 K. TRAN AND M. LEOK

unsurprising, since the standard Euler—Lagrange equation already preserves energy. Hence, it
suffices to consider the standard Euler—Lagrange equation for the equations of motion.

For the Lagrangian one-form, one write it compactly as ©p = %—f}f dqg — E dt in the time
domain. Then, having a zero jump at 7; implies that

oL oL
3.10a — - = -0q =0,
( ) <aq t:t;.*' aq t:t;) !
(3.10b) E(q,(i)‘t:t_+ — Elg, (J)L:t._ =0.

for all g € Tj(;,)0C. This set of equations is known as the Weierstrass—Erdmann type condi-
tions for impact. While (3.10a) indicates that the momentum is conserved in the tangential
direction of OC, (3.10b) indicates the conservation of energy during an elastic impact.
Together, (3.10) gives the solution to ¢(¢;), and it is clear that an obvious solution would
be q(t]) = q(t;). However, this is not allowed as the trajectory will no longer stay within the
admissible set C. For a contact set 0C that is a codimension-one smooth submanifold, the

solution to (3.10) exists and is locally unique [10].

3.1.1. Legendre Transform. Although the proof to Theorem 3.1 is omitted, its results,
namely the Euler—Lagrange derivative, were obtained by taking the variation with respect to
the tangent bundle T'Q). Hence, it is also natural to derive Hamilton’s equations by taking
variations in terms of momenta FL(q,¢) € T*Q where,

N oe.  d .
(3.11) FL(g.q)-8¢= | L(g,q+edq).
e=0

The map FL is the Legendre Transform or fibre derivative, and T*() denotes the cotangent
bundle. From this transformation, it can be shown that Hamilton’s equations are equivalent
to the Euler—Lagrange equations and they provide an alternative description of our system
[32].

3.2. Discrete-Time Model. Ideally, we would like to introduce the discrete-time model
analogously to the continuous case using the nonautonomous approach. However, there is
no guarantee that there exists a varying timestep solution to the extended discrete Euler—
Lagrange equations as discussed in [20] and [25]. Therefore, we shall only introduce the
discrete-time equations using the autonomous approach with a fixed timestep h € R instead.

In the discrete setting, consider a discrete Lagrangian Ly : @ X () — R that approximates
a segment of the autonomous action integral

tet1
Litaoars )~ [ Lla(o)d(e) dt,

ty

where ¢ = q(tx), qk+1 = q(tx+1), and h = txy1 — tr. In general, the action integral is
approximated using discrete fixed timesteps,

ty = kh, for k=0,1,..., N.
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Let & € [0, 1] such that 7 = t;_1 + a&h is the fixed impact time corresponding to the param-
eterized variable. Denote the actual impact time by ¢ = t;_; + ah, where o = tq(a) with tg
being a strictly increasing function from the closed unit interval onto the closed unit interval.
Now, define the discrete path space to be

(3.12) Mg =Taq x Q4(a,0C, Q),
where

Ta = {ta(@) = a | ty € C*(]0,1],]0,1]), ¢4 onto, t; > 0},
Q (OZ 80 Q) - {Qd {t07 . atiflv%ativ v 7tN} — Q | Qd(%) € 80}

Moreover, we remark that 7; is actually the closed unit interval [0,1] given all the possible
strictly increasing, surjective functions t4.
For a more convenient notation, identify the discrete trajectory with its image

(a,q4) <> (. {q0,- -+ 41,9, G, - -, an}),
where ¢ = qq(tr), ¢ = qa(7), and a = t4(&). In fact, My is isomorphic to [0,1] X @ x --- X

0C X ---x @, so it can be viewed as a smooth manifold. Then, for ¢; € Q4(&, 9C, Q), we have
the tangent space

quQd(d,aC, Q) = {’qu : {tg, etz Tyt . ,tN} - Q | qu(%) S TqaC}
Now, for (a, g¢) € M, also identify (6cv,vq,) € T4, q4,)Ma With its image
((5(1, qu) — (5a7 5qd) = ((50&7 {5(]07 v 75Qi—17 567 6q27 .. 75QN}>7

where dq;, = vy, (tk), 6G = vq,(7), and dov = vy, (&).
The discrete action map &g : Mg — R is defined by

[y

N
(313) Gd(a7 Qd) = Z Ld(Qka dk+1, h) + Ld(Qi*lv (ja Oéh) + Ld(d: qi, (1 - Oé)h),
k=

k#i—1

on which we will take the variations with respect to the discrete path and parameter a.
Lastly, we define the discrete second-order manifold to be

Qa=QxQxQ,

which is locally isomorphic to Q..

Theorem 3.2. Given a C* discrete Lagrangian Lg : Q X Q x R — R, k > 1, there exist
a unique C*~1 mapping ELg : Qa — T*Q and one-forms er L and @+ on the discrete
Lagrangian phase space Q x Q such that for all variation (6c,0qq) € T4, q,) Md of (ta,qq), the
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variation of the discrete action is given by

i—2 N-1

dG4(ar, qa) - (60,0qa) = > ELa(qk1, k> Ghs1) - 0qk + Y ELa(gr-1, Gh» dht1) - 5
k=1 k=it1

+07 (av-1,9n) - (dan-1,dqn) — O (q0, @1) - (80, 1)
(3.14) + [D2La(qi-2,Gi—1,h) + D1La(qi—1,G,ah)] - 6gi—1
+ h[D3L4(gi-1,q, ah) — D3L4(q, qi, (1 — a)h)] - dcx

+i"(D2Lg(qi-1,q, ah) + D1L4(q, ¢;, (1 — a)h)) - 6

+ [D2La(q, i, (1 — a)h) + D1La(gi, gi+1, b)) - 5%

where i* : T*Q — T*0C is the cotangent lift of the embedding i : 0C — Q.
The map E Ly is called the discrete Fuler—Lagrange derivative and the one-forms @Zd

and @Jer are the discrete Lagrangian one-forms. These are the coordinate expressions,

(3.15) ELq(qk—1, Qx> 1) = [D2Lq(qr—1,qx h) + D1La(qr, qr+1, h)] day,
forke{l,...;i—2,i,...,N — 1} and

(3.16a) ©7 (@ Gk11) = D2La(qr, qr+1, ) dar1,
(3.16b) O7,(ak: ak+1) = —D1La(qk, Gk+1, h) dgy.

Note that D; denotes the partial derivative with respect to the i-th argument of the discrete
Lagrangian. Now, by the discrete Hamilton’s principle, the possible discrete, stationary paths
(tq,qq) are critical points of the discrete action map. Therefore, the solution,

(aa{QOa"'aqi—l)67qia""qN})y

satisfies d&4(a, qq) - (6, 0qq) = O for all variations (da, 6qq) € T{q,q,)Ma that vanish at index
0 and N.

Using equation (3.14), we conclude that the discrete Euler—Lagrange derivative vanishes,

a,qq)

(3.17) [DaLa(qk—1,qk, k) + D1La(qr, qx+1, h)] - dqr = 0,

for all g, € T;,,C and all k € {1,2,...,i—2,i+1,...,N — 1}. This is know as the discrete
Euler—Lagrange equations, which describes the system away from the impact point.
Then prior to the impact, we have this system of equations,

(3.18a) [D2Li(gi—2, Gi—1,h) + D1La(qi-1,q, @h)] - 6gi—1 = 0,
(3.18b) jeac,

which can be used to solve for o and ¢, the impact point. Next, we have the discrete impact
condition,

(3193') D3Ld(Qi—17 (ja O[h) - D3Ld(qa qi, (1 - a)h) = 07
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qi-2 @. qi+1

Figure 2: The discrete variational principle for collisions

(3.19b) i*(DaLg(qi—1,4,ah) + D1L4(q, qi, (1 — a)h)) - 6§ = 0,

where we solve for g;. To provide an interpretation for the discrete equations above, define
the discrete energy Eq: Q X Q — R by

(3.20) Ea(qk, @k+1,h) = —D3La(qk, @i, ).

This definition is motivated by the fact that it yields the exact Hamiltonian if we apply it
to the exact discrete Lagrangian Lg . The exact discrete Lagrangian Lg is equal to action
integral of the exact solution of the Euler-Lagrange equations that satisfy the prescribed
boundary conditions, and is related to Jacobi’s solution of the Hamilton—Jacobi equation.
Hence, equation (3.19a) represents the conservation of discrete energy while equation (3.19b)
expresses the conservation of the discrete momentum projected onto T*0C. Lastly, we obtain
gi+1 by solving the last system of equations,

(3.21) [D2L4(q, ¢, (1 — a)h) + D1L4(gs, gi+1, )] - 6g; = 0.

Equations (3.17)-(3.19) and (3.21) describe the complete trajectory of the discrete path in-
cluding the impact point and time. We will rely on these equations to construct our algorithm
to simulate the dynamics of the bouncing ellipsoid.

3.2.1. Discrete Legendre Transforms. In the discrete-time model, we may also write the
variational collision integrator in Hamiltonian form via the discrete analogue of the Legendre
transform, known as the discrete Legendre transforms or discrete fiber derivatives F¥Lg :
Q x Q — T*Q. They are defined by

(3.22a) F~La(qk, gk+1) - 0qx = —D1La(qk, r+1) - Oqk,
(3.22b) F*La(qr, qrr1) - 0qk+1 = DaLa(qk, qrs1) - 0qk11-
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14 K. TRAN AND M. LEOK

This allows us to introduce momenta as images of the discrete Legendre transform,

(3.23a) Prigsr =P (@ @hy1, ) = F La(qr, qrr),
(3.23b) Pris1 =P (ks k1, h) =F~ Lalqr, qes1)-

The discrete Euler-Lagrange equations (3.17) may be rewritten as

F*La(qr—1,a%) - 6qk = F~ La(qx, qr+1) - 0.

This translates to p,j_l k = Pp.s1» Which shows that the discrete momentum expressed on the
time interval [tx_1, %] is the same as on the time interval [tx, tx+1]. This allows us to interpret
(3.19b) as the conservation of discrete momentum projected onto 7*9C' during the impact.

4. Dynamics of the Bouncing Ellipsoid. In this section, we derive the continuous equa-
tions of motion and the jump conditions for the bouncing ellipsoid. However, we first construct
the Lagrangian based on the approach described in [22].

Consider the configuration space @@ = SE(3). Denote the set of body elements of a rigid-
body by B, namely the ellipsoid, and let (x, R) € SE(3) describe its configuration. Then, the
inertial position of a body element of B is & + Rp, where p € R? is the position of the body
element relative to the origin of the body-fixed frame. Thus, the kinetic energy is written as

1 . 1 . 1 .
T:/ Hd:—l—Rszdm:/ |]st2dm—|—/szdem+/ | 2|2 dm.
2 /s 2 /s B 2 /s

Recall that fB pdm = 0 since the origin of the body-fixed frame is the center of mass of the
rigid-body. Expanding || Rp|?> = tr[Rpp” RT], we obtain,

1 1 . .
T:§WMW+§UWQRH,

where m is the total mass and J; = fB pp’ dm is a nonstandard moment of inertia matrix.
By property (2.1b) of the skew map, J; is related to the standard moment of inertia matrix

J = [3S(p)"S(p) dm by

J = tr[Jg|ls — Jg,

1) @:lmmg—i
2
and
(4.2) S(JN) = S(Q)Js + J4S(),

for any € € R? (see Proposition B.1 in Appendix B). Since the ellipsoid is under the influence
of a uniform, constant gravitational field in the z-component, the potential energy is written
as

U = mgele,
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where ¢ is the gravitational acceleration. Hence the Lagrangian L : TSE(3) — R is defined
by

o1 1 ..
(4.3) L(z,R,%,R) = 5m||:i:||2 +5 tr[RJ4RT] — mgel x.

This form of the Lagrangian is useful for computing the equations of motion and the jump
conditions directly from Theorem 3.1. However, a modified Lagrangian expressed in terms of
identifications with the Lie algebra, which is a linear space, is useful for computing variations.

We recall that when R € SO(3), R = RS(€) for some © € R3 by left-trivialization. Since
SE(3) = R3 x SO(3) is defined by a semidirect product, we are careful with the identification
on the tangent bundle TSE(3) = SE(3) xs¢(3) where SFE(3) is associated with R? x SO(3) and
se(3) with R? x s0(3). Furthermore, s0(3) ~ R3 by the skew map. With these identifications,
we can introduce a modified Lagrangian L : R? x SO(3) x R? x R?® — R. Denote the position,
attitude, linear velocity, and angular velocity of the ellipsoid by (x, R, &, ), respectively.
Then, the modified Lagrangian is defined by

N 1 1

(4.4a) L(z, R, &,0Q) = §m||a'3||2 +3 tr[S(Q)J4S(Q)1] — mgelx
1 1

(4.4b) = §m||zc||2 + EQTJQ — mgelx,

which follows from Proposition B.2 in Appendix B.
Here, the admissible set is

(4.5) C = {(z,R) € SE(3) | ®(z,R) > 0} C Q,

where @ is the collision detection function discussed in Section 2.2. Furthermore, this means
that the boundary is the zero level set of the function,

(4.6) oC = {(x,R) € SE(3) | ®(x,R) = 0} = &~1(0),

where 0 is a regular value.

4.1. Equations of Motion. We shall compute the equations of motion in two different
ways. The first involves careful choices of variations of the modified Lagrangian that respect
the geometry of the configuration space, and the second directly computes the Euler—Lagrange
equations.

4.1.1. Equations of Motion: First Variation. Consider the action integral in terms of
the modified Lagrangian,

ty .
G(m,R):/ (e, R, &, Q) dt,

to

where (x(t), R(t)) € C for t € [to,t¢]. In order to compute the first variation, we introduce
the variations for each variable. First, the variation dz : [to, ;] — R? vanishes at the initial
time to and final time t¢, and this induces the variation d&: [to,tf] — R3. Now, vary the
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rotation matrix in SO(3) by expressing it as R® = Re" where € € R and 7 € s0(3). Then, the
variation is given by

d €
(4.7) oR = - e:oR = Ry

Lastly, the variation of € can be derived from the relationship R = RS(Q2) and (4.7), giving
us

5(09) = 6(RTR)
(4.8) = 6RTR+ RTS6R
= -—nS(Q) + S(Q)n + 7,

where 6R = Rn + Ry).
Taking the variation of the action integral will require the variation of the Lagrangian.
We compute the variation of the kinetic energy first:

- - 1

6T = di T(& 4 €0, Q@ + ) = ma’ ok + 3 tr[S(092) J4S ()T + S(Q2)J4S(6)7].
€le=0

Substitute (4.8) into the the equation above and utilize properties of the trace and (4.2) to

arrive at

. 1 1
6T = maT o + 3 trl=nS(JQ)] + 5 trinS(Q x JQ)).

For the potential term, we get

50:i

I Ulx + edx) = mgek ox.

e=0

Then, the variation of the action integral is

56 (x, R) = / v (mTad: + %tr —iS(JO)] + %tr S (€ % JQ)]) ~ (mgelow) dt.

to

Integrating by parts gives

tr1 t
5&(z, R) = maTsx|  — = tr[nS(IQ)]|’
to 2 to
ty T 1 . ty T
+/ —m&” dx + itr [n {S(JQ) + S(Q x JQ)}] dt +/ (—mgezdx) dt.
to to

Since dx and 7 vanish at ¢y and ¢, the boundary terms also vanish. This gives

ty 1 .
5&(z, R) = / 62" {ma + mges} + ; tr [n {S(JQ O x JQ)H dt.
to

By Hamilton’s principle, 6&(x, R) = 0 for all variations dx and 7, and by the fundamental
theorem of the calculus of variations, this is true if and only if the expressions in each curly
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bracket are zero. Since 7 is an arbitrary skew-symmetric matrix, by Proposition 2.1, the
second expression must be a symmetric matrix. As a result,

0= Asym(S(JQ+ Q x JQ)) =25(JQ + Q x JQ),

but S(J+Q x JQ) vanishes if and only if JQ+€Q x JQ = 0. Thus, the continuous equations
of motion in Lagrangian form for the bouncing ellipsoid are given by

v = —ges,
JQ=JOQ x Q,
(4.9) .
=",
R=RS(Q),

where v € R? is the translational velocity defined as v = &. In particular, this describes the
motion of the ellipsoid in the admissible set C'.

4.1.2. Equations of Motion: Euler-Lagrange Equations. Here, we consider the Euler—
Lagrange equations, which are a consequence of Theorem 3.1,

oL d (0L
0 i (37)] a=o

where ¢ = (x, R) € C. The Lagrangian in (4.3) is used to compute the partial derivatives,

oL 0L 0L
4.1 == =) = (=
( Oa‘) 8(] <8w’ (9R> ( mge370)a
oL oL 0L .
(4.10b) 9 ( 55 8R> (ma, RJy),
where matrix derivatives are involved (see Appendix C). Since d¢ = (0x,dR) = (d=x, Rn), we

have |(—mges,0) — 4 (m, RJd)} - (6, Rn) = 0, which gives us

—0x” {ma + mgez} — tr[n” {RTRJd}] =0,

for all variations dx and 7. Therefore, the expression in the first curly bracket vanishes
which is one of the equations of motion derived previously. For the second term to vanish,
by Proposition 2.1, the expression in the second curly bracket must be a symmetric matrix.
Hence, Asym(RT RJ;) = 0. Note that

RTRJ; = RT(RS(Q) + RS(Q))Jg = S(Q)%J; + S()J4,
where R = RS(R), which gives
0= Asym(S(2)*Ja + 5(52)Ja)
:BMﬂh—hﬂmﬂ+ﬁmﬂwJﬁmﬂ
=52 x JN) +S(JQ) = S(Qx JQ+ JQ),

where (2.1c) and (4.2) are used. Since the skew map is a Lie algebra isomorphism, 0 =
J + Q x J, so we obtain the full set of continuous equations of motion as in (4.9).
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18 K. TRAN AND M. LEOK

4.1.3. Hamilton's Equations. We consider the Legendre transformation for our modified
Lagrangian FL : SE(3) x se(3) — SE(3) x se*(3), where se*(3) is identified with se(3) by the

Riesz representation. Using (3.11) and (4.4a), we compute

FL(z, R,2,S(9)) s (0,m) = |  L(w, R+ b, S(Q) +en)
e=0

_ @ (mik) + %uW(S(n)Jd + JaS(2))]
= (ma'r:, S(JQ)) s (53':,77).

The last line is obtained by using the identity (4.2). From the Legendre transform FL :
(x,R,x,5()) — (x, R,max, S(J)), the linear and angular momentum are written as v =
ma and IT = J, respectively. Hence, we arrive at the continuous equations of motion in
Hamiltonian form,

'7 = —mges,

I1=1I x ©,
(4.11) !

r=—"9,

. m

R= RS(Q).

4.2. Jump Conditions. We derive the jump conditions for our system using (3.10). For
convenience, let ¢(t;) = (x;, R;) € OC. The first condition (3.10a) gives

(i@ —&7), (B = 7)) - 6a =0,

7 7 (2

for all g € Ty, 0C, where limt_ni(a'c,R) = (&, RF). We also have R = R;S(QF) since

hmt_ﬁ?: (z, R) = (x;, R;), and so
(4.12) (m(ef — &), RiS(Q — Q) Jq) - 6g=0
One immediate solution to this condition is letting (&, Q) = (&;,€;). However, this

would cause the system to leave the admissible set C, so we will look for other solutions by
considering the possible variations on the tangent space of the boundary point ¢(¢;). In order
to accomplish this, we will consider a local representation of the boundary 9C = ®~1(0),
where 0 is a regular value of the collision detection function ®. From the Submersion Level
Set Theorem, we obtain

0®; 0%, B
(4.13) Ty1)0C = {(5$,Ri77) ' < 5 8R> - (0x, Rin) = 0} ,
where
0%; 0%;\ (0D 0%
(4.14) (63: aR> = (Oa: 6R) o
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We compute <%q;i, %‘%’) - (dx, Rin) = 5$T% + tr [nTRiT %‘%}. Applying the argument used

to obtain (2.6), we have that

0v; 1 09;
_ , 7% 1 T TO®i\ | _
Ty1)0C = {(5:B,Rm) ‘ ox e + 5 tr [77 Asym <RZ 8R>] 0} .

The tangent space can be further identified as a hyperplane in R®. This involves finding

xi: € R? such that S(x;) = Asym (RzT %%). Suppose that RiT%% is given, then x; can be
computed using the inverse of the skew map defined in (2.2). It can also be defined using the
rows of R; and 8%". More explicitly, start by partitioning R; and %%" into row vectors. Let

Tiy s Tiy, Tis € S% and @iy, @iy, i, € R3 be the successive columns of the rotation matrix R}

and %‘%’T, respectively. Then,
o0, 0,

N=RpTZ=t 7' p.

S(Xl) R’L aR aR RZ
o} )
e ol I O T
[Tll Tiy r23] 4 [¢11 ¢12 ¢Z3] r;
¢! vl
13 13

= (rydf — durl) + (ri,dh — dirl) + (11,08 — piyrl)
= S(i, X Ti, + @iy X Tiy + Pig X T4y),

where (2.1c) is used. Since S is invertible,

(4.15) Xi = Qi X Tip + Giy X Tiy + iy X T4

Lemma 4.1. Let q(t;) = (xi, R;) € 0C, then

0P;
oz

(4.16) Tyt)9C = {(5w,RiS(C)) ) sz’ —+¢"xi = 0},

where x; is defined by (4.15).

Proof. Identify the elements of tangent space as (6x, Rin) = (0=, R;S(¢)) where ¢ € R3.
Since Asym (RZT %‘%) = S(x;), we write 3 tr [nT Asym (RZT %%)} = 1t[S(O)TS(xi)] = ¢Txi
where we used the induced inner product of R? given in (2.7). [ |

Remark 4.2. Ty,)0C can be identified with a hyperplane in RS defined by

(4.17) P(%@ ) - {z € RS ‘ <%T XzT) 5= o}.
.

Theorem 4.3. Suppose q(t;) € OC. Then (m(x; — &), R:S(Q — Q;)J4) -6q =0, for all

()

dq € Ty1,)0C, if and only if the first jump conditions,

Q).
(4.18a) m(z —x;) = A%xﬂ
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(4.18D) J(QF — Q) = i,
are satisfied for some A € R\ {0}.

Proof. Let 6q = (6, R;S({)), and we compute the expression
(m(&] —&;), RiS(Q — Q) Jy) - 6q = d=” {m(x] —&;)} + tx[S(C) S(QF — ;) T4
=0z {m(z} —z;)}
+ 2tr[S(¢)T Asym(S(Q — Q;)Ja)]-
Using (4. ) Asym(S(Q — Q7)Jy) = S(J(Q — Q;)), so the right-hand side becomes
Y {m —x; } + ¢t {J (2 - Q_)} If the jump conditions hold, the expression be-
comes A (5:13T a<1>z + C’Txl), which vanishes by Lemma 4.1. If we assume that the expression

vanishes, the curly brackets must be a nonzero scaling of the normal vector ( aaj Xi) € RS by

Remark 4.2, which yield the jump conditions.

We consider the second jump condition (3.10b), which is a statement of the conservation
of energy. Recall that E = 8L -¢— L and 8L = (ma, RJy), so %—g ¢ = (m&,RJy) - (&,R) =

ml|&||? + tr[RJ4RT]. Therefore, the energy may be written as

1 1 .

(4.19a) E = §mH:BH2 + Etr[RJdRT] + mgelx,
1 1

(4.19b) = §m|\:1r:||2 + 5 tr[S(2)JaS(Q)7] + mgelx
1

(4.19¢) = §mHm||2 QTJQ+mge3:c

The second jump condition for our system is given by 0 = E(q(t]),q(t;)) — E(q(t;),q(t;))-
Using (4.19¢), the full set of jump conditions become

FJump (mzaszmiyﬂi) ()‘ er Qj)
4.2 =
(4.20a) mx; =max; 8:13
(4.20Db) JQF =JQ7 + M,
1 1
(4.20¢) 0= sm(lla} 2~ &y 12) + 5 (@ TI0f - 9,79 ).

Denote the solution to (:1'3+ Q) with A # 0 as a discrete map Fjymp with the necessary
arguments above. In particular, A is obtained by substituting (&;, ;") from (4.20a) and
(4.20b) into (4.20c), which gives a quadratic equation for the Varlable A. One root will always
be A = 0, which is omitted. Then, there is a unique nonzero root A, which gives (&;, 2;").

4.2.1. Jump Conditions: Hamiltonian Form. It is actually natural to express the jump
conditions on the Hamiltonian side since both conservation of energy and conservation of
momentum can easily be described on the cotangent bundle. We still write (x;, R;) € C' as
the configuration at impact. Denote the instantaneous linear and angular momentum before
and after impact as v = ma® and II*T = JQT, respectively. Suppose that J is invertible,
then we obtain the following result.
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Corollary 4.4. Given (x;, R;) € 9C and the linear and angular momentum before impact
(v, II7), there is a unique A € R\ {0} and (v+,II") satisfying

FJump : (wiaRiaﬁyiaHi) — ()‘77+7H+)
0d;
4.21 T =g A=
(4.21a) T EAT A
(4.21b) I =11 + \x;,
1 +112 -2 1 +T 7 —1y7+ R
(4.21c) 0= o~ (™" = llv7II%) + 5 (I J7LT — I J7I7),

where ® is the collision detection function and x; is defined by (4.15).
As before, (v*,IIT) is obtained by first solving a quadratic equation for the nonzero root \.

5. Lie Group Variational Collision Integrators for the Bouncing Ellipsoid. For the dis-
crete setting, we also follow the approach described in [22]. This involves the construction of
the discrete Lagrangian by approximating a segment of the action integral via the trapezoidal
rule. However, we first approximate the linear and angular velocity for a segment of the action
integral. We introduce the auxiliary variable Fy € SO(3) so that

Ri+1 = R Fy.

Note that Fj represents the relative attitude between Ry and Ry, and it is guaranteed that
the attitude evolves on SO(3) since Fj, € SO(3). Now, using R = RS(2), approximate the
k-th angular velocity as

: Rpy1— Ry 1
(5.1) S(Q) = R Ry ~ Rf%’“ ==

The linear velocity @y is approximated by (xpi1 — @)/h. Substitute the approximations
above into the modified Lagrangian (4.4b), so the approximation of the kinetic term becomes

(Fy — I3).

T(x,2) = T((xp41 — @k)/h, (F — I3)/h)
1 1
= W”xkﬂ - kaQ + ﬁ tr [(13 — Fk)Jd] .
We write the discrete Lagrangian, where Fj, = R{Rkﬂ,

Ly(zxy, Ry, i1, Fr)

h Tl — Tk Fy, — I3 Tyl — Tk Fy, — I3
(52) = 5 |:L (wk? h 7Rk7 h ) + L <xk+17 T,Rk+1, h

= %mllwkﬂ — x| + %tr[(fzs — Fy)Ja] — %mgheg(mk-i-l + xp).

5.1. Discrete Equations of Motion. Unlike the Lagrangian, we write the discrete La-
grangian in only one way. Hence, we will show the discrete equations of motion away from
the point of impact directly from the first result (3.17) of Theorem 3.2. More specifically, the
result is obtained by taking the variations of the discrete variables on the discrete action sum
and applying the discrete Hamilton’s principle.
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5.1.1. Lagrangian Form. Let gy = (xx, Ry) for k € {0,...,i —2,i+1,...,N}. Consider
the following variations of the discrete variables. Namely, the variation ézj € R® of x;, which
vanishes at £k = 0 and kK = N. The variation of Ry, is given by

(5.3) OR; = Ry,

where i, € s0(3) and which also vanishes at £k =0 and k = N.
Recall that F), = R{Rk+1 and write dqy = (dxy, Rgni). The following identities are
derived by using (2.6) and matrix derivatives (see Appendix C),

(5.4) DaLa(qe—1,qx: h) - dqi = (3m(zy — Th_1) — imghes, —+ Asym(E_ 1 Jy)) -s (6zk, mi),
(5.5) D1La(qr, qes1,h) - 6qi = (3m(@p — @ry1) — smghes, — Asym(FJy)) -5 (6, mi).-

Note that — Asym(F{L ;J4) = Asym(J4F)_1), and by the discrete Euler-Lagrange equation
(3.17), their sum vanishes,

0 = [D2La(qk—1,qx: h) + D1La(qk, qr+1, 1) - Ok
1
Y {%m(a}kJrl —2xp +Tp—1) + mgheg} + B tr [T]g {% Asym(JgFy—1 — Fde)}] .

Therefore, the equation above holds, for all kK =1,...,i — 2,74+ 1,..., N, if and only if the
expressions in the curly brackets vanish. We arrive at the discrete equations of motion in
Lagrangian form,

Fp,[h,h] : (xk—l,Rk—thkaRli) = (Tk, Ry, Trr1, Req1)
(5.6a) 0= Em(:ck.ﬂ — 2@y + x)—1) + mghes,
1
(56b) 0= E Asym(JdFk_l - Fde),
(5.60) Rk+1 = Rka.

This gives the discrete Lagrangian map FLg with the following parameters [h, h]: The
first h indicates the timestep for the interval [tx_1,t;] with the corresponding configurations
(xg—_1, Rg—1) at time t5_1 and (xk, Rx) at time ty; the second h indicates the timestep for
[tk, tg+1] with its corresponding configurations (xk, Ry) at tx and (xgy1, Ri11) at tei1.

To compute the map, solve for the ;1 from (5.6a). F} is obtained next using the second,
implicit equation (5.6b) where Fy_1 = R} | Ry (see Appendix D). We emphasize that such
an implicit equation shows up in all of the discrete maps that follow, and methods for solving
such equations are discussed in Appendix D. Finally, Ry, is updated using (5.6¢).

5.1.2. Hamiltonian Form. Using the discrete Legendre transforms, we will arrive at an-
other set of discrete equations of motion based on discrete positions and momenta, which we
will collectively call states. Denote the linear and angular momentum by prp = (7yx, S(Ilg))
in analogy to the continuous case. Using Theorem 3.2 and (3.22) for the discrete Legendre
transforms, we see that

(Y, S(Tk)) -5 (02k, M) = —D1La(qis Q15 h) - Oqi,

(5.7) ) N 1
= (zm(Tr1 — o) + 5mges, 7 Asym(FiJq)) - (0k, mk),
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(Vht1, SMg11)) -5 (041, Me+1) = D2La(qrs qrg1, h) - 0qrs1

(5.8) 1 B 1
= (zm(xp 41 — xk) — gmges, 3 Asym(JgFy)) s (0r11, Mht1)-

Hence, x4 1 and 7,41 can be expressed in terms of oy and -, from the equations arising from
the first components of (5.7) and (5.8), respectively. We also have S(IIj) = + Asym(F}Jy),
and so

S(Myy1) =  Asym(JgFy) = Fyl ¢ Asym(FyJa) F, = F S(TIy) Fy, = S(F{ ),

using property (2.1d) of the skew map. As a result, the discrete equations of motion in
Hamiltonian form are given by

Fr, 0] : (2k, Ry v, TIk) = (@hy1, Rt Yor1, Heyr)
(5.9a) Tpi1 =T +ﬁ —the
. k+1 = Lk m’Yk 29 3,
(5.9b) Yi+1 = Y& — mghes,
1
(5.9¢) S(ILx) = + Asym(FiJa),
(5.9d) I, = F'II,
(5.96) Rk—f—l = Rka.

This gives a discrete Hamiltonian map F, , with the following parameter [h]: This h
indicates the timestep for the interval [ty, {1 1] with the corresponding states (g, R, Yk, k)
at time ¢y and (i1, Rk+1, Yer1, Hgr1) at time ¢g4q.

Similar to the Lagrangian form, x;,1 and ~x4+1 can be computed using (5.9a) and (5.9b),
respectively. Compute Fj, from the implicit equation (5.9¢), which is used to update ITjq
and Ryy1 using (5.9d) and (5.9¢).

5.2. Impact Point and Time. Recall the definition of the collision detection function ®
from (2.16), which allows us to detect collisions in the system. For each integration step
discussed in Subsection 5.1, (xky1, Ript1) are computed. Hence, one may check for interpen-
etration after each integration by evaluating ® (@11, Ri11).

If the signed distance is positive, then we proceed to the next integration step. If the
signed distance is zero, then the current configuration and time is the impact point and time,
and we will have to apply the discrete jump conditions. If the evaluation is negative, then
interpenetration has occurred, the current integration step is discarded, and so we consider
(3.18) of Theorem 3.2, and we attempt to resolve the impact point and time.

5.2.1. Lagrangian Form. Note that the impact point would occur at time t = t;_; + ah
for some a € (0,1). Similarly, we rewrite (3.18),

0 = [D2L4(Gi—2,¢i—1,h) + D1L4(gi—1,q, ah)] - 0¢i—1,

as follows,
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Ffjpa“[h, ah) : (®i—, Ri—a, @1, Ri_1) = (@1, Ri_1,%, R)
1 1 - 1
(5.10a) = E'm(a:Z 1—Ti—2) — %m(m —xi1) — émg(l + a)hes,
1 1
5.10b 0=A —JgFi_o — —F;_1Jy ),
( ) Sym<hd 27 0n 1d>
(5.10C) R = RZ‘flEfl,
(5.10d) 0= (&, R)

We compute the solution using the bisection method to solve for a € (0,1). There is a
unique « in the open interval such that ®(&, R) = 0. This is the case because ® is defined to
be positive when the ellipsoid is above the plane and negative when the ellipsoid is interpen-
etrating or below the plane. For the implementation, « is taken as the center of the initial
interval, and (&, R) are solved in the same way as Fr,. Then, check the sign of ®(&, R) and as
per the bisection algorithm, chose the left-half interval if ®(&, R) < 0, or the right-half interval
if ®(&, R) > 0. The process repeats with a given by the center of the chosen half-interval,
and it terminates when ®(&, R) is sufficiently small.

5.2.2. Hamiltonian Form. On the Hamiltonian side, we compute the following discrete
Legendre transforms,

(Yie1, S(TLi—1)) -5 (530@'—1,77@'—1) = —D1L4(gi-1,q, ah) - 6gi—1,
(%,S(I1)) -5 (6&,7) = D2Lq(gi—1, G, ah) - §G.

We obtain the equations for the impact point in Hamiltonian form,

Fi‘:pa“[ah] (Ti-1, Rim1,vie1, Ii—1) = (&, R, 4, 1I)
(5.11a) T=mi 1+ a—hm 1— %ga h’es,
(5.11b) Y = 7Yi-1 — mgahes,
(5.11c) S(ILi—1) = % Asym(Fi_1Jq)
(5.11d) Il = Fi_ 11y,
(5.11e) R=R;1F1,
(5.11f) 0=o(z,R)

The « € (0,1) and the impact states (&, R, 4, IT) are solved for using the bisection method,
as before.

5.3. Single Impact. We consider the next integration step, and this would give us the
discrete configuration after the configuration at impact. In this subsection, assume that there
is one collision in the time interval (¢;_1,t;) occurring at time ¢ = ¢; 1 + ah. Therefore, our
next discrete configuration occurs at time ¢; + (1 — a)h.
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5.3.1. Lagrangian Form. The equation (3.19) of Theorem 3.2 is used for our next inte-
gration step. Recall the discrete energy from (3.20), which gives

1 1 1
(5.12) Ed(qk, Qk+1, h) = WmH:IZkJrl — a:k||2 + ol tr[([;; — Fk)Jd] + ngeg(a:kﬂ + xy),
and so (3.19a) can be easily written. In addition, the conservation of discrete momentum
described with the cotangent lift in (3.19b) is written in terms of a local representation of
OC = ®~1(0). This is the same constraint formulation as in the continuous case, so we write
our next set of equations after computing

0 =4" (DoLa(qi—1,q, h) + D1L4(q, ¢, (1 — a)h)) - 64.

On the Lagrangian side, we obtain

Fi [ah, (1= a)h)[A] : (@i, Ri-1, &, R) = (&, R, @;, R;)
(5.13a) 0= F4(q,qi, (1 — a)h) — Eq(qi_1, G, oh),
1 1 1 O
1 = m@E -z ) — ——m(x; — ) — = =
(5.13b) 0 ahm(a: Ti—1) = a)hm(wl x) ngheg + )\&B’
1 1 - T
1 = A — JyF - ———F A T
(5.13c¢) 0 sym <ath 1 A= ah Jd> + AAsym <R 8R> ,
(5.13d) R; = RF.

Observe that A # 0 and

od 0P ob 0P nn” RI?
(514) a9 ap = a9 A - n, ————=—-——"- .
oz’ OR 0x’ OR ) | 5 1) |I.RTn|

Furthermore, [A] indicates the requirement to compute it first. In fact, this is the same A as
in Theorem 4.3 in the continuous case. However, note that determining A on the Lagrangian
side can be difficult since we do not have information on the instantaneous linear and angular
velocity (£7~,€27) before the impact. Therefore, the solution of A is discussed on the Hamil-
tonian side, which follows easily from Corollary 4.4. Once A is determined, (x;, R;) can be
solved similarly to the previous discrete Lagrangian maps, and one can verify that (5.13a) is
satisfied.
Finally, we write the last set of equations from (3.21) by first computing

0 = [D2L4(q, i, (1 — a)h) + D1La(qi, giv1, h)] - 0g;.

In Lagrangian form, we get

Fz—(gl[(l - Oé)h,h] : (iaév wZ)Rz) = (:BhRivmiJrlaRiJrl)
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1 - 1 1
(5.15a) 0= mm(wZ —x) — Em(ﬂ:i_i,_l —x;) — 5mg(2 — a)hes,
1 -1
(515C) Ri—i—l = Rle

710 5.3.2. Hamiltonian Form. Again, we compute the discrete Legendre transforms,

711 (4, S(II)) -s (6@,n) = —D1L4(q, ¢, (1 — a)h) - 44,
712 (7i7 S(H,)) ‘S ((5331-,7;,-) = DQLd((j, q;, (1 — Oé)h)) . 5qz~.

713  We obtain the equations in Hamiltonian form,

Fid[ah] [)\] : (CE7R75/71:‘[) — (w’LvRZ7717HZ)
(516&) 0= Ed(da qi, (1 - a)h) - Ed(qi—lu q~7 Oéh),
. (l—ah_ 1 5 o (1—a)h0d
(5.16Db) T, =T+ — 5g(l a)’h’es + AT@TB’
)
(5.16¢) v =5 —mg(l —a)hes —|—>\8—,
ox
- I 0D
1 IIH=A —F —)\A T-"
(5.16d) S(IT) Sym((l—a)h Jd> A Asym (R 8R>’
(5.16e) FII; = I + \x,
(5.16f) R; = RF.
714 Note that
= 0D
715 X) =A =

716 where ¥ can be computed by either using S~! or (4.15). Similarly, [A] indicates that it needs to
717 be solved first; to solve for A, invoke Corollary 4.4 by setting (&, R) € 0C as the configuration
718 at impact and letting (7, fI) = (v7,II7). In fact, this will not only solve for A # 0 but also
719 (yT,II"), and this fact will be used to optimize our algorithm in the end of this section.

720 Lastly, we solve for the next set of states at time ¢;41 by computing the next set of discrete

721 Legendre transforms,

722 (vi, S(IL;) -5 (02, 7) = —D1La(qi, gi+1, k) - 9,
723 (Yit1, S(XLiy1)) -s (04, mi) = DaLa(gi, Gi+1,h)) - 6Git1-

21 However, this yields the same discrete Hamiltonian map F7, ,[h], which is unsurprising because
5

25 the discrete flow from (i, Ri, i, IL;) — (®iy1, Rit1,Vit1, Ii41) on the time interval [t;, ¢;41]
26 is given by Fp,,[h].
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5.4. Multiple Impacts. Suppose that multiple impacts occur in the interval (¢;—1,%;). For
concreteness, we assume that there are [ impacts. From Subsection 5.2, we determined that
the first impact occurs at t = t;_; + ah where o € (0,1). Let oy = o and introduce

k
ar € (0,1-0[2,9), axy, :ZO[]‘,
=1

where & = 1,2,...,l. Then, denote the configurations of impact by ¢, = (a:ck,f?k) which
occurs at the time ?k = ti—1 + ax, h for each assumed collision; we also write Ry = Ry F}.
In addition, ® (&, Ri) = 0.

5.4.1. Lagrangian Form. For our next integration step, we combine the conservation of
discrete energies and

0 = [D2La(qi-1,G1, arh) + D1L4(q1, G2, c2h)] - 041,

so we arrive at

FijpaCtJr[)\][Oélh,th] t(zi1, Rio1, %1, R1) = (21, Ry, @2, Ro)

(5.17a) 0 = Eq(q1, G2, a2h) — Eq(qi—1, G1, onh),
1 N 1 L 1 0
(517]3) 0= m’fﬂ((l:l — (Bz‘_l) — @m(mg — 2131) — img(al + @2)}163 + AT;’
1 1 - T
1 = A —JyF;1 — —F AA T
(5.17¢) 0 sym (athd 1 o 1Jd> + A Asym (Rl 8R> ,

(5.17d) RQ = Rlpl,
(5.17e) 0=mnTzy — | I.RIn|.

Observe that A # 0 and

0y, 0Py, 0b 0 nn” Ry I?
(5.18) — == | == 55 =\n—= |
ox’ OR Oz OR )|z, i) | IR, |

for k =1,2,...,1 — 1. We solve for the next discrete configuration (&2, Ry) by solving for A
first in the same way as de [ah, (1 — a)h]. Next, as € (0,1 — ayx,) is determined using the

bisection method and using O(xo, Rg) for the stopping criteria. Given both A and a3, proceed
to solve (&2, R2) using (5.17b)-(5.17d).

In general, we use the same map ngpaCH [agh, ag1h][A] to find the subsequent impact
configurations for £k = 2,...,l — 1. Once we have determined the last collision, we can find

the configuration (x;, R;) using Fid [ayh, (1 — ax,)h][A] from Subsection 5.3. Finally, we use
Fﬁ;l[(l — oy, )h, h] to determine the configuration (41, Rit1)-

5.4.2. Hamiltonian Form. Denote the linear and angular momentum for the configu-
rations at impact by (4, IIg), respectively, where 1 < k < [. We compute the Legendre
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transforms,

(41, S(ILy)) -5 (6@1,71) = —D1La(G1, G2, a2h) - 6¢u,

(Y2, S(Iy)) -5 (622, 72) = D2L4(q1, G2, a2h) - 6Go.

Therefore, we have

Fg:pacw[)\][mh] . (%1, Ry, 1,0} — (&9, Ra, 72, TI2)
(5.19a) 0 = E4(q1, 42, azh) — Eq(gi—1,q1, arh),
h 1 h 0®
(5.19b) Ty =21+ Oéi:)’l — g03h’es + /\aib’
m 2 m Ox
0P
(5.19¢) ¥2 =1 — mgashes + A\~
ox
i 1 7 01
(5.19d) S(II) = Asym <a2hF1Jd> —Asym (RlTaR) ’
(5.19€) PiTL, =TT + X1,
(5.191) Ry = Ry P,
(5.19g) 0=ntes — IRy .
Note that =
) T
(x1) Sym ( 1 33)

Again, X is solved for first by using F Jump from Corollary 4.4, and as € (0,1 — ay,) is
subsequently determined using the bisection method. As a result, (5:2,]%2,5/2,1:[2) can be
calculated using (5.19b)-(5.19f).

Now, we use F g;pacwr [A[axh] to determine the next set of impact states at time f;, for
k = 3,...,1. After determining the previous collision states, we can find the next states
(zi, Ri,~i, I1;) using Fid[(l — ax,)h][\]. Lastly, the discrete Hamiltonian map FJ,,[h] is used
to determined (x;41, Rit1,i+1,Hi+1) away from the last point of impact.

5.5. The Algorithm and the Zeno Phenomenon: A Summary. The collection of inte-
grators discuss previously shall be called Lie group variational collision integrators (LGVCI),
which have been written in both Lagrangian and Hamiltonian forms. In this section, we pro-
vide two algorithms that summarize the LGVCI in the Hamiltonian form: The first algorithm
recalls all of the necessary integrators in (5.9), (5.11), (5.16), and (5.19). The second algorithm
is streamlined by utilizing only the discrete Hamiltonian map F7, 4» the bisection method for
a;, and the jump map F Jump- We only provide the summary on the Hamiltonian side because
it is common to describe hybrid systems in this way. However, it is also straightforward to

write the algorithms on the Lagrangian side by imitating the ones presented here.

5.5.1. Algorithm 1. Let us consider Algorithm 5.1: For the inputs, we have the initial
states, (winitaRinity’)’i'nity‘ﬂin'it)a and the number of discrete timesteps to be taken, M. The
algorithm returns (¢, ], R}~/ II]) for 0 <4 < M. This is the set of all the discrete states
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(:cg,Rg ,’yij ,Hg ) occurring at time tf In particular, t? = th, where h is the fixed timestep.
In the case where impacts occur within the interval [tg,tgﬂ], tg represents the times of the
collisions, where 1 < j < ¢; and ¢; is number of collisions in the interval. The following
parameters are required for the algorithm:

e m is the mass of the rigid-body.

e g is the gravitational acceleration.

e J is the standard inertia matrix.

e [ is the diagonal matrix defined in (2.13) for the ellipsoid.

e n is the normal vector of the plane P.

® ¢, is the tolerance used in Newton’s (Appendix D) and bisection method.

The algorithm has the following brief structure: Variables are initialized, and the initial
distance between the ellipsoid and plane is stored in dist, which is our indicator for collision
and/or interpenetration. Next, a for-loop for 1 < ¢ < M has statements falling into one
of the three conditions: dist > 0, dist < 0, and dist = 0. The first condition uses FJ,,[h]
to determine states away from the point of impact. The second condition discards the states
with interpenetration and determine the states of the first impact using Fglpa“ [ajh]. The last
condition takes care of the cases where there could be multiple impacts using lepw [\][ajh]
or single impact using Fid[(l — ot ) R][A].

Lastly, note that it is possible to encounter the Zeno phenomenon in our hybrid systems
due to the form of the ellipsoid and other factors; these include the sectional curvature at
the point of impact and the relative distribution of the rotational and translational energies.
As a result, a footnote to indicate where to include exception handling for Zeno phenomenon
is made in the algorithm. The Zeno phenomenon would manifest itself in the algorithm by
arbitrarily large values of j in the while-loop, and «; that are all approximately machine
precision. To remedy this, we recommend either breaking out of all the loops or returning the
outputs when j exceeds a user-defined threshold.

5.5.2. Algorithm 2. We present a more streamlined algorithm, which only uses Fy, .
the bisection method, and Fjuyp. This is based on the observation that the other discrete
Hamiltonian maps are equivalent to some combination of these three subroutines. Namely,

F]g?p“t lajh] = Fi,[a;h] after a; € (0,1 — o) is determined using bisection method. There
is also Fid[(l — auot) ][] = Fr (1 — agor)h] after X is determined and the instantaneous

states before impact are updated with the momenta after the impact from FJump. Finally,
Fg;p““r[)\] lajh] = Fp,[o;h] following both the updates from Fjum, and bisection method for
aj. Consequently, we have the more streamlined Algorithm 5.2 with the same parameters,

inputs, and return.

6. Extensions: Tilted Planes and Other Rigid-Bodies. We extend our problem of the
bouncing ellipsoid by considering tilted planes and/or other rigid-bodies. This is a natural
next step because we want to describe the collision dynamics of different hybrid systems. Note
that the theories discussed in both the continuous and discrete cases remain the same with the
exception of the collision detection function ®. Furthermore, it is sufficient that the partial
derivatives exists for all “probable” configurations of impact, which will be discussed further
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Algorithm 5.1 Compute ( ] Rj,’yl, )

Require: h,m,g, J, I.,n, €
IHPUt: (minity Rinit; “Yinit Hinit)a M
i =0; J=0; aj = 0; ot = 0;
(t], ! RJ,‘YZ JII7) < (0, Zinit, Rinit Yinits init);
dist <— (!, R])
fori=1:M do
if dist > 0 then
g=0 o A -
(@], R}, v IE) < Fr[hf(@i_y, Ry v T4 _); =1t + B
dist < @(x], R));
else if dist < 0 then
i=i—1  j=j+1 o . o
(], R~ TE) ™o)™ R AT =47 + oy
Qtot < Qtot + Q3
dist < ®(z], R));
else
1 =1—1;
while dist < 0 do
if dist = 0 then
(@tennps Rucsps Yrenmps Menp) 4 P [(1 = acor N (], B, ] TE);
dist <= ®(Ztemp, Rtemp);
if dist > 0 then
t=i+1 J=0; a; =0; Qtot = 0;
( ! ijﬁyz ) ) «— (xtempa Rtemp; Ytemp, Htemp)? tf = tg,1 + h;

end 1f
else
j=i+1

(@, R~ T) « B Nyl Ry LI =t 4 ay;
Qtot = Qo + Q3
dist < ®(x], R));
end if
end while
end if
end for
return ( ] RJ,fyz, )

T Zeno phenomenon: j is arbitrarily large, so break/return is recommended.
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Algorithm 5.2 Compute (tj x! RJ 'yz, )

Require: h,m, g, J, I, n, €1, M
Input: (Zinit, Rinits Yinits Minit)
i—O j—O aj = 0; ot = 0;
(], J RJKYZ ) ) (0, Zinit, Rinit, Yinits Minit);
dist < ®(x; J RJ)
fori=1: M do
if dist > 0 then
if dist > 0 then
g=0 S _ o
(@i, B}, v I0) < Fry[h) (@] By T4y ) 6 =t + s
dist @(mg,Rg);
else
1=1—1; R
(>‘ 7] H]) <_FJump(33 Rza717 )
("-Btempa Rtempa “Ytemp Htemp) A FLd[(l - atot)h]( g RJ, ’YZ ) )
dist <= ®(temp, Riemp);
if dist > 0 then
i—i—i—l j—O; aj = 0; ot = 0;
(:13 R]77Z ) ) — (:Btempy Rtempv’Ytemp) Htemp)§ tg = tg_l + h;
end if
end if
else
i=i—1; j=j+1;
aj Blsectlon(() 1 — ot );
(x] J R],'yZ,HJ) eFLd[a]h](wj_l,Rf_ ,'yf 1,Hj_1); tg :tg_ + ay;
Qtot, < Olot + Qay;
dist + ®(x], R));
end if
end for
return ( J R],'yl, )

 Zeno phenomenon: j is arbitrarily large, so break/return is recommended.
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in this section. Hence, the different collision detection functions and their partial derivatives
are discussed here for different hybrid systems.

In this section, the general planes P(n, D) defined in (2.12) will be referenced. Further-
more, we define the signed distance function for an arbitrary half-plane

(6.1) HP(n, D) ={zcR|a’z+ D <0},

which is the region opposite from the direction of the normal vector n of the plane:

Proposition 6.1. The signed distance function 1p : R® — R for the half plane HP(n, D)
1s defined by

—dy(z,P(n,D)), ze€ HP(n,D),

(6.2) Yp(z)=n'z+D= { dy(z,P(n, D)), z & HP(n, D).

6.1. Tilted Planes. Recall that our system describing the bouncing ellipsoid involves the
horizontal plane denoted as P = {z € R3 | nTz = 0} where n = (0,0,1)”. For tilted planes,
it suffices to consider planes with a normal vector

ne S ={zecR||z|=1and z3 >0},

that pass through the origin because shifted planes with the same normal vector n are equi-
variant with respect to translations in the gravitational direction. Furthermore, we require
n3 > 0 so that the orientation is preserved; specifically, this gives the minus sign in our
formula below when the minimum is taken (see Theorem A.11 in Appendix A.2). The case
n = (0,0,1)T € S% gives the horizontal plane in our original discussion.

Consider the tilted plane

(6.3) »={zeR3 | nlz =0}

Now, suppose (x,R) € SE(3) so that the arbitrary ellipsoid, & = T(4 g (), is above the
tilted plane; the collision detection function is written as

(6.4) do(E',Pr) = ®(x, R) = nlx — ||[IeRT 7.

Then, & NPy = 0 if and only if 72 > ||[IcRTA||. The partial derivatives are computed in
the same way as before:

0P 0P . nan’RI?
(6.5) ap | = | %= ) -
ox’ OR [ LRI
6.2. Convex Rigid-Bodies and Interface Implicit Representations. We propose a way
to construct the collision detection function ® for some convex domains.
Suppose the domain of the rigid-body B C R? is convex and compact, and p : B — R is
the mass density function such that the center of mass of B coincides with the origin. The

function also provides the respective standard and nonstandard inertia matrix J and Jy for
our numerical implementation. Now, let the interface 9B be C* where k > 2. This interface
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divides R? into two separate regions where the interior B° is the inside and the complement
B¢ is the outside of the domain. In addition, the assumption on smoothness guarantees that
there are no edges — a curve where two surfaces meet — and no vertices, points where two or
more edges meet; also, it guarantees that the partial derivatives of ® will be continuous.

Now, the interface can be represented in two ways: In an explicit representation, one
explicitly writes all the points that belong to the interface. On the other hand, implicit
representation of the interface is given by the zero level set of some implicit function ¢ after
a constant shift if necessary [37]. In fact, the signed distance functions (SDFs) ¢ : R® — R
are a subset of such implicit functions defined by

[ da(2,0B), zeB°
(6.6) ¥(z) = { —dy(2,0B), z € B,
but it also gives ||V || = 1 everywhere except on the zero level set. We reserve 1 for SDFs and

¢ as the general class of functions whose zero level set is 0B. In particular, these functions are
positive for z outside of the interface, negative for z inside of the interface, and zero otherwise.
Of course, |1(z)| is the distance from z to the interface. Lastly, note that

Vip(z) = N(=2),

where N is the outward normal vector field. Essentially, the collision detection function and
its partial derivatives between the body and plane will be constructed using the SDF or some
other implicit representation of the interface.

6.2.1. Theory: The Collision Detection. Suppose the hybrid system involves a convex
rigid-body B with C* boundary (k > 2), and let the SDF 1) or some implicit representation ¢
of the rigid-body be given. The collision detection problem is described first in the body-fixed
frame: Suppose Pz = P(7,0) is a plane containing the origin and B’ = T4 p)(B) be the
translated, rotated body above the plane for some (x, R) € SE(3). Suppose B'NPy = ), and
so the distance between them can be written equivalently as

da(B', Pr) = da(B, Py),
where
(6.7) PL=P[R'n,nTx)={zcR® | a' Rz + nTx = 0},

since T(5 g) is an isometry (see Appendix A.2). This equivalent view of the distance is
constructed from the body-fixed frame, so one can imagine a shifted and rotated plane
P = T{a, R)*l(Pﬁ) in this frame. Furthermore, the construction is made in this frame because
the body elements in B, especially its boundary, are fixed; this allows us to easily construct
® using a constrained optimization problem, where the constraint is p € 0B.

Let us denote pc € 0B as a closest point to the plane Py, in the body-fixed frame, meaning

da(pc, Pr) = d2(B, Pp).

For most configurations (z, R) € SE(3), there is a unique pc because B is convex and has C*
(k > 2) boundary. The exception occurs for configurations that have zero Gaussian curvature
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(a) The neighborhood of pc € 9B is locally (b) The neighborhood of pc € 0B with a
flat where all the points are also closest to the straight red curve where all the points are also
plane. closest to the plane.

Figure 3: Examples of neighborhood with non-unique closest points on convex bodies with
C®™ boundary.

at the point po € 9B, which can be categorized into two cases (see Figure 3): In the first
case, both principal curvatures at po are zeros, and the neighborhood of p¢ is a plane which
is parallel to the P5. This implies that all the points in this locally planar neighborhood
is also closest to the plane (e.g., see Figure 3a). In the second case, one of the principal
curvatures at pc is zero; in particular, a neighborhood of p¢o in 0B will have a curve with
points which are all closest to the plane, and this curve is parallel to the plane as well, e.g.,
see Figure 3b. However, these cases are improbable in numerical computations because the
discrete configuration (x, R) must be exact for the two cases to arise. Therefore, it is also
improbable for these cases to arise at the point of impact, so we only consider the probable
configurations where p¢ is unique. This notion of probable configurations is analogous to the
notion of general position or genericity that arises in computational geometry and algebraic
geometry.

The improbable configurations are highlighted here because we do not want to dismiss
them entirely, since they are still possible configurations of hybrid systems. However, the
LGVCI algorithm would not capture these configurations, which is actually a good represen-
tation of the hybrid systems in real life. In particular, the set of improbable configurations is a
set of measure zero in all the configurations away from impacts. Furthermore, the improbable
configurations will not occur during impact in our implementation as well, so BNPL = {pc}
at the configurations of impact.

Given this unique point p¢, the collision detection and its partial derivatives can now be
discussed. Let (x, R) be a probable configuration so that P is given in the body-fixed frame.
In theory, pc is dependent on (x, R) and can be determined since 9B is compact. Namely,
pc(x, R) is determined by the arg min of all possible distances from the boundary points to
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the plane:

pc(x, R) = argmin ¢p, (p)

peEIB
(6.8) B "
= argmin N op+n x,

{PER3|$(p)=0}

using the signed distance function for the plane defined in Proposition 6.1. Also, recall that
#»~1(0) = OB for an implicit representation ¢, and this remains true if the representation is
an SDF. As a result, the collision detection function is defined simply as

®(x,R) = min n’Rp +n'x
(6.9) {pER3|6(p)=0}

=n'Rpc(x, R) +nlx.

Indeed, this is desirable because this function also encodes interpenetration. Namely, if the
plane intersects the body with interpenetration for a given configuration (x, R) € SE(3),
then n” Rp + Tz < 0 for some p € 9B, and so ®(x, R) < 0. In addition, ®(x, R) < 0 for
configurations where the body completely passes through the plane because all the boundary
points would be in the interior of the half-plane HP}, defined in (6.1).

Finally, one may solve for po(x, R) € 0B using the constrained optimization problem in
(6.9). Recall that possible solutions to the problem are the critical points for the Lagrangian
function

L(x,R; p) = 7" Rp+ 0’z + Ap(p),

where A is the Lagrange multiplier. Observe that % = 0 implies that A\V¢(p) = —RTn.
Hence we have the following remark:

Remark 6.2. Given a probable configuration (x,R) € SE(3), pc € 0B is unique and
z = pc is a solution to Vi)(z) = £RTR or A\V¢(z) = —R'n for some ) € R.

Intuitively, this means that the tangent plane at pc € OB is parallel to P}, since they share
the same normal vector up to a scalar. Furthermore, as a consequence of Remark 6.2, one
might conclude that the dependencies should be changed, pc(x, R) — pc(R).

6.2.2. Theory: The Partial Derivatives of . We continue our discussion with the partial
derivatives of the collision detection function. By the smoothness of the interface, its partial
derivatives exist and are continuous. Specifically, they should exist for probable configurations
at impact since the partial derivatives are computed during collision. Given the setup for the
constrained optimization problem, we can simply compute the partial derivatives in general
as

8@ 8@ o ~ ~ T ~T vpc
(6.10) (83:’ 8R> ) = (n,npc—l—n R SR )

Intuitively, g—i makes sense because given a fixed R, the gradient of & with respect to x,
the position of the center of mass of the body, should point towards the direction of greatest
increase for @; this is, indeed, the normal vector of the plane nn. Hence, given any admissible

configurations and configurations at impact, g—i =n
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On the other hand, g% depends on the uniqueness of pc which is satisfied by our discussion
of probable configurations. In fact, suppose an improbable configuration (x, R) € SE(3)
is given so that pc is not unique, and we decide to choose one of the closest points as a
representation. Then, the partial derivative g% will not be well-defined, and it will be different
for each representation. This is unsurprising, since the directional derivative along any fixed
rotation will be drastically different for the different elements of the closest point set. Lastly,
we may also check this against the example of the ellipsoid. In Appendix A.1, we showed
that the closest, unique point on the boundary of the ellipsoid to an arbitrary plane is (A.5).
Hence, given the fixed setup where P/, has normal vector RT# pointing towards the body, the
closest point is

I2RTn
pc(R) = ———7=-
U TR
One can show that ﬁTR%'LRC = 0 using (M.f) of Proposition C.1 in Appendix C and then get
g%(a:, R) = npc(x, R)T = —ﬁiﬁﬁ for all admissible configurations and configurations at

impact. Indeed, this was already derived in (6.5).

6.3. Convex Polyhedra. In this section, we extend our theory for hybrid systems by
considering rigid-bodies that are convex polyhedra. In particular, a convex polyhedron B is
defined by the convex hull of a collection of vertices {’%‘}2:1 where [ > 4. Its centroid and
moment of inertia may be computed using the Mirtich’s algorithm in [33]. Otherwise, one
may utilize built-in functions RegionCentroid and MomentOfInertia in Mathematica 12 to
compute the centroid and inertia matrix, respectively. Of course, the centroid of the body
can be made to coincide with the origin by shifting the vertices.

Note that B has a C° interface, which consists of faces, edges, and vertices. In subsection
6.2, we discussed the improbable configurations where the closest point to the plane is not
unique, and this case would arise when any one of the faces or edges of the polyhedron is
closest and parallel to the plane. However again, these configurations remain improbable due
to finite numerical precision and numerical roundoff. In fact, suppose one of the edges is
closest and parallel to the plane; a small perturbation in the configuration of the body will
leave one of the two vertices of the edge as the closest point to the plane. Similarly, if one of
the faces is closest and parallel to the plane, a small perturbation will leave one of the vertices
of the face as the closest point. As a result, the closest point is almost always a vertex, and
it is unique; this also ensures that a vertex is always the singleton at the point of impact.

Despite this simplification, we face a challenge applying our jump conditions at the points
of impact, which are sharp corners of the polyhedron. One possible approach is to replace our
continuous equations of motion with differential inclusions. This will yield a set of possible
momenta that lie in the normal cone (in the sense of convex analysis) at the configuration of
impact (x;, R;). To compute a realization, we would have to choose a momenta within the
normal cone to determine the state after the collision, which adds an element of randomness
to the simulation which is undesirable. We avoid these issues altogether by considering a
regularization of the rigid-body. Using this method, the modified convex polyhedron has a
C* boundary. Hence, its impact point on the plane will be a singleton, and the partial
derivatives will exist.
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Figure 4: Examples of exaggerated e-rounding in blue and green of the cuboid interface in
orange.

Let us begin by considering the SDF 1 for the convex polyhedron B, then the interface is
given by the zero level set, i.e., 1»~1(0) = 0B. We modify the SDF, so that the zero level set
has smoothness near the vertices, and this is done using e-rounding where € is a sufficiently
small parameter: Define the new SDF . : R> — R by

(6.11) Ye(x) = h(x) — €

Then, the zero level set of ¢ is similar to B, but its surfaces and edges are e-distance further
away from each respective surfaces and edges. Furthermore, the corners are now rounded
with a radius of curvature bounded from below by ¢, for example in Figure 4. Hence, define
OB¢ = 1-1(0) as the new interface of interest, and let B¢ be the new rigid-body of interest
defined by the convex hull of 9B¢.

For a probable configuration (x, R) € SE(3), we are given the plane P}, in the body-fixed
frame. Now, the unique, closest point on the boundary 0B¢ will always be on the rounded
portion of a particular corner. This can be shown by first determining the closest point

pc € 0B, which is one of the vertices:

pc(x, R) = argmin n” Rp + n’x.
Pe{”j}é':1

Then the closest point on 0B°¢ is e-distance along the normal vector towards the plane. In
other words,

(6.12) p&(x, R) = pc(x, R) — eRTn.

In particular, this point py, € 0B, represented as a vector, always forms obtuse angles with
all the surfaces and edges at the vertex pc (see Figure 5). This means that pf is unique and
always on the rounded corner.
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Figure 5: In 2D, the point py, € JB¢ is always on the rounded corner forming obtuse angles
in green.

Finally, following the definition in (6.9), define the collision detection function for the
rounded convex polyhedron B¢ as

(6.13) ®(x,R) = 2" Rpc(z,R) + n'x —e.

Also, recall that pco(x, R) is the vertex of the convex polyhedron B that is closest to the plane.
Then the partial derivatives are computed to be

0 00
610 (22,09

6.4. Union and Intersection of Convex Rigid-Bodies. Recall that the signed distance
function ¢ is a subset of the functions that can represent the interface implicitly. In this
representation, we have many accessible geometric tools including boolean operations for
advanced constructive solid geometry (CSG). These boolean operations include the union,
intersection, and complement, and the resulting rigid-bodies will be composed of the convex
rigid-bodies in the previous discussion. However, they will no longer be convex in general after
the boolean operations. Therefore, po € 0B, the closest point to the plane, is not necessarily
unique for certain configurations including configurations of impact. Nevertheless, we include
this discussion because the LGVCI will still generally capture the dynamics where the collision
set BN P, is a singleton and the CSG is minimal.

In this section, we only consider two rigid-bodies for the union and intersection and dis-
cuss the collision detection and its partial derivatives for the resulting, constructed body.
Notably, the new rigid-body must have its center of mass coinciding with the origin. Addi-
tional union/intersection of bodies can be considered but it should be minimal. This should
be done with care due to the center of mass and its geometry which could significantly increase
the chance of non-singleton intersection at the point of impact.

OR

- <n ipl + AT ROPC _ eﬁ,ﬁTR> .
(@,R)
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Suppose Y1 and 19 are two SDFs whose corresponding convex bodies, B; and By, do not
necessarily have the centers of mass at the origin. Let By N Bs # (), and suppose By = B1 UBs
is their union with a center of mass coinciding with the origin. Then the corresponding SDF
Yy : R? — R is defined by

(6.15) Yu(x) = min{y (z), Yo ()}

Furthermore, its gradient is given by

Vi () if 1 (x) <o
) V() if o
(616) VU@ =9 Gyi@) i (@) = da(e) and Vi (z) = V(e
Undefined if ¥ (x) = ¢o(x) and Vi (x) # Viba(x).
Recall that the gradient is needed to resolve the impact, so we would like to avoid the last
case, which does not arise in most CSG. The case arise when @ € 9B; N 985 is the singleton
for the intersection at impact and Vi1 (x) # Vipa(x). However, this could arise in unusual
examples of union such as a small ellipsoid completely sitting inside a larger ellipsoid where
their boundaries share a point.

For the intersection of the bodies, Bn = By N By, we also assume that its center of mass is
at the origin. The corresponding SDF ¢, : R> — R is defined as

(6.17) Y () = max{yi(z), Yo ()}

The gradient is given by

Vi () if Y1(x) > Po(x),
ng(m) if @ZJQ(CC) > 1,!)1(:1:

Vi1 (x) if 1 (x) = o(x) and Vi () = Vipa(x),
Undefined if ¢ (x) = ¢2(x) and Vi (x) # Vipa(x).

)
(6.18)  Vin(@) = §
)

For this gradient, the last case is as similarly unlikely as the improbable configurations dis-
cussed for the general convex rigid-body. Put another way, the gradient is generically well-
defined.

Lastly, the complement is also introduced since it is useful for CSG. Given a convex rigid-
body B and the SDF 1), the SDF for the complement BC is given by

(6.19) Ye(x) = ().

7. Numerical Experiments. Numerical experiments are performed using Algorithm 5.2
for the following four hybrid systems consisting of different rigid-bodies and planes:
Case I: Triaxial ellipsoid over the horizontal plane.

1051 Case II: Triaxial ellipsoid over tilted plane.
1052Case III: Union of ellipsoids over the horizontal plane.
1053Case IV: A cube over the horizontal plane.
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Rigid-Body Properties Center(s) Inertia Matrix (J)
(5 0 0]
Case I I, = diag(2,3,4) (0,0,0) 0 4 0
0 0 26]
(5 0 0]
Case 11 I, = diag(2, 3,4) (0,0,0) 04 0
0 0 26]
. 7.5932718 6e—7 —4e—7
Case Il | 19~ 3;:2% N ‘3 ((14550603)1‘30 —Ge—7 99326434 0
2 T B 4e—T7 0 8.2731252
2 00
Case IV | s5=2V3,e=10"13 (0,0,0) 020
0 0 2

Table 1: Parameters for the hybrid systems where ¢ = (—0.9937128, 0, 0).

Recall that the horizontal plane has the normal vector n? = (0,0, 1) and passes through the
origin. In Case II, the tilted plane is a two-degree counterclockwise rotation of the horizontal
plane about the y-axis, so the normal vector is

cosf 0 sinb
n= 0 1 0 | n,
—sinf 0 cosf

where 6§ = —g5. Furthermore, the rigid-bodies are described by the parameters given in Table
1. In Case III, the body is a union of two ellipsoids whose centers are shifted by ¢ so that
the centroid coincide with the origin. Lastly, in Case IV, the rigid-body is a cube whose
side-length is denoted by s, and its e-rounding parameter is € = 1073, Table 1 also includes
the standard inertia matrices J, and these matrices in Case I, I, and IV are computed using
standard formulas assuming constant uniform density: Namely,

.
JEllipsoid = gm d1ag(b2 —+ 027 a2 —+ 62, CL2 + b2)7

1
JCube = 6m52137

where I, = diag(a, b, ¢) give the parameters for Jgjipsoid, and m is the total mass of the rigid-
body. In all of the cases, m = 1 including Case III where the standard matrix is computed and
scaled reasonably using the built-in function Moment0fInertia in Mathematica 12. We fixed
the following parameters for all cases including g = 9.80665 for the gravitational acceleration,
h = 0.01 for the timestep, and e, = 107! for tolerance. Recall that ey is used as the
tolerance in the bisection method to determine «;, and in Newton’s method to solve for the
implicit equations, which are further discussed in Appendix D.
For all four cases, the initial values are

xo = (0,0,10)7,
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(a) Triaxial ellipsoid over the horizontal plane (b) Triaxial ellipsoid over a tilted plane

(¢) Union of ellipsoids over the horizontal plane (d) A cube over the horizontal plane

Figure 6: Snapshots of configurations, including some collisions, of the four hybrid systems.

7o = (2,2,10)7,
HO == (47 _47 4)T7
Ry = Is.

Lastly, note that the Zeno phenomenon does not arise in our four simulations because all
the rigid-bodies are C'*° smooth, including the cube which was regularized using e-rounding.
However, the Zeno phenomenon could be observed if we considered a non-smooth rigid-body
whose boundary is C* for some finite k > 2.

7.1. Snapshots. Fortunately, our numerical experiments for the hybrid systems can be
visualized as a sequence of snapshots, as shown in Figure 6. We can make a number of
collective observations for Case I, II, and IV, which share the horizontal plane in common.
In particular, the top-down view of the path of the center of mass for each rigid-body is
a straight line. This is immediate because the updates on the linear momenta away from
collisions are only affected by the gravitational direction, the z-component, in (5.9b). In
addition, the instantaneous update on the linear momenta after the collision in (5.16¢) and
(5.19¢) is dependent on g—i’T =nT = (0,0, 1), affecting only the z-component again. Hence,
only Case III with a tilted plane exhibits a curved path for the center of mass when viewed
top-down.
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7.2. Transfer of Energy. Moreover, each hybrid system is closed, and their collisions are
elastic. Therefore, the total energy within each system is conserved, which can be observed
in Figure 7, where the data is taken over a short time interval. By conservation of angular
momentum, the rotational kinetic energy (R.E.) is constant in the time intervals that are
away from the collisions, and so the translational kinetic + potential energy (T.P.E.) is also
constant. However, we observe a transfer of energies between T.P.E and R.E. after each
collision because the normal force, perpendicular to the plane, is no longer passing through
the center of mass; as a result, this not only imparts an instantaneous impulse on the center of
mass, changing its linear momentum but also an instantaneous angular impulse on the body,
changing the angular momentum after the collision. By the conservation of energy in the
system, the sum of T.P.E. and R.E. still gives the total energy, but these changes in momenta

induce the transfer of energy between T.P.E. and R.E., which can be seen as jumps in Figure
7.

7.3. Short-Term & Long-Term Behaviors. Both short-term and long-term energy be-
haviors are shown for our hybrid systems in Figure 8. For Case I and Case II, short-term
energy behaviors are shown to illustrate how collisions affect the conservation properties. In
particular, the red-dashed lines in both figures indicate the times of the impacts, and we see
that the trend of the absolute energy errors shift after each impact; however, the magnitude
of the error about each collision is essentially the same, so the jump conditions Fjump still
produce near energy conservation in the same manner as the discrete flow away from impacts.

We also explore the long-term energy behaviors in Case III and Case IV with 10° integra-
tion steps; there are roughly 806 collisions that occur in Case III and roughly 652 collisions
in Case IV. Overall, the LGCVI exhibits good long-time near energy conservation; however,
there is a drift in both absolute energy errors, which is attributed to the numerous collisions
in each hybrid system. This is the case because the discrete Lagrangian variational mechanics
away from the collisions uses a fixed timestep h, and preserves a modified Hamiltonian up to
an exponentially small error for exponentially long times by virtue of backward error analy-
sis. However, the modified Hamiltonian is an asymptotic expansion in the timestep h, and a
different timestep is taken during collisions in order to resolve the collision time accurately.
This results in the preservation of a slightly different modified Hamiltonian, which results in
a small energy drift after each collision.

Interestingly, we observe that this drift in energy appears to be roughly monotonic; oth-
erwise, the absolute energy error plots would have negative trends for long periods of time
as well. This could be the consequence of our use of the bisection method to resolve the
collision time and our bias in choosing a configuration that is admissible, so we choose an
approximation such that ®(x;, R;) ~ 0 is always positive.

7.4. Sensitivity to Initial Conditions. The hybrid systems involving rigid-bodies that are
not spherical are, in general, sensitive to initial conditions by nature. As a result, we expect
our collision algorithm to capture this when we apply slight changes in the initial position
or attitude of the rigid-body, while maintaining the same linear and angular momentum. By
following the path of the center of mass height (C.M. height) over the horizontal plane, we
observe this sensitivity in Figure 9. The black dashed line is the path of C.M. height for
the original initial conditions (xg, Rp). The path of C.M. height of the slightly perturbed
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Case I: Triaxial ellipsoid
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Case II: Triaxial ellipsoid over a tilted plane
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Case III: Union of ellipsoids
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Case IV: Cube
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Figure 7: Plots of total energy (T.E.), translational + potential energy (T.P.E), and rotational
energy (R.E) of different hybrid systems demonstrating the exchange of energies between

T.P.E and R.E. after each collision.
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Figure 8: Short-term absolute energy errors are shown for the systems of triaxial ellipsoid
and its counterpart with the tilted plane. Long-term absolute energy errors are shown for the
systems of union of ellipsoids and cube, demonstrating energy drift after many collisions.
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Cube: Sensitivity to initial conditions

C.M. height

0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30
Time

T ((BO,R()) & (w(] + 6m7 RO) —— (mov RO(SR)

Figure 9: Plot of the height of the center of mass of the cube, for a given initial condition and
two slight perturbations in position and attitude, to illustrate that the sensitivity to initial
conditions is captured by our proposed collision algorithm.

Cube: Absolute error

Absolute Error

— (mo + 5%, Ro) — (:1:0, R05R)

-9 | | | | | | | | | | | | | |
10 0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30
Time

Figure 10: Absolute Error |[@per(t) — @(t)||2 + || Rper(t) — R(t)||2 plots for perturbed initial
position and attitude in blue and red, respectively. The matrix norm is the induced 2-norm.

1135 position (xg + dx, Ry) and attitude (xg, RpdR) are plotted in square-blue and circle-red lines,
1136 respectively; the perturbations are set as

1137 dx = (0,0,10°8)T
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cos@ 0 sinf
OR = 0 1 0 1,

—sinf 0 cosf

where § = 10~87. By observing the C.M. heights, the discrete flows of the two perturbed
systems appear to be the same as the unperturbed system for the first few collisions; however,
the flows noticeably diverge after the eighth collision with the plane, and the plots in Figure
9 clearly illustrate this.

To ensure that the divergence of these trajectories is intrinsic to the nature of the system
instead of being a consequence of the design of the algorithm, we look at the absolute errors:

Errper(t) = [[@per(t) — 2(1) |2 + [ Rper () — B(1)]|2,

where (per(t), Rper(t)) represent the discrete flow for the perturbed initial conditions either in
position (Zpos(t), Rpos(t)) or in attitude (@agt(t), Ratt(t)). Of course (x(t), R(t)) is the discrete
flow for the system with unperturbed initial conditions (zo, Rp). Note also that the matrix
norm above is induced by the 2-norm. From the small perturbations, the initial absolute
errors are

Errpos(0) = 1078,
Erra (0) ~ 1.75 - 1078,

and these errors change in magnitude after each collision as seen in Figure 10, illustrating
that the differences between the trajectories are amplified after each collision. Eventually,
the absolute errors saturate because the perturbed systems become unrelated to the original
system beside conserving approximately the same total energy.

8. Conclusions and Future Directions. We develop an algorithm to simulation a class of
hybrid systems that is the extension of the classical bouncing ball hybrid system. Now, this
class of hybrid systems in 3-dimensions comprise of a general convex rigid-body bouncing elas-
tically on a horizontal or tilted plane. The resulting algorithm is called a Lie group variational
collision integrator (LGVCI) which is based on a combination of the work done in nonsmooth
Lagrangian mechanics for collision variational integrators and Lie group variational integra-
tors. Consequently, the LGVCI provide a combination of discrete flow maps for the hybrid
systems away from the points of collision and jump conditions to update the instantaneous
state after each collision. Our integrators heavily depend on the collision detection function
® between the rigid-body and plane.

Initially, we develop the algorithm for a model problem involving an ellipsoid and a hor-
izontal plane. However, our theory easily extends to more general systems involving tilted
planes, unions and/or intersections of convex rigid-bodies by modifying and constructing the
collision detection function. Furthermore, we introduce a convenient and straightforward reg-
ularization using e-rounding for the collision responses of convex rigid-bodies with corners. In
general, these bodies are convex polyhedra. This development avoids the need for complicated
nonlinear convex analysis of the corner impacts involving different inclusions and the computa-
tion of normal/tangent cones at the configuration of impact. Consequently, the regularization
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provides a unique deterministic response after the collision using the jump conditions we have
derived, while still exhibiting the full range of potential outcomes that the formulation in-
volving differential inclusions and normal/tangent cones would exhibit by varying the initial
conditions slightly.

We performed extensive numerical experiments for four different hybrid systems: Case I:
Triaxial ellipsoid over the horizontal plane; Case II: Triaxial ellipsoid over tilted plane; Case
IIT: Union of ellipsoids over the horizontal plane; Case IV: Cube over the horizontal plane.
Various observations and analyses of the algorithm are made from the experiments: First,
the hybrid systems that impact a horizontal plane have a straight line center of mass motion
when viewed from the top. This is apparent since gravity on the rigid-body affects only the
z-component, and there are no frictional forces involved. Second, by the conservation of total
energy of the system, there is a transfer of energy between rotational kinetic energy (R.E.)
and translational kinetic 4+ potential energy (T.P.E) during each collision; the cause is due
to the asymmetry of the rigid-body, whose instantaneous impulse at impact no longer passes
through the center of mass causing changes in R.E. while the system conserve total energy.
Third, the sensitive dependence on initial conditions for the hybrid systems is captured in
the algorithm, and this sensitivity becomes apparent once a sufficient number of collisions has
occurred.

Analysis of the algorithm demonstrates that the LGVCI is symplectic and momentum-
preserving by design and has long-term, near energy conservation along both the smooth
portions and jumps of the system. However, there is a one-directional drift in the energy
errors, and we have attributed this to the approximate solution using the bisection method
to the condition ®(x;, R;) = 0 for the impact configuration; notably, the non-interpenetration
constraint of the problem leads to an approximate point of impact where ®(x;, R;) is always
slightly positive. The use of a non-uniform timestep at the point of impact results in a slight
energy drift as variational integrators derive their long-time, near energy conservation from
their conservation to exponentially small error of a modified Hamiltonian, but the modified
Hamiltonian that is conserved is dependent on the timestep.

For future research, we intend to extend our variational collision integrators approach to
hybrid systems with external and contact forces, as briefly discussed in [10] for the continuous
setting. Moreover, we can consider elastic bodies (e.g., hyperelastic materials) which can be
formalized in the discrete variational method using the appropriate elastic potential energies.
From here, we may consider the analysis of collisions for convex-nonconvex rigid-bodies and
then construct numerical integrators for these extensions. This is naturally a topic of interest
as they more closely resemble real-world, complex systems that exhibit energy dissipation
during collisions.

There are also interesting applications to geometric control and optimal control on the
Special Euclidean group SE(3) and its submanifolds with boundary, which is the setting of
this paper. We propose to study these geometric control problems for two reasons: First, the
configuration space SF(3) is global, and its elements represent configurations of a real-world
object uniquely, which is advantageous for describing dynamical systems analytically and to
provide numerical methods based on variational principles. This is particularly critical when
considering systems that exhibit large rotational motions that cannot be effectively described
using local coordinate based approaches. Second, novel algorithms that are both efficient and
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Figure 11: The pole of a point P with respect to an ellipsoid is P’.

geometrically exact can be developed for systems on SFE(3) with unilateral constraints, which
is demonstrated in [23] for a bilateral constraint.

Appendix A. Inversive Geometry of Ellipsoid & The Distance Formula. In this section,
we recall some definitions and prove basic results in inversive geometry for an ellipsoid. We will
ultimately arrive at the distance formula between a plane and an arbitrary ellipsoid, assuming
that their intersection is empty. However, we start by formulating the distance between a
plane and a standard ellipsoid, which will be defined in the first subsection.

A.1. Distance Between the Standard Ellipsoid and Plane.. Suppose a, b, ¢ > 0 and
h = (hy, ha, h3) € R, and for convenience, consider the function fe, ¢ R3 — R defined by
(21 =) | (22— h2)® (23— h3)®

a? + b2 + c? ’

(A1) fen(2) =
Then, let

En(a,bc) = {z e R*| fe,(2) < 1}

be the standard ellipsoid centered at h with its semiaxes of lengths a, b, and ¢ lying parallel to
the coordinate axes z, y, and z, respectively. We write &, = Ex(a, b, c) when the lengths are
understood, and so 0&, is simply the boundary of the ellipsoid. We also denote the ellipsoid
centered at the origin by £, which is our main ellipsoid of reference.

Definition A.1. Let O be the origin, and suppose P € £ and Q) € OE such that the points
O, P, and Q are collinear on the ray OP. Then the pole of P, denoted by P’, with respect to
(w.r.t.) the ellipsoid satisfies

(A2) 0P| -[0P| = [0Q]°,
and also lies on the ray ﬁ), see Figure 11.

Proposition A.2. Given p € R3, the pole of p w.r.t. £ is given by

(A.3) p'=

Furthermore, (p')’ = p.
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Figure 12: The pole of a plane with respect to an ellipsoid is p/..

Proof. First, we determine g € O lying on the ray from the origin to p, and so ¢ = tp such

that fe(q) = fe(tp) = 1. Note that fe(tp) = t>fe(p), so this gives t = 1/1/fe(p), implying
that ¢ = p/+/fe(p). Similarly, for p’ lying on the same ray, p’ = t'p. It also satisfies (A.2),

SO
’ 2 / 2 ”17”2 / 1

= <~ |t = ——— < t = .

Il = llqll [t'llpll Fe () ()
This gives (A.3). Lastly,

P 7o) 7o)
(pl)/ — ~ = e\p _ ; ep = p.
fe(D') fe (%@) Wfs(l’)

Now, we introduce some notation for the planes in R3. Let

n=(A,B,C)eS* and DEcR,

where S? = {z € R? | ||z|| = 1}, and let

P(n,D)={z€R3| A2y + B2o+Cz3+ D =0} = {z € R® | nT2 + D = 0}.

Again, we write P = P(n, D) when the unit normal n and the constant D are understood.
Recall that for X, Y C R3, their distance is

(X, Y)=inf{|lzx —y| |z € X and y € Y}.

Proposition A.3. Consider the planes P = P(n, D) and P' = P(n,D'), then

(A.4)

do(P,P") = |D — D'|.
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Lemma A.4. Suppose P =P(n,D) and P' = P(n,D’), and let X C P’, then
da(P, X) = do(P,P').

Lemma A.5. Given an ellipsoid € and plane P = P(n, D) where ENP =0,
(1) there exists . € P and g« € € such that

g« — @« || = d2(E, P).
Moreover, q, € 0, and it is given by one of these expressions,
(Aa?, Bb?, Cc?)
VA2a2 + B2 + C22
(i) The point px € P, lying on the ray from the origin to q«, and its pole pl, are
- (
A2%a? + B2b? + C2c2
(Aa®, Bb*,Cc?).

(A.5) g =+

(A.6a) Px = Aa?, Bb?,Cc?),

1

(A.6b) Py = D
We call pl, the pole of the plane P w.r.t. £ (see Figure 12).

Proof. We prove Lemma A.5 here. Note that £ is compact and P is a closed set, so a

basic result for metric spaces give us the existence of x, € P and q. € £. Now, consider the

set
J={D' eR|P(n,D)NE#D}.
One can show that this set is compact and connected, and hence a closed interval in R. Let

Xp =P(n,D')NE, where D' € J. We get
_ . , — . / — . _ /
d2(87P) - Bpefde(XD ,P) Dllnefde(,P(nvD )7P) DlpefJ‘D D ’7

where we used Lemma A.4 and Proposition A.3. Since J is compact, there exists a D € J
that attains the infimum. Furthermore, the function D' — |D — D'| is strictly monotonic on
J, so the constant of interest is either the maximum or minimum of J.

Intuitively, the planes of interest are the tangent planes at some points g, € 0E with
normal vectors with the same direction as +n. These points are computable: First, we
compute V fe(z) =2 (%, 3 %), which is a normal vector on 9€ for z € 9€. Now, we find z
such that V fg(z) = £n. This gives

1
z= :tg(AaQ, Bb?,Cc?),

but we are looking for g, =tz € €, implying that fe(g«) = fe(tz) = 1. Hence,
_ 2
- VA2 + B2? + C22

t

which gives (A.5).

Since p. € P lies on the ray from the origin to gq«, psx = 'z such that n”p, + D = 0.
Finding ¢’ gives us (A.6a). We use Proposition A.2 to compute p,. Note that p/, € £ since
P« is in the complement of the ellipsoid, and so fe(p}) < 1. [ |
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We state our main results next:

Theorem A.6. Given an ellipsoid £ and plane P, then ENP = 0 if and only if fe(p,) <1,
where pl, is the pole of the plane P w.r.t. £.

Theorem A.7. Given an ellipsoid € and plane P where E NP = 0, then

(A.7) do(E,P) = min{|D £ v/ A2a? + B2 + C2¢2|} = min{|D + ||I¢n||},

where Ig = diag(a, b, c).

Proof. The planes of interest are the tangent planes of £ with the unit normal 7, and there
are two possible tangent planes located at gf = +(Aa?, Bb?, Cc?)/v/ A2a? + B2b? + C2c2.
Hence, the equations of the planes are

nl(z — qf) =0 < Az1 + Bz +Czx F \/A2a2 + B2b2 + C?%c2 = 0.

For convenience, denote P* = P(n, D), where D* = F1/A2a2 + B2b2 + C2c2. Then, using
Lemma A.5, we obtain

da(E,P) = min{da(P*,P)} = min{|D — D*|}.

One can quickly check that D* = || I¢n]|. [ ]

A.2. Distance Between an Arbitrary Ellipsoid and Plane.. We shall discuss the distance
between an arbitrary ellipsoid and plane, assuming non-intersection. However, an explanation
of the relationship between the standard and arbitrary ellipsoid using the configuration space
SE(3) will be given first.

Consider the ellipsoid £ and (x, R) € SE(3). For convenience, we introduce the following
maps,

Tm:R3—>R3, z—z4+x,
Tr:R> —R*  z+— Rz.
Then, let Tz g)(2) = (Iz o Tr)(2) = Rz + x, which is the action of (z, R) on R? x {1}

given by homogeneous transformations (2.8b). As a result, the arbitrary ellipsoid is the image
T(a,r)(€) given by the configuration element (x, ). Now, we prove our final result.

Lemma A.8. Suppose (z, R) € SE(3), then T4 g is an isometry.
Lemma A.9. Suppose & € R and P = P(n, D), then T(P) = P(n,D —nlz).
Proof. The equation of the plane T(P) ={z' =z +x |z € P} is

n'(2 —x)+ D=0 < nT2/ +(D-nTz)=0

Hence, the new constant is D — n’ x. |

Lemma A.10. Suppose R € SO(3) and P = P(n, D), then Tr(P) = P(Rn, D).

This manuscript is for review purposes only.



1323

1324

1325

1326

1327

1328

1329

1330

1331

1332

1333
1334

1335

1336

1337

1338
1339

1340

1341

1342

1343

1344
1345

1346

1347
1348

1349

52 K. TRAN AND M. LEOK

Proof. Note that Tr(P) = {2’ = Rz | z € P}, and elements of the set satisfy
(Rn)T2 + D=0 < nTRTZ+D=0.

Hence, the new unit normal is Rn. |

Theorem A.11. Consider the ellipsoid € and (x,R) € SE(3). Let the ellipsoid & =
Tia,r) () and P = P(n, D) such that &' NP ={. Then,

(A.8) do(E',P) = min{|(D + nTx) £ | IcRTn|||}.
Furthermore, &' NP =0 if and only if
(A.9) |[IeRTn| < |D +n'z|.

Proof. We will use Theorem A.7 in this proof, but it only applies for the standard ellipsoid.
We must then consider (7{4, R))_l(c‘:’ ) = &, where the inverse is also an isometry because T(, g)
is an isometry by Lemma A.8. Let us denote P’ = (T(5 g)) ' (P), and so we arrive at the
equivalent problem:
do(E',P) = da(E,P).

Note that (T(y, g)) " = Trr 0 Tz, s0
P = (Tpr 0 T_z)(P(n, D)) = Trr(P(n, D + n'x)) = P(R"n, D + n'x),

where we used Lemmas A.9 and A.10. Applying Theorem A.7 gives (A.8).
Now, from equation (A.6b), the pole of the plane P’ w.r.t. to € is p,, = —I2RTn/(D +
nTz). Then, Theorem A.6 tells us that fe(pl) < 1, which gives

n’RIZR"n

D snTap <! = leRn| <|D+nlal

where fe(z) = 27 (I;1)22. [ ]

Appendix B. Standard and Nonstandard Inertia Matrix of a Rigid-Body. Let B denote
the set of body elements of a rigid-body, and let (x, R) € SE(3) describe the configuration of
the rigid-body. The inertial position of a body element of B is & + Rp, where p € R3 is the
position of the body element relative to the origin of the body-fixed frame. We define

2 Trz

x° xy
(B.1) Jd:/ppTdm:/ ry y? yz| dm

B Blez yz 2°
as the nonstandard inertia matrix, where p! = (ryz). On the other hand, the standard
inertia matrix is defined by

y? + 22 -y —xz
(B.2) J = / S(p)T'S(p)dm = / —zy 2?4222 —yz | dm.
B Bl —xz —yz 2?4y
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Using the property (2.1b), we have that S(p)TS(p) = (p” p)Is — pp”, giving us (4.1),

J = tI‘[Jd]Ig — Jy,
1

Ja= 5t J1Is — .

Proposition B.1. If Q@ € R3, then S(J2) = S(2)J4 + J3S().

Proof. Let (Ql,Qg,Qg) Q€ R Let Jj; = [zijdm, where i,j € {z,y,z2}, so given
i=zand j =y, Jyy = |, gy dm. One can show that the left-hand side and the right-hand

side are equal to S ( ) where

(Jyy + Jzz)Ql - JazyQQ - szQ?)
W = _J:cygl + (Jmc + Jzz)Q2 - JyzQS
_szgl - JyzQ2 + (sz + Jyy)Q:s

Proposition B.2. Suppose © € R3, then 5 tr[S(22).J,5(2)T] = 107 JQ.
Proof. Note that

3 USE@TS@)T) = 5 [ S@pp"S(@ dm = [ I5()plam.

Then, recall that S(2)p =Q x p=—p x @ = —5(p)€?, from which we obtain

1
/HS )pll> dm = = /||s )Q*dm = /QTS( ) S(p)ﬂdm:§QTJQ.

Appendix C. Matrix Derivatives. In this section, we derive the derivatives with respect

to a matrix for the following cases:
Proposition C.1. Let a,b,v € R™ and A € R™*" then

0
Ma(9 (a" Xb)=a®b=ab",

TXTb) =b®a = ba”,

0X

(
Mfgjl@ﬂAXBD::ATBﬁ
Afd;éfﬁq AXTB]) = BA,

M.e vTa%(AXb) =vl(A®b)=ATve b= ATvb,

9 (AXTb) = b® ATv — buT A.

T
M.fo X

Proof. 1t suffices to show (M.a), (M.c), and (M.e) since differentiation and transposition

commute.

(M.a) We write the partial derivative with respect to Xy, for each k,l =1,...

0

67“ Z CLl'XZ'jbj = aiéikéjlbj == akbl.

),
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Hence, (ab?)y; = axb;.
(M.c) Similarly, we have

9 o
X1 (Z:(AXB)ZZ) = e ZAz‘ijhBhi = ;AijéjkéhlBhi - ;Aith._

i’j’h

Recall that (ATBT)M = Zi(AT)M(BT)il = Zz A;1.By;.
(M.e) This case is treated with care since %(AX b) € R™*™*" " a third-order tensor.

0 0(AXD);
Z [M(AXI))] U = Z(anl )] Vg

; ki

0
= Z aTkl(Aijmpbp”j)

J,m,p

= Z Ajmémképlbpvj
J

= Ajib.
J

Note that (ATUbT)kl = Zj(AT)kj(’vbT)jl = Zj Ajk’l)jbl. |

Appendix D. Solving the Implicit Function. Suppose that g € R3, and we want to solve
for ' € SO(3) so that

(D.1) S(g) = Asym(FJy) = F.Jy — JoFT.

Note that F' is linear in the equation above, but it is implicit since there is a constraint that
F € SO(3). We introduce two solution approaches based on two different retractions and
Newton’s method.

D.1. Exponential Map. When F' € SO(3), it can be expressed by the exponential map
on the Lie algebra s0(3), i.e., F' = exp(f2) for some Q € s50(3). Since s0(3) ~ R? via the skew
map, we also have F' = exp(S(f)) for some f € R3, and it can be expressed explicitly using
the Rodrigues’ rotation formula:

sin [| £ 1 — cos || f]]

: = exp(S(f)) = S S(f)?.
Substituting (D.2) into (D.1), we have that
_ sin [ f]] 1 — cos | £l
S0 = T SV T TR S

Since the skew map is linear, we can view the above equation in terms of vectors, g = G(f),
where G : R3 — R3 is defined by

_ sin||f]|

IF1?

Jf+ fxJf.
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To solve for f in the equation 0 = G(f) — g, we apply Newton’s method,
(D.4) frr1 = fi —VG(H) NG - 9),
where the Jacobian of GG is given by

_ [[fllcos [[£]] = sin || £]] sin || ]|

vG(f) A T
M EA L m(j — s s spye £
1—cos| £l

D.2. Cayley Transformation. Similarly, the Cayley transformation is a local diffeomor-
phism between the Lie algebra and the Lie group, so Cay S(f.) = F € SO(3) for some
fe € R3. The Cayley transformation is defined by

(D.5) F = Cay S(fe) = (Is + S(fe))(I - S(fe) "

Motivated by the Neumann series, we can express the map above more concretely without
the inverse. In particular, we write

(D.6) (- S(f2)" (14 1 Fel®)Ts + S(fe) + S(F2)%).

1
14| fell®

As a result, the Cayley transformation is written explicitly as

(D.7) F = Cay S(fe) (L4 [ FlP) I + 25(fe) + 2S(F2)?) -

_ 1
L+ || fell?
Now substituting (D.7) into (D.1), we arrive at

2

50 = TT5P

(S(Jfe) + S(fe x Jfe)) -

By the same argument, we can write the equation in vector form as g = G.(f.) where
G, : R? — R? is defined by

(D.8) Ge(fe) (Jfe+ fex Jfe).

2
1+ fel?

The solution to 0 = G¢(fc) — g is given by Newton’s method (D.4), where the Jacobian is
given by

2
14| fell?

2

((J L ST — SUFe)) — 2 (ot fox ) ® fc> |

vt EFAL
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