MATH 20F LINEAR ALGEBRA

Lecture 13.

From last time: For an m x n matrix A:
Rank of A = dimCol A = dimRow A = #pivots.
Nullity of A = dimNul A = #free variables.

number of pivots + number of free variables = total number of variables.

rank + nullity = n.

The row space of A is perpendicular to the null space of A. Ex Let A = B 8 :;] .
One can easily check that

0 1
a basis for Nul A = 11,10 and a basis for RowA ={[1 0 -1]}

0 1

Hence Nul A is a plane and Row A is a line perpendicular to the plane.

4.4 Coordinate Systems: Recall that by, ..., b, form a basis for a vector space
Vv if
(i) by, ..., b, are linearly independent, and (ii) by,...,b,, span V.

The Unique Representation Theorem Let bq,...,b, be a basis for a vector
space V. Then for any x € V, there is unique set of scalars ¢y, ..., ¢, such that

(4.1) X =c1by +---+¢,b,.

Pf Since by, ...,b,, span V there are scalars such that (4.1) holds.
If there was another set of scalars dy,...,d, such that x = diby + - -- ¢, b,, then

O0=x—x=(c; —dy)b1+ (¢, —dn)by

and since by, ..., b, are linearly independent it follows that ¢; —d; =---=c¢, —d,, =0.

Suppose B = {by,...,b,} is a basis. The B-coordinates of x are the weights

Cl," " ,Cn Such that X = Clbl + -4 Cnbn. The vector
C1
[X]g =
Cn

is called the B-coordinate vector of x. The mapping x — [x]|; is called the
B-coordinate mapping.

Ex Let B = {by,bs}, where by = [

3
1
el:{ﬂ andegz{ } Let x = [g

Sol We can write
1 0
5 =elo) +s[]
1

} and by = [ } and let & = {eq, ex}, where
} Find [x], and [x],.
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so x|z = [g] We want to find ¢; and ¢y such that

HERIHEEH

solving the system gives that ¢; = 2 and ¢, = 3. Hence [x]; = [;} :

One can graph this in standard £ graph paper and in B graph paper.

HilH

In general for a basis B = {by,...,b,};

Note that in the example

x = Pg[x]|z, where Pg=[b; -+ by]

and [x]|; the coordinate vector. We call Pz the change-of-coordinate matrix
from the standard basis in R™ to the basis B.

Ex Find the coordinates of x = g in the basis by, by in the previous example.
3 0 1 1/3 0 1
Sol Pg = [b; by]| = L 1} and Py = [_1/3 1}. Then [x]z; = Pz x =

)16

The coordinate mapping allows us to introduce coordinate systems for unfamiliar

vector spaces:

Ex Standard basis for the polynomials of degree 2 or less, Py is {1,,t2}. We can
a

write [a + bt + ct?]g = | b |. We say that P is isomorphic to R3. All vector space
c

operations in Py corresponds to operations in R3, e.g. adding two polynomials

(=142t —3t%) + (2+ 3t +5t?) = 1+ 5t + 2t? corresponds to adding their coordinate

-1 2 1
vectors: 21 +13] =15
-3 5 2

Th If B= {by,...,b,} is a basis for a vector space V' then the coordinate map
X — [X]; is a one-to-one linear transformation from V' to R"™.
Assume that B is a basis. Show that the set uy,...,u, are linearly independent if
and only if {[ui]4,...,[u,]4z} are linearly independent.

Coordinate vectors allow us to associate vector spaces with subspaces:

0
, bo= | 1| and H = Span{by,bs}. Then x =
3

Ex Let B = {bl,bg}, bl ==

— W W

9
13 | € H. Find [x].
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3 0 9
Sol Find ¢; and ¢p such that ¢; |3 | +¢c2 | 1| = | 13 | . Augmented matrix
1 3 15
3 0 9 1 0 3
31 13| ~|0 1 4
1 3 15 0 0 O

so ¢; = 3 and ¢y = 4 and hence [x]; = [ﬂ

Every vector on H is associated with a unique vector in R%. H is isomorphic to R2.

Draw the diagram of the net of by, by on H.



