Lecture 5: 1.5 Solution sets of linear systems.
A homogeneous system is a system of the form
Ax =0

where A is an m x n matrix and 0 is the zero vector in R™.

A homogeneous system always has the trivial solution x = 0 so its consistent.
Consistent systems with a free variable have infinitely many solutions.

A homogeneous system has a nontrivial solution if and only if it has free variables.

Ex 1 Determine if the following system has nontrivial solution set and describe it.
r1+ 209 — 323 =0
41 + 8x9g — 113 =0
Sol There is at least one free variable since there are 2 equations in 3 variables.

1 2 -3 0 12 -3 0] +31)[1 2 0 0
48 —11 0|~ —41) |0 0 1 0 00 1 0

T1+2T2:0

B = Ty = —2x9, To=free, x3=0
Ir3 = 0
Ir1 *2.’[12 —2
X= a9 | = L9 =x9 | 1 = 9V
I3 0 0

This is the parametric equation of a line through 0 in the direction of v
Ex 2 Determine the solution set of
.I‘1+2.’172—3.’173:0
41 + 8xg — 11z3 = 2

sor ! 2 3 0] 12 -3 0] 4311 20 6
48 —11 2|7 =4 |o 0o 1 2 00 1 2
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This is the parametric equation of a line through p in the direction of v.
The line in Ex 2 is parallel to the line in Ex 1.

=p -+ x9v, x9 is a free parameter.

If the nonhomogeneous equation Ax = b is consistent its solution set is parallel to
the solution set to the homogeneous equation Ax = 0.

Th Suppose Ax = b is consistent and let p be a solution. Then any other solution
x = p + vj, where vy, is a solution to Av;, = 0.
Pf Since matrix multiplication is linear A(p + vj) = Ap + Avy, = b.

Ex Describe the solution set to z7 — 2x9 — 223 = b for b = 0, 1.
Sol x5 and z3 are free variables

"b+2m2+2$3-‘ [lﬂ [2] [2]
X = To =10{4+x29{1}4+23 0] =p+2x9V1 +T3V9
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Since xo and x3 are free parameters this is the parametric vector equation of a

plane through p and parallel to the vectors v and vs.
If b=0 its the plane spanned by vy, vy and if b#£0 it is a plane parallel to this plane.
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1.7 Linear Independence. The homogeneous equations Ax = 0 can be studied
from a different perspective by writing them as vector equations;
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A set of vectors {vyq,...,v,} in R" is said to be linearly independent if
vy + -+ axpv, =0

has only the trivial solution z; =---=x, =0. The set {vq,...,v,} is said to be
linearly dependent if there are weights Aq,..., A, not all 0, such that

)\1V1+"'+)\pvp:0.

1 I
Ex Determine if v; = [3J , Vo = LSJ , V3 = [ 9 J are linearly independent?

) 9 3
Sol They are linearly dependent if (1.7.1) has a nontrivial solution. Augmented:

1 2 -3 0 1 2 -3 0 1 2 =3 0 1 0 33 0
359 0|l~|0 -1 18 0|~1]0 =1 18 0|~ |0 =1 18 0
5 9 3 0 0O -1 18 0 0 O 0 O 0O 0 0 O
Since x3 is free there are nontrivial solutions 1 =—33x3, 1o =18x3, x5 is free. If we
e.g. let xr3=1 then r7=—-33 and x2 =18 so we have the linear dependence relation

sls|awle| | o= o] o [55 o |[w]=[0
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The columns of A are linearly independent < Ax=0 has only the trivial solution.
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Ex Determine if u; = [ } , Ug = [ are linearly dependent.
Sol Note that usg = 2uj so 2u; — uy : 0, i.e. they are linearly dependent.

Ex Determine if vi = [ﬂ , Vg = g are linearly dependent.

Sol Suppose ¢1vi+cove =0. If say (:1_7&0 then vy =(—co/c1)ve which is impossible.
Hence ¢; =0 and similarly ¢ =0 so {vy,va} are linearly independent.

Two vectors are linearly dependent if and only if one is a multiple of the other.
Th p vectors {vy,---,v,} in R™ are linearly dependent if p > n.

Pf A=[vy---v,]is a pxn matrix. If p>n then Ax=0 has more variables than
equations and there are free variables. Hence Ax = 0 has a nontrivial solution.

This is the same as that the columns of A are linearly dependent.

Ex With as little work as possible decide if the following sets of vectors are linearly

3 9 1 2 3 4 5
dependent. (a) 21,16 and (b) the columnsof |6 7 8 9 0
1 4 9 8 7 6 5

Sol (a) linearly independent since one is not a multiple of the other. (b) linearly
dependent since there are more columns than entries in the vectors.

Thlfvy,..., v, are linearly dependent then one is a linear combination of the others.



