
1 Convexity of a NC function

This chapter describes commands which do two things. One is compute the
"region" on which a noncommutative function is matrix convex. The other
is take a noncommutative quadratic function variables H1;H2; etc and give a
Gram representation for it, that is, represent it as

V [H]TMV [H]

a "vector" with the Hj entering linearly and M a matrix. Other commands are
described here but they are subservient toNCConvexityRegion[afunction,alist,options]

and would not be used independently of it. The commands in this chapter are
not listed alphabetically but are listed in the presumed order of importance.

1.1 NCConvexityRegion[afunction,alist,options]

Aliases: None.

Description: NCConvexityRegion[afunction,alist] performs three main opera-
tions. First it computes the Hessian with respect to alist (see NCHessian).
Then, using NCMatrixOfQuadratic, the Hessian is factored into the form
vtMv. Finally NCAllPermutationLDU is called to compute the LDU fac-
torization of M . A list of the diagonal elements of D is returned. Options
permit the user to select a range of di�erent permutationmatrices, thereby
producing several possibly distinct diagonal matrices D.

Arguments: afunction is a function whose variables are listed in alist, where
alist should be of the form fx1; x2; : : : ; xng:

For example, NCConvexityRegion[x� �y � �x; fx; yg] gives:
Middle matrix is size 2 X 2

At most 2 permutations possible.

f1g
fff0; 2ggg

Here, NCHessian[x� �y + y � �x; fx; hg; fy; kg] gives
2h � �k + 2k � �h,

NCMatrixOfQuadratic[2h� �k + 2k � �h; fh; kg] gives
fffh; kgg; ff0;2g;f2;0gg; ffhg; fkggg,

and NCAllPermutationLDU[ff0;2g;f2;0gg] gives
ffff1; 0g; f0;1gg; ff0; 2g; f2; 0gg;ff1;0g; f0; 1gg; ff1;0g;f0;1ggg;
fff1; 0g; f0;1gg;ff0; 2g; f2; 0gg;ff1;0g;f0;1gg; ff1; 0g; f0;1gggg:

The default options for NCConvexityRegion are: fNCSimplifyDiagonal
!False, DiagonalSelection! False,
ReturnPermutation! False, ReturnBorderVector! Falseg.
NCSimplifyDiagonal is an option geared toward a similar option used
in NCLDUDecomposition. This will make sure that the pivots (or diago-
nal entries) are all �rst simpli�ed with NCSimplifyRational before they
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are used to check that the pivots are all nonzero. Simplifying the piv-
ots using NCSimplifyRational can be quite time consuming, so by de-
fault we commute everything and then use Mathematica simpli�cation
commmands. We do this only to convince ourselves that the pivot is
nonzero. If all the pivots are zero using CommuteEverything we then
revert to using NCSimplifyRational to verify our suspicions. Setting
NCSimplifyDiagonal! True will bypass the commute everything step.
(Note: Either way, the unsimpli�ed form of the pivot is returned unless it
is equal to zero.)
Di�erent permutations return di�erent diagonals. Some diagonals are sim-
pler to work with than others. Because of this, we allow the user to
select a sampling of di�erent permutations. The total number of permu-
tations will not be known until M is computed. After M is computed,
the total number of possible permutations will be printed on the screen.
DiagonalSelection! fng returns the diagonals resulting from the �rst
n permutations. DiagonalSelection ! fk,ng returns the diagonals re-
sulting from the kth through nth permutations. Since the total number
of permutations is assumed to be unknown by the user, if n is too high,
then n is replaced by the total number of permutations which are possible
to compute in a modest period of time. Also, not all of the permuta-
tions are permissible. Because of this, NCLDUDecomposition automati-
cally pivots if an invalid permutation is used for a particular step. This
means it is possible that not all the diagonals returned result from di�er-
ent permutations. For this reason there is the option ReturnPermutation

which if entered as True returns the permutations used for each resulting
factorization. Finally, the user may wish to analyze the border vectors
and may do so by setting ReturnBorderVector to True. This will cause
NCConvexityRegion to return the border vectors v from the vtMv factor-
ization of the hessian. Now vt will have the form

�
L11H1; L12H1; � � � ; L1k1H1; � � �Ln1Hn; Ln2Hn; � � � ; LnknHn

�

So what will actually be returned is a list of the form

ffL11; : : : ; L1k1g; :::; fLn1; : : : ; Lnkngg:

This vector will be formed using a call to NCBorderVectorGather. Also,
a call will be made to NCIndependenceCheck to determine, if possible,
whether or not the elements of the above list are independent. The results
of this check will be printed to the screen.

Comments / Limitations: None.

1.2 NCMatrixOfQuadratic[ Q, fH1;H2; : : : ;Hng ]

Aliases: None.
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Description: NCMatrixOfQuadratic[ Q, fH1;H2; : : : ;Hng ] gives a vector
matrix factorization of a symmetric quadratic function Q in noncommu-
tative variables ~H = fH1;H2; : : : ;Hng and their transposes.
NCMatrixOfQuadratic[ Q, fH1;H2; : : : ;Hng ], generates the list fleft
border vector, coefficient matrix, right border vectorg. That

is, Q is factored into the vector-matrix-vector product V [ ~H]TMQV [ ~H].

The vector V [ ~H] is linear in ~H and is called a border vector of the quadratic
function Q. The matrixMQ is called the coe�cient matrix of the quadratic

function Q.

Arguments: Each term of Q is assumed to be a quadratic expression in terms
of the variables H1;H2; : : : ;Hn and their transposes (Q is homogeneous).
For example, suppose that Q = 3tp[x] � �y + 3 tp[y] � �x and that
~H = fx; yg. Then, NCMatrixOfQuadratic[Q, ~H ] gives

ffftp[x]; tp[y]gg; ff0;3g;f3;0gg;ffxg;fygg:

In MatrixForm, this looks like

�
tp[x] tp[y]

�
�

�
0 3
3 0

�
�

�
x

y

�
:

In general, suppose Q is a quadratic function of two variables, ~H =
fH;Kg, with all transpose elements HT ; KT occuring before all non-
transpose elements. Then NCMatrixOfQuadratic will return the left bor-

der vector V [ ~H]T , the matrix MQ, and the right vector V [ ~H] where

MQ :=

0
BBBBBBB@

A11 A12 � � � A1;`1 A1;`1+1 � � � A1;n

AT
12 A22 � � � A2;`1 A2;`1+1 � � � A2;n

� � � � � � � � � � � � � � � � � � � � �

AT
1;`1

AT
2;`1

� � � A`1;`1 A`1;`1+1 � � � A`1;n

AT
1;`1+1

AT
2;`1+1

� � � AT
`1;`1+1

A`1+1;`1+1 � � � A`1+1;n

� � � � � � � � � � � � � � � � � � � � �

AT
1;n AT

2;n � � � AT
`1;n

AT
`1+1;n

� � � An;n

1
CCCCCCCA

and V [ ~H] :=

0
BBBBBB@

HL11
HL12
� � �

HL1`1
KL21
� � �

KL2`2

1
CCCCCCA

for some Lj
i ; i = 1; : : : ; `j. The L

j
i ; i = 1; : : : ; `j are called the coe�cients

of the border vector. The L1

i corresponding to H are distinct and only one
may be the identity matrix (equivalently for the L2

i corresponding to K).

The border vector V is the vector composed of H, K and L
j
i . The matrix

MQ is the matrix with Ai;j entries.
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Noncommutative quadratics which are not hereditary have a similar repre-
sentation (which takes more space to write) for such a quadratic in H;K.
For example, the border vector for a quadratic in H, HT , K, KT has the
form

V [H;K] =
�
V1 V2

�
where we have

V1 =
�
(L11)

T
H

T
; � � � ; (L1`1)

T
H

T
; (L21)

T
K

T
; � � � ; L(2`2)

T
K

T
�

and

V2 =
�
~L11H; � � � ; ~L1`1H;

~L21K; � � � ; ~L2`2K
�
:

We should emphasize that the size of the MQ representation of a non-
commutative quadratic functions Q[H1; : : : ;Hk] depends on the particu-
lar quadratic and not only on the number of arguments of the quadratic.
There are noncommutative quadratic functions in one variable which have
a representation with MQ a 102 � 102 matrix.
The basic idea of NCMatrixOfQuadratic is that it searches for terms of
form

Left � �X � �Middle � �Y � �Right

where X = Hi or H
T
i and Y = Hj or H

T
j for 1 � (i; j) � n. Terms of the

form Left��X and Y ��Right are used to form the left and right vectors.
Each time the search �nds a unique Right (Left) term causes the length
of the right (left) border vector to be increased by one. The term Middle

becomes the entries in the matrix MQ.

Comments / Limitations: NCMatrixOfQuadratic will try to symmetrize the
resulting matrix MQ. If NCMatrixOfQuadratic is unable to do this, an
error message will be printed and fleftvector, matrix, rightvectorg

will be returned, where matrix is not symmetric and leftvector is not
necessarily the transpose of rightvector. The vector-matrix-vector prod-
uct should still be equal to the orginal quadratic expression.

1.3 NCIndependenceCheck[aListofLists,variable]

Aliases: None.

Description: NCIndependenceCheck[aListofLists,variable] is aimed at ver-
ifying whether or not a given set of polynomials are independent or not.
It analyzes each list of polynomials in aListofLists separately. There are
three possible types of outputs for each list in aListofLists. Two of them
correspond to NCIndependenceCheck successfully determining whether or
not the list of polynomials is independent. The third type of output cor-
responds to an unsuccessful attempt at determining dependence or inde-
pendence. If a particular list is determined to be independent, True will
be returned. If a list is determined to be dependent, a list beginning with
False containing a set of coe�cients which demonstrate independence will
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be returned. Finally, if NCIndependenceCheck cannot determine depen-
dence or independence, it returns a list beginning with Undetermined con-
taining other information which is illustrated below and described further
in Comments/Limitations.

Arguments: aListofLists is a list containing a list of the polynomials which are
suspected of being dependent. The argument variable will be subscripted
and used to return the coe�cient dependencies for each list. Below is an
example of a list of four lists. The �rst two are dependent, the third is
independent, and the fourth is undetermined.

Suppose you have four lists:

List1 = f7; 6a; a; abd2; d; b; 12a; d; 4a2d; a2; 5a2; b2; bg

List2 = f50; 8a; a; abd2; d; b; 12a; d;4a2d; a2; 16a2; 40b2; bg

List3 = f4a; 5b+ c; cg

List4 = fx � �y; y � �xg

Then NCIndependenceCheck[List1,List2,List3,List4,�] returns
fNewList1; NewList2; NewList3; NewList4g where:

NewList1 = fFalse;

f0;�
�3

6
� 2�7; �3; 0;��8;��13; �7; �8;�

5�11

4
; 0; �11; 0; �13gg

NewList2 = fFalse;

f0;�
�3

8
�

3�7

2
; �3; 0;��8;��13; �7; �8;�4�11; 0; �11; 0; �13gg

NewList3 = True

NewList4 = fUndetermined;��2x � �y + �2y � �x; f��2; �2gg

In particular, what the above says is that List1:Newlist1[[2]] = 0,
and List2:Newlist2[[2]] = 0 (where \." refers to the vector dot product).
Therefore, the set of polynomials in List1 and List2 are dependent. List3
is independent. Note that List4 is clearly indpendent in the noncommu-
tating case, and dependent in the commuting case. When such phenomena
occur, NCIndependenceCheck is unable to determine whether or not the
list of polynomials is independent. However, it does return to the user, a
set of dependencies for the �i's which must hold in order for the polyno-
mials to sum to zero.

Comments / Limitations: IndependenceCheck �rst uses the CommuteEvery-

thing command to make the problem feasible. Therefore it is possible that
polynomials are dependent if variables commute, and independent if not.
So in this case, or when the the expression does not collapse to zero when
using the commuting coe�cients with the non commuting polynomials,
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then the list fUndertermined; expression; listg is returned. The list el-
ement expression is the sum of the polynomials with their corresponding
�'s. And �nally, list yields a list of the dependencies for the coe�cents.

1.4 NCBorderVectorGather[alist,varlist]

Aliases: None.

Description: NCBorderVectorGather[alist,varlist] can be used to gather
the polynomial coe�cents preceeding the elements given in varlist when-
ever they occur in alist. That is to say, alist is a vector with variable
entries. Each entry should end with some term from varlist (or the trans-
pose of some term from varlist). Then for each element of varlist the
coe�cients that appear in front of that element in alist are gathered to-
gether and placed inside a list. The list returned will be a list of lists,
each entry a list of the coe�cients corresponding to the respective entries
in varlist and their transposes if they occur.

Arguments: The �rst argument alist is a list of polynomials, all of which end in
terms from elements of the second argument, varlist, or in their transpose.
alist need not be ordered in a particular way with respect to varlist. The
preceeding is best explained in the following example.
Suppose List =

fA��B��k;B��B��tp[h]; B��tp[A]��k;B��C��tp[h];A��tp[h];B��h;C��hg

Then NCBorderVectorGather[List,fk,hg] returns the following list

ffA � �B;B � �tp[A]g; fB;Cg; fB � �B;B � �C;Agg

Note that the vectors are gather in the pattern k; tp[k]; h; tp[h]: This pat-
tern will be the same despite the length of avarlist.

Comments / Limitations: None.
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