MATH 140B. FOUNDATIONS OF ANALYSIS
Lecture 8: Differentiation in R".
Remark from last time: Approximating \/x by the degree (n — 1) Taylor poly-
nomial p,(z) based at ¢ =1 we have

V2 = pn(2)] — 0 as m — 00.

This can be seen in two ways. Set

Then ¢, — 0 as kK — oo since

1
0 —.
<cp < ok

Either notice that p,(2) is the (n — 1)st partial sum of the alternating series

or use Taylor’s formula to see that

V2=pa(2)] < cn

Quiz. Let (5, d) be a metric space. Are the following true or False?
(a) If f: S — R% and p € S. Write f in components: f = (fi, f2). Then

lim f(x) = (L1, L) & lim fi(z) =L; and lim fo(x) = Lo.

(b). Suppose U is an open subset of R” and p = (p1,p2) € U. Suppose f:U — S.
Then

lim f(z)=1L & lim f(z1,p2) =L and lim f(p1,x2) = L.

(z1,22)—(p1,p2) T1—Pp1 T2 —p2

Definition. Let f : (a,b) — R™ be a vector valued function. Write f in compo-
nents, so f = (f1,..., fn). Then we say f is differentiable at the point ¢ € (a,b)

if
f’(c) — lim f('r) _ f(C)

T—cC r—cC

exists, equivalently if



exists for j =1,2,...,n.

The usual rules for derivatives extend as you would expect, for example the chain
rule for compositions (a,b) — (¢,d) — R™, and the product rule for the scalar

product: (f-g) =f" g+ f-¢ etc..

Definition. If 2 is an open set in R” and ¢ = (¢q, ..., ¢,) € Q, then the kth partial
derivative of f at c is defined to be

Dk?f(c) = lim f(cl""’Ckflvxjvck+1>...,cn) _ f(c)a

Tk —Ck T — Ck

when this limit exists.
Warning: The existence of all partial derivatives at a point does not even imply
continuity at the point, for example consider ¢ = (0,0) and the function

1 zy#0
0 otherwise.

flzy) = {

Even the existence of partial derivatives everywhere does not ensure continuity, for

example
Yy

flz,y) = PN

has partial derivatives everywhere but is not continuous at (0, 0).

Definition. A function f : ) — R is differentiable at c if there exists a linear map
A :R"™ — R such that

i {@) —fl)—Ale—¢) _

r—c |z — ¢

If such an A exists then the partial derivatives of f at ¢ exist, and Dy f(c) = Aey.
We write Df(c) = Df|.:= A. Tt is easy to show that differentiability at ¢ implies
continuity at c.

Remark. The linear map A is multiplication by a matrix.

1 —C1
Alx —c) = (41... Ay) = Aj(z1—c1)+ -+ Ap(xy, — ).

Tn — Cn

Example. If f : R? — R is differentiable at (0,0), show that the partial derivatives
exist at (0,0) and identify the matrix of D f(0,0) in terms of the partial derivatives
of the components of f at (0,0).
Solution. Write
Dfl(o) = (A1 Az),
0



SO

f (2) ~ f (8) — (Ayoy + Aswy)

(5)-()
1(6) 7 (6)-am

lim =
z1—0 X1

= 0.

(2)()

Setting xo = 0 gives

Hence D1 f|(9,0) exists and equals A;. Similarly Dy f]o,0) = A2.

Definition. If € is open in R” then a function f : 2 — R™ is differentiable if there
exists a linear map A : R™ — R™ such that

o S0 = () — A —¢)

o |z — ¢

We write Df|. := A.

Example. If f : R? — R? is differentiable at (0,0), identify the matrix of D f0,0)
in terms of the partial derivatives of the components of f at (0,0).

Solution. First note that the linear map A = D f|(g ) is given by multiplication
by a 2 x 2 matrix. We have

AlT) = Ay A12)(x1) _ <A11~’L"1+A12$2)
T2 Aoy Aao T Ag1x1 + Agoxs

Write

Then

Ag1x1 + Ao

% (s

(2)()

Taking the first component we get

(2)-6)




4

Hence Dyu = A1 and Dyu = Aq5. Similarly writing the formula for v we get

All A12 . Dlu DQ’LL
As1 Asx)  \Diwv Do)’

We remember this by the formula

ou\  (Diu Dsu 0xq
ov)  \ Dyv Dsv 0xs |-

A useful theorem in is:

Theorem. Suppose 2 C R"™ is open and f : Q@ — R is such that the partial
derivatives Dy f(x) exist for all x € Q and k = 1,...,n. Suppose in addition that
each function Dy f is continuous on 2. Then f is differentiable at each point of €2
and the derivative (matriz) Df|, is a continuous function of x € Q.



