MATH 140B. FOUNDATIONS OF ANALYSIS
Lecture 4: Limits of sequences.

Error last time: Correct definition:

fi(e) = lim M, f(c+) = lim f'(x).

r—c+ xr —C xr—cC

If the right hand side exists then so does the left hand side and they are equal
(problem 5.16). However, the left hand side can exist without the right existing,

for example
1
— p2qin
flx) = =z sin —.
Then we see that f'(z) exists for all z € R, but f’(x) is discontinuous at x = 0.
Indeed, f’(0) =0, and
1 1
f(x) = 2xsin— — sin—,
x x

and this diverges as x — 0.

Theorem. (Dominated convergence theorem for series.) Suppose that for k =
1,2,... andn=1,2,..., we have a sequence of complex number ay, ,,, and suppose

that for each fixed k,

(1) lim ag, exists,

n—odo

and suppose there exists a sequence by, > 0 such that

< by, for all k and n.

(3) S b < oo
k

Then
Z lim ap, = lim Zakm?
L n—oo n—oo &
and the left hand side converges absolutely.

Proof. Set a;, = lim,,_. ak,. Then (1) and (2) imply that |ax| < by, and so > ay
converges by the squeeze test. Given € > 0, there exists N such that

Zbk < g

N+1
1



2

But then then there exists N’ > N such that

€
n> N’ = Z|ak,n—ak| < 3
k<N
Then n > N’ =
o0 [ee]
Dotk =D k| <D aka— Y ak| + | D aka) £ | D
% i E<N E<N k=N+41 k=N-+1

o0
< Z|ak,n—ak| + 2 Z b, < e.

k<N k=N+1

Corollary.

k! nk

ot
n n
1 1 1 1 k—1 1
—14+14+4—(1-=)+...+=(1=-=)... (1= +o+—=(1-=
21 n k! n n n!

where
S
Ak.n =
’ 0 k> n.

Now clearly for each fixed n we have lim,, . agn = 7;.- But

1
<
- kU k!
k

|ak‘,n
Hence by dominated convergence,

1 n n oo
lim (1+—) = li =Y 1 = = =
m (10 0) = e = 3 i

n—oo
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Theorem 1°. (Dominated convergence for series.) Suppose we have a sequence of
functions fi : (a,b) — R, and suppose that for each k,

(1) lim fy(z) exists.

z—a
Suppose moreover that there exists a non-negative real sequence by such that
(2) |fe(x)] < by forallk=1,2,... and x € (a,b)

and that

Zbk < oQ.

lim Y fi(z) = ) lim fi().
k k

Then

Quiz Write a proof.

Corollary. If f(z) = Y5 anz™ is a power series with radius of convergence R,
then g(z) = Y77 apnz™ ' also has radius of convergence R and f(x) is differen-
tiable on (—R, R) with f'(x) = g(z).

Quiz. Why does the power series g have the same radius of convergence as the
power series f7

Proof.

Suppose z € (—R, R) and choose p with 0 < |z| < p < R. Then if |y| < p we
have
yn — "

— _ ‘yn71+xyn72+...+xn*1‘ < npnfl.

But since p < R, the sum ) a,np™ ! converges absolutely. Hence by the domi-
nated convergence theorem,

) - fl) yr =t by Yo n—1
e T m et = Dl T = D e
Corollary. exp(z) is differentiable with derivative exp(x).

Theorem. If f: (a,b) — (a,d) is a homeomorphism and f is differentiable at c,
then f=1 is differentiable at f(c) and
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Corollary. f(z)=logz then f'(z) =1/x.

Another proof that (1+1/n)" — e. Set

log(1+x)—0 T 7§ 0
*(p) = T )
(@) { 1 x =0.
Then f*(z) is continuous at z = 0, and
*(1
log(14+1/n) = f <n/n)

Hence

lim (14+1/n)" = lim exp (nlog(l+1/n))

n—oo

= nli_)rroloexp(f*(l/n)) = exp (nll_)ﬂgof*(l/n»

exp(1).



