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Abstract. Variational integrators for Euler–Lagrange equations and Hamilton’s equations are a
class of structure-preserving numerical methods that respect the conservative properties of such
systems. Lie group variational integrators are a particular class of these integrators that apply to
systems which evolve over the tangent bundle and cotangent bundle of Lie groups. Traditionally,
these are constructed from a variational principle which assumes fixed position endpoints. In this
paper, we instead construct Lie group variational integrators with a novel Type II variational
principle on the cotangent bundle of a Lie group which allows for Type II boundary conditions,
i.e., fixed initial position and final momenta; these boundary conditions are particularly important
for adjoint sensitivity analysis, which is the motivating application in our paper. In general, such
Type II variational principles are only globally defined on vector spaces or locally defined on general
manifolds; however, by left translation, we are able to define this variational principle globally on
cotangent bundles of Lie groups. By developing the continuous and discrete Type II variational
principles over Lie groups, we construct a structure-preserving Lie group variational integrator that
is both symplectic and momentum-preserving. Subsequently, we introduce adjoint systems on Lie
groups, and show how these adjoint systems can be used to perform geometric adjoint sensitivity
analysis for optimization problems on Lie groups. Finally, we conclude with two numerical examples
to show how adjoint sensitivity analysis can be used to solve initial-value optimization problems
and optimal control problems on Lie groups.
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1. Introduction

In this paper, we aim to develop Lie group variational integrators from a Type II variational prin-
ciple with the motivating application of performing intrinsic geometric adjoint sensitivity analysis
on Lie groups. Lie Group variational integrators are a class of geometric structure-preserving in-
tegrators for integrating Lagrangian or Hamiltonian systems evolving over tangent and cotangent
bundles of Lie groups (see [5; 23; 26–28; 34; 37]). Such methods generally have good conservation
properties, such as respecting the symplecticity and momentum-preservation of these systems. Ad-
joint systems provide an efficient method for performing dynamically-constrained optimization and
sensitivity analysis. The geometry of these systems has gained interest as it can be described by
a Hamiltonian structure. Particularly, the Hamiltonian structure of adjoint systems encode a qua-
dratic conservation law which is the key to adjoint sensitivity analysis [44]. We aim to synthesize
these two areas of research, by developing Lie group variational integrators which are applicable
to the maximally degenerate Hamiltonian structures found in adjoint systems and hence, develop
geometric integrators which respect the quadratic conservation law enjoyed by adjoint systems,
making them particularly useful for adjoint sensitivity analysis on Lie groups. We begin with a
brief introduction and review of these topics.

1.1. Lagrangian and Hamiltonian Variational Integrators. Geometric numerical integration
aims to preserve geometric conservation laws under discretization, and this field is surveyed in the
monograph by Hairer et al. [18]. Discrete variational mechanics [30; 36] provides a systematic
method of constructing symplectic integrators. It is typically approached from a Lagrangian per-
spective by introducing the discrete Lagrangian, Ld : Q × Q ! R, which is a Type I generating
function of a symplectic map and approximates the exact discrete Lagrangian, which is constructed
from the Lagrangian L : TQ! R as

(1.1) LEd (q0, q1;h) = ext q∈C2([0,h],Q)
q(0)=q0,q(h)=q1

∫ h

0
L(q(t), q̇(t))dt,

which is equivalent to Jacobi’s solution of the Hamilton–Jacobi equation. The exact discrete La-
grangian generates the exact discrete-time flow map of a Lagrangian system, but, in general, it
cannot be computed explicitly. Instead, this can be approximated by replacing the integral with a
quadrature formula, and replacing the space of C2 curves with a finite-dimensional function space.

Given a finite-dimensional function space Mn([0, h]) ⊂ C2([0, h], Q) and a quadrature formula

G : C2([0, h], Q)! R, G(f) = h
∑m

j=1 bjf(cjh) ≈
∫ h

0 f(t)dt, the Galerkin discrete Lagrangian is

Ld(q0, q1) = ext q∈Mn([0,h])
q(0)=q0,q(h)=q1

G(L(q, q̇)) = ext q∈Mn([0,h])
q(0)=q0,q(h)=q1

h
∑m

j=1
bjL(q(cjh), q̇(cjh)).
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Given a discrete Lagrangian Ld, the discrete Hamilton–Pontryagin principle imposes the discrete
second-order condition q1

k = q0
k+1 using Lagrange multipliers pk+1, which yields a variational prin-

ciple on (Q×Q)×Q T ∗Q,

δ
[∑n−1

k=0
Ld(q

0
k, q

1
k) +

∑n−2

k=0
pk+1(q0

k+1 − q1
k)
]

= 0.

This in turn yields the implicit discrete Euler–Lagrange equations,

(1.2) q1
k = q0

k+1, pk+1 = D2Ld(q
0
k, q

1
k), pk = −D1Ld(q

0
k, q

1
k),

where Di denotes the partial derivative with respect to the i-th argument. Making the identification
qk = q0

k = q1
k−1, we obtain the discrete Lagrangian map and discrete Hamiltonian map which are

FLd : (qk−1, qk) 7! (qk, qk+1) and F̃Ld : (qk, pk) 7! (qk+1, pk+1), respectively. The last two equations
of (1.2) define the discrete fiber derivatives, FL±d : Q×Q! T ∗Q,

FL+
d (qk, qk+1) = (qk+1, D2Ld(qk, qk+1)),

FL−d (qk, qk+1) = (qk,−D1Ld(qk, qk+1)).

These two discrete fiber derivatives induce a single unique discrete symplectic form ΩLd = (FL±d )∗Ω,
where Ω is the canonical symplectic form on T ∗Q, and the discrete Lagrangian and Hamiltonian
maps preserve ΩLd and Ω, respectively. The discrete Lagrangian and Hamiltonian maps can be

expressed as FLd = (FL−d )−1 ◦ FL+
d and F̃Ld = FL+

d ◦ (FL−d )−1, respectively. This characterization
allows one to relate the approximation error of the discrete flow maps to the approximation error
of the discrete Lagrangian.

The variational integrator approach simplifies the numerical analysis of symplectic integrators.
The task of establishing the geometric conservation properties and order of accuracy of the discrete
Lagrangian map FLd and discrete Hamiltonian map F̃Ld reduces to the simpler task of verifying
certain properties of the discrete Lagrangian Ld instead.

Theorem 1.1 (Discrete Noether’s theorem (Theorem 1.3.3 of [36])). If a discrete Lagrangian Ld
is invariant under the diagonal action of G on Q ×Q, then the single unique discrete momentum
map, JLd = (FL±d )∗J, is invariant under the discrete Lagrangian map FLd, i.e., F ∗LdJLd = JLd.

Theorem 1.2 (Variational error analysis (Theorem 2.3.1 of [36])). If a discrete Lagrangian Ld
approximates the exact discrete Lagrangian LEd to order p, i.e., Ld(q0, q1;h) = LEd (q0, q1;h) +

O(hp+1), then the discrete Hamiltonian map F̃Ld is an order p accurate one-step method.

The bounded energy error of variational integrators can be understood by performing backward
error analysis, which then shows that the discrete flow map is approximated with exponential
accuracy by the exact flow map of the Hamiltonian vector field of a modified Hamiltonian [3; 47].

Given a degenerate Hamiltonian, where the Legendre transform FH : T ∗Q! TQ, (q, p) 7! (q, ∂H∂p ),

is noninvertible, there is no equivalent Lagrangian formulation. Thus, a characterization of varia-
tional integrators directly in terms of the continuous Hamiltonian is desirable. This is achieved by
considering the Type II analogue of Jacobi’s solution, given by

H+,E
d (qk, pk+1) = ext(q,p)∈C2([tk,tk+1],T ∗Q)

q(tk)=qk,p(tk+1)=pk+1

[
p(tk+1)q(tk+1)−

∫ tk+1

tk

[pq̇ −H(q, p)] dt
]
.

A computable Galerkin discrete Hamiltonian H+
d is obtained by choosing a finite-dimensional func-

tion space and a quadrature formula,

H+
d (q0, p1) = ext q∈Mn([0,h])

q(0)=q0
(q(cjh),p(cjh))∈T ∗Q

[
p1q(t1)− h

∑m

j=1
bj [p(cjh)q̇(cjh)−H(q(cjh), p(cjh))]

]
.
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Interestingly, the Galerkin discrete Hamiltonian does not require a choice of a finite-dimensional
function space for the curves in the momentum, as the quadrature approximation of the action in-
tegral only depend on the momentum values p(cjh) at the quadrature points, which are determined
by the extremization principle. In essence, this is because the action integral does not depend on
the time derivative of the momentum ṗ. As such, both the Galerkin discrete Lagrangian and the
Galerkin discrete Hamiltonian depend only on the choice of a finite-dimensional function space for
curves in the position, and a quadrature rule. It was shown in Proposition 4.1 of [31] that when
the Hamiltonian is hyperregular, and for the same choice of function space and quadrature rule,
they induce equivalent numerical methods.

The Type II discrete Hamilton’s phase space variational principle states that

δ

{
pNqN −

N−1∑
k=0

[
pk+1qk+1 −H+

d (qk, pk+1)
]}

= 0,

for discrete curves in T ∗Q with fixed (q0, pN ) boundary conditions. This yields the discrete Hamil-
ton’s equations, which are given by

(1.3) qk+1 = D2H
+
d (qk, pk+1), pk = D1H

+
d (qk, pk+1).

Given a discrete Hamiltonian H+
d , we introduce the discrete fiber derivatives (or discrete Legendre

transforms), F+H+
d ,

F+H+
d : (q0, p1) 7! (D2H

+
d (q0, p1), p1),

F−H+
d : (q0, p1) 7! (q0, D1H

+
d (q0, p1)).

The discrete Hamiltonian map can be expressed in terms of the discrete fiber derivatives,

F̃H+
d

(q0, p0) = F+H+
d ◦ (F−H+

d )−1(q0, p0) = (q1, p1),

Similar to the Lagrangian case, we have a discrete Noether’s theorem and variational error analysis
result for Hamiltonian variational integrators.

Theorem 1.3 (Discrete Noether’s theorem (Theorem 5.3 of [31])). Given the action Φ on the
configuration manifold Q, let ΦT ∗Q be the cotangent lifted action on T ∗Q. If the generalized discrete
Lagrangian Rd(q0, q1, p1) = p1q1 −H+

d (q0, p1) is invariant under the cotangent lifted action ΦT ∗Q,

then the discrete Hamiltonian map F̃H+
d

preserves the momentum map, i.e., F̃ ∗
H+
d

J = J.

Theorem 1.4 (Variational error analysis (Theorem 2.2 of [45])). If a discrete Hamiltonian H+
d

approximates the exact discrete Hamiltonian H+,E
d to order p, i.e., H+

d (q0, p1;h) = H+,E
d (q0, p1;h)+

O(hp+1), then the discrete Hamiltonian map F̃H+
d

is an order p accurate one-step method.

It should be noted that there is an analogous theory of discrete Hamiltonian variational integrators
based on Type III generating functions H−d (p0, q1).

Remark 1.1. It should be noted that the current construction of Hamiltonian variational integrators
is only valid on vector spaces and local coordinate charts as it involves Type II/Type III generating
functions H+

d (qk.pk+1), H−d (pk, qk+1), which depend on the position at one boundary point, and
the momentum at the other boundary point. However, this does not make intrinsic sense on a
manifold, since one needs the base point in order to specify the corresponding cotangent space. One
possible approach to constructing an intrinsic formulation of Hamiltonian variational integrators on
general cotangent bundles is to start with discrete Dirac mechanics [30], and consider a generating
function E+

d (qk, qk+1, pk+1), E−d (qk, pk, qk+1), that depends on the position at both boundary points



TYPE II HAMILTONIAN LIE GROUP VARIATIONAL INTEGRATORS FOR ADJOINT SENSITIVITY 5

and the momentum at one of the boundary points. This approach can be viewed as a discretization
of the generalized energy E(q, v, p) = 〈p, v〉 − L(q, v), in contrast to the Hamiltonian H(q, p) =
extv〈p, v〉 − L(q, v) = 〈p, v〉 − L(q, v)|p= ∂L

∂v
.

As mentioned in the previous remark, an issue with Type II Hamiltonian variational integrators is
that they are only valid on vector spaces or on local charts, due to the Type II boundary conditions
q(tk) = qk, p(tk+1) = pk+1, which requires a local trivialization of T ∗Q. Furthermore, these methods
cannot in general be extended to arbitrary parallelizable manifolds M , i.e., T ∗M ∼= M×V for some
vector space V , since the isomorphism T ∗M ∼= M × V may be neither explicit nor computable.
However, for a Lie group G, the trivialization T ∗G ∼= G × g∗ is given simply by left or right
translation. Using this trivialization, we will extend the construction of Type II Hamiltonian
variational integrators to the setting of Hamiltonian systems on the cotangent bundle of a Lie
group.

1.2. Lie Group Variational Integrators. Lie group variational integrators preserve the Lie
group structure of the configuration space without the use of local charts, reprojection, or con-
straints. Instead, the discrete solution is updated using the exponential of a Lie algebra element
that satisfies a discrete variational principle. These yield highly efficient geometric integration
schemes for rigid body dynamics that automatically remain on the rotation group. We avoid coor-
dinate singularities associated with local charts, such as Euler angles, by representing the attitude
globally as a rotation matrix, which is important for accurately simulating chaotic orbital motion.

These ideas were introduced in [26], and applied to a system of extended rigid bodies interacting
under their mutual gravitational potential in [27; 28], wherein symmetry reduction to a relative
frame is also addressed. The superior computational efficiency of Lie group variational integrators
for the full body simulation of systems of extended rigid bodies in the context of astrodynamics
was demonstrated in [15].

Lie group variational integrators can be seen as the synthesis of Lie group methods (see, for ex-
ample, [22]) and variational integrators that serves as the basis for constructing efficient geometric
structure-preserving integrators for the dynamics of mechanical systems which evolve on Lie groups.

The basic idea of a Lie group method is to express the solution in terms of an element of the Lie
algebra,

g(t) = g0 exp(ξ(t)) ,

as opposed to a group element, and to use the exponential map and group composition to ensure
that the solution remains on the group. The problem reduces to finding an appropriate Lie algebra
element ξ ∈ g, which is desirable, as the Lie algebra is always linear, even when the Lie group is
nonlinear, and interpolants can be easily obtained. We construct an interpolant on the Lie group
by using polynomial interpolation at the level of the Lie algebra.

The exponential (or an approximation thereof, such as the Cayley transform, or more generally, the
diagonal Padé approximants, for quadratic matrix Lie groups [9]) allows one to approximate a curve
on G by a discrete time curve on the Lie algebra. One can combine this with an approximation
space for the fibers of TG ∼= G×g to obtain a discrete Lagrangian. Enforcing a discrete variational
principle then results in a Lie group variational integrator. For more details, see [5; 23; 26–28; 34;
37].

1.3. Adjoint Systems and their Geometry. The solution of many nonlinear problems involves
successive linearization, and as such variational equations and their adjoints play a critical role in a
variety of applications. Adjoint equations are of particular interest when the parameter space has
significantly higher dimension than that of the output or objective. In particular, the simulation
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of adjoint equations arise in sensitivity analysis [7; 8], adaptive mesh refinement [33], uncertainty
quantification [51], automatic differentiation [17], superconvergent functional recovery [41], optimal
control [42], optimal design [16], optimal estimation [40], and deep learning viewed as an optimal
control problem [4].

The study of geometric aspects of adjoint systems arose from the observation that the combina-
tion of any system of differential equations and its adjoint equations are described by a formal
Lagrangian [20; 21]. This naturally leads to the question of when the formation of adjoints and
discretization commutes [46], and prior work on this include the Ross–Fahroo lemma [43], and
the observation by Sanz-Serna [44] that the adjoints and discretization commute if and only if the
discretization is symplectic.

We will briefly review the geometry of adjoint and variational systems. Let M be a manifold;
throughout this paper, we will assume that all manifolds are smooth and finite-dimensional and all
maps between them are smooth, unless otherwise stated. Let q̇ = F (q) be an ODE on M , specified
by a vector field F on M . Then, the adjoint system associated to F is the ODE on T ∗M with the
coordinate expression

q̇ = F (q),

ṗ = −[DF (q)]∗p,

where DF is the linearization of F . The adjoint system can be viewed as the ODE on T ∗M
corresponding to the vector field given by the cotangent lift of F . Intrinsically, the adjoint system
can be understood as a Hamiltonian system on T ∗M relative to the canonical symplectic form on
T ∗M , with Hamiltonian given by

H(q, p) = 〈p, F (q)〉.

Furthermore, we associate to F the variational system, which is the ODE on TM with coordinate
expression

q̇ = F (q),

v̇ = DF (q)v.

The variational system can be viewed as the ODE on TM corresponding to the vector field given
by the tangent lift of F .

The importance of the adjoint and variational systems is that they satisfy an adjoint-variational
quadratic conservation law: for any solution curves (q, p) of the adjoint system and (q, v) of the
variational system, covering the same base curve q, one has

d

dt
〈p, v〉 = 0.

This quadratic conservation law is the key to adjoint sensitivity analysis [44]. The interest in study-
ing the geometry of these adjoint and variational systems arises from the fact that this quadratic
conservation law can also be interpreted as symplecticity of the Hamiltonian flow of the adjoint
system [49].

In [49], we developed Type II variational integrators for adjoint systems for ODEs and DAEs on
vector spaces by utilizing their respective symplectic and presymplectic structures. One of the
goals of this paper is to extend this construction to the nonlinear setting and in particular, adjoint
systems over Lie groups.
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1.4. Main Contributions. In this paper, we develop a continuous and discrete theory for Type
II variational principles on cotangent bundles of Lie groups, which gives an intrinsic meaning to
Hamiltonian systems with fixed initial position g0 and fixed terminal momenta p1 boundary con-
ditions, in contrast to traditional variational principles for Lie group variational integrators which
assume fixed initial and final positions. The motivation for developing Type II variational prin-
ciples is that the corresponding Type II boundary conditions arise in adjoint sensitivity analysis,
which is the motivating application of this paper. Traditionally, such Type II variational princi-
ples are only globally defined on vector spaces, or locally defined on charts on a general manifold;
however, for Lie groups, left-trivialization allows us to define such a Type II variational principle
globally on the cotangent bundle of a Lie group. Specifically, in Section 2, we develop a novel
Type II variational principle for Hamiltonian systems on cotangent bundles of Lie groups by in-
troducing a d’Alembert variational principle. This is a novel variational principle since typically,
variational principles are given by a stationarity condition for the action corresponding to fixed
initial and terminal positions, g0 and g1; however, in our setting, since the final position g1 is not
fixed, virtual work can be deposited into the system by varying g1. This is accounted for in our
variational principle by demanding that the action is stationary only modulo this virtual work
term arising from g1 boundary variations. Subsequently, we discretize the variational principle to
develop structure-preserving numerical methods for such systems. We prove that such methods are
symplectic and also momentum-preserving. We also develop a discrete reduction theory for left-
invariant systems, and show that the discrete reduction theory can be interpreted as momentum
preservation associated to left-invariance.

In Section 3, we apply the continuous and discrete theory developed in Section 2 to the particular
case of adjoint Hamiltonian systems on Lie groups. In the continuous setting, we introduce the
adjoint and variational equations associated to an ODE on a Lie group, and prove global existence
and uniqueness results for these equations. In the discrete setting, we show how our variational
integrators can be used to perform intrinsic structure-preserving adjoint sensitivity analysis on Lie
groups. In particular, we show how initial condition sensitivities and parameter sensitivities of cost
functions can be computed exactly within this framework. Finally, we conclude with two numerical
examples, which utilizes this geometric adjoint sensitivity analysis to solve an initial condition
optimization problem and an optimal control problem on SO(3).

2. Hamiltonian Variational Integrators on Cotangent Bundles of Lie Groups

In this paper, we aim to construct and analyze geometric integration methods for Hamiltonian
dynamics on the cotangent bundle T ∗G of a Lie group G, subject to Type II boundary conditions
g(0) = g0, p(T ) = p1. Throughout, our our motivating class of examples is adjoint systems.

Example 2.1 (Adjoint Systems on Lie Groups). Consider an ODE on a Lie group G given by ġ =
f(g), specified by a vector field F on G. We associate to F the adjoint Hamiltonian H : T ∗G! R,
given by

H(g, p) = 〈p, F (q)〉.

We refer to the Hamiltonian system iXHΩ = dH, relative to the canonical symplectic form Ω on
T ∗G, as the adjoint system associated to the ODE ġ = F (g). The motivation for considering Type
II boundary conditions arises from the fact that, viewing the ODE on G as flowing forward in time,
the momenta p can be interpreted as flowing backward in time, which backpropagates sensitivity
information back to the initial time. We will describe this in more detail in Section 3.
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We also provide as another motivating example the class of mechanical systems on T ∗G. Although
we will not be particularly concerned with this class of examples in this paper, it is worthwhile
pointing out the distinctions between these two classes of examples (see Remark 2.1).

Example 2.2 (Mechanical Systems on TG). We consider a mechanical system on a Lie group G
described by a Lagrangian L : TG! R. By left-trivialization of the tangent bundle,

TG 3 (g, ġ) 7! (g, ξ) = (g, g−1ġ) ∈ G× g,

the Euler–Lagrange equations for l(g, ξ) ≡ L(g, gξ) can be expressed as

d

dt

δl

δξ
= ad∗ξ

δl

δξ
+ dgl,

d

dt
g = gξ.

Assuming that the Lagrangian is hyperregular, i.e., FL : TG ! T ∗G is a diffeomorphism, the
system can be equivalently described as a Hamiltonian system on T ∗G; or by left-trivialization, it
can be equivalently described as a Hamiltonian system on G× g∗ 3 (g, µ) given by

d

dt
µ = ad∗ξµ+ g

δl

δg
,

d

dt
g = ξ,

µ =
δl

δξ
.

For more details on this class of examples, see [5; 6; 23].

Remark 2.1. It is interesting to note that these two classes of examples, Example 2.1 and Example
2.2, are at the opposing ends of the spectrum of regularity and degeneracy for Hamiltonian systems.

Recall that a Hamiltonian is said to be regular if the Hessian of the Hamiltonian D2
pH(q, p) is

invertible for all (q, p) ∈ T ∗G and degenerate otherwise. If the Hamiltonian is regular, then the
(inverse) Legendre transform FH : T ∗G! TG is a local diffeomorphism.

On the one hand, systems of the form described in Example 2.2 are regular and furthermore, they are
maximally regular (or hyperregular) in the sense that FH : T ∗G! TG is a global diffeomorphism.

On the other hand, adjoint systems of the form described in Example 2.1 are maximally degenerate,
in the sense that the Hessian D2

pH(q, p) is the zero matrix. While this appears to be a deficiency
of such systems, we will see that this is a key property of these systems, arising from the fact that
these systems are lifts of differential equations on the base space G.

Because adjoint systems are degenerate, they do not admit an equivalent Lagrangian description.
As such, we aim to construct integrators for Hamiltonian systems on T ∗G without assuming that
they arise from a Lagrangian system.

2.1. A Type II Variational Principle for Hamiltonian Systems on Cotangent Bundles
of Lie Groups. A common approach to constructing geometric integrators for Lagrangian and
Hamiltonian systems is to restrict the variational principle, from which these systems arise, to some
appropriate finite-dimensional space of possible trajectories, and solve the approximate problem on
this restricted space. We thus aim to construct integrators for Hamiltonian systems on T ∗G by
first formulating a variational principle for these systems in the continuous setting and subsequently
restricting to a discrete variational principle.
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To develop a variational principle for Hamiltonian systems on T ∗G, we first consider the boundary
conditions that we wish to place on the system. Note that fixed endpoint conditions on the basespace
g(0) = g0, g(T ) = g1 are generally incompatible with systems of the form Example 2.1, since adjoint
systems on T ∗G cover first-order ODEs on G and thus, one cannot freely specify both g(0) and g(T ).
As such, we instead consider Type II boundary conditions of the form g(0) = g0, p(T ) = p1. For
general Hamiltonian systems on the cotangent bundle of a manifold, the issue with these boundary
conditions is that one cannot intrinsically specify a covector p(T ) = p1 without specifying the
basepoint q(T ) = q1. This is not an issue for adjoint systems in particular, since the time-T flow
of the underlying ODE on G determines the basepoint where p1 is specified. However, since we
would like our theory to apply to general Hamiltonian systems on T ∗G, we do not want to restrict
to adjoint systems in particular. Fortunately, we can make sense of Type II boundary conditions,
since T ∗G is trivializable by left-translation.

Let g = TeG denote the Lie algebra of G and g∗ = T ∗eG be its dual. We will denote the duality
pairing between v ∈ TgG and p ∈ T ∗gG as 〈p, v〉, where the base point is understood in context. Let
Lg : G! G denote left-translation by g, Lg(x) = gx. Left-translation induces maps on the tangent
bundle and cotangent bundle of G by pushforward and pullback, respectively, which we denote as

TxLg : TxG! TgxG,

T ∗xLg : T ∗gxG! T ∗xG.

For vg ∈ TgG, pg ∈ T ∗gG, we will denote their left-translations to their respective fibers over the
identity as simply

g−1vg ≡ TgLg−1(vg) ∈ g,

g∗pg ≡ T ∗e Lg(pg) ∈ g∗.

This notation is suggestive, since in the case that G is a matrix Lie group, the left-translation of a
tangent vector to the fiber over the identity acts by matrix multiplication by the inverse of g and
the left-translation of a covector to the fiber over the identity acts by matrix multiplication by the
adjoint of g.

A useful fact is that the pairing 〈pg, vg〉 is preserved under left-translation,

〈g∗ · pg, g−1 · vg〉 = 〈T ∗e Lg(pg), TgLg−1(vg)〉
= 〈pg, TeLg ◦ TgLg−1(vg)〉
= 〈pg, Tg(Lg ◦ Lg−1)(vg)〉
= 〈pg, vg〉.

By left-translation on the cotangent bundle, we get the left-trivialization T ∗G ∼= G× g∗. With this
trivialization, we can make sense of Type II boundary conditions g(0) = g0 ∈ G,µ(T ) = µ1 ∈ g∗,
with coordinates (g, µ) on G× g∗.

What remains is to construct a variational principle. Recall that the action for a Hamiltonian
system on T ∗G is given by

S[g, p] =

∫ T

0

(
〈p, ġ〉 −H(g, p)

)
dt,

where H : T ∗G! R. By left-translation, with µ = g∗ · p, we define the left-trivialized Hamiltonian
h : G× g∗ ! R as

h(g, µ) ≡ H(g, g∗−1 · µ) = H(g, p).
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The action can then be expressed as

S[g, p] =

∫ T

0

(
〈p, ġ〉 −H(g, p)

)
dt

=

∫ T

0

(
〈g∗ · p, g−1 · ġ〉 −H(g, p)

)
dt

=

∫ T

0

(
〈µ, g−1 · ġ〉 − h(g, µ)

)
dt =: s[g, µ];

we refer to s[g, µ] as the left-trivialized action.

Now, we prescribe boundary conditions g(0) = g0 ∈ G, µ(T ) = µ1 ∈ g∗. Given a curve (g(t), p(t))
on T ∗G, by left-translation, the terminal momenta condition µ(T ) = µ1 on g∗ corresponds to
p(T ) = g(T )∗−1 · µ1 ∈ T ∗g(T )G. To state a variational principle, we observe that by left-translation,

we can prescribe a boundary condition on p(T ) (equivalently, on µ(T )) but we cannot fix the
terminal point g(T ). As such, a variation δg can always introduce virtual work on the system by
varying the terminal point g(T ); the virtual work done by varying the terminal point is given by
〈p(T ), δg(T )〉, or equivalently, 〈µ(T ), η(T )〉 where we defined the left-trivialization of the variation
η = g−1 · δg. Thus, we cannot demand the the action S (equivalently, s) is stationary since one can
always introduce virtual work as described above; however, we can demand that it is stationary
modulo the virtual work that is introduced into the system by varying the terminal point g(T ).
Thus, we impose the variational principle

δS[g, p] = 〈p(T ), δg(T )〉,
or equivalently, by left translation

δs[g, µ] = 〈µ(T ), η(T )〉,
where the variations fix g(0) and p(T ) (equivalently, µ(T )). We refer to this variational principle
as the Type II d’Alembert variational principle, due to its similarity to the d’Alembert variational
principle which utilizes virtual work to derive forced Lagrangian or Hamiltonian systems [36].

Theorem 2.1 (Type II d’Alembert Variational Principle). The following are equivalent

(i) The Type II d’Alembert variational principle

δS[g, p] = 〈p(T ), δg(T )〉,
on T ∗G is satisfied, where the variations of the action δg, δp satisfy δg(0) = 0, δp(T ) = 0,
corresponding to boundary conditions g(0) = g0, p(T ) = g(T )∗−1 · µ1.

(ii) Hamilton’s equations hold in canonical coordinates on T ∗G, with the above Type II boundary
conditions,

ġ = DpH(g, p),(2.1a)

ṗ = −DgH(g, p),(2.1b)

g(0) = g0,(2.1c)

p(T ) = g(T )∗−1 · µ1.(2.1d)

(iii) The Type II d’Alembert variational principle

δs[g, µ] = 〈µ(T ), η(T )〉
on G × g∗ is satisfied, where the variation δg is left-trivialized as η = g−1 · δg and the
variation δp is left-trivialized as δµ = g∗ · δp, with δη(0) = 0, δµ(T ) = 0, corresponding to
boundary conditions g(0) = g0, µ(T ) = µ1.
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(iv) The Lie–Poisson equations hold on G× g∗, with the above Type II boundary conditions,

ġ = g ·Dµh(g, µ),(2.2a)

µ̇ = −g∗ ·Dgh(g, µ) + ad∗Dµh(g,µ)µ,(2.2b)

g(0) = g0,(2.2c)

µ(T ) = µ1.(2.2d)

Remark 2.2. Above, we denote by DgH,DpH,Dgh,Dµh the functional derivatives satisfying

dH(g, p) · (δg, δp) = 〈DgH(g, p), δg〉+ 〈δp,DpH(g, p)〉,
dh(g, µ) · (δg, δµ) = 〈Dgh(g, µ), δg〉+ 〈δµ,Dµh(g, µ)〉.

Proof. To see that (i) and (ii) are equivalent, compute the variation of S,

δS[g, p] =

∫ T

0

(
〈δp, ġ〉+

〈
p,
d

dt
δg

〉
− 〈DgH, δg〉 − 〈δp,DpH〉

)
dt

=

∫ T

0

(
〈δp, ġ −DpH〉+ 〈−ṗ−DgH, δg〉

)
dt+ 〈p, δg〉

∣∣∣T
0
.

If (ii) holds, the integrand above vanishes by the equations of motion; furthermore, δg(0) = 0.
Thus, the above expression reduces to

δS[g, p] = 〈p(T ), δg(T )〉,

i.e., (i) holds. Conversely, if (i) holds, we have

0 = δS[g, p]− 〈p(T ), δg(T )〉 =

∫ T

0

(
〈δp, ġ −DpH〉+ 〈−ṗ−DgH, δg〉

)
dt.

Then, by the fundamental lemma of the calculus of variations, (ii) holds.

To see that (iii) is equivalent to (iv), compute the variation of s. For simplicity, we denote the
left-translation of ġ by ξ = g−1 · ġ and similarly η = g−1 · δg.

δs[g, µ] =

∫ T

0

(
〈δµ, g−1 · ġ〉+

〈
µ, g−1 d

dt
δg − g−1 · δgg−1 · ġ

〉
− 〈δµ,Dµh〉 − 〈Dgh, δg〉

)
dt

=

∫ T

0

(
〈δµ, g−1 · ġ −Dµh〉+ 〈µ, η̇ + adξη〉 − 〈g∗ ·Dgh, η〉

)
dt

=

∫ T

0

(
〈δµ, g−1 · ġ −Dµh〉+ 〈−µ̇+ ad∗ξµ− g∗ ·Dgh, η〉

)
dt+ 〈µ, η〉

∣∣∣T
0
.

If (iv) holds, the integrand above vanishes by the equations of motion, noting that ξ = g−1·ġ = Dµh;
furthermore, η(0) = 0. Thus, the above expression reduces to

δs[g, µ] = 〈µ(T ), η(T )〉,

i.e., (iii) holds. Conversely, if (iii) holds, we have

0 = δs[g, µ]− 〈µ(T ), η(T )〉 =

∫ T

0

(
〈δµ, g−1 · ġ −Dµh〉+ 〈−µ̇+ ad∗ξµ− g∗ ·Dgh, η〉

)
dt.

Then, by the fundamental lemma of the calculus of variations, (iv) holds.

Finally, (i) and (iii) are equivalent by left-translation, since S[g, p] = s[g, µ] and 〈p(T ), δg(T )〉 =
〈µ(T ), η(T )〉. �
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Remark 2.3. Note that one can also modify the above variational principle to include external
forces by adding the virtual work done by the external force. Given a left-trivialized external force
f : [0, T ]! g∗, one can modify the above variational principle to

δs[g, µ] = 〈µ(T ), η(T )〉+

∫ T

0
〈f, η〉dt,

or equivalently,

δS[g, p] = 〈p(T ), δg(T )〉+

∫ T

0
〈g∗−1 · f, δg〉dt.

This modifies the momenta equations (2.2b) on G× g to include the external force,

µ̇ = −g∗ ·Dgh(g, µ) + ad∗Dµh(g,µ)µ+ f,

or equivalently, modifies the momenta equation (2.1b) on T ∗G to be

ṗ = −DgH(g, p) + g∗−1 · f.

2.2. Discrete Hamiltonian Variational Integrators on Cotangent Bundles of Lie Groups.
In this section, we develop a discrete counterpart to the continuous Type II variational principle
on cotangent bundles of Lie groups developed in the previous section.

Consider the action

s[g, µ] =

∫ T

0

(
〈µ, g−1 · ġ〉 − h(g, µ)

)
dt.

We will construct discrete Hamiltonian variational integrators for the Lie–Poisson system (2.2a)-
(2.2d) by discretizing the Type II d’Alembert variational principle (Theorem 2.1).

Partition [0, T ] into ∪N−1
k=0 [tk, tk+1] where

0 = t0 < t1 < · · · < tN−1 < tN = T,

with uniformly spaced intervals tk+1 − tk = ∆t = T/N . To discretize the variational principle,

we need a sequence of points {gk ∈ G}N−1
k=0 which interpolates a curve g(t) ∈ G. A simple way

to do this is to utilize a retraction to relate a curve on G to a curve on g. Let τ be a retraction
τ : g ! G, which is a C2-diffeomorphism about the origin such that τ(0) = e. Let dτξ : g ! g

denote the right-trivialized tangent map of τ and dτ−1
ξ its inverse (for a definition, see [6]). Using

the retraction, we can approximate the velocity g−1 · ġ ∈ g by

(2.3) ξk+1 = τ−1(g−1
k gk+1)/∆t.

This defines the desired interpolated curve {gk} on G through elements {ξk} on g via gk+1 =
gkτ(∆tξk+1). We approximate the action as

sd[{gk}, {mk}] =
N−1∑
k=0

∆t
(
〈mk+1, ξk+1〉 − h(gk,mk+1)

)
,

where again {ξk} and {gk} are related by (2.3). Note that, by (2.3), the variations in ξ are related
to the variations of g; this is explicitly given by ([23])

(2.4) δξk+1 = δτ−1(g−1
k gk+1)/∆t = dτ−1

∆tξk+1
(−g−1

k δgk + Adτ(∆tξk+1)g
−1
k+1δgk+1)/∆t.

We now derive a variational integrator from a discrete approximation of the Type II d’Alembert
variational principle.

Theorem 2.2 (Discrete Type II d’Alembert Variational Principle). The following are equivalent



TYPE II HAMILTONIAN LIE GROUP VARIATIONAL INTEGRATORS FOR ADJOINT SENSITIVITY 13

(i) The discrete Type II d’Alembert variational principle holds

δsd[{gk}, {mk}] = 〈(dτ−1
−∆tξN

)∗mN , g
−1
N δgN 〉,

subject to variations δgk, δmk satisfying δg0 = 0, δmN = 0, corresponding to Type II bound-
ary conditions which prescribe g0 = g(0),mN = m(T ).

(ii) The discrete Lie–Poisson equations hold

(dτ−1
∆tξk+1

)∗mk+1 −Ad∗τ(∆tξk)(dτ
−1
∆tξk

)∗mk = −∆tg∗k ·Dgh(gk,mk+1),(2.5a)

ξk+1 = Dµh(gk,mk+1),(2.5b)

gk+1 = gkτ(∆tξk+1),(2.5c)

with the above boundary conditions.

Proof. Compute the variation of sd,

δsd =
N−1∑
k=0

∆t
[
〈δmk+1, ξk+1〉 − 〈δmk+1, Dµh(gk,mk+1)〉

]
︸ ︷︷ ︸

≡(a)

+

N−1∑
k=0

∆t
[
〈mk+1, δξk+1〉 − 〈Dgh(gk,mk+1), δgk〉

]
︸ ︷︷ ︸

≡(b)

.

We will simplify the expressions (a) and (b) individually.

For (a), note that the k = N − 1 term vanishes since δmN = 0. Thus, the sum runs 0 to N − 2.
We re-index k ! k − 1 so that (a) becomes

(a) =
N−1∑
k=1

∆t
[
〈δmk, ξk −Dµh(gk−1,mk)〉

]
.

For (b), we rewrite the variation in ξ in terms of the variation of g,

(b) =

N−1∑
k=0

∆t
[
〈mk+1, dτ

−1
∆tξk+1

(−g−1
k δgk + Adτ(∆tξk+1)g

−1
k+1δgk+1)/∆t〉 − 〈Dgh(gk,mk+1), δgk〉

]

=
N−1∑
k=0

∆t
[
〈−(g−1

k )∗(dτ−1
∆tξk+1

)∗mk+1/∆t−Dgh(gk,mk+1), δgk〉
]

+
N−1∑
k=0

∆t〈(g−1
k+1)∗Ad∗τ(∆tξk+1)(dτ

−1
∆tξk+1

)∗mk+1/∆t, δgk+1〉.

In the first sum above, note that the k = 0 vanishes since δg0 = 0. In the second sum above, we
explicitly write the k = N − 1 term and re-index the resulting sum k ! k − 1. This gives

(b) =
N−1∑
k=1

∆t
[
〈−(g−1

k )∗(dτ−1
∆tξk+1

)∗mk+1/∆t−Dgh(gk,mk+1), δgk〉
]

+

N−1∑
k=1

∆t〈(g−1
k )∗Ad∗τ(∆tξk)(dτ

−1
∆tξk

)∗mk/∆t, δgk〉

+ ∆t〈(g−1
N )∗Ad∗τ(∆tξN )(dτ

−1
∆tξN

)∗mN/∆t, δgN 〉.
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Note that, since Ad∗τ(∆tξN )(dτ
−1
∆tξN

)∗ = (dτ−1
−∆tξN

)∗ [6], the last term equals

〈(dτ−1
−∆tξN

)∗mN , g
−1
N δgN 〉,

which is precisely the virtual work term in the discrete Type II d’Alembert variational principle.
Putting everything together, we have

δsd[{gk}, {mk}]− 〈(dτ−1
−∆tξN

)∗mN , g
−1
N δgN 〉

=
N−1∑
k=1

∆t
[
〈δmk, ξk −Dµh(gk−1,mk)〉

+ 〈−(g−1
k )∗(dτ−1

∆tξk+1
)∗mk+1/∆t−Dgh(gk,mk+1)

+ (g−1
k )∗Ad∗τ(∆tξk)(dτ

−1
∆tξk

)∗mk/∆t, δgk〉
]
.

Clearly, if the discrete Lie–Poisson equations hold, then the above vanishes, i.e., the discrete Type
II d’Alembert variational principle holds, δsd[{gk}, {mk}] = 〈(dτ−1

−∆tξN
)∗mN , g

−1
N δgN 〉. Conversely,

if the discrete Type II d’Alembert variational principle holds, the above vanishes, which gives

0 =
N−1∑
k=1

∆t
[
〈δmk, ξk −Dµh(gk−1,mk)〉

+ 〈−(g−1
k )∗(dτ−1

∆tξk+1
)∗mk+1/∆t−Dgh(gk,mk+1)

+ (g−1
k )∗Ad∗τ(∆tξk)(dτ

−1
∆tξk

)∗mk/∆t, δgk〉
]
.

Since the variations δmk and δgk are arbitrary and independent for k = 1, . . . , N − 1, this gives the
discrete Lie–Poisson equations (2.5a)-(2.5c). �

Note that this integrator is similar to (and in some cases, the same as) various variational Lie group
integrators in the literature, but there are some important distinctions.

For example, in [6], variational integrators for dynamics on TG are derived through a discrete
Hamilton–Pontryagin principle. This can be related to our integrator, given that the Hamiltonian
arises from a regular Lagrangian. In particular, if one is given a regular left-trivialized Lagrangian
l(g, ξ), from which h(g, µ) arises via the Legendre transform, then we can invert (2.5b) to obtain
mk+1 = Dξl(gk, ξk+1) and we have the relation ∂l/∂g = −∂h/∂g. Substituting these into the
equations (2.5a)-(2.5c) produces equation (4.19) of [6]. Of course, this equivalence does not hold
when the Hamiltonian is not regular. In particular, note that the Legendre transform with respect
to the Hamiltonian, equation (2.5b), appears in the discrete Lie–Poisson equations derived from
the Hamiltonian side, as opposed to the Legendre transform with respect to the Lagrangian. Thus,
our method is applicable to degenerate Hamiltonian systems, such as adjoint systems, which we
will discuss further in Section 3.

As previously noted, an important distinction with the above integrator is that it is defined and
derived from a variational principle entirely on the Hamiltonian side; this is particularly important
when the Hamiltonian is not regular, as in the case of adjoint systems. Furthermore, the variational
integrators in the literature make use of fixed endpoint boundary conditions, δg0 = 0 = δgN , in
the variational principle ([6; 23; 34; 37]). As previously discussed, these boundary conditions
are incompatible with adjoint systems. By utilizing a discrete Type II d’Alembert variational
principle, we were able to derive an integrator on the Hamiltonian side which does not assume that
the Hamiltonian is regular, nor assume fixed endpoint boundary conditions. Thus, as we will see
in Section 3, we will be able to apply our integrator to adjoint systems to develop a structure-
preserving integrator which preserves the quadratic adjoint sensitivity conservation law.
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It is also interesting to note the virtual work term arising at the terminal point in the discrete
variational principle,

〈(dτ−1
−∆tξN

)∗mN , g
−1
N δgN 〉

is different than what one might expect from the continuous variational principle, 〈µN , g−1
N δgN 〉.

This is due to the fact that the retraction relates the dynamics on G to dynamics on g, and so the
pairing 〈µ, g−1ġ〉 compared to the pairing 〈mk, ξk〉 should not be identified, but rather, are related
by a coordinate change. In fact, the coordinate change is given by the cotangent lift of τ−1, which is
precisely (dτ−1

−∆tξN
)∗. As we will see below, this also induces a coordinate change in the expression

for the symplectic form, which is the exterior derivative of the one-form corresponding to the above
boundary term; the expression for the one-form and its exterior derivative is also derived in [6]
through a discrete Hamilton–Pontryagin principle.

2.2.1. Reduction for Left-invariant Hamiltonians. A particularly important class of Hamiltonians
are the left-invariant Hamiltonians, which are functions H : T ∗G! R that are invariant under the
cotangent lift of left-multiplication by any x ∈ G, i.e.,

H ◦ T ∗Lx = H for all x ∈ G.

In terms of our notation, that is

H(xg, x∗−1p) = H(g, p) for all x ∈ G, (g, p) ∈ T ∗G.

For such left-invariant Hamiltonians, the dynamics on T ∗G reduce to dynamics on g∗ [35].

Given a left-invariant Hamiltonian H, we define the reduced Hamiltonian H̃ : g∗ ! R by

H̃(µ) = H(e, µ).

Then, equation (2.2b) for µ̇ reduces to

(2.6) µ̇ = ad∗
DµH̃(µ)

µ,

where we used that

H̃(µ) = H(e, µ) = H(g, g∗−1µ) = h(g, µ)

and hence also, Dgh(g, µ) = 0. Thus, as can be seen from equation (2.6), the momentum equation
decouples from the dynamics on G: (2.6) can be solved independently and subsequently, (2.2a) can
be used to reconstruct the dynamics on G. Hence, for a left-invariant system, the full dynamics on
T ∗G is completely encoded by the reduced dynamics on g∗.

Now, we develop a discrete analogue of the Type II variational principle in the left-invariant setting.
Define the reduced discrete action

s̃d[{gk}, {mk}] =
N−1∑
k=0

∆t
(
〈mk+1, ξk+1〉 − H̃(mk+1)

)
.

Theorem 2.3 (Discrete Type II d’Alembert Reduced Variational Principle). Let H : T ∗G! R be

left-invariant and let h, H̃, sd, s̃d be defined as above. The following are equivalent

(i) The discrete Type II d’Alembert variational principle holds

δsd[{gk}, {mk}] = 〈(dτ−1
−∆tξN

)∗mN , g
−1
N δgN 〉,

subject to variations δgk, δmk satisfying δg0 = 0, δmN = 0, corresponding to Type II bound-
ary conditions which prescribe g0 = g(0),mN = m(T ).
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(ii) The discrete Lie–Poisson equations hold

(dτ−1
∆tξk+1

)∗mk+1 −Ad∗τ(∆tξk)(dτ
−1
∆tξk

)∗mk = −∆tg∗k ·Dgh(gk,mk+1),

ξk+1 = Dµh(gk,mk+1),

gk+1 = gkτ(∆tξk+1),

with the above boundary conditions.
(iii) The discrete reduced Type II d’Alembert variational principle holds

δs̃d[{gk}, {mk}] = 〈(dτ−1
−∆tξN

)∗mN , g
−1
N δgN 〉,

subject to variations δgk, δmk satisfying δg0 = 0, δmN = 0, corresponding to Type II bound-
ary conditions which prescribe g0 = g(0),mN = m(T ).

(iv) The discrete reduced Lie–Poisson equations hold

(dτ−1
∆tξk+1

)∗mk+1 −Ad∗τ(∆tξk)(dτ
−1
∆tξk

)∗mk = 0,(2.7a)

ξk+1 = DµH̃(mk+1),(2.7b)

gk+1 = gkτ(∆tξk+1),(2.7c)

with the above boundary conditions.

Proof. We already know that (i) is equivalent to (ii) by Theorem 2.2. Furthermore, (i) is clearly

equivalent to (iii), since sd = s̃d. To see this, it suffices to show that h(g,mk+1) = H̃(mk+1). By
the definition of h, we have

h(g,mk+1) = H(g, g∗−1mk+1) = H(e,mk+1) = H̃(mk+1),

where in the second equality, we used left-invariance of H.

Finally, we show that (ii) is equivalent to (iv). Clearly (2.5c) is the same as (2.7c). Since H̃(mk+1) =
H(gk,mk+1), we have that

Dµh(gk,mk+1) = DµH̃(mk+1),

so that (2.5b) is equivalent to (2.7b). Finally, we have

Dgh(gk,mk+1) = DgH̃(mk+1) = 0,

so that (2.5a) is equivalent to (2.7a). �

In practice, many Hamiltonian systems on T ∗G arise from left-invariant Hamiltonians. The practi-
cal importance of the reduced formulation is that the dynamics on T ∗G (or, equivalently, on G×g∗)
can be reduced to dynamics on g∗. To see this, note that we can eliminate {ξk} in equation (2.7a)
by using equation (2.7b) to obtain

(dτ−1
∆tDµH̃(mk+1)

)∗mk+1 −Ad∗
τ(∆tDµH̃(mk))

(dτ−1
∆tDµH̃(mk)

)∗mk = 0,

which only involves {mk}. In the literature, this is often presented as a discrete coadjoint flow (see,
for example, [34; 37]), which we can see by making the definition µk = (dτ−1

∆tDµH̃(mk)
)∗mk, so that

the above becomes

(2.8) µk+1 = Ad∗
τ(∆tDµH̃(mk))

µk.

In the following section, we will derive symplecticity and momentum conservation of the discrete
Lie–Poisson equations (2.5a)-(2.5c). Subsequently, we will derive the discrete reduced Lie–Poisson
equation (2.8) from a different perspective, by viewing it as a consequence of momentum conser-
vation associated to the left-invariance symmetry.
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2.2.2. Discrete Conservation Properties. In this section, we will show that the integrator (2.5a)-
(2.5c) is both symplectic and momentum-preserving. Such symplectic-momentum schemes also
enjoy long-term energy stability [36].

Discrete Symplecticity. We now show that the integrator (2.5a)-(2.5c) is symplectic. In essence,
symplecticity of the integrator follows from the fact that the integrator was derived from a discrete
variational principle, but we will show it explicitly. We perform the computation explicitly for two
reasons. First, the proof of symplecticity for variational integrators is traditionally derived from
the boundary term in the variational principle [36] or through the use of a generating function [31].
However, in our case, we utilize a modified d’Alembert Type II variational principle which involves
a virtual work term. Thus, we cannot appeal directly to the previous methods. Furthermore,
the setup for the proof will introduce the concept of variational equations which will be useful
for discussing adjoint systems in Section 3; additionally, the computation for symplecticity will be
similar to the computation for the quadratic conservation law for discrete adjoint systems.

From the boundary term arising from the variation of the discrete action sd, we see that the discrete
canonical form has the expression

(2.9) Θk = 〈(dτ−1
−∆tξk

)∗mk, g
−1
k dgk〉,

whose action on a vector δk = δmk∂/∂mk + δgk∂/∂gk is given by

Θk · δk = 〈(dτ−1
−∆tξk

)∗mk, g
−1
k δgk〉.

Then, the corresponding discrete symplectic form Ωk ≡ dΘk has the expression

(2.10) Ωk = 〈(dτ−1
−∆tξk

)∗dmk ∧ g−1
k dgk〉.

Its action on vectors δik = δmi
k∂/∂mk + δgik∂/∂gk is given by

Ωk · (δ1
k, δ

2
k) = 〈(dτ−1

−∆tξk
)∗δm1

k, g
−1
k δg2

k〉 − 〈(dτ−1
−∆tξk

)∗δm2
k, g
−1
k δg1

k〉.

Symplecticity of the integrator (2.5a)-(2.5c) is the statement that Ωk+1 = Ωk when the discrete Lie–
Poisson equations (2.5a)-(2.5c) hold, where the symplectic forms are evaluated on first variations
of the discrete Lie–Poisson equations, i.e., variations whose flow preserves solutions of the discrete
Lie–Poisson equations. Equivalently, such first variations are those which preserve (2.5a)-(2.5c) to
linear order. By linearizing these equations, we obtain

(dτ−1
∆tξk+1

)∗dmk+1 −Ad∗τ(∆tξk)(dτ
−1
∆tξk

)∗dmk(2.11a)

= −∆tg∗k ·D2
µgh(gk,mk+1)dmk+1 + variation in gk,

dξk+1 = D2
gµh(gk,mk+1)dgk + variation in mk+1,(2.11b)

0 = d(gk+1 − gkτ(∆tξk+1)).(2.11c)

In equation (2.11a) above, we omitted the terms involving the variation of (2.5a) with respect to gk.
Similarly, in equation (2.11b), we omitted the terms involving the variation of (2.5b) with respect
to mk+1. This is because it is difficult to express the former explicitly but we will write them as
follows. Observe that equation (2.5a) and (2.5b) can respectively be expressed as

δ

δηk
(∆t−1sd) = 0,

δ

δmk+1
(∆t−1sd) = 0,
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where ηk = g−1
k δgk, and the variations in g and ξ are related by the identity (2.4). Additionally,

the variational derivatives are defined by

δsd =
∑
k

[〈
δmk+1,

δ

δmk+1
sd

〉
+

〈
δ

δηk
sd, ηk

〉]
.

Thus, the omitted variations in (2.11a), (2.11b) have the expressions,

δ2(∆t−1sd)

δ2ηk
g−1
k dgk,

δ2(∆t−1sd)

δ2mk+1
dmk+1,

respectively. Additionally, we will combine (2.11b)-(2.11c). Analogous to the identity (2.4), (2.11c)
can be expressed as

dξk+1 = dτ−1
∆tξk+1

(−g−1
k dgk + Adτ(∆tξk+1)g

−1
k+1dgk+1)/∆t.

Thus, we can combine (2.11b)-(2.11c) to yield

dτ−1
∆tξk+1

(−g−1
k dgk + Adτ(∆tξk+1)g

−1
k+1dgk+1)/∆t = D2

gµh(gk,mk+1)dgk +
δ2(∆t−1sd)

δ2mk+1
dmk+1.

We will additionally multiply both sides by ∆t and act on both sides by dτ∆tξk+1
. Thus, we have

the equations for the first variations of the discrete Lie–Poisson equations,

(dτ−1
∆tξk+1

)∗dmk+1 −Ad∗τ(∆tξk)(dτ
−1
∆tξk

)∗dmk(2.12a)

= −∆tg∗k ·D2
µgh(gk,mk+1)dmk+1 +

δ2(∆t−1sd))

δ2ηk
g−1
k dgk,

−g−1
k dgk + Adτ(∆tξk+1)g

−1
k+1dgk+1(2.12b)

= ∆tdτ∆tξk+1
D2
gµh(gk,mk+1)dgk + ∆tdτ∆tξk+1

δ2(∆t−1sd)

δ2mk+1
dmk+1.

Remark 2.4. In the subsequent proof of symplecticity of the discrete Lie–Poisson equations, some
notation and manipulations for the computations will be useful.

First, note that although for notational simplicity we will work at the level of differential forms, we
will always implicitly understand that the differential forms will be evaluated on vectors. Because
of this, we can manipulate expressions involving differential forms and the duality pairing with a
wedge product 〈· ∧ ·〉 as we would an expression of the ordinary duality pairing. For example, given
the expression for Ωk · (δ1

k, δ
2
k) above, we can manipulate the expression as follows

Ωk = 〈(dτ−1
−∆tξk

)∗dmk ∧ g−1
k dgk〉 = 〈dmk ∧ dτ−1

−∆tξk
g−1
k dgk〉,

i.e., we can move (dτ−1
−∆tξk

)∗ across the duality pairing by taking the adjoint, because we can do so

in the expression Ωk · (δ1
k, δ

2
k), when the differential form is evaluated on vectors.

Furthermore, for some parts of the subsequent computation, it will be useful to used indexed coor-
dinates. Let gAk , A = 1, . . . ,dim(G) be coordinates for gk on G and let mkA be coordinates for mk

on g∗. Then, for example, a typical duality pairing 〈mk, g
−1
k δgk〉 can be expressed as

〈mk, g
−1
k δgk〉 = mkA(g−1

k δgk)
A,

where we are using the Einstein summation convention that repeated indices, one raised and one
lowered, are implicitly summed over. Similarly, an expression involving differential forms paired
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with the duality pairing and wedge product, such as 〈dmk ∧ g−1
k dgk〉, can be expressed as

〈dmk ∧ g−1
k dgk〉 = dmkA ∧ (g−1

k δgk)
A = dmkA ∧ (g−1

k )ABδg
B
k = (g−1

k )ABdmkA ∧ δgBk .

In the last equality above, we used bilinearity of the wedge product and the fact that the quantity
(g−1
k )AB, for each index A,B, is simply a number. In particular, indexed coordinates will be useful

for quantities involving the second variations of sd above, which can be expressed as(
δ2sd
δ2ηk

g−1
k dgk

)
A

=
δ2sd

δηAδηB
(g−1
k dgk)

B,(
δ2sd

δ2mk+1
dmk+1

)A
=

δ2sd
δm(k+1)Aδm(k+1)B

dm(k+1)B.

Similarly, the derivatives of the Hamiltonian in indexed coordinates become partial derivatives, e.g.,

(Dgh(gk,mk+1))A =
∂

∂gAk
h(gk,mk+1).

We are now ready to prove the integrator (2.5a)-(2.5c) is symplectic.

Theorem 2.4. The integrator (2.5a)-(2.5c) is symplectic, i.e., the symplectic form is preserved,

Ωk+1 = Ωk,

subject to first variations of the discrete Lie–Poisson equations. We will prove this by comput-
ing expressions for Ωk+1 and Ωk separately and subsequently showing that their expressions are
equivalent.

Proof. We will start with computing an expression for

Ωk+1 = 〈(dτ−1
−∆tξk+1

)∗dmk+1 ∧ g−1
k+1dgk+1〉.

Using the identity Ad∗τ(∆tξj)
(dτ−1

∆tξj
)∗ = (dτ−1

−∆tξj
)∗ and subsequently, equation (2.12a), we have

Ωk+1 = 〈Ad∗τ(∆tξk+1)(dτ
−1
∆tξk+1

)∗dmk+1 ∧ g−1
k+1dgk+1〉

= 〈(dτ−1
∆tξk+1

)∗dmk+1 ∧Adτ(∆tξk+1)g
−1
k+1dgk+1〉

= 〈Ad∗τ(∆tξk)(dτ
−1
∆tξk

)∗dmk ∧Adτ(∆tξk+1)g
−1
k+1dgk+1〉

−∆t〈g∗kD2
µgh(gk,mk+1)dmk+1 ∧Adτ(∆tξk+1)g

−1
k+1dgk+1〉

+

〈
δ2(∆t−1sd)

δη2
k

g−1
k dgk ∧Adτ(∆tξk+1)g

−1
k+1dgk+1

〉
.

Using equation (2.12b) in the third term above, this becomes

Ωk+1 = 〈Ad∗τ(∆tξk)(dτ
−1
∆tξk

)∗dmk ∧Adτ(∆tξk+1)g
−1
k+1dgk+1〉

−∆t〈g∗kD2
µgh(gk,mk+1)dmk+1 ∧Adτ(∆tξk+1)g

−1
k+1dgk+1〉

+

〈
δ2(∆t−1sd)

δ2ηk
g−1
k dgk ∧ g−1

k dgk

〉
+ ∆t

〈
δ2(∆t−1sd)

δ2ηk
g−1
k dgk ∧ dτ∆tξk+1

D2
gµh(gk,mk+1)dgk

〉
+ ∆t

〈
δ2(∆t−1sd)

δ2ηk
g−1
k dgk ∧ dτ∆tξk+1

δ2(∆t−1sd)

δ2mk+1
dmk+1

〉
.
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The third term above vanishes by the symmetry of the second variation and the asymmetry of the
wedge product. To see this, in coordinates, the third term above can be expressed as

∆t−1

〈
δ2sd
δ2ηk

g−1
k dgk ∧ g−1

k dgk

〉
= ∆t−1 δ2sd

δηAk δη
B
k

(g−1
k dgk)

A ∧ (g−1
k dgk)

B.

The second variation of sd above is symmetric under the interchange A ↔ B while the wedge
product above is antisymmetric under the interchange A ↔ B; hence, this term vanishes. Thus,
we have the expression

Ωk+1 = 〈Ad∗τ(∆tξk)(dτ
−1
∆tξk

)∗dmk ∧Adτ(∆tξk+1)g
−1
k+1dgk+1〉︸ ︷︷ ︸

≡(a1)

−∆t〈g∗kD2
µgh(gk,mk+1)dmk+1 ∧Adτ(∆tξk+1)g

−1
k+1dgk+1〉︸ ︷︷ ︸

≡(a2)

+∆t

〈
δ2(∆t−1sd)

δ2ηk
g−1
k dgk ∧ dτ∆tξk+1

D2
gµh(gk,mk+1)dgk

〉
︸ ︷︷ ︸

≡(a3)

+∆t

〈
δ2(∆t−1sd)

δ2ηk
g−1
k dgk ∧ dτ∆tξk+1

δ2(∆t−1sd)

δ2mk+1
dmk+1

〉
.︸ ︷︷ ︸

≡(a4)

.

Now, we will determine an expression for

Ωk = 〈(dτ−1
−∆tξk

)∗dmk ∧ g−1
k dgk〉.

Using equation (2.12b), we have

Ωk = 〈(dτ−1
−∆tξk

)∗dmk ∧ g−1
k dgk〉

= 〈(dτ−1
−∆tξk

)∗dmk ∧Adτ(∆tξk+1)g
−1
k+1dgk+1〉

−∆t〈(dτ−1
−∆tξk

)∗dmk ∧ dτ∆tξk+1
D2
gµh(gk,mk+1)dgk〉

−∆t

〈
(dτ−1
−∆tξk

)∗dmk ∧ dτ∆tξk+1

δ2(∆t−1sd)

δ2mk+1
dmk+1

〉
.

Using equation (2.12a) in the third term above, this becomes

Ωk = 〈(dτ−1
−∆tξk

)∗dmk ∧ g−1
k dgk〉

= 〈(dτ−1
−∆tξk

)∗dmk ∧Adτ(∆tξk+1)g
−1
k+1dgk+1〉

−∆t〈(dτ−1
−∆tξk

)∗dmk ∧ dτ∆tξk+1
D2
gµh(gk,mk+1)dgk〉

−∆t

〈
(dτ−1

∆tξk+1
)∗dmk+1 ∧ dτ∆tξk+1

δ2(∆t−1sd)

δ2mk+1
dmk+1

〉
−∆t2

〈
g∗kD

2
µgh(gk,mk+1)dmk+1 ∧ dτ∆tξk+1

δ2(∆t−1sd)

δ2mk+1
dmk+1

〉
−∆t

〈
δ2(∆t−1sd)

δ2ηk
g−1
k dgk ∧ dτ∆tξk+1

δ2(∆t−1sd)

δ2mk+1
dmk+1

〉
.

The third term above can be expressed as

−
〈

(dτ−1
∆tξk+1

)∗dmk+1 ∧ dτ∆tξk+1

δ2sd
δ2mk+1

dmk+1

〉
= −

〈
dmk+1 ∧

δ2sd
δ2mk+1

dmk+1

〉
.
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By applying an analogous symmetry and antisymmetry argument to the term in Ωk+1, this term
vanishes. Thus, we have the expression

Ωk = 〈(dτ−1
−∆tξk

)∗dmk ∧Adτ(∆tξk+1)g
−1
k+1dgk+1〉︸ ︷︷ ︸

≡(b1)

−∆t〈(dτ−1
−∆tξk

)∗dmk ∧ dτ∆tξk+1
D2
gµh(gk,mk+1)dgk〉︸ ︷︷ ︸

≡(b2)

−∆t2
〈
g∗kD

2
µgh(gk,mk+1)dmk+1 ∧ dτ∆tξk+1

δ2(∆t−1sd)

δ2mk+1
dmk+1

〉
︸ ︷︷ ︸

≡(b3)

−∆t

〈
δ2(∆t−1sd)

δ2ηk
g−1
k dgk ∧ dτ∆tξk+1

δ2(∆t−1sd)

δ2mk+1
dmk+1

〉
︸ ︷︷ ︸

≡(b4)

.

Comparing the expressions for Ωk+1 and Ωk above, we see that (a1) = (b1) (using the identity
Ad∗τ(∆tξj)

(dτ−1
∆tξj

)∗ = (dτ−1
−∆tξj

)∗); additionally, we see that (a4) = (b4). Thus, we have left to show

that (a2) + (a3) = (b2) + (b3). Equivalently, we have to show that (a2)− (b3) = (b2)− (a3). We
will compute both sides of this expression.

Starting with the left hand side, we have

(a2)− (b3) = −∆t〈g∗kD2
µgh(gk,mk+1)dmk+1 ∧Adτ(∆tξk+1)g

−1
k+1dgk+1〉

+ ∆t2
〈
g∗kD

2
µgh(gk,mk+1)dmk+1 ∧ dτ∆tξk+1

δ2(∆t−1sd)

δ2mk+1
dmk+1

〉
= −∆t

〈
g∗kD

2
µgh(gk,mk+1)dmk+1

∧
(

Adτ(∆tξk+1)g
−1
k+1dgk+1 −∆tdτ∆tξk+1

δ2(∆t−1sd)

δ2mk+1
dmk+1

)〉
= −∆t

〈
g∗kD

2
µgh(gk,mk+1)dmk+1 ∧

(
g−1
k dgk + ∆tdτ∆tξk+1

D2
gµh(gk,mk+1)dgk

)〉
,

where in the last equality, we used (2.12b). We split this expression into two terms

(a2)− (b3) = −∆t
〈
g∗kD

2
µgh(gk,mk+1)dmk+1 ∧ g−1

k dgk
〉︸ ︷︷ ︸

≡(x1)

−∆t2
〈
g∗kD

2
µgh(gk,mk+1)dmk+1 ∧ dτ∆tξk+1

D2
gµh(gk,mk+1)dgk

〉︸ ︷︷ ︸
≡(x2)

.

For the right hand side, we have

(b2)− (a3) = −∆t〈(dτ−1
−∆tξk

)∗dmk ∧ dτ∆tξk+1
D2
gµh(gk,mk+1)dgk〉

−∆t

〈
δ2sk
δ2ηk

g−1
k dgk ∧ dτ∆tξk+1

D2
gµh(gk,mk+1)dgk

〉
= −∆t

〈(
(dτ−1
−∆tξk

)∗dmk +
δ2(∆t−1sd)

δ2ηk
g−1
k dgk

)
∧ dτ∆tξk+1

D2
gµh(gk,mk+1)dgk

〉
= −∆t

〈(
(dτ−1

∆tξk+1
)∗dmk+1 + ∆tg∗kD

2
µgh(gk,mk+1)dmk+1

)
∧ dτ∆tξk+1

D2
gµh(gk,mk+1)dgk

〉
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We split this expression into two terms

(b2)− (a3) = −∆t
〈

(dτ−1
∆tξk+1

)∗dmk+1 ∧ dτ∆tξk+1
D2
gµh(gk,mk+1)dgk

〉
︸ ︷︷ ︸

≡(y1)

−∆t2
〈
g∗kD

2
µgh(gk,mk+1)dmk+1 ∧ dτ∆tξk+1

D2
gµh(gk,mk+1)dgk

〉︸ ︷︷ ︸
≡(y2)

.

Clearly, (x2) = (y2). Furthermore, we express (y1) as

(y1) = −∆t
〈

(dτ−1
∆tξk+1

)∗dmk+1 ∧ dτ∆tξk+1
D2
gµh(gk,mk+1)dgk

〉
= −∆t

〈
dmk+1 ∧D2

gµh(gk,mk+1)dgk
〉

= −∆tdm(k+1)A ∧
∂2

∂gB∂µA
h(gk,mk+1)dgBk

= −∆t
∂2

∂gB∂µA
h(gk,mk+1)dm(k+1)A ∧ dgBk .

We express (x1) as

(x1) = −∆t
〈
g∗kD

2
µgh(gk,mk+1)dmk+1 ∧ g−1

k dgk
〉

= −∆t
〈
D2
µgh(gk,mk+1)dmk+1 ∧ dgk

〉
= −∆t

∂2

∂gB∂µA
h(gk,mk+1)dm(k+1)A ∧ dgBk .

Thus, (x1) = (y1) and so we have shown (a2)−(b3) = (b2)−(a3). Thus, Ωk+1 = Ωk as claimed. �

Discrete Noether’s Theorem. We will now show that the integrator (2.5a)-(2.5c) preserves the
momentum map associated with a symmetry of the discrete action.

Let {gεk,mε
k} be a one-parameter family of discrete time curves with g0

k = gk and m0
k = mk. Let

δgk =
d

dε
gεk

∣∣∣
ε=0

,

δmk =
d

dε
mε
k

∣∣∣
ε=0

,

denote the variations associated to the one-parameter family of discrete time curves. Furthermore,
let sk = 〈mk+1, ξk+1〉 − h(gk,mk+1) denote the kth discrete action density. Then, we have the
following momentum preservation property of (2.5a)-(2.5c).

Theorem 2.5 (Discrete Noether’s Theorem). Suppose that (2.5a)-(2.5c) hold and furthermore,
suppose that the kth discrete action density is invariant under the above variations,

δsk = 0.

Then, for any time indices I < J ,

(2.13) ΘI · δgI = ΘJ · δgJ ,
where Θk is the discrete canonical form (2.9).

Proof. Define the IJ-partial discrete action sum as

sIJd ≡
J−1∑
k=I

∆tsk.
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By assumption, δsIJd = 0 subject to the above variations. We compute the variation explicitly

0 = δsIJd =
J−1∑
k=I

∆tδsk

=
J−1∑
k=I

∆t〈δmk+1, ξk+1 −Dµh(gk,mk+1)〉

+

J−1∑
k=I

[
〈mk+1, δξk+1〉 − 〈Dgh(gk,mk+1), δgk〉

]
.

The first sum above vanishes by (2.5b). Analogous to the proof of Theorem 2.2, we rewrite the
second sum by rewriting the variations {δξk} in terms of {δgk}. This gives

0 = δsIJd

=
J−1∑
k=I

∆t〈−(g−1
k )∗(dτ−1

∆tξk+1
)∗mk+1/∆t−Dgh(gk,mk+1), δgk〉

+
J−1∑
k=I

∆t〈(gk+1)∗Ad∗τ(∆tξk+1)(dτ
−1
∆tξk+1

)∗mk+1/∆t, δgk+1〉.

We explicitly write the k = I term in the first sum above and the k = J − 1 term in the second
sum, and subsequently, reindex the second sum from k ! k − 1. This gives

0 = δsIJd

= ∆t〈−(g−1
I )∗(dτ−1

∆tξI+1
)∗mI+1/∆t−Dgh(gI ,mI+1), δgI〉

+ ∆t〈(gJ)∗Ad∗τ(∆tξJ )(dτ
−1
∆tξJ

)∗mJ/∆t, δgJ〉+

+

J−1∑
k=I+1

∆t
[
〈−(g−1

k )∗(dτ−1
∆tξk+1

)∗mk+1/∆t−Dgh(gk,mk+1)

+ (gk)
∗Ad∗τ(∆tξk)(dτ

−1
∆tξk

)∗mk/∆t, δgk〉
]
.

The summation above vanishes by (2.5a). Additionally, we rewrite the first term above using (2.5a)
and we rewrite the second term above using the identity Ad∗τ(∆tξJ )(dτ

−1
∆tξJ

)∗ = (dτ−1
−∆tξJ

)∗. Hence,

0 = δsIJd

= −〈(dτ−1
−∆tξI

)∗mI , g
−1
I δgI〉+ 〈(dτ−1

−∆tξJ
)∗mJ , g

−1
J δgJ〉

= −ΘI · δgI + ΘJ · δgJ . �

As an application of Theorem 2.5, we will re-derive the discrete reduced Lie–Poisson equation (2.8),
interpreted as momentum conservation associated to left-invariance symmetry. Let H be a left-
invariant Hamiltonian, let X be a right-invariant vector field on G with X(e) = χ ∈ g, and let ϕε
denote the time-ε flow of X. We choose X to be a right-invariant vector field, since its flow is given
by left translations

ϕε(g) = eεχg.

We define a one-parameter family of discrete time curves {gεk,mε
k} as

gεk = ϕε(gk) = eεχg,

mε
k = mk,
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i.e., the one-parameter family of discrete time curves is defined by flowing gk by ϕε, whereas
mε
k remains constant with ε. To see why we defined mε

k this way, recall that the left-trivialized
momenta mk corresponds to a momenta pk = (gk)

∗−1mk or equivalently, mk = g∗kpk. For a
given x ∈ G, the point (gk, pk) transforms under the cotangent lift of left-multiplication by x as
(gk, pk) 7! (xgk, x

∗−1pk). Thus, mk transforms as

mk = g∗kpk 7! (xgk)
∗x∗−1pk = g∗kx

∗x∗−1pk = g∗kpk = mk,

i.e., mk is invariant under this transformation; thus, we define mε
k to be constant in ε. Additionally,

observe that the variations associated to this one-parameter family of discrete time curves can be
expressed as

δgk =
d

dε

∣∣∣
0
gεk =

d

dε

∣∣∣
0
ϕε(gk) = X(gk),

δmk =
d

dε

∣∣∣
0
mε
k =

d

dε

∣∣∣
0
mk = 0.

Now, we will verify the assumption of Theorem 2.5. The kth discrete action density is

sk = 〈mk+1, ξk+1〉 − h(gk,mk+1) = 〈mk+1, ξk+1〉 − H̃(mk+1),

where in the second equality, we used that h(gk,mk+1) = H̃(mk+1) for a left-invariant Hamiltonian
(see Section 2.2.1). As stated above, mε

j = mj is invariant under this transformation. Furthermore,

since ξj = τ−1(g−1
k gk+1)/∆t, the corresponding transformation for ξj is given by

ξεj = τ−1((gεk)
−1gεk+1)/∆ = τ−1((eεχgk)

−1eεχgk+1)/∆t

= τ−1(g−1
k (eεχ)−1eεχgk+1)/∆ = τ−1(g−1

k gk+1)/∆t = ξj ,

i.e., ξj is also invariant under this transformation. Hence, sk is invariant under the above variation,
so Theorem 2.5 applies. We thus have Θk+1 · δgk+1 = Θk · δgk, i.e.,

〈(dτ−1
−∆tξk+1

)∗mk+1, g
−1
k+1δgk+1〉 = 〈(dτ−1

−∆tξk
)∗mk, g

−1
k δgk〉.

Equivalently, this can be expressed as

=⇒ 〈g∗−1
k+1(dτ−1

−∆tξk+1
)∗mk+1, δgk+1〉 = 〈g∗−1

k (dτ−1
−∆tξk

)∗mk, δgk〉,

=⇒ 〈g∗−1
k+1(dτ−1

−∆tξk+1
)∗mk+1g

∗
k+1, δgk+1g

−1
k+1〉 = 〈g∗−1

k (dτ−1
−∆tξk

)∗mkg
∗
k, δgkg

−1
k 〉.

Now, observe that since X is right-invariant,

δgjg
−1
j = X(gj)g

−1
j = X(gjg

−1
j ) = X(e) = χ.

Hence, we have

〈g∗−1
k+1(dτ−1

−∆tξk+1
)∗mk+1g

∗
k+1, χ〉 = 〈g∗−1

k (dτ−1
−∆tξk

)∗mkg
∗
k, χ〉.

In particular, χ ∈ g was arbitrary, so we have

g∗−1
k+1(dτ−1

−∆tξk+1
)∗mk+1g

∗
k+1 = g∗−1

k (dτ−1
−∆tξk

)∗mkg
∗
k.

Multiplying on the left by g∗k and on the right by g∗−1
k gives

Ad∗gkAd∗
g−1
k+1

(dτ−1
−∆tξk+1

)∗mk+1 = (dτ−1
−∆tξk

)∗mk.

Since for any x, y ∈ G, AdxAdy = Adxy and Adx−1 = Ad−1
x , we have

Ad∗gkAd∗
g−1
k+1

= Ad∗
g−1
k+1gk

= Ad∗
(g−1
k gk+1)−1 = Ad∗τ(∆tξk+1)−1 = Ad∗−1

τ(∆tξk+1).
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Using this in the equation above yields

Ad∗−1
τ(∆tξk+1)(dτ

−1
−∆tξk+1

)∗mk+1 = (dτ−1
−∆tξk

)∗mk.

From the identity Ad∗τ(∆tξj)
(dτ−1

∆tξj
)∗ = (dτ−1

−∆tξj
)∗, we can rewrite the left and right hand sides as

(dτ−1
−∆tξk+1

)∗mk+1 = Ad∗τ(∆tξk)(dτ
−1
∆tξk

)∗mk,

which is precisely the discrete reduced Lie–Poisson equation (2.7a).

3. Adjoint Systems on Lie Groups

The aim of this section is to develop the geometric theory of adjoint sensitivity analysis on Lie
groups, in both the continuous and discrete settings. We thus focus on the case where the Hamil-
tonian system on T ∗G is an adjoint system, as introduced in Example 2.1.

Let F be a vector field on G and consider the differential equation ġ = F (g). We define the adjoint
Hamiltonian associated to F as

H : T ∗G! R,
(g, p) 7! H(g, p) ≡ 〈p, F (g)〉.

In canonical coordinates (g, p) on T ∗G, the adjoint system (2.1a)-(2.1b) has the form

ġ = F (g),

ṗ = −[DF (g)]∗p.

We begin by computing the Lie–Poisson equations (2.2a)-(2.2b) for this particular class of adjoint
Hamiltonian systems. We denote by f the left-trivialization of F ,

f : G! g,

g 7! f(g) ≡ g−1 · F (g).

Then, the left-trivialized Hamiltonian h : G× g∗ ! R has the form

h(g, µ) = 〈µ, f(g)〉.
Computing the functional derivatives of h yields

Dµh(g, µ) = f(g),

Dgh(g, µ) = [Df(g)]∗µ.

In particular, the Lie–Poisson system (2.2a)-(2.2b) for the adjoint Hamiltonian has the form

ġ = F (g),(3.1a)

µ̇ = −g∗ · [Df(g)]∗µ+ ad∗f(g)µ.(3.1b)

We now address the question of existence and uniqueness for solutions of the Type II system
(2.2a)-(2.2d). For general Hamiltonians on T ∗G, this is a complicated question which is dependent
on the particular Hamiltonian. In particular, since the system has Type II boundary conditions
g(0) = g0, µ(T ) = µ1, even a local solution theory cannot be stated generally, as opposed to systems
with initial-value conditions g(0) = g0, µ(0) = µ0. A simple way to see this is that we can think of
a Hamiltonian system on G × g∗ with Type II boundary conditions as a fixed-time, free-position-
endpoint, fixed-fiber-endpoint shooting control problem: given g(0) = g0 ∈ G and T > 0, find
µ(0) = µ0 such that µ(T ) = µ1 subject to the Hamiltonian dynamics. This is in general a tricky
problem that is dependent on the Hamiltonian under consideration.
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However, for adjoint systems in particular, we can provide a global solution theory which utilizes
the fact that the adjoint system covers an ODE on G; assuming the ODE on G behaves nicely,
we will have unique solutions for the adjoint system on T ∗G. We make this more precise in the
following proposition.

Proposition 3.1 (Global Existence and Uniqueness of Solutions to Adjoint Systems on T ∗G). Let
T > 0, g0 ∈ G,µ1 ∈ g∗. Let F be a complete vector on field on G, i.e., it generates a global flow
ΦF : R×G! G.

Then, there exists a unique curve (g, µ) : [0, T ]! G×g∗ satisfying the Lie–Poisson system with Type
II boundary conditions (2.2a)-(2.2d), where h is the left-trivialized adjoint Hamiltonian associated
to F .

Furthermore, there exists a unique curve (g, p) : [0, T ]! T ∗G satisfying Hamilton’s equations with
Type II boundary conditions (2.1a)-(2.1d), where H is the adjoint Hamiltonian associated to F .

Proof. By the fundamental theorem on flows [25], there exists a unique curve g : R! G satisfying
ġ = F (g) and g(0) = g0, given by the flow of F on g0, g(t) = ΦF (t, g0). In particular, g is a smooth
function of t, since F is smooth. Recall that we assume all maps and manifolds are smooth, unless
otherwise stated.

Now, with this curve g(t) fixed, we substitute this into the differential equation for µ (2.2b), to
obtain

µ̇ = −g(t)∗ · [Df(g(t))]∗µ+ ad∗f(g(t))µ.

In particular, this equation has the form of a time-dependent linear differential equation on g∗,

µ̇ = L(t)µ,

where we define the time-dependent linear operator L : R! End(g∗) by

(3.2) L(t) = −g(t)∗ · [Df(g(t))]∗ + ad∗f(g(t)).

Since g is a smooth function of t, L is a smooth, and in particular continuous, function of t.
Hence, by the standard solution theory for linear differential equations, there exists a unique curve
µ : [0, T ]! g∗ satisfying µ̇ = L(t)µ and µ(T ) = µ1.

For the second statement of the proposition, note that solution curves (g, p) : [0, T ] ! T ∗G of
(2.1a)-(2.1d) are in one-to-one correspondence with solution curves (g, µ) : [0, T ] ! G × g∗ of
(2.2a)-(2.2d) via left-translation. �

By the above proposition, we know that there exists a unique solution to the adjoint system on
T ∗G with Type II boundary conditions, under the assumption that F is complete. For Lie groups,
there are two particularly important cases where this assumption is satisfied.

Corollary 3.1. If G is a compact Lie group, then the above proposition holds for any vector field
F on G.

If F is a left-invariant vector field on a (not necessarily compact) Lie group G, then the above
proposition holds.

Proof. The first statement follows from the fact that any vector field on a compact manifold is
complete. The second statement follows from the fact that any left-invariant vector field on a Lie
group is complete. See [25]. �

The Variational System. An important property of adjoint systems is that they satisfy a
quadratic conservation law, which is at the heart of the method of adjoint sensitivity analysis [44].
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To state this conservation law, we introduce the variational equation associated to an ODE ġ = F (g)
on a Lie group G, which is defined to be the linearization of the ODE,

d

dt
δg = DF (g)δg.

We refer to the combined system

d

dt
g = F (g),(3.3a)

d

dt
δg = DF (g)δg,(3.3b)

as the variational system, which is interpreted as an ODE on TG.

As with the adjoint system, it will be useful to left-trivialize this system, which will give an ODE
on G× g. As before, let f(g) = g−1 · F (g) be the left-trivialization of F . Let η = g−1 · δg and let
ξ = g−1 · ġ. As is well-known (see, for example, [35]), we have the relation

η̇ = δξ − [ξ, η].

In particular, since ξ = g−1 · ġ = f(g), we have δξ = Df(g)δg = Df(g)g · η, so that the above
relation becomes

η̇ = Df(g)g · η − [f(g), η],

which we refer to as the left-trivialized variational equation. We refer to the combined system

ġ = F (g),(3.4a)

η̇ = Df(g)g · η − adf(g)η,(3.4b)

as the left-trivialized variational system on G×g. Analogous to the existence and uniqueness result
for adjoint systems, Proposition 3.1, we have the following result.

Proposition 3.2 (Global Existence and Uniqueness of Solutions to Variational Systems on TG).
Let T > 0, g0 ∈ G, η0 ∈ g. Let F be a complete vector on field on G, i.e., it generates a global flow
ΦF : R×G! G.

Then, there exists a unique curve (g, η) : [0, T ] ! G × g satisfying the left-trivialized variational
system (3.4a)-(3.4b) with initial conditions g(0) = g0, η(0) = η0.

Furthermore, there exists a unique curve (g, δg) : [0, T ] ! TG satisfying the variational system
(3.3a)-(3.3b) with initial conditions g(0) = g0, δg(0) = g0 · η0.

Proof. The proof is almost identical to the proof of Proposition 3.1, noting that once the solution
curve g(t) of ġ = F (g), g(0) = g0 is fixed, the variational equation can be expressed as a time-
dependent linear equation on g,

η̇ = M(t)η,

where the time-dependent linear operator M : R ! End(g) is smooth. In fact, it is easily verified
that M(t) = −L(t)∗, where L is the time-dependent linear operator (3.2) defined in the proof of
Proposition 3.1.

Furthermore, by left-translation, solutions to the left-trivialized variational system and the varia-
tional system, with the above respective initial conditions, are in one-to-one correspondence. �

We can now state the quadratic conservation law enjoyed by solutions of the adjoint and variational
systems.
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Theorem 3.1. Let (g, µ) be a solution curve of the left-trivialized adjoint system and let (g, η) be
a solution curve of the left-trivialized variational system, both covering the same base curve g. Let
(g, p) and (g, δg) be the respective solution curves for the adjoint system and variational system
obtained by left-translation. Then,

d

dt
〈µ(t), η(t)〉 = 0,(3.5a)

d

dt
〈p(t), δq(t)〉 = 0.(3.5b)

Proof. Note that it suffices to prove either (3.5a) or (3.5b), since left-translation preserves the
duality pairing,

〈µ(t), η(t)〉 = 〈g(t)−1 · p(t), g(t) · δq(t)〉 = 〈p(t), δg(t)〉.

We will prove (3.5a). Compute

d

dt
〈µ(t), η(t)〉

= 〈µ̇(t), η(t)〉+ 〈µ(t), η̇(t)〉
= 〈−g(t)∗ · [Df(g(t))]∗µ(t) + ad∗f(g(t))µ(t), η(t)〉+ 〈µ(t), Df(g(t))g(t) · η(t)− adf(g(t))η(t)〉
= −〈µ(t), Df(g(t))g(t) · η(t)〉+ 〈µ(t), Df(g(t))g(t) · η(t)〉

+ 〈µ(t), adf(g(t))η(t)〉 − 〈µ(t), adf(g(t))η(t)〉
= 0. �

In particular, we have the following corollary of Propositions 3.1 and 3.2 and Theorem 3.1.

Corollary 3.2. Let T > 0, g0 ∈ G,µ1 ∈ g∗, η0 ∈ g. Let F be a complete vector field on G. Then,
the solution curves of the adjoint and variational systems from Propositions 3.1 and 3.2 satisfy the
quadratic conservation law

〈µ(0), η0〉 = 〈µ1, η(T )〉.

As we will see in Section 3.3, this conservation law will be the basis for adjoint sensitivity analysis
on Lie groups.

3.1. Reduction of Adjoint Systems for Left-invariant Vector Fields. In practice, many
interesting mechanical systems arise from the flow of left-invariant vector fields on Lie groups. As
such, we will consider adjoint systems in the particular case where the vector field is left-invariant.
First, we will show that left-invariant vector fields are in one-to-one correspondence with left-
invariant adjoint Hamiltonians. Subsequently, we will state the adjoint equations in this particular
case.

Proposition 3.3. Let F be a vector field on G. Then the adjoint Hamiltonian H(g, p) = 〈p, F (g)〉
associated to F is left-invariant if and only if F is left-invariant.

Proof. Assume that F is left-invariant, i.e., F (xg) = xF (g) for all x, g ∈ G. Then, for any x, g ∈
G, p ∈ T ∗gG,

H(xg, x∗−1p) = 〈x∗−1p, F (xg)〉 = 〈x∗−1p, xF (g)〉 = 〈x∗x∗−1p, F (g)〉 = 〈p, F (g)〉 = H(g, p),

i.e., H is left-invariant.
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Conversely, assume that H is left-invariant, i.e., H(g, p) = H(xg, x∗−1p) for all x, g ∈ G, p ∈ T ∗gG.
Then, for any x, g ∈ G, p ∈ T ∗gG,

〈p, F (g)〉 = H(g, p) = H(xg, x∗−1p) = 〈x∗−1p, F (xg)〉 = 〈p, x−1F (xg)〉.

Since p ∈ T ∗gG is arbitrary, we have for all x, g ∈ G,

F (g) = x−1F (xg),

i.e., xF (g) = F (xg), so F is left-invariant. �

Since a left-invariant vector field corresponds to a left-invariant adjoint Hamiltonian, the reduction
theory discussed in Section 2.2.1 applies. Thus, the adjoint equation for the momenta µ, from
equation (2.6), is given by

µ̇ = ad∗F (e)µ,

since H̃(µ) = H(e, µ) = 〈µ, F (e)〉 and hence, DµH̃(µ) = F (e).

3.2. Type II Variational Discretization of Adjoint Systems. In this section, we apply the
Type II variational integrators developed in Section 2.2 to the particular case of adjoint systems. We
will show explicitly that these integrators preserve the adjoint-variational quadratic conservation
law which is key to adjoint sensitivity analysis, and thus, these methods are geometric structure-
preserving methods for adjoint sensitivity analysis on Lie groups.

Consider the variational integrators that we derived in Section 2.2, applied to the adjoint system
(3.1a)-(3.1b). Substituting h(g, µ) = 〈µ, f(g)〉 into the discrete Lie–Poisson equations (2.5a)-(2.5c),
we have the discrete Lie–Poisson adjoint equations

(dτ−1
∆tξk+1

)∗mk+1 −Ad∗τ(∆tξk)(dτ
−1
∆tξk

)∗mk = −∆tg∗k[Df(gk)]
∗mk+1,(3.6a)

ξk+1 = f(gk)(3.6b)

gk+1 = gkτ(∆tξk+1) = gkτ(∆tf(gk)).(3.6c)

In order to derive a discrete analogue of the adjoint conservation law, we consider the discrete
variational equation, which is a discretization of the continuous variational equation (3.4b). To
derive the discrete variational equation, note that as mentioned in Section 2.2, the variation of
equation (3.6c) can be expressed

δξk+1 = dτ−1
∆tξk+1

(−g−1
k δgk + Adτ(∆tξk+1)g

−1
k+1δgk+1)/∆t.

Furthermore, by taking the variation of equation (3.6b), we have

δξk+1 = Df(gk)δgk.

Combining these two equations yields

Df(gk)δgk = dτ−1
∆tξk+1

(−g−1
k δgk + Adτ(∆tξk+1)g

−1
k+1δgk+1)/∆t.

Defining the left-trivialized variation ηk = g−1
k δgk, the above can be expressed as

(3.7) ∆tdτ∆tξk+1
Df(gk)gkηk = −ηk + Adτ(∆tξk+1)ηk+1,

which we refer to as the discrete variational equation.

Theorem 3.2. The discrete Lie–Poisson adjoint equations and the discrete variational equation
satisfy the following quadratic conservation law,

(3.8) 〈(dτ−1
−∆tξk+1

)∗mk+1, ηk+1〉 = 〈(dτ−1
−∆tξk

)∗mk, ηk〉.
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Proof. Recall the identity Ad∗τ(∆tξj)
(dτ−1

∆tξj
)∗ = (dτ−1

−∆tξj
)∗. Starting from the left hand side of

equation (3.8), we compute

〈(dτ−1
−∆tξk+1

)∗mk+1, ηk+1〉 = 〈Ad∗τ(∆tξk+1)(dτ
−1
∆tξk+1

)∗mk+1, ηk+1〉

= 〈(dτ−1
∆tξk+1

)∗mk+1,Adτ(∆tξk+1)ηk+1〉.

Substituting (3.6a) and (3.7) yields

〈(dτ−1
−∆tξk+1

)∗mk+1, ηk+1〉

= 〈(dτ−1
∆tξk+1

)∗mk+1,Adτ(∆tξk+1)ηk+1〉

= 〈(dτ−1
−∆tξk

)∗mk −∆tg∗k[Df(gk)]
∗mk+1, ηk + ∆tdτ∆tξk+1

Df(gk)gkηk〉

= 〈(dτ−1
−∆tξk

)∗mk, ηk〉+ ∆t〈(dτ−1
−∆tξk

)∗mk, dτ∆tξk+1
Df(gk)gkηk〉

−∆t〈g∗k[Df(gk)]
∗mk+1, ηk〉 −∆t2〈g∗k[Df(gk)]

∗mk+1, dτ∆tξk+1
Df(gk)gkηk〉.

Substitute (3.6a) into the second term above,

〈(dτ−1
−∆tξk+1

)∗mk+1, ηk+1〉

= 〈(dτ−1
−∆tξk

)∗mk, ηk〉+ ∆t〈(dτ−1
∆tξk+1

)∗mk+1 + ∆tg∗k[Df(gk)]
∗mk+1, dτ∆tξk+1

Df(gk)gkηk〉

−∆t〈g∗k[Df(gk)]
∗mk+1, ηk〉 −∆t2〈g∗k[Df(gk)]

∗mk+1, dτ∆tξk+1
Df(gk)gkηk〉

= 〈(dτ−1
−∆tξk

)∗mk, ηk〉+ ∆t〈(dτ−1
∆tξk+1

)∗mk+1, dτ∆tξk+1
Df(gk)gkηk〉

+ ∆t2〈g∗k((((((((((((
[Df(gk)]

∗mk+1, dτ∆tξk+1
Df(gk)gkηk〉

−∆t〈g∗k[Df(gk)]
∗mk+1, ηk〉 −∆t2〈g∗k((((((((((((

[Df(gk)]
∗mk+1, dτ∆tξk+1

Df(gk)gkηk〉
= 〈(dτ−1

−∆tξk
)∗mk, ηk〉+ ∆t〈mk+1, (dτ

−1
∆tξk+1

)dτ∆tξk+1
Df(gk)gkηk〉

−∆t〈g∗k[Df(gk)]
∗mk+1, ηk〉

= 〈(dτ−1
−∆tξk

)∗mk, ηk〉+ ∆t〈mk+1, Df(gk)gkηk〉 −∆t〈g∗k[Df(gk)]
∗mk+1, ηk〉

= 〈(dτ−1
−∆tξk

)∗mk, ηk〉. �

3.3. Adjoint Sensitivity Analysis on Lie Groups. In this section, we utilize the discrete meth-
ods for adjoint systems on Lie groups developed in the previous sections to address the following
two types of optimization problems: an initial condition optimization problem,

min
g0∈G

C(g(T )),(3.9)

such that ġ(t) = F (g(t)), t ∈ (0, T ),

g(0) = g0,

and an optimal control problem,

min
u∈U

C(g(T )),(3.10)

such that ġ(t) = F (g(t), u), t ∈ (0, T ),

g(0) = g0,

where in (3.10), we have introduced a parameter-dependent vector field F .

Initial Condition Sensitivity. We begin with problem (3.9). We refer to C : G ! R as the
terminal cost function. Thus, the problem (3.9) is to find an initial condition g0 ∈ G which
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minimizes the cost function at the terminal-value g(T ), subject to the dynamics of the ODE ġ =
F (g).

For gradient-based algorithms, one needs the derivative of the terminal cost function C(g(T )) with
respect to the initial condition g0; we refer to this derivative as the initial condition sensitivity. One
cannot generally compute an expression for the sensitivity analytically, since such an expression
would require knowing g(T ) explicitly as a function of g0.

However, the adjoint system pulls back derivatives with respect to g(T ) into derivatives with respect
to g(0) [44]. In other words, the derivative of C(g(T )) with respect to g0 can be computed by setting
the terminal momenta to be p(T ) = dC(g(T )) and evolving backwards in time to find the desired
derivative p(0). One cannot generally compute the curves g(t) and p(t) exactly, so we instead use
the method (3.6a)-(3.6c) to approximately solve the ODE and its adjoint. By Theorem 3.2, the
property that the adjoint system pulls back derivatives with respect to g(T ) to derivatives with
respect to g(0) is preserved by the method, so it exactly gives the desired derivative.

More specifically, to obtain the initial condition sensitivity, recall the quadratic conservation law

〈(dτ−1
−∆tξN

)∗mN , g
−1
N δgN 〉 = 〈(dτ−1

−∆tξ0
)∗m0, g

−1
0 δg0〉.

We set (dτ−1
−∆tξN

)∗mN = dLC(g(T )), where dL denotes the left-trivialized derivative, dLC(g(T )) ≡
g−∗N dC(g(T )). This gives mN = (dτ−∆tξN )∗dLC(g(T )). Subsequently, evolve the momenta back-
ward in time using (3.6a) to obtain m0. Finally, the left-trivialized derivative of C(g(T )) with
respect to g0 is given by (dτ−1

−∆tξ0
)∗m0. This is summarized in the following algorithm.

Algorithm 1 Left-Trivialized Initial Condition Sensitivity

Input: ginit

Initialize: g0  ginit, {gk}Nk=1, {mk}N0
Output: Left-Trivialized Derivative of C(g(T )) with respect to g0

for k=1,...,N do
gk  gk−1τ(∆tf(gk−1))

end for
mN  (dτ−∆tf(gN ))

∗dLC(gN )
for k=1,...,N do

mN−k  Solve m : (dτ−1
∆tξk+1

)∗mN−k+1 −Ad∗τ(∆tξk)(dτ
−1
∆tξk

)∗m = −∆tg∗k[Df(gk)]
∗mN−k+1,

end for
Return (dτ−1

−∆tf(g0))
∗m0

This can be combined with a line-search algorithm to solve the optimization problem (3.9). More
precisely, fixing an inner product on g, such as the Frobenius inner product

(A,B)F ≡ Tr(A∗B),

we can identity g∗ with g and hence, identify the output of Algorithm 1 with the left-trivialized
gradient of C(g(T )) with respect to g0, ∇g0C(g(T )), which is an element of g. With this identifi-
cation, the initial condition can be updated as g0  g0τ(−γ∇g0C(g(T ))), for some line-search step
size γ.

Remark 3.1. The preceding discussion of adjoint sensitivity analysis for terminal cost functions
can be easily adapted to a cost function consisting of both a terminal cost and a running cost,

C(g(T )) +

∫ T

0
L(g(t))dt.
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This is done by augmenting the adjoint Hamiltonian with the running cost Lagrangian L, i.e., by
using the augmented adjoint Hamiltonian

HL(g, p) ≡ H(g, p) + L(g) = 〈p, F (g)〉+ L(g).

The only modification is an additional term in the momentum equation (3.6a) corresponding to the
derivative of L. For more details, see [49].

The significance of this approach is that it is intrinsic; at any iteration in the line-search al-
gorithm, the iterate g0 is valued in G, to numerical precision. Furthermore, while this is also
true of projection-based optimization algorithms, such methods generally no longer preserve the
adjoint-variational quadratic conservation law and hence, may not capture the appropriate descent
direction.

Parameter Sensitivity. We now consider problem (3.10). The problem (3.10) is to find a
parameter u ∈ U which minimizes the terminal cost function C(g(T )), subject to the dynamics of
the parameter-dependent ODE ġ = F (g, u) with g(0) = g0 fixed. We assume that F is continuously
differentiable with respect to u.

For a gradient-based algorithm, we will need the derivative of the terminal cost function C(g(T ))
with respect to the parameter u; we refer to this derivative as the parameter sensitivity.

We begin with a discussion of how the parameter sensitivity is obtained from the adjoint system
in the continuous setting, since the derivation will be analogous in the discrete setting. Define the
parameter-dependent action as

S[g, p;u] ≡
∫ T

0
〈p, ġ − F (g, u)〉dt.

Consider the augmented cost function, given by subtracting the parameter-dependent action from
the terminal cost function,

J ≡ C(g(T ))− S[g, p;u]

= C(g(T ))−
∫ T

0
〈p, ġ − F (g, u)〉dt.

By left-trivialization, this is equivalent to

(3.11) J = C(g(T ))−
∫ T

0
〈µ, ξ − f(g, u)〉dt,

where ξ = g−1ġ and f is the left-trivialization of F . Observe that since the integral of (3.11)
vanishes when ġ = f(g, u), we have that the derivative of J with respect to u equals the derivative
of C with respect to u, subject to the variational equations, where the variation δug is given by the
variation of g induced by varying u. Thus,

d

du
C(g(T )) =

d

du
J.

Proposition 3.4. The (continuous) parameter sensitivity is given by

d

du
C(g(T )) =

d

du
J =

∫ T

0
〈µ, ∂

∂u
f(g, u)〉dt,

where µ is chosen to satisfy the adjoint equation −µ̇+ ad∗ξµ− g∗[Dgf(g, u)]∗µ = 0 and the terminal

condition µ(T ) = g−∗dC(g(T )).
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Proof. We compute dJ/du explicitly,

d

du
J(g(T )) = 〈dC(g(T )), δug(T )〉 −

∫ T

0

[
〈µ, δuξ − [Dgf(g, u)]gηu〉 − 〈µ,

∂

∂u
f(g, u)〉

]
dt,

where we introduced the left-trivialized variation ηu = g−1δug and we have decomposed the total
derivative of f with respect to u into its implicit dependence on u through g as well as its explicit
dependence on u, i.e.,

d

du
f(g, u) = [Dgf(g, u)]δug +

∂

∂u
f(g, u).

Using the relation η̇u = δuξ − adξηu, this becomes

d

du
J(g(T )) = 〈dC(g(T )), δug(T )〉 −

∫ T

0

[
〈µ, η̇u + adξηu − [Dgf(g, u)]gηu〉 − 〈µ,

∂

∂u
f(g, u)〉

]
dt

= 〈dC(g(T )), δug(T )〉 − 〈µ, ηu〉
∣∣∣T
0

−
∫ T

0

[
〈−µ̇+ ad∗ξµ− g∗[Dgf(g, u)]∗µ, ηu〉 − 〈µ,

∂

∂u
f(g, u)〉

]
dt,

where we integrated the 〈µ, η̇u〉 term by parts. Now, the first pairing in the integral vanishes if µ
satisfies the adjoint equation. Furthermore, ηu(0) = 0 since the initial condition for problem (3.10)
is fixed. Hence, we have

d

du
J(g(T )) = 〈dC(g(T )), δug(T )〉 − 〈µ(T ), ηu(T )〉+

∫ T

0
〈µ, ∂

∂u
f(g, u)〉dt.

If we choose the terminal condition µ(T ) = g−∗dC(g(T )), the first two terms on the right hand side
cancel, which gives the expression for the desired parameter sensitivity

d

du
C(g(T )) =

d

du
J(g(T )) =

∫ T

0
〈µ, ∂

∂u
f(g, u)〉dt,

where µ is chosen to satisfy the adjoint equation −µ̇+ ad∗ξµ−g∗[Dgf(g, u)]∗µ = 0 and the terminal

condition µ(T ) = g−∗dC(g(T )). �

From here, the generalization to the discrete setting is straightforward. In analogy with the con-
tinuous case, we define the parameter-dependent left-trivialized discrete action

sd[{gk}, {mk};u] = ∆t

N−1∑
k=0

(
〈mk+1, ξk+1〉 − h(gk,mk+1l;u)

)
,

and form the discrete augmented cost function by subtracting the discrete action from the terminal
cost, i.e.,

Jd ≡ C(gN )− sd[{gk}, {mk};u]

= C(gN )−∆t

N−1∑
j=0

〈mj+1, ξj+1 − f(gj , u)〉.

We then have an analogous result to determine the parameter sensitivity by computing the deriv-
ative dJd/du.

Proposition 3.5. The (discrete) parameter sensitivity is given by

d

du
C(gN ) = ∆t

N−1∑
j=0

〈mj ,
∂

∂u
f(gj , u)〉,
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where mj is chosen to satisfy the discrete Lie–Poisson adjoint equation (3.6a) and the terminal
condition mN = (dτ−∆tξN )∗dLC(gN ).

Proof. Analogous to the continuous setting, we have

d

du
C(gN ) =

d

du
Jd.

Now, we calculate dJd/du explicitly,

d

du
Jd = 〈dC(gN ), δugN 〉 −∆t

N−1∑
j=0

〈mj+1, δuξj+1 −Dgf(gj , u)δugj −
∂f

∂u
(gj , u)〉.

Using the identity δuξj+1 = dτ−1
∆tξj+1

(−g−1
k δugk + Adτ(∆tξj+1)g

−1
j+1δugj+1)/∆t, the above can be

expressed as

d

du
Jd = 〈dC(gN ), δugN 〉 −∆t

N−1∑
j=0

[
∆t−1〈(dτ−1

∆tξj+1
)∗mj+1,−g−1

j δugj〉

+ ∆t−1〈Ad∗τ(∆tξj+1)(dτ
−1
∆tξj+1

)∗mj+1, g
−1
j+1δugj+1〉

− 〈g∗j [Dgf(gj , u)]∗mj+1, g
−1
j δugj〉 − 〈mj+1,

∂f

∂u
(gj , u)〉

]
.

Now, we reindex j ! j − 1 the second pairing inside the square brackets above; the sum for this
term now runs from 1 to N . However, we explicitly write out the j = N term and note that we
can include the j = 0 term in the sum since δug0 = 0, as the initial condition g0 is fixed under the
variation. Hence, we have

d

du
Jd = 〈dC(gN ), δugN 〉 − 〈(dτ−1

−∆tξN
)∗mN , g

−1
N δugN 〉

−∆t
N−1∑
j=0

[
∆t−1〈(dτ−1

∆tξj+1
)∗mj+1,−g−1

j δugj〉

+ ∆t−1〈Ad∗τ(∆tξj)
(dτ−1

∆tξj
)∗mj , g

−1
j δugj〉

− 〈g∗j [Dgf(gj , u)]∗mj+1, g
−1
j δugj〉 − 〈mj+1,

∂f

∂u
(gj , u)〉

]
.

The first two terms above vanish if we set the terminal condition (dτ−1
−∆tξN

)∗mN = g−∗N dC(gN ), i.e.,

mN = (dτ−∆tξN )∗dLC(gN ). Furthermore, the first three terms in the square brackets vanish if mj

satisfies the discrete Lie–Poisson adjoint equation (3.6a). Hence, we have the parameter sensitivity

d

du
C(gN ) =

d

du
Jd = ∆t

N−1∑
j=0

〈mj+1,
∂f

∂u
(gj , u)〉. �

Thus, assuming that we can calculate ∂f/∂u (which is generally known since we know how the
parameter-dependent vector field varies with u), we can calculate the sensitivity dC(gN )/du. This
is summarized in the following algorithm.

This can be combined with a line-search algorithm to solve the optimization problem (3.10). Note
that U could be a vector space, in which case a standard line-search algorithm could be used, or
U could be a manifold, in which case a line-search algorithm on manifolds could be used (see, for
example, [1]).
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Algorithm 2 Parameter Sensitivity

Input: ginit

Initialize: g0  ginit, {gk}Nk=1, {mk}N0
Output: Derivative of C(g(T )) with respect to u
for k=1,...,N do

gk  gk−1τ(∆tf(gk−1))
end for
mN  (dτ−∆tf(gN ))

∗dLC(gN )
for k=1,...,N do

mN−k  Solve m : (dτ−1
∆tξk+1

)∗mN−k+1−Ad∗τ(∆tξk)(dτ
−1
∆tξk

)∗m = −∆tg∗k[Dgf(gk, u)]∗mN−k+1,

end for
Return ∆t

∑N−1
j=0 〈mj+1,

∂
∂uf(gj , u)〉

3.3.1. Numerical Examples. As examples of adjoint sensitivity analysis on Lie groups, we will solve
an example of each of the problems (3.9) and (3.10).

Initial Condition Sensitivity Example. Fixing gtarget ∈ G, find g0 ∈ G such that g(T ) = gtarget

subject to the initial-value problem ġ = F (g), g(0) = g0.

Using the Frobenius inner product (·, ·)F and its induced norm ‖ · ‖F , this can be cast as an
optimization problem of the form (3.9),

min
g0∈G

C(g(T )) ≡ 1

2
‖g(T )− gtarget‖2F ,

such that ġ(t) = F (g(t)), t ∈ (0, T ),

g(0) = g0.

This optimization problem is clearly equivalent to the above shooting problem because C is mini-
mized at the unique minimizer g(T ) = gtarget, since C(gtarget) = 0 and C(g) > 0 for any g 6= gtarget

by nondegeneracy of the norm. We choose this simple problem because the analytic answer is
known: g0 should simply be chosen to be the reverse time-T flow of gtarget under F .

For our numerical example, we take G = SO(3), F (g) = gX with

X =

 0 −1 1
1 0 2
−1 −2 0

 ∈ g, gtarget =

0 −1 0
1 0 0
0 0 1

 ∈ G,
and some initial iterate

g0 =

0 0 −1
0 1 0
1 0 0

 ∈ G.
The left-trivialized gradient can be computed to be ∇g(T )C(g(T )) = g(T )T g1−gT1 g(T ) [29] which is
identified with the left-trivialized derivative through the inner product. This allows us to initialize
the terminal momenta mN as described in the previous section. Subsequently, we solve the opti-
mization problem using Algorithm 1 and a line-search method. For simplicity, since this example is
just to provide a demonstration of the theory laid out in the paper, we will use a fixed line-search
step size γ = 0.1, although in practice one would likely use a more sophisticated method such as
Armijo backtracking. We take T = 1 with ∆t = 0.01. Finally, for the retraction, we use the Cayley
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transform and its derivatives given by

τ(ξ) = cay(ξ) ≡ (I3×3 +
1

2
ξ)(I3×3 −

1

2
ξ)−1,

dτξ(x) = (I3×3 − ξ/2)−1x(I3×3 + ξ/2)−1,

dτ−1
ξ (x) = (I3×3 − ξ/2)x(I3×3 + ξ/2).

The cost function C(g(T )) over 50 iterations is shown in Figure 1. The SO(3) manifold error of
each iteration of g0 is shown in Figure 2, where the manifold error is defined as

Error(g) ≡ 1

2
‖gT g − Id3×3‖2F ;

as can be seen in the figure, each iterate lies on SO(3) to machine precision.

Figure 1. Cost function minimization via line-search algorithm for shooting problem on SO(3)

Figure 2. Iterate SO(3) manifold error

This example can be visualized as follows. The objective is to find an element g0 of SO(3) such
that under the time T = 1 flow of F , g(1) = gtarget where g(0) = g0. For this example, gtarget is
chosen to be a π/2 counterclockwise rotation about the z-axis, i.e., in the xy plane. Thus, we can
imagine some test mass located at ~v ∈ R3 which is rotated by g(t), which generates a curve g(t)~v.
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In particular, choosing ~v = x̂, the unit vector in the x direction, then the curve produced from
rotating the test mass should end at gtargetx̂ = ŷ. Each iteration in the algorithm generates such a
curve. In Figure 3, several such curves are shown, with the initial point in the curve g0x̂ marked.
Additionally, the desired terminal point gtargetx̂ is marked.

Figure 3. Visualization of the shooting problem on SO(3) using a test mass over several iterations

Parameter Sensitivity Example. For our second example, we consider the following problem
of the form (3.10),

min
u∈U

C(g(T )) ≡ 1

2
‖g(T )− gtarget‖2F ,

such that ġ(t) = F (g(t), u), t ∈ (0, T ),

g(0) = g0.

Thus, this optimal control problem is to find u ∈ U such that the vector field F (·, u) steers the
initial condition g0 ∈ G to some desired terminal-value gtarget ∈ G.

We again take G = SO(3). We will assume that F is a parameter-dependent left-invariant vector
field F (g, u) = gX(u), where u ∈ R3 parametrizes so(3) as

X(u) =

 0 −uz uy
uz 0 −ux
−uy ux 0

 .

For simplicity, we take g0 = Id3×3 = gtarget since the analytic answer is known: F should be the
zero vector field, since g0 = gtarget and hence, the optimal value of u is u = (0, 0, 0)T . We take an
initial guess of u = (1, 2,−1)T . We again take T = 1 with ∆t = 0.01, using the same retraction as
the previous example. We combine the parameter sensitivity, obtained from Algorithm 2, with a
simple vector space line-search algorithm,

u u− γ d
du
C,

with a fixed line-search step size γ = 0.1. The cost function C(g(T )) over 50 iterations is shown in
Figure 4.
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Figure 4. Cost function minimization via line-search algorithm for optimal control problem on SO(3)

4. Conclusion and Future Research Directions

In this paper, we developed continuous and discrete global Type II variational principles on the
cotangent bundle of a Lie group G. In the discrete setting, the Type II variational principle
leads to a structure-preserving variational integrator on T ∗G which we showed to be symplectic
and momentum-preserving. Subsequently, we applied these Type II variational principles to the
class of adjoint Hamiltonian systems on T ∗G. This results in a structure-preserving method to
perform adjoint sensitivity analysis on Lie groups, allowing one to exactly compute sensitivities in
optimization problems subject to the dynamics of an ODE on G.

One research direction which we are currently pursuing is to explore the geometry of adjoint sen-
sitivity analysis in the infinite-dimensional setting, with the application of PDE-constrained opti-
mization in mind. It would be interesting to synthesize this line of research with the ideas presented
in this paper, to develop Hamiltonian integrators for PDEs where the solutions are valued in Lie
groups, algebras, or more generally, solutions which are stationary sections over principal and fibre
bundles associated to a structure group G, such as gauge field theories (see, for example, [19; 39]).
It would be particularly interesting to extend the Type II multisymplectic Hamiltonian variational
integrators developed in [48] to apply to the setting of Lie groups-valued fields, in order to in-
vestigate the role of multisymplectic integrators for adjoint sensitivity analysis in both space and
time.

Another natural research direction would be to explore the applications of geometric structure-
preserving adjoint sensitivity analysis on Lie groups. One such application is the training of neural
networks via backpropagation. In particular, if a neural network is viewed as a discretization of
a neural ODE [10], then backpropagation can be viewed as a discretization of the corresponding
adjoint equation [38]. As is discussed in [38], utilizing symplectic methods to perform backprop-
agation leads to efficient methods for training neural networks. It would be interesting to utilize
the methods presented in this paper to perform symplectic backpropagation of neural networks
where the neural ODE evolves over a Lie group, which would arise in group-equivariant neural
networks [11; 24] where a Lie group symmetry is a fundamental feature of the neural network. In
particular, the reduction theory for adjoint systems on Lie groups that was developed in this paper
would be relevant.
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