SDP and SOS

Eight Exercises for Pablo Parrilo’s Lectures
LMIPO, UC San Diego, March 22-23, 2010

1. Consider a univariate polynomial of degree d, that is bounded by one in absolute value on the
interval [—1,1]. How large can its leading coefficient be? Give an SOS formulation for this
problem, and solve it numerically for d = 2,3,4,5. Can you guess what the general solution
is as a function of d? Can you characterize the optimal polynomial?

2. Consider a given univariate rational function r(z), for which we want to find a good polynomial
approximation p(x) of fixed degree d on the interval [—2,2].

(a)

Write an SOS formulation to compute the best polynomial approximation of r(z) in the
supremum norm.

Same as before, but now p(z) is also required to be convex.

Same as before, but p(z) is required to be a convex lower bound of r(x) (i.e., p(x) < r(x)
for all z € [-2,2]).

Let r(x) = 11;2;”1522. Find the solution of the previous subproblems (for d = 4), and plot
them.

3. Given a set & C R" that strictly contains the origin, we define the polar set S° C R™ as:

(a)

S°:={yecR"|yTz <1, VzecS}
Let S be the feasible set of an SDP, i.e.,
S={reR™| ZfL'iAi = C},
i=1

where A; and C are given symmetric matrices, and C' > 0. Find a convenient description
of §°. Can you optimize a linear function over §°7

4. Consider the polynomial p(x) = z*+2az?+b. For what values of (a, b) is this polynomial non-
negative? Draw the region of nonnegativity in the (a,b) plane. Where does the discriminant
of p vanish? How do you explain this?

5. Consider the polynomial system {z + y3 =222+ y2 =1}

(a) Is it feasible over C? How many solutions are there?

(b) Is it feasible over R? If not, give a Positivstellensatz-based infeasibility certificate of this

fact.



6. In general, the SOS decomposition of a univariate polynomial is not unique. Given a specific
basis of R[] (for instance, the standard monomial basis we have been considering), a “natural”
choice can be obtained by finding a matrix @) satisfying

p(z) =[a]g Qlzla, Q=0

and such that the determinant of () is as large as possible. This “central solution” can be
computed by solving a convex optimization problem, since logdet () is a concave function on
the region where () is positive semidefinite. In fact, this convex optimization problem can be
reformulated a semidefinite programming problem.

(a) Compute numerically the central solution for the polynomial p(z) = 2% — 62° 4 162* —
2423 + 2222 — 122 + 4.

(b) Show, using the KKT optimality conditions, that in general the inverse of the optimal
matrix @) is a Hankel matrix.

7. Consider a random variable X, with an unknown probability distribution supported on the
set 2, and for which we know its first d + 1 moments (uo, ..., uq). We want to find bounds
on the probability of an event S C €, i.e., want to bound P(X € S). We assume S and {2
are given intervals. Consider the following optimization problem in the decision variables cg:

’ d k>1 vzes
min Y cpp st Z’f@ ckxk = T Q)
k=0 Y heoCkr® >0 VzeQ.

(a) Show that any feasible solution of (1) gives a valid upper bound on P(X € S). How
would you solve this problem?

(b) Assume that Q = [0,5], S = [4,5], and we know that the mean and variance of X are
equal to 1 and 1/2, respectively. Give upper and lower bounds on P(X € S). Are these
bounds tight? Can you find the worst-case distributions?

8. Consider linear maps between symmetric matrices, i.e., of the form A : 8™ — §™. A map is
said to be a positive map if it maps the PSD cone S” into the PSD cone ST (i.e., it preserves
positive semidefinite matrices).

(a) Show that any linear map of the form A — Y, PTAP;, where P, € R™ ™, is positive.
These maps are known as decomposable maps.

(b) Show that the linear map C : S — & (due to M.-D. Choi) given by:

2a11 + a2 0 0
C:A— 0 2a99 + ass 0 — A.
0 0 2a33 + a1

is a positive map, but is not decomposable.

Hint: Consider the polynomial defined by p(z,y) := y”A(zz”)y. How can you express
positivity and decomposability of the linear map A in terms of the polynomial p?



