
1 Semidefinite Programming

Primal:
sup

Y ∈Rg , S∈SRq
〈B, Y 〉 : A(Y ) + S = C, S � 0

Dual:
inf

X∈SRq
〈C,X〉 : A∗(X) = B, X � 0

1.1 Self-Dual Embedding

The discussion in this section is needed in case there is not a feasible initial point on the central
available to initialize the interior-point algorithms that will be discussed later. When such a point
is available we would have the matrices B̄ and C̄ (defined below) reduce to zero with significant
simplifications to the overal computations. These simplifications parallel the talk given by Mauricio
in June 2011.

Define

B̄ := B −A∗(I), z̄ := 1 + 〈C, I〉 − 〈B, Y0〉 ,
C̄ := C −A(Y0)− I, β := n+ 1

The following semidefinite program

inf θβ

A∗(X) −τB +θB̄ = 0
−A(Y ) +τC −θC̄ −S = 0
〈B, Y 〉 − 〈C,X〉 +θz̄ −ρ = 0
−
〈
B̄, Y

〉
+
〈
C̄,X

〉
−τ z̄ = −β

where

X � 0, τ ≥ 0,

S � 0, ρ ≥ 0,

is self-dual. Furthermore one can verify that

Y = Y0, X = S = I, τ = θ = ρ = 1

is feasible because

A∗(I)−B + B̄ = 0,

−A(Y0) + C − C̄ − I = 0,

〈B, Y0〉 − 〈C, I〉+ z̄ − 1 = 0,

and

β =
〈
B̄, Y0

〉
−
〈
C̄, I

〉
+ z̄,

= 〈B −A∗(I), Y0〉 − 〈C −A(Y0)− I, I〉+ 1 + 〈C, I〉 − 〈B, Y0〉 ,
= −〈A∗(I), Y0〉+ 〈A(Y0) + I, I〉+ 1,

= 〈I, I〉+ 1 = n+ 1.
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1.2 Central Path

As the embedded primal and dual programs are the same we can limit our attention to either the
primal or dual central path. For instance, the embedded primal central path is the curve

A∗(X) −τB +θB̄ = 0
−A(Y ) +τC −θC̄ −S = 0
〈B, Y 〉 − 〈C,X〉 +θz̄ −ρ = 0
−
〈
B̄, Y

〉
+
〈
C̄,X

〉
−τ z̄ = −β

XS = µI, X � 0, S � 0

τρ = µ, τ > 0, ρ > 0

TODO: ADD COMMENT ON WHAT IS DISPLAYED IN THE COLUMNS OF THE CUR-
RENT IMPLEMENTATION OF THE ALGORITHM.

Let

SP (U) :=
1

2

(
PUP−1 + P−TUTP T

)
. (1.2.1)

The key set of equations is the linearized central-path, namely

A∗(∆X) −δτB +δθB̄ = 0
−A(∆Y ) +δτC −δθC̄ −∆S = 0
〈B,∆Y 〉 − 〈C,∆X〉 +δθz̄ −δρ = 0
−
〈
B̄,∆Y

〉
+
〈
C̄,∆X

〉
−δτ z̄ = 0

(1.2.2)

SP (∆XSk +Xk∆S) = σkµkI − SP (XkSk),

ρkδτ + τkδρ = σkµk − τkρk
(1.2.3)

where σk ∈ [0, 1], and most of this note is devoted on how to solve it. In case of an available initial
feasible solution on the central path we can have δτ = δθ = 0 and the third and fourth equations
in (1.2.2) and the second equation in (1.2.3) can be dropped out.

When working with predictor-corrector methods we will modify equation (1.2.3) to include an
extra term

SP (∆XSk +Xk∆S) = σkµkI − SP (XkSk + ∆̃X∆̃S), (1.2.4)

ρkδτ + τkδρ = σkµk − τkρk − δ̃τ δ̃ρ (1.2.5)

where ∆̃X , ∆̃S , δ̃τ and δ̃ρ will be given matrices. The standard central path is recovered by setting
these matrices to zero.

Note that equation (1.2.4) can be spelled out as

P (∆XSk +Xk∆S)P−1 + P−T (Sk∆X + ∆SXk)P
T =

2σkµkI − PXkSkP
−1 − P−TSkXkP

T − P ∆̃X∆̃SP
−1 − P−T ∆̃S∆̃XP

T .

Equivalently, if we multiply by P T on the left and by P−T on the right we obtain

Q(∆XSk +Xk∆S)Q−1 + (Sk∆X + ∆SXk) =

2σkµkI −QXkSkQ
−1 − SkXk −Q∆̃X∆̃SQ

−1 − ∆̃S∆̃X , (1.2.6)

which depends exclusively on the symmetric matrix Q = P TP .
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1.2.1 HRVM/KSH/M Primal Scaling

Choose P = S
1/2
k , Q = Sk. Then (1.2.6) becomes

2Sk∆X + SkXk∆SS
−1
k + ∆SXk = 2σkµkI − 2SkXk − Sk∆̃X∆̃SS

−1
k − ∆̃S∆̃X .

After multiplication by S−1
k on the left we obtain

∆X +
1

2

(
Xk∆SS

−1
k + S−1

k ∆SXk

)
= σkµkS

−1
k −Xk −

1

2

(
∆̃X∆̃SS

−1
k + S−1

k ∆̃S∆̃X

)
. (1.2.7)

1.2.2 HRVM/KSH/M Dual Scaling

Choose P = X
−1/2
k , Q = X−1

k . Then (1.2.6) becomes

X−1
k (∆XSk +Xk∆S)Xk + (Sk∆X + ∆SXk) = 2σkµkI − 2SkXk −X−1

k ∆̃X∆̃SXk − ∆̃S∆̃X .

After multiplication by X−1
k on the left we obtain

∆S +
1

2

(
X−1
k ∆XSk + Sk∆XX

−1
k

)
= σkµkX

−1
k − Sk −

1

2

(
X−1
k ∆̃X∆̃S + ∆̃S∆̃XX

−1
k

)
. (1.2.8)

1.2.3 Nesterov-Todd Search Scaling

The Nesterov-Todd direction is obtained with P = W
−1/2
k , Q = W−1

k , where

Wk := X
1/2
k (X

1/2
k SkX

1/2
k )−1/2X

1/2
k � 0

is such that

WkSkWk = Xk, WkX
−1
k Wk = S−1

k .

In this case, equation (1.2.6) reduces to

W−1
k (∆XSk +Xk∆S)Wk + (Sk∆X + ∆SXk) =

2σkµkI −W−1
k XkSkWk − SkXk −W−1

k ∆̃X∆̃SWk − ∆̃S∆̃X .

After multiplication by X−1
k on the right, the above equation becomes(

∆S +W−1
k ∆XW

−1
k − σkµkX−1

k + Sk +W−1
k KW−1

k

)
+

Sk
(
∆X +Wk∆SWk − σkµkS−1

k +Xk +K
)
X−1
k = 0,

where K = KT is the solution to the Lyapunov equation

KSkWk +WkSkK = ∆̃X∆̃SWk +Wk∆̃S∆̃X . (1.2.9)

Indeed K is such that

(W−1
k ∆̃X∆̃SWk + ∆̃S∆̃X)X−1

k = W−1
k KW−1

k + SkKX
−1
k .

It is therefore enough to solve one of the equations

∆X +Wk∆SWk = σkµkS
−1
k −Xk −K, (1.2.10)

or

∆S +W−1
k ∆XW

−1
k = σkµkX

−1
k − Sk −W

−1
k KW−1

k (1.2.11)

which in this very special case are equivalent.
JUNE 27th 2011: The Nesterov-Todd search scaling is the current default choice in the current

code.
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1.3 Search Direction

For the NT and the KSH Primal direction we can solve for ∆X and ∆S explicitely to arrive at a
reduced system of equations. We obtain

∆X = −P − 1

2
(E∆SF + F∆SE) (1.3.1)

where

E = Xk, F = S−1
k , P = Xk − σkµkS−1

k +
1

2

(
∆̃X∆̃SS

−1
k + S−1

k ∆̃S∆̃X

)
, (1.3.2)

for the KSH Primal direction and

E = Wk, F = Wk, P = Xk − σkµkS−1
k +K, (1.3.3)

for the NT direction.
The notation E and F allows the solver to handle multiple choices of the search directions as

discussed in Section 1.2. Henceforth we can use the letters E and F and not have to worry about
the particular search direction in hand.

The rest of this section discusses a strategy for solving equations (1.2.2) and (1.2.3).
Substituting (1.3.1) in the linearized central path equations (1.2.2) and (1.2.3) we obtain the

reduced equations

−1

2
A∗ (E∆SF + F∆SE) = A∗(P ) + δτB − δθB̄, (1.3.4)

A(∆Y ) + ∆S = δτC − δθC̄, (1.3.5)

These equations can be reduced even further by solving for ∆S as in

∆S = δτC − δθC̄ −A(∆Y ). (1.3.6)

This produces

1

2
A∗ (EA(∆Y )F + FA(∆Y )E) = A∗(P ) + [A∗(Pτ ) +B]δτ − [A∗(Pθ) + B̄]δθ, (1.3.7)

where

Pτ :=
1

2
(ECF + FCE) , Pθ :=

1

2

(
EC̄F + FC̄E

)
. (1.3.8)

In order to solve these equations and the remaining two scalar equations in δτ and δθ we first
solve for three right-hand sides. That is, we solve

1

2
A∗
(
EA(∆̄Y )F + FA(∆̄Y )E

)
= A∗(P ), (1.3.9)

1

2
A∗ (EA(∆τ

Y )F + FA(∆τ
Y )E) = A∗(Pτ ) +B (1.3.10)

1

2
A∗
(
EA(∆θ

Y )F + FA(∆θ
Y )E

)
= −(A∗(Pθ) + B̄), (1.3.11)

Note that the left hand side of all above equations is the same. However the right hand side is
different, which may affect the accuracy of the computed solution. In particular we have observed
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that the numerical residual on the last two equations can be orders of magnitude higher than the
residual obtained in the first equation. This might require additional iterative refinements of the
computed solutions. One of the reasons might be that the right hand side of the first equation is
on the range space of A∗.

We then compute the corresponding ∆X ’s

∆̄X =
1

2

(
EA(∆̄Y )F + FA(∆̄Y )E

)
− P, (1.3.12)

∆τ
X =

1

2
(EA(∆τ

Y )F + FA(∆τ
Y )E)− Pτ , (1.3.13)

∆θ
X =

1

2

(
EA(∆θ

Y )F + FA(∆θ
YE
)

+ Pθ, (1.3.14)

from (1.3.1) and

∆̄S = −A(∆̄Y ), ∆τ
S = C −A(∆τ

Y ), ∆θ
S = C̄ −A(∆θ

Y ). (1.3.15)

Note that these come from solving (1.3.4)-(1.3.5) considering three independent right hand sides
as discussed above.

After computing the ∆Y ’s and ∆X ’s we compute

δρ = −p− (ρk/τk)δτ (1.3.16)

where

p = ρk − σkµkτ−1
k + δ̃τ δ̃ρτ

−1
k , (1.3.17)

for both KSH and NT directions. Then we solve for δτ and δθ[
〈C,∆τ

X〉 − 〈B,∆τ
Y 〉 − (ρk/τk)

〈
C,∆θ

X

〉
−
〈
B,∆θ

Y

〉
− z̄〈

C̄,∆τ
X

〉
−
〈
B̄,∆τ

Y

〉
− z̄

〈
C̄,∆θ

X

〉
−
〈
B̄,∆θ

Y

〉 ](
δτ
δθ

)
=

(
p+

〈
B, ∆̄Y

〉
−
〈
C, ∆̄X

〉〈
B̄, ∆̄Y

〉
−
〈
C̄, ∆̄X

〉 )
,

The resulting search direction is

∆Y = ∆̄Y + ∆τ
Y δτ + ∆θ

Y δθ

∆X = ∆̄X + ∆τ
Xδτ + ∆θ

Xδθ,

∆S = δτC − δθC̄ −A(∆Y ),

δρ = 〈B,∆Y 〉 − 〈C,∆X〉+ δθz̄.

1.4 Variations of the linear algebra subproblem related to strategies in the
algorithms

The next sections discuss minor variations on the right hand side of the linear algebra subproblem
discussed above at the various phases of a predictor-correctot type algorithm.

1.4.1 Predictor

The affine-scaling (predictor) direction (∆aff
Y ,∆aff

X ,∆aff
S , δaff

θ , δaff
τ , δaff

ρ ) is obtained as in § 1.3 with

σk = 0, ∆̃X = ∆̃S = 0, P = Paff = Xk, p = raff = ρk, (1.4.1)

for both KSH and NT directions.
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1.4.2 Centering parameter

After computing the predictor direction we compute the scalar

αaff = arg max{α ∈ [0, 1] : Xk + α∆aff
X � 0, τk + αδaff

τ ≥ 0, Sk + α∆aff
S � 0, ρk + αδaff

ρ ≥ 0},

and

µaff =
1

n+ 1

[〈
Xk + αaff∆aff

X , Sk + αaff∆aff
S

〉
+ (τk + αaffδ

aff
τ )(ρk + αaffδ

aff
ρ )
]

to produce the centering parameter

σk = (µaff/µk)
3.

1.4.3 Corrector

We now compute the corrector direction (∆cc
Y ,∆

cc
X ,∆

cc
S , δ

cc
θ , δ

cc
τ , δ

cc
ρ ) as in § 1.3 with

σk = (µaff/µk)
3, ∆̃X = ∆aff

X , ∆̃S = ∆aff
S .

1.5 Line Search

Compute the bound

αcc = arg max{α ∈ [0, 1] : Xk + α∆cc
X � 0, τk + αδcc

τ ≥ 0, Sk + α∆cc
S � 0, ρk + αδcc

ρ ≥ 0},

and

α = min(1, κ αcc), κ ∈ [0, 1).

and update

Yk+1 = Yk + α∆Y , θk+1 = θk + αδθ,

Xk+1 = Xk + α∆X , τk+1 = τk + αδτ , Xk+1 � 0, τk+1 > 0

Sk+1 = Sk + α∆S , ρk+1 = ρk + αδρ Sk+1 � 0, ρk+1 > 0.

In the algorithm, κ = 0.99.

1.6 Computing the Nesterov-Todd Direction

This is mostly from [?]. Compute the Cholesky factors

Xk = LTL, Sk = RTR,

and the SVD decomposition

UDV T = RLT , UTU = I, V TV = I, D = diag(d), d = (d1, . . . , dn).

Then Q = L−TX1/2 is orthogonal [?, Lemma 3.3] and

X1/2SX1/2 = QT (LRT )(RLT )Q = QTV D2V TQ
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and

(X1/2SX1/2)−1/2 = QTV D−1V TQ

and finally

Wk = LTV D−1V TL = GGT , G := LTV D−1/2

Note that

GTSkG = G−1XkG
−T = D.

We now turn to the computation of the matrix K satisfying the Lyapunov equation (1.2.9),
which we rewrite as

G−1KSkG+GTSkKG
−T = G−1(∆̃X∆̃SWk +Wk∆̃S∆̃X)G−T .

Let K = GK̃GT so that

K̃D +DK̃ = G−1∆̃X∆̃SG+GT ∆̃S∆̃XG
−T .

Because D is diagonal, we have

K̃ = (G−1∆̃X∆̃SG+GT ∆̃S∆̃XG
−T ) ./ (deT + edT ),

where e is a vector with all entries equal to one and ./ indicates entrywise division.

2 Iterative Solution

Taking a step back, the linear algebra problem we need to solve is the saddle-point problem:

1
2A
∗ (E∆SF + F∆SE) +δτB −δθB̄ = −A∗(P ),

A(∆Y ) +∆S −δτC +δθC̄ = 0,
〈B,∆Y 〉 + 〈FCE,∆S〉 +δτ (ρk/τk) +δθz̄ = −〈C,P 〉 − p〈
B̄,∆Y

〉
+
〈
FC̄E,∆S

〉
+δτ z̄ = −

〈
C̄, P

〉 (2.0.1)

Using vectorized notation we obtain
0 Ã∗ B −B̄
A I −C C̄

BT C̃T ρk/τk z̄

B̄T ˜̄CT z̄ 0




∆Y

∆S

δτ
δθ

 =


−A∗(P )

0
−〈C,P 〉 − p
−
〈
C̄, P

〉
 (2.0.2)

where

Ã∗(∆S) =
1

2
A∗ (E∆SF + F∆SE) C̃ = FCE, ˜̄C = FC̄E. (2.0.3)

A first iterative algorithm is one that refines the solution to the above linear system. In this
case, we can assume we have already computed the factors of the positive definite matrix

H := Ã∗A. (2.0.4)
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Take, for instance, a Block Gauss-Seidel type algorithm were we split (2.0.2) in the form

(L+ U)x = b (2.0.5)

and iterate

xk+1 = L−1(b− Uxk). (2.0.6)

Let

L =


0 Ã∗ 0 0
A I 0 0

BT C̃T ρk/τk z̄

B̄T ˜̄CT z̄ 0

 , U =


0 0 B −B̄
0 0 −C C̄
0 0 0 0
0 0 0 0

 , (2.0.7)

so that

b− Uxk =


−A∗(P )−Bδkτ + B̄δkθ

Cδkτ − C̄δkθ
−〈C,P 〉 − p
−
〈
C̄, P

〉
 (2.0.8)

and partition

L = L∆Lδ, L∆ :=


0 Ã∗ 0 0
A I 0 0
0 0 1 0
0 0 0 1

 , Lδ :=


I 0 0 0
0 I 0 0

BT C̃T ρk/τk z̄

B̄T ˜̄CT z̄ 0

 (2.0.9)

to obtain

xk+1/2 := L−1
∆ (b− Uxk) (2.0.10)

=


−H−1 H−1Ã∗ 0 0

AH−1 I −AH−1Ã∗ 0 0
0 0 1 0
0 0 0 1



−A∗(P )−Bδkτ + B̄δkθ

Cδkτ − C̄δkθ
−〈C,P 〉 − p
−
〈
C̄, P

〉
 (2.0.11)

=


rk

Cδkτ − C̄δkθ −Ark
−〈C,P 〉 − p
−
〈
C̄, P

〉
 , rk := H−1

[
A∗(P ) + Ã∗(Cδkτ − C̄δkθ ) +Bδkτ − B̄δkθ

]
(2.0.12)

and

xk+1 = L−1
δ xk+1/2 (2.0.13)

=


I 0 0 0
0 I 0 0

−z̄−1B̄T −z̄−1 ˜̄CT 0 z̄−1

−z̄−1BT + ρk/(z̄
2τk)B̄

T −z̄−1C̄T + ρk/(z̄
2τk)

˜̄CT z̄−1 −ρk/(z̄2τk)




rk
Cδkτ − C̄δkθ −Ark
−〈C,P 〉 − p
−
〈
C̄, P

〉
 .

(2.0.14)

Note that the most expensive operation is the computation of

rk = H−1
[
A∗(P ) + Ã∗(Cδkτ − C̄δkθ ) +Bδkτ − B̄δkθ

]
, (2.0.15)

which can be effectively handled by pre-computing and storing the Cholesky factors of the positive
definite matrix H.
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3 Sylvester

Let

Y = {Y1, · · · , Yn}, A(Y ) = {A1(Y ), · · · , Am(Y )} (3.0.16)

where each

Aι(Y ) =
1

2

 n∑
i=1

`iι∑
k=1

LikιYiRikι +RTikιY
T
i L

T
ikι

 (3.0.17)

The variables Yi’s can be symmetric or not. Now consider the dual mapping obtained through

m∑
ι=1

〈Aι(Y ), Xι〉 =

m∑
ι=1

1

2

n∑
i=1

`iι∑
k=1

〈
LikιYiRikι +RTikιY

T
i L

T
ikι , Xι

〉 (3.0.18)

=
n∑
i=1

 m∑
ι=1

`iι∑
k=1

〈
LTikιXιR

T
ikι , Yi

〉 (3.0.19)

from where

A∗(X) = {A∗1(X), · · · , A∗n(X)} (3.0.20)

where

A∗i (X) =
m∑
ι=1

`iι∑
k=1

LTikιXιR
T
ikι . (3.0.21)

if Yi is not symmetric. Note that the variables Xι are always symmetric. If Yi is symmetric then

A∗i (X) =
1

2

m∑
ι=1

`iι∑
k=1

(LTikιXιR
T
ikι +RikιXιLikι) (3.0.22)

Note that

1

2
A∗ (EA(Y )F + FA(Y )E) = {S1(Y ), · · · , Sn(Y )} (3.0.23)

where each component is

Si(Y ) =
1

2

m∑
ι=1

`iι∑
k=1

LTikι (EιAι(Y )Fι + FιAι(Y )Eι)R
T
ikι

=
1

4

n∑
j=1

m∑
ι=1

`iι∑
k=1

`jι∑
k=1

(LTikιEιLjkιYjRjkιFιR
T
ikι + LTikιFιLjkιYjRjkιEιR

T
ikι)+

1

4

n∑
j=1

m∑
ι=1

`iι∑
k=1

`jι∑
k=1

(LTikιEιR
T
jkιY

T
j L

T
jkιFιR

T
ikι + LTikιFιR

T
jkιY

T
j L

T
jkιEιR

T
ikι)
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When Eι = Fι = Wι

Si(Y ) =
1

2

n∑
j=1

m∑
ι=1

`iι∑
k=1

`jι∑
k=1

(LTikιWιLjkιYjRjkιWιR
T
ikι + LTikιWιR

T
jkιY

T
j L

T
jkιWιR

T
ikι)

which is also a Sylvester map.
When Yi is symmetric then we have

Si(Y ) =
1

4

m∑
ι=1

`iι∑
k=1

LTikι (EιAι(Y )Fι + FιAι(Y )Eι)R
T
ikι+

1

4

m∑
ι=1

`iι∑
k=1

Rikι (EιAι(Y )Fι + FιAι(Y )Eι)Likι

=
1

8

n∑
j=1

m∑
ι=1

`iι∑
k=1

`jι∑
k=1

(LTikιEιLjkιYjRjkιFιR
T
ikι + LTikιFιLjkιYjRjkιEιR

T
ikι)+

1

8

n∑
j=1

m∑
ι=1

`iι∑
k=1

`jι∑
k=1

(LTikιEιR
T
jkιY

T
j L

T
jkιFιR

T
ikι + LTikιFιR

T
jkιY

T
j L

T
jkιEιR

T
ikι)+

1

8

n∑
j=1

m∑
ι=1

`iι∑
k=1

`jι∑
k=1

(RikιEιLjkιYjRjkιFιLikι +RikιFιLjkιYjRjkιEιLikι)+

1

8

n∑
j=1

m∑
ι=1

`iι∑
k=1

`jι∑
k=1

(RikιEιR
T
jkιY

T
j L

T
jkιFιLikι +RikιFιR

T
jkιY

T
j L

T
jkιEιLikι).

When Eι = Fι = Wι

Si(Y ) =
1

4

n∑
j=1

m∑
ι=1

`iι∑
k=1

`jι∑
k=1

(LTikιWιLjkιYjRjkιWιR
T
ikι + LTikιWιR

T
jkιY

T
j L

T
jkιWιR

T
ikι)+

1

4

n∑
j=1

m∑
ι=1

`iι∑
k=1

`jι∑
k=1

(RikιWιLjkιYjRjkιWιLikι +RikιWιR
T
jkιY

T
j L

T
jkιWιLikι).

Further simplifications will be possible when vectorizing such maps

3.1 Vectorized Sylvester Mappings

Vectorized mappings can be obtained directly from the formulas developed in the previous sections
by using Kronecker products.

We have that

vecA(Y ) = A vecY, vecY =

vecY1
...

vecYn

 , A = [Aιi], (3.1.1)
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where each

Aιi =
1

2

`iι∑
k=1

(
RTikι ⊗ Likι + (Likι ⊗R

T
ikι)Kmi,ni

)
,

=
1

2

`iι∑
k=1

(
RTikι ⊗ Likι +Kpι,pι(R

T
ikι ⊗ Likι)

)
,

=
1

2
(I +Kpι,pι)

 `iι∑
k=1

RTikι ⊗ Likι

 .

Now

vecA∗(X) = A∗ vecX, vecX =

vecX1
...

vecXm

 , A∗ = [Aiι], (3.1.2)

where

A∗iι =

`iι∑
k=1

Rikι ⊗ L
T
ikι .

If Yi is symmetric then

A∗iι =
1

2

`iι∑
k=1

Rikι ⊗ L
T
ikι + LTikι ⊗Rikι

=
1

2

`iι∑
k=1

Rikι ⊗ L
T
ikι +Kmi,ni(Rikι ⊗ L

T
ikι)Kpι,pι

3.1.1 Compound scaled mapping (Alternative)

1

2
vecA∗(EA(Y )F + FA(Y )E) =

1

2
A∗ vec(EA(Y )F + FA(Y )E) (3.1.3)

=
1

2
A∗((F ⊗ E) + (E ⊗ F ))A vecY (3.1.4)

vecA∗(WA(Y )W ) = A∗(W ⊗W )A vecY (3.1.5)
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vecA∗(WA(Y )W ) =
1

2

`iι∑
k=1

`iι∑
κ=1

(Rikι ⊗ L
T
ikι)(Wι ⊗Wι)

(
RTiκι ⊗ Liκι + (Liκι ⊗R

T
iκι)Kmi,ni

)
,

(3.1.6)

=
1

2

`iι∑
k=1

`iι∑
κ=1

(RikιWι ⊗ LTikιWι)
(
RTiκι ⊗ Liκι + (Liκι ⊗R

T
iκι)Kmi,ni

)
, (3.1.7)

=
1

2

`iι∑
k=1

`iι∑
κ=1

(RikιWιR
T
iκι ⊗ L

T
ikιWιLiκι + (RikιWιLiκι ⊗ L

T
ikιWιR

T
iκι)Kmi,ni ,

(3.1.8)

(3.1.9)

If Yi is symmetric

vecA∗(WA(Y )W ) =
1

4

`iι∑
k=1

`iι∑
κ=1

(Rikι ⊗ L
T
ikι + LTikι ⊗Rikι)(Wι ⊗Wι)

(
RTiκι ⊗ Liκι + (Liκι ⊗R

T
iκι)Kmi,ni

)
,

(3.1.10)

=
1

4
(I +Kmi,ni)

`iι∑
k=1

`iι∑
κ=1

RikιWιR
T
iκι ⊗ L

T
ikιWιLiκι (3.1.11)

1

4
(I +Kmi,ni)

`iι∑
k=1

`iι∑
κ=1

(RikιWιLiκι ⊗ L
T
ikιWιR

T
iκι)Kmi,ni (3.1.12)

3.1.2 Compound scaled mapping

Proceeding with

1

2
vecA∗(EA(Y )F + FA(Y )E) = S vecY, S =

m∑
ι=1

[Sιij ] (3.1.13)

where

Sιij :=
1

4

`iι∑
k=1

`jι∑
k=1

(RikιFιR
T
jkι ⊗ L

T
ikιEιLjkι +RikιEιR

T
jkι ⊗ L

T
ikιFιLjkι)+

1

4

`iι∑
k=1

`jι∑
k=1

(RikιFιLjkι ⊗ L
T
ikιEιR

T
jkι +RikιEιLjkι ⊗ L

T
ikιFιR

T
jkι)Kmj ,nj

When Eι = Fι = Wι

Sιij :=
1

2

`iι∑
k=1

`jι∑
k=1

(
(RikιWιR

T
jkι ⊗ L

T
ikιWιLjkι + (RikιWιLjkι ⊗ L

T
ikιWιR

T
jkι)Kmj ,nj

)
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If Yi is symmetric then

Sιij =
1

8

`iι∑
k=1

`jι∑
k=1

(RikιFιR
T
jkι ⊗ L

T
ikιEιLjkι +RikιEιR

T
jkι ⊗ L

T
ikιFιLjkι)+

1

8

`iι∑
k=1

`jι∑
k=1

(RikιFιLjkι ⊗ L
T
ikιEιR

T
jkι +RikιEιLjkι ⊗ L

T
ikιFιR

T
jkι)Kmj ,nj+

1

8

`iι∑
k=1

`jι∑
k=1

(LTikιFιR
T
jkι ⊗RikιEιLjkι + LTikιEιR

T
jkι ⊗RikιFιLjkι)+

1

8

`iι∑
k=1

`jι∑
k=1

(LTikιFιLjkι ⊗RikιEιR
T
jkι + LTikιEιLjkι ⊗RikιFιR

T
jkι)Kmj ,nj

=
1

8

`iι∑
k=1

`jι∑
k=1

(RikιFιR
T
jkι ⊗ L

T
ikιEιLjkι +RikιEιR

T
jkι ⊗ L

T
ikιFιLjkι)+

1

8

`iι∑
k=1

`jι∑
k=1

Kmi,mi(L
T
ikιFιR

T
jkι ⊗RikιEιLjkι + LTikιEιR

T
jkι ⊗RikιFιLjkι)+

1

8

`iι∑
k=1

`jι∑
k=1

(LTikιFιR
T
jkι ⊗RikιEιLjkι + LTikιEιR

T
jkι ⊗RikιFιLjkι)+

1

8

`iι∑
k=1

`jι∑
k=1

Kmi,mi(RikιFιR
T
jkι ⊗ L

T
ikιEιLjkι +RikιEιR

T
jkι ⊗ L

T
ikιFιLjkι)

=
1

8
(I +Kmi,mi)

`iι∑
k=1

`jι∑
k=1

(RikιFιR
T
jkι ⊗ L

T
ikιEιLjkι +RikιEιR

T
jkι ⊗ L

T
ikιFιLjkι)+

1

8
(I +Kmi,mi)

`iι∑
k=1

`jι∑
k=1

(LTikιFιR
T
jkι ⊗RikιEιLjkι + LTikιEιR

T
jkι ⊗RikιFιLjkι)

and when Eι = Fι = Wι

Sιij =
1

4
(I +Kmi,mi)

`iι∑
k=1

`jι∑
k=1

(RikιWιR
T
jkι ⊗ L

T
ikιWιLjkι + LTikιWιR

T
jkι ⊗RikιWιLjkι)

3.1.3 Reduced mappings

It is possible to reduce the above mappings when some or all of variables have structured, e.g. they
are symmetric. In this case, for a symmetric matrix X, we can define a projection matrix Pm such
that

svecX = Pm vecX,
1

2
Pm(I +Km,m) = PmKm,m = Pm. (3.1.14)

Note that, in general

vecX = Qm svecX, Qm = P Tm(PmP
T
m)−1, (3.1.15)
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which implies that

1

2
(I +Km,m)Qm = Km,mQm = Qm. (3.1.16)

For example, for m = 2 we have

K2 =


1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

 , P2 =
1

2

2 0 0 0
0 1 1 0
0 0 0 2

 , Q2 =


1 0 0
0 1 0
0 1 0
0 0 1

 ,
and

vec

[
x1 x2

x2 x3

]
=


x1

x2

x2

x3

 = Q2

x1

x2

x3

 , svec

[
x1 x2

x2 x3

]
=

x1

x2

x3

 = P2


x1

x2

x2

x3

 , QT2 vec

[
x1 x2

x2 x3

]
=

 x1

2x2

x3


Consider the one equation in a single symmetric variable Y

A∗(A(Y )) = b

Applying svec we have

svecA∗(A(Y )) = PmA∗AQm svecY, svec b = Pm vec b,

where we have used the fact that

vecA∗(X) = A∗ vecX, vecA(Y ) = A vecY = AQm svecY.

In order to preserve symmetry we multiply the above equations by (PmP
T
m)−1 on the left to obtain

(PmP
T
m)−1 svecA∗(A(Y )) = QTmA∗AQm svecY, (PmP

T
m)−1 svec b = QTm vec b,

If the variable Yi is symmetric then the correspoding entry on the matrix A becomes

Aιi =
1

2
(I +Kpι,pι)

 `iι∑
k=1

RTikι ⊗ Likι

Qmi

and the reduced dual mapping

A∗iι =
1

2
Pmi

(
`iι∑
k=1

Rikι ⊗ L
T
ikι + LTikι ⊗Rikι

)

=
1

2
Pmi

(
`iι∑
k=1

Rikι ⊗ L
T
ikι +Kni,mi(Rikι ⊗ L

T
ikι)Kpι,pι

)

=
1

2
Pmi

(
`iι∑
k=1

Rikι ⊗ L
T
ikι

)
(I +Kpι,pι)
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Note that the matrices A and A∗ are now transposes of each other. This will happen if we note
that the A′ιs maps onto a space of symmetric matrices and therefore that the dual variables Xι’s
are symmetric. So taking the projections on these symmetric subspaces we obtain

Aιi =
1

2
Pι(I +Kpι,pι)

 `iι∑
k=1

RTikι ⊗ Likι

 = Pι

 `iι∑
k=1

RTikι ⊗ Likι

 ,

when Yj is not symmetric and

Aιi = Pι

 `iι∑
k=1

Likι ⊗R
T
ikι

Qmi = Pι

 `iι∑
k=1

RTikι ⊗ Likι

Qmi

when Yj is symmetric.
Likewise, the dual mapping becomes

A∗iι =

(
`iι∑
k=1

Rikι ⊗ L
T
ikι

)
Qpι

when Yi is not symmetric and

A∗iι =
1

2
Pmi

(
`iι∑
k=1

Rikι ⊗ L
T
ikι

)
(I +Kpι,pι)Qpι = Pmi

(
`iι∑
k=1

Rikι ⊗ L
T
ikι

)
Qpι

when Yi is symmetric. Note that finally we have A∗ιi = ATιi.
Proceeding with the scaled mapping we have that when Yj is symmetric but Yi is not we have

Sιij =
1

4

`iι∑
k=1

`jι∑
k=1

(RikιFιR
T
jkι ⊗ L

T
ikιEιLjkι +RikιEιR

T
jkι ⊗ L

T
ikιFιLjkι)P

T
mj+

1

4

`iι∑
k=1

`jι∑
k=1

(RikιFιLjkι ⊗ L
T
ikιEιR

T
jkι +RikιEιLjkι ⊗ L

T
ikιFιR

T
jkι)P

T
mj

and when Eι = Fι = Wι

Sιij :=
1

2

`iι∑
k=1

`jι∑
k=1

(
RikιWιR

T
jkι ⊗ L

T
ikιWιLjkι +RikιWιLjkι ⊗ L

T
ikιWιR

T
jkι

)
P Tmj .

If Yi is symmetric but Yj is not

Sιij(X) =
1

4
Pmi

`iι∑
k=1

`jι∑
k=1

(RikιFιR
T
jkι ⊗ L

T
ikιEιLjkι +RikιEιR

T
jkι ⊗ L

T
ikιFιLjkι)+

1

4
Pmi

`iι∑
k=1

`jι∑
k=1

(LTikιFιR
T
jkι ⊗RikιEιLjkι + LTikιEιR

T
jkι ⊗RikιFιLjkι)

and when Eι = Fι = Wι

Sιij(X) =
1

2
Pmi

`iι∑
k=1

`jι∑
k=1

(RikιWιR
T
jkι ⊗ L

T
ikιWιLjkι + LTikιWιR

T
jkι ⊗RikιWιLjkι)

15



If Yi and Yj are both symmetric

Sιij(X) =
1

4
Pmi

`iι∑
k=1

`jι∑
k=1

(RikιFιR
T
jkι ⊗ L

T
ikιEιLjkι +RikιEιR

T
jkι ⊗ L

T
ikιFιLjkι)P

T
mj+

1

4
Pmi

`iι∑
k=1

`jι∑
k=1

(LTikιFιR
T
jkι ⊗RikιEιLjkι + LTikιEιR

T
jkι ⊗RikιFιLjkι)P

T
mj

and when Eι = Fι = Wι

Sιij =
1

2
Pmi

`iι∑
k=1

`jι∑
k=1

(RikιWιR
T
jkι ⊗ L

T
ikιWιLjkι + LTikιWιR

T
jkι ⊗RikιWιLjkι)P

T
mj .

3.2 Summary of Vectorized Sylvester Mappings

3.2.1 Not Reduced

Aιi =
1

2
(I +Kpι,pι)

 `iι∑
k=1

RTikι ⊗ Likι

 .

A∗iι =



`iι∑
k=1

Rikι ⊗ L
T
ikι , Yi not symmetric

1

2

`iι∑
k=1

Rikι ⊗ L
T
ikι +Kpι,pι

(
`iι∑
k=1

Rikι ⊗ L
T
ikι

)
Kmi,mi , Yi symmetric

1

2
vecA∗(EA(Y )F + FA(Y )E) = S vecY, S =

m∑
ι=1

[Sιij ] (3.2.1)

where

Sιij =


1

2

`iι∑
k=1

`jι∑
k=1

U ιikι,jkι +
1

2

 `iι∑
k=1

`jι∑
k=1

Vιikι,jkι

Kmj ,nj , Yi not symmetric,

1

4
(I +Kmi,mi)

`iι∑
k=1

`jι∑
k=1

(U ιikι,jkι + Vιikι,jkι), Yi symmetric.

U ιikι,jkι := RikιWιR
T
jkι ⊗ L

T
ikιWιLjkι Vιikι,jkι := RikιWιLjkι ⊗ L

T
ikιWιR

T
jkι . (3.2.2)
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3.2.2 Reduced Y

Aιi =



1

2
(I +Kpι,pι)

 `iι∑
k=1

RTikι ⊗ Likι

 , Yi not symmetric

1

2
(I +Kpι,pι)

 `iι∑
k=1

RTikι ⊗ Likι

Qmi , Yi symmetric

A∗iι =



`iι∑
k=1

Rikι ⊗ L
T
ikι , Yi not symmetric

1

2
Pmi

(
`iι∑
k=1

Rikι ⊗ L
T
ikι

)
(I +Kpι,pι), Yi symmetric

Sιij =



1

2

`iι∑
k=1

`jι∑
k=1

U ιikι,jkι +
1

2

 `iι∑
k=1

`jι∑
k=1

Vιikι,jkι

Kmj ,nj , Yi not symmetric, Yj not symmetric,

1

2
QTmi

 `iι∑
k=1

`jι∑
k=1

U ιikι,jkι + Vιikι,jkι

 , Yi symmetric, Yj not symmetric,

1

2

 `iι∑
k=1

`jι∑
k=1

U ιikι,jkι + Vιikι,jkι

Qmj , Yi not symmetric, Yj symmetric,

1

2
QTmi

 `iι∑
k=1

`jι∑
k=1

U ιikι,jkι + Vιikι,jkι

Qmj , Yi symmetric, Yj symmetric.

3.2.3 Reduced Y and X

Aιi =



Ppι

 `iι∑
k=1

RTikι ⊗ Likι

 , Yi not symmetric

Ppι

 `iι∑
k=1

RTikι ⊗ Likι

Qmi , Yi symmetric

A∗iι =



(
`iι∑
k=1

Rikι ⊗ L
T
ikι

)
Qpι , Yi not symmetric

Pmi

(
`iι∑
k=1

Rikι ⊗ L
T
ikι

)
Qpι , Yi symmetric

Sιij is the same
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4 Tensor Product LMIs

Let

Y = {Y1, · · · , Yn}, A(Y ) = {A1(Y ), · · · , Am(Y )} (4.0.3)

where each

Aι(Y ) =
n∑
i=1

Aiι ⊗ Yi (4.0.4)

The coefficient matrices Aiι are all real symmetric matrices of dimension qι and the variables Yi’s
are all real symmetric matrices of dimension r.

Dual variables Xι are always real symmetric matrices of dimension qιr, and the dual mapping
is obtained through

m∑
ι=1

〈Aι(Y ), Xι〉 =
m∑
ι=1

n∑
i=1

〈Aiι ⊗ Yi, Xι〉 (4.0.5)

=
m∑
ι=1

n∑
i=1

qι∑
k=1

qι∑
`=1

〈(Aiι)k`Yi, (Xι)k`〉 (4.0.6)

=
n∑
i=1

〈
m∑
ι=1

qι∑
k=1

qι∑
`=1

(Aiι)k`(Xι)k`, Yi

〉
(4.0.7)

(4.0.8)

from where

A∗(X) = {A∗1(X), · · · , A∗n(X)} (4.0.9)

and

A∗i (X) =

m∑
ι=1

Aiι •Xι, (4.0.10)

after defining

A •X =

{
SRqr → SRr : A •X =

q∑
k=1

q∑
`=1

(A)k`(Xι)k`

}
(4.0.11)

Note that

E(A⊗ Y )F = [(M)k`] (4.0.12)

where

(M)k` =
∑
κ

(E)kκ(N)κ`, (N)κ` =
∑
j

(A)κjY (F )j` (4.0.13)

which implies

(M)k` =
∑
κ

∑
j

(A)κj(E)kκY (F )j` (4.0.14)
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and

A • E(A⊗ Y )F =

q∑
k=1

q∑
`=1

(A)k`(M)k` (4.0.15)

=

q∑
k=1

q∑
`=1

(A)k`
∑
κ

∑
j

(A)κj(E)kκY (F )j` (4.0.16)

1

2
A∗ (EA(Y )F + FA(Y )E) = {S1(Y ), · · · , Sn(Y )} (4.0.17)

where each component is

Si(Y ) =

m∑
ι=1

Aiι • (EιAι(Y )Fι + FιAι(Y )Eι)

Aι(Y ) =
n∑
i=1

Aiι ⊗ Yi

=
1

2

m∑
ι=1

`iι∑
k=1

LTikιR
T
ikι

=
1

4

n∑
j=1

m∑
ι=1

`iι∑
k=1

`jι∑
k=1

(LTikιEιLjkιYjRjkιFιR
T
ikι + LTikιFιLjkιYjRjkιEιR

T
ikι)+

1

4

n∑
j=1

m∑
ι=1

`iι∑
k=1

`jι∑
k=1

(LTikιEιR
T
jkιY

T
j L

T
jkιFιR

T
ikι + LTikιFιR

T
jkιY

T
j L

T
jkιEιR

T
ikι)

When Eι = Fι = Wι

Si(Y ) =
1

2

n∑
j=1

m∑
ι=1

`iι∑
k=1

`jι∑
k=1

(LTikιWιLjkιYjRjkιWιR
T
ikι + LTikιWιR

T
jkιY

T
j L

T
jkιWιR

T
ikι)

which is also a Sylvester map.
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When Yi is symmetric then we have

Si(Y ) =
1

4

m∑
ι=1

`iι∑
k=1

LTikι (EιAι(Y )Fι + FιAι(Y )Eι)R
T
ikι+

1

4

m∑
ι=1

`iι∑
k=1

Rikι (EιAι(Y )Fι + FιAι(Y )Eι)Likι

=
1

8

n∑
j=1

m∑
ι=1

`iι∑
k=1

`jι∑
k=1

(LTikιEιLjkιYjRjkιFιR
T
ikι + LTikιFιLjkιYjRjkιEιR

T
ikι)+

1

8

n∑
j=1

m∑
ι=1

`iι∑
k=1

`jι∑
k=1

(LTikιEιR
T
jkιY

T
j L

T
jkιFιR

T
ikι + LTikιFιR

T
jkιY

T
j L

T
jkιEιR

T
ikι)+

1

8

n∑
j=1

m∑
ι=1

`iι∑
k=1

`jι∑
k=1

(RikιEιLjkιYjRjkιFιLikι +RikιFιLjkιYjRjkιEιLikι)+

1

8

n∑
j=1

m∑
ι=1

`iι∑
k=1

`jι∑
k=1

(RikιEιR
T
jkιY

T
j L

T
jkιFιLikι +RikιFιR

T
jkιY

T
j L

T
jkιEιLikι).

When Eι = Fι = Wι

Si(Y ) =
1

4

n∑
j=1

m∑
ι=1

`iι∑
k=1

`jι∑
k=1

(LTikιWιLjkιYjRjkιWιR
T
ikι + LTikιWιR

T
jkιY

T
j L

T
jkιWιR

T
ikι)+

1

4

n∑
j=1

m∑
ι=1

`iι∑
k=1

`jι∑
k=1

(RikιWιLjkιYjRjkιWιLikι +RikιWιR
T
jkιY

T
j L

T
jkιWιLikι).

Further simplifications will be possible when vectorizing such maps
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5 AHSS

Let us foccus on the saddle-point problem[
W−1
k ⊗W−1

k −A
A∗ 0

](
∆̄X ∆τ

X ∆θ
X

∆̄Y ∆τ
Y ∆θ

Y

)
=

[
σkµkX

−1
k − Sk −C C̄
0 B −B̄

]
Or for easy of notation [

W−1
k ⊗W−1

k −A
A∗ 0

](
x
y

)
=

[
f
g

]
AHSS is

1. Compute the residuals

r(k) = f − [(W−1
k ⊗W−1

k )x(k) −Ay(k)] s(k) = g −A∗x(k)

2. Compute the auxiliary vectors

u(k) =
2

α+ 1
r(k) v(k) = 2s(k) −A∗(Wk ⊗Wk)u

(k)

3. Compute the update vectors(
βC +

1

α
A∗(Wk ⊗Wk)A

)
w(k) = v(k) t(k) = (Wk ⊗Wk)[u

(k) +Aw(k)]

4. Compute next iterate

x(k+1) = x(k) + t(k), y(k+1) = y(k) + w(k).

After some manipulations the computation of the update vector is(
βC +

1

α
A∗(Wk ⊗Wk)A

)
w(k) = 2g − 2A∗x(k) −A∗(Wk ⊗Wk)u

(k)

= 2g − 2A∗x(k) − 2

α+ 1
A∗(Wk ⊗Wk)r

(k)

= 2g − 2A∗
[
x(k) − 1

α+ 1
(Wk ⊗Wk)r

(k)

]
= 2g − 2A∗

[
x(k) +

1

α+ 1
x(k) − 1

α+ 1
(Wk ⊗Wk)[f +Ay(k)]

]
= 2g − 2A∗

[
α+ 2

α+ 1
x(k) − 1

α+ 1
(Wk ⊗Wk)[f +Ay(k)]

]

or

A∗
[
β(Zk ⊗ Zk) +

1

α
(Wk ⊗Wk)

]
Aw(k) = 2g −A∗

[
2x(k) − (Wk ⊗Wk)u

(k)
]

= 2g −A∗
[
2x(k) − (Wk ⊗Wk)[f −Ay(k)] + x(k)

]
AHSS is
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1. Compute the residuals

r(k) = f − [(W−1
k ⊗W−1

k )x(k) −Ay(k)] s(k) = g −A∗x(k)

2. Compute the auxiliary vectors

u(k) =
2

α+ 1
r(k) v(k) = 2s(k) −A∗(Wk ⊗Wk)u

(k)

3. Compute the update vectors(
βC +

1

α
A∗(Wk ⊗Wk)A

)
w(k) = v(k) t(k) = (Wk ⊗Wk)[u

(k) +Aw(k)]

4. Compute next iterate

x(k+1) = x(k) + t(k), y(k+1) = y(k) + w(k).

5.1 Approximate Solution

If the above linear algebra problem is solved for ∆Y only approximately then the iterates ∆X may
not satisfy the

Given ∆Y and δθ solve

A∗(∆X)− δτB + δθB̄ = 0

−
〈
B̄,∆Y

〉
+
〈
C̄,∆X

〉
− δτ z̄ = 0

for ∆X and δτ . One option is to solve for ∆X in

A∗(∆X)−B
〈
C̄/z̄,∆X

〉
= B

〈
B̄/z̄,∆Y

〉
− δθB̄

then set

δτ =
〈
C̄/z̄,∆X

〉
−
〈
B̄/z̄,∆Y

〉
∆S = −A(∆Y ) + δτC − δθC̄
δρ = 〈B,∆Y 〉 − 〈C,∆X〉+ δθz̄

Note that 〈
A∗(∆X)−

〈
C̄/z̄,∆X

〉
B,Z

〉
=
〈
A(Z)− 〈B,Z〉 C̄/z̄,∆X

〉
If need to improve set ∆X and δτ fixed then solve

A(∆Y ) + δθC̄ = Sk − σkµkX−1
k +W−1

k ∆XW
−1
k + δτC

〈B,∆Y 〉+ δθz̄ = σkµkτ
−1
k − ρk + 〈C,∆X〉 − δτ (ρk/τk)

for ∆Y and δθ. One option is to solve for ∆Y in

A(∆Y )− 〈B,∆Y 〉 C̄/z̄ = Sk − σkµkX−1
k +W−1

k ∆XW
−1
k + δτC − [σkµkτ

−1
k − ρk + 〈C,∆X〉 − δτ (ρk/τk)]C̄/z̄

then set

δθ = −〈B/z̄,∆Y 〉+ [σkµkτ
−1
k − ρk + 〈C,∆X〉 − δτ (ρk/τk)]/z̄
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5.2 Self Duality

The above problem is self dual. Indeed defining the shorthand notation

 0 −A∗ −B̄
A Q R
B̄∗ −R∗ 0

 =


0 −A∗ B −B̄
A 0 −C C̄
−B∗ C∗ 0 −z̄
B̄∗ −C̄∗ z̄ 0

 , X =

(
X
τ

)
, S =

(
S
ρ

)
,

we can rewrite the primal program as

inf
Y,Y,S

βθ

−A∗(X )− B̄θ = 0

A(Y ) +Q(X ) +Rθ + S = 0〈
B̄, Y

〉
−R∗(X ) = β

X � 0, S � 0

Defining the Lagrangian

L(Y,Y) = βθ −
〈
Z,A∗(X ) + B̄θ

〉
+ 〈Y,A(Y ) +Q(X ) +Rθ〉+ ν

[〈
B̄, Y

〉
−R∗(X )− β

]
= βν +

〈
Y,A∗(Y) + B̄ν

〉
+ 〈X ,−A(Z)−Q(Y)−Rν〉+ θ

[
β −

〈
B̄, Z

〉
+R∗(Y)

]
we can compute the dual program

sup
Z,Z,V

− βν

A∗(Y) + B̄ν = 0

−A(Z)−Q(Y)−Rν − V = 0〈
B̄, Z

〉
−R∗(Y) = β

Y � 0, V � 0

which is equivalent to primal.

6 HSS

Rearrange the linear problem (??) into the form
W−1
k ⊗W−1

k C −A −C̄
−C∗ (ρk/τk) B∗ z̄
A∗ −B 0 B̄
C̄∗ −z̄ −B̄∗ 0




∆X

δτ
∆Y

δθ

 =


σkµkX

−1
k − Sk

σkµkτ
−1
k − ρk
0
0

 .

Let α, β > 0 be given. HSS is:
Step 1: compute the partial vectors[

αI +W−1
k ⊗W−1

k C
−C∗ αI + (ρk/τk)

](
∆X

δτ

)(`+ 1
2

)

= α

(
∆X

δτ

)(`)

+

[
A C̄
−B∗ −z̄

](
∆Y

δθ

)(`)

+

(
σkµkX

−1
k − Sk

σkµkτ
−1
k − ρk

)
[
βI B̄
−B̄∗ βI

](
∆Y

δθ

)(`+ 1
2

)

=

[
A∗ −B
C̄∗ −z̄

](
∆X

δτ

)(`)

+ β

(
∆Y

δθ

)(`)

.
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Step 2: compute the partial vectors
αI 0 −A −C̄
0 αI B∗ z̄
A∗ −B βI 0
C̄∗ −z̄ 0 βI




∆X

δτ
∆Y

δθ


(`+1)

=


(
αI −W−1

k ⊗W−1
k −C

C∗ αI − (ρk/τk)

)(
∆X

δτ

)(`+ 1
2

)

+

(
σkµkX

−1
k − Sk

σkµkτ
−1
k − ρk

)
[
βI −B̄
B̄∗ βI

](
∆Y

δθ

)(`+ 1
2

)


[
αI +W−1

k ⊗W−1
k C

−C∗ αI + (ρk/τk)

](
∆X

δτ

)(`+ 1
2

)

=

(
rX
rτ

)
Now note that[

I 0

C∗[αI +W−1
k ⊗W−1

k ]−1 1

] [
αI +W−1

k ⊗W−1
k C

−C∗ αI + (ρk/τk)

]
=

[
αI +W−1

k ⊗W−1
k C

0 αI + (ρk/τk) + C∗[αI +W−1
k ⊗W−1

k ]−1C

]

[
I 0

C∗[αI +W−1
k ⊗W−1

k ]−1 1

] [
αI +W−1

k ⊗W−1
k C

−C∗ αI + (ρk/τk)

](
∆X

δτ

)(`+ 1
2

)

=

[
I 0

C∗[αI +W−1
k ⊗W−1

k ]−1 1

](
rX
rτ

)
Using the fact that

[αI +W−1
k ⊗W−1

k ]−1 = α−1I − α−1[I + αWk ⊗Wk]
−1

[αI +W−1
k ⊗W−1

k ] vec(X) = vec(B)

αX +W−1
k XW−1

k = B
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