CLASSICAL INVARIANT THEORY AND
THE VIRASORO ALGEBRA

Nolan R. Wallach

INTRODUCTION.

The Virasoro algebra (a certain central extension of the Lie
algebra of vector fields on the circle) has come to play a more
important role in such fields as quantum field theory and number
theory. In [3], Wakimoto and Yamada gave a new relationship with
classical invariant theory. The purpose of this note is to give a more
direct relationship between highest weight vectors for the Virasoro
algebra and characters of the unitary groups Ufn), n21. In
particular, our result gives {in principle) a method of calculating all
highest weight vectors for all Verma modules for the Virasoro algebra.
However, the combinatorial problems in the general case are very
difficult. In the special case studied in [3], we give a simple
proof of the main result announced in [3].

We thank Alvany Rocha for kindly sending us a copy of the
announcement in C3]. The representations in Section 2 appear for
the first time in C113.

1. A REALIZATION OF THE WITT ALGEBRA

We set M, (T) equal to the space of nXn matrices over C.
We look upon GL(n,€C) and U(n) as subsets of Mn(tt). Let u(n) = X
e M (@] X" = -X3. If X € M(C) then we write

X = Xl + iXZ
with X;. X, € u(n).

We define for each m € Z the vector field dm on U(n) as

follows:
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dpfe) = & ciigetl® ) 4 if(gett8™12)),
dtt-o

If £ extends to a holomorphic function on GL(n,C) then

m
dmf(x) =4 f(getg ).
dtt-o

One checks that
(1) Edp.qu = (Q-P)dm .

We set d = OCdp. Then d is isomorphic to the Witt algebra.
We note that if n=1 then

im6d

1
d = —e ,
my de

the usual basis of the Witt algebra.
If M is an oriented manifold with volume form w and if D is

a differential operator on M then we define DT by

J'(Df)m = j f0Tgw
M M

for, say, f.g € C:(M). If X is a smooth vector field on M then

T _

X* = -X-Ou'x
with wa a smooth function on M which is up to sign the divergence
of X relative to w.

On U(n) we take w to be the normalized invariant measure. We

will write

fuw = f f(g)dg.
U(n) U(n)
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We also write ¢, for ‘w.dm .

Then we have
T_meh kel mek-1 :
o @)= @) w30
k=0

@)
-1
@) = :zotr(z""*“*lm(s'k'l) if m> 0.

The operators d are not left invariant on Uln); however, they
They are intimately connected with the

are central operators.
In fact, let us set

"symbolic operators” of classical invariant theory.
Sk(x) = tr(ck). It is easy to check that

3) d_Sy = KSyem -

We define by \,u € C the operators o0, u(dm) by

o)"u(dm)f = dmf + ()d'mu)Smf.

Then one checks (using (3))

) Loy 4, o) 487 = @-Ploy ldpeg)

We note that

(5) oy gldy)-det™ = 0 for all m € Z.

m
Indeed, (d det'k)(g) = %—- det(set8 )-k

tea0

d det(s)’ke'k tr g%
t=0

-k tr(g®)det(@)*

We will see in Section 3 that this observation implies the result of

31
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2. FOCK REALIZATIONS OF HIGHEST WEIGHT MODULES FOR
THE VIRASORO ALGEBRA
A
Let d be the Lie algebra with basis Cdn n € Z) and «

a central element with commutation relations
- 1 2
(1) Cdp.dJ = (n-mid, - + T;n(n 'l)sm.-n“

Let V = CExl,xz,...]. We define operators on V as follows:

uln)f = nlf, n21
X
n

2) wWo)f =0
u(-nff = x f, n21.
We set
nod, ) = ~tam? - T uin-Khu(n+k)
0'%2n 2 sy ok
[
xo(dznﬂ) = -k§0 u{n~k)u(n+k+1).
Then one checks that if we set xo(l) = [ then (xO.V) is a
representation of the Virasoro algebra.
We note that
(3) Crgldy). un)d = nuln+m).
Thus xo(dm) and u{q) can be considered to be a simultaneous
"quantization” of the operators dm and multiplication by Sq. In light
of (3) we can define for \,;4 € C the operators

2 2
@ Pxuldn) = Foldy) + Oemudtutm) - C— - £z o1

Then (3) implies
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Lemma 2.1. If we set ‘X.u(" = (1-12u2)l then (KX.L!'V’ is a

representation of the Virasoro algebra with
2 2
[ - - X - “
g1 = -[A - )1

On V we put the pre-Hilbert space structure

. iq i
(5) alxd> = 5 22
s Here we have used standard multi-index notation. That is, x!
i
= x;'x % =gyl . We will also write Il = 3i; and <I>

Zjij. One checks that

(6) <u(n)f,g> = <f,u(-n)g> .
Hence
n <"x,u(dn)f"> = <f.vr).\ —ﬁ(d‘")p .

Thus if we define d: = d n € 2 and z' = x and

-n’
extend this operation to be conjugate linear we find that if EIR = (d
€ d|d" = -d) then if X € B, u € iR

() <y > = <fxy (d)g> d € dp.

3. THE INTERTWINING OPERATORS

For g € Ufn), x;, € C, leil < o let vi{gx) =

- 00
/ 2 3 xmtr(gm)/m. Then v(g.,x) is a real analytic function on Ufn).
m=]

If £ € C*(U{n)) we define
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T = [ oTE@Xggqg.
U(n)

We note that if f(e!%) = e-mbse)  ger, g € Un), then
Tn(f)(x) is a polynomial in ST of degree at most m.

Theorem 3.1. If m > O then
"k.u(dm)Tn‘f) = Tn(°/;x+n,/;“(dm)f)
for all \,u € €, f € C*(U)).
Proof. Since dl d, generate Z €Cd, as a Lie algebra it is enough

to check the formula for dl' d2 In each case this is a

straightforward calculation which we now do.

Touldy) = O 5 megyx 2

xp m=l 0%

Thus

(7w )T = J20um[  trtere®Nsig)dg
U(n)

- /3 z [ ™ e @R g
U(n)

= /5<x+u)j trigle ¥ & Xg(g)ag
U(n)

-ty ® g
U(n)

= /2(n+p) f tr(gle Y8 Xg(g)dg
U(n)

- e*("x’d-{f(g)dg.
U(n)
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Since dl = —dl-ntr(x) (formula 1 (2)) the equation is true for dl We
now look at dz y u(dz) = (2x+4u)—

9x,
2 o0
—~ 2 - T (me2x,2
2 axf =l axn+2

Thus

2T = /20020[  trigd)e 8 e(ghag
U(n)

- I (tr(gh2e” ® X5 (g)dg - Z /2 2xmf trig™*2)e ¥ 8- Xg(g)dg

U(n) U(n)

/ Ztmu)f tr(g?)eY 8 X5(g)dg
U(n)

- [ e 0P g - [ (dye @ itg1as.
U(n) Uu(n)

This time d; = -d2 - tr(g)z - ntr(gz). The formula now follows for
dy.
We combine this result with formula 1 (6) to obtain

Corollary 3.2. ,_ (d T (det™) =0 forp20,n2 1 m32 1.
/2
We note that the coefficient of x';p in Tn(det'p) is

np

2
2 f tr(g)"Pdet(g)Pdg = 2"P/2/(np)! .
(np)!U(n)

We can give more explicit formulas for the action of Tn using
classical results of Frobenius. We parametrize the characters of the
finite dimensional irreducible polynomial representations of U(n) by

A=(m1,...,mn). mlzmzz...ZmnBO. m € Z Let be the

XA

481



corresponding character., We also look upon A as a partition of

A be the corresponding character of

tAl = my+.4m. Let x
S“”. the symmetric group on IAl letters. If I = (il,iz,...) and if
<> = Zjij = |Al we denote by CI the conjugacy class in SIAI
which corresponds to il cycles of length 1, iz cycles of length 2, ... .
Let 1CI be the order of Cr Then the Weyl character formula

implies (see [21, p. 67, 5.2; 8 and its derivation)

T =22 s oA
R 17 VL

We note that if we set ¢ _ = Tn(det'p) then we have

Lemma 3.3. I ejzztmxmtr(gm)/ Dig = ; t?Pp  (x).

- n,p
Su(n) p=0
-m -
In particular this gives e/22t Xp/M = 3 Py (x).
p=0 1,p
- - . - 1
Set Vn = {fevV Ko(do)f = nf). That is Vn = <I>§nCX .

SetI = S Cx A Then the above formula implies that
n iAl=n

is bijective. Hence in principle one can compute all of the highest
weight vectors for all of the LT using Theorem 3.1.
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