
Le
ture 5: 1.5 Solution sets of linear systems.A homogeneous system is a system of the formAx = 0where A is an m� n matrix and 0 is the zero ve
tor in Rm.A homogeneous system always has the trivial solution x = 0 so its 
onsistent.Consistent systems with a free variable have in�nitely many solutions.A homogeneous system has a nontrivial solution if and only if it has free variables.Ex 1 Determine if the following system has nontrivial solution set and des
ribe it.x1 + 2x2 � 3x3 = 04x1 + 8x2 � 11x3 = 0Sol There is at least one free variable sin
e there are 2 equations in 3 variables.� 1 2 �3 04 8 �11 0 � � �4(1) � 1 2 �3 00 0 1 0 � � +3(1) � 1 2 0 00 0 1 0 �x1 + 2x2 = 0x3 = 0 , x1 = �2x2; x2 = free; x3 = 0x = 24x1x2x3 35 = 24�2x2x20 35 = x2 24�210 35 = x2vThis is the parametri
 equation of a line through 0 in the dire
tion of vEx 2 Determine the solution set ofx1 + 2x2 � 3x3 = 04x1 + 8x2 � 11x3 = 2Sol � 1 2 �3 04 8 �11 2 � � �4(1) � 1 2 �3 00 0 1 2 � � +3(1) � 1 2 0 60 0 1 2 �x = 24x1x2x3 35 = 24 6� 2x2x22 35 = 24 60235+ x2 24�210 35 = p+ x2v; x2 is a free parameter:This is the parametri
 equation of a line through p in the dire
tion of v.The line in Ex 2 is parallel to the line in Ex 1.If the nonhomogeneous equation Ax = b is 
onsistent its solution set is parallel tothe solution set to the homogeneous equation Ax = 0.Th Suppose Ax = b is 
onsistent and let p be a solution. Then any other solutionx = p+ vh, where vh is a solution to Avh = 0.Pf Sin
e matrix multipli
ation is linear A(p+ vh) = Ap+ Avh = b.Ex Des
ribe the solution set to x1 � 2x2 � 2x3 = b for b = 0; 1.Sol x2 and x3 are free variablesx = 24 b+ 2x2 + 2x3x2x3 35 = 24 b0035+ x2 24 21035+ x3 24 20135 = p+ x2v1 + x3v2Sin
e x2 and x3 are free parameters this is the parametri
 ve
tor equation of aplane through p and parallel to the ve
tors v1 and v2.If b=0 its the plane spanned by v1;v2 and if b 6=0 it is a plane parallel to this plane.1



21.7 Linear Independen
e. The homogeneous equations Ax = 0 
an be studiedfrom a di�erent perspe
tive by writing them as ve
tor equations;(1.7.1) 24 1 2 �33 5 95 9 3 3524x1x2x3 35 = 24 00035 , x1 24 13535+x2 24 25935+x3 24�393 35 = 24 00035A set of ve
tors fv1; : : : ;vpg in Rn is said to be linearly independent ifx1v1 + � � �+ xpvp = 0has only the trivial solution x1 = � � �= xp = 0. The set fv1; : : : ;vpg is said to belinearly dependent if there are weights �1; : : : ; �p not all 0, su
h that�1v1 + � � �+ �pvp = 0:Ex Determine if v1 = 24 13535, v2 = 24 25935, v3 = 24�393 35 are linearly independent?Sol They are linearly dependent if (1.7.1) has a nontrivial solution. Augmented:24 1 2 �3 03 5 9 05 9 3 035 � 24 1 2 �3 00 �1 18 00 �1 18 035 � 24 1 2 �3 00 �1 18 00 0 0 035 � 24 1 0 33 00 �1 18 00 0 0 035Sin
e x3 is free there are nontrivial solutions x1=�33x3, x2=18x3, x3 is free. If wee.g. let x3=1 then x1=�33 and x2=18 so we have the linear dependen
e relation�3324 13535+ 1824 25935+ 124�393 35 = 24 00035 , 24 1 2 �33 5 95 9 3 3524�33181 35 = 24 00035The 
olumns of A are linearly independent , Ax=0 has only the trivial solution.Ex Determine if u1 = � 21 �, u2 = � 42 � are linearly dependent.Sol Note that u2 = 2u1 so 2u1 � u2 = 0, i.e. they are linearly dependent.Ex Determine if v1 = � 21 �, v2 = � 23 � are linearly dependent.Sol Suppose 
1v1+
2v2=0. If say 
1 6=0 then v1=(�
2=
1)v2 whi
h is impossible.Hen
e 
1=0 and similarly 
2=0 so fv1;v2g are linearly independent.Two ve
tors are linearly dependent if and only if one is a multiple of the other.Th p ve
tors fv1; � � � ;vpg in Rn are linearly dependent if p > n.Pf A=[v1 � � � vp ℄ is a p�n matrix. If p>n then Ax=0 has more variables thanequations and there are free variables. Hen
e Ax = 0 has a nontrivial solution.This is the same as that the 
olumns of A are linearly dependent.Ex With as little work as possible de
ide if the following sets of ve
tors are linearlydependent. (a) 8<:24 32135 ;24 964359=; and (b) the 
olumns of 24 1 2 3 4 56 7 8 9 09 8 7 6 535.Sol (a) linearly independent sin
e one is not a multiple of the other. (b) linearlydependent sin
e there are more 
olumns than entries in the ve
tors.Th If v1; : : : ;vp are linearly dependent then one is a linear 
ombination of the others.


