MATH 231B PARTIAL DIFFERENTIAL EQUATIONS
Lecture 10. Smooth Approximation.

Last time: The norm on the Sobolev space W*?(U) for 1 < p < oo is

1/p

flwer = [ /U D f )P dy

la|<k

We will approximate functions in Sobolev spaces by smooth functions. When we
want to prove a statement concerning Sobolev spaces we will often be able to prove
it for smooth functions and then extend by continuity. This will save us having to
deal constantly with weak derivatives.

Definitions. W (U) is the closure of C2°(U) in W?(U).

WEP(U) = {ue LL (U) :uly € WFP(V) for all V cc U}.

loc

This is a topological space with u; — u in Wli’f(U) if and only if u; — uin WP (V)
for every V CC U.

As we did last time, choose n € C°(U) supported in B(0, 1), positive on B(0, 1),
and radial with [ndz = 1. Set

ne(z) = in @)

en €

Theorem 1. (Local approximation by smooth functions). Assume u € W*P(U)
for some 1 < p < oo, and set

Ue = 7Ne * U, i U,

where
U = {z €U :dist(z,0U) > e}.

Then ue € C®(U.), and u* — u € W"P(U) as e — 0.

loc

Remark. In fact the more precise statement holds:

|u — uellwerw.,y — O, as € — 0.

Proof.
wl@) = [ nto =yt dy
U
That u. € C*°(U.) is standard. Indeed, recall

|he, (2, 9)] < f(y), \h(z,y)] < f(y),



with
/ f)dy < oo
U

then

Dﬂﬁi h(l‘,y)dy = /hﬂﬂi(xay)dy'
U U

We want to show that for V cC U, u. — u in W*P(V), which is equivalent to
showing D*u. — D%u in LP(V) for |a| < k.

First we claim that D®u® = n. * D%u in U®.

Indeed, for x € U., we have
D%u.(x) = D“/Une(:v—y)U(y) dy = (—D'“'/UDina(w—y)U(y) dy = (nexD%u)(z).

We emphasize that we need x € U, so that y — n.(x —y) is supported in U. Hence
the result follows if we can show

(*) Ne * U — U, in LP(V),

for we can then apply this with u replaced by D®u for |a| < k. To establish (*),
we first note that for x € U,,

(**)

Jue ()" =

p

/ ne(x — y)u(y) dy
U

< /Une(w—y)(l_l/”)p' dy /Une(w—y)IU(prdy
— /U ne(@ — y)|u(y) P dy

Then
/ |ue(y)[P dy < / /ne(x—y)|U(y)|pdydw = Jullfs -
U. v. Ju

Now for u,v € LP(U), setting v. = 1. * v and applying (**) to the function u — v,
we get
[ue = vellLew.) < llu—vLrw.)-

Hence

HU — UEHLP(US) < ||U — ’U“Lp(UE) + ||U - UEHLP(UE) + ”UE - U’EHLP(UE)
(o5 < 2u— i) + v = velro)
However, given d > 0, we can choose v € C.(U), so that |[u — v|r»(yy < 5. We
already showed that ||v —v.||L»®n) — 0 as € — 0. Hence by choosing ¢ sufficiently
small we get (***)< 34.



Theorem 2. If u € WFP(U) then there is a sequence of functions u; € C*(U)
with u; — u in WP (U).

Proof. Set

Ui = {x €U :dist(z,0U) > 1/i}, i=1,2,...

Vi == Uitz — Uit1, i=1,2,....

W, = Ui+4—UZ‘ D Vi, 1=1,2,....
Choose Vy = U3 so that

v =Jv.
i=0

By the choice of V; and W; we see that each point is contained in at most 4 of the

sets W.
To be continued.



