MATH 231B PARTIAL DIFFERENTIAL EQUATIONS
Lecture 19. Elliptic Equations. Consider the equation
) Lu=f inu
u=20 on OU.
Here, U is open and bounded. We are looking for u : U — R and

n

() Lu = — Z (a" (z)ug,) .t Zb’ T)ug, + c(x)u

,j=1

is a linear second order operator written in divergence form. We assume that a*/,
b" and c are in L>°(U) and L is elliptic, meaning that there is a constant 6 such
that

Za” v)&&; > 0)¢)%,

for almost every x € U and all £ € R™.

Weak Solution. If we have a classical solution of (*) then for any test function
v € CX(R™) we have

/ Z a”uxlvxj + szuw v + cuv /fvdx

2,7=1

Definition. The bilinear form B[, | associated with the divergence form ellliptic
operator L is

/ Z a”umlvm] + szuxzv + cuw.

t,=1

We say that u € Hg(U) is a weak solution of the equation (*) if

Blu,v] = /fvdx

for all v € Hj(U), where (u,v) = [, uvdz is the inner product on L*(U).

Riesz Representation Theorem. If (H,( , )) is a Hilbert space and { is a
bounded linear functional on H, then there exists a unique element u of H such

that for all v € H,
L(v) = (u,v).
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Theorem. If b, = 0 for all i and ¢ > 0, then there exists a weak solution to (*)
for every f € L?(U).

Proof. Since (b1,...,b,) = 0, the bilinear form B[u,v] is symmetric. Now there
exists € > 0 such that

(3) el < Blu.ul
Indeed,

[ S s ao > 0 [ 1pupas
.3

SO
Blu,u] > 9|]Du|]%2(U) + /chdx > HHDuH%g(U).

If ¢ is bounded below by a positive constant on U we are done, but in any case we
showed that there exists C' such that

CllDullz2wy = lullma o),
so we get (3). On the other hand, we can see that there exists C' such that
Blu,v] < Cllullmrwnllvllmw)-

Indeed,
1/2

@ | St de] < | E(aiy |Dull 20 | Dol -
Ui i,j
J J L)

Hence the norm given by the inner product B is comparable to the standard norm
on H}(U), and (H}(U), B) forms a Hilbert space.

Now
[ fode < Wl lolew) < 1l Bl u”.

Hence by the RRT there exists u € H}(U) such that

B[u,v]:/fvdx for all v € Hy (U).

In the case b = 0 and ¢ > 0, the bilinear form B is an inner product comparable to
the standard inner product on H}(U). Indeed, for some C' > 0 we have

Blu,v] < Cllullgr@llvllz @),



and the ellipticity condition ensures that
ellDull L2y < Blu,u.
In fact we have that on H(U)
ull vy < CllDullL2wy,

SO
€HUHHI(U) < Blu,ul.

Hence there exists a unique u € Hg(U) such that for every v € Hg(U) we have
Blu,v] = (f,v).

In other words, there is a unique weak solution u € H}(U) to (*).

Theorem. There exists v > 0 such that for each p > v and each function f &
L2(U), there exists a unique weak solution w € H(U) of the boundary value problem

Lu+pu=f U
u=20 on OU.

We will use

Lax-Milgram Theorem. Let (H,( , )) be a Hilbert space. Assume that
B:HxH—R
s a bilinear mapping such that there exist constants o, 3 > 0 with
| Blu, v]] < afull[[v]l, u,v € H

and
Bllull* < Blu,u] u€ H.

Then if f is a continuous linear functional on H, there exists a unqiue element
u € H such that
Blu,v] = f(v), for allv e H.

Proof of the existence theorem. Energy Estimates: Set
Bylu.v] = Blu,v] + (u,v)

where B is the bilinear form associated to L. Then clearly there exists C,, < oo
such that

Blu,v] < C’yHUHH(}(U)HUHHé(U)'
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Indeed, the first term is bounded in (4). For the other terms we have

1/2
< / (ZW) Dulloldz < [[(3 (1?2
U

(3

| Dullz||v]| 22wy
Le>=(U)

(3

‘/ cuv dx
U

From which we get the result. However, we also have a lower bound for Blu,u].
Indeed, using the fact that for € > 0,

biug,vd
/UXZ: Ug, U d

and

< el @yllull 2@y llvll 2 @y

) 2%

for any € > 0 we can get

[ 1ullulds < S1Dultey + ool
and so by taking v sufficiently large, we get
Blu,u] > 0 ||DulZ2ry = NblllLo @ | Dull 2 llull 2wy = lellzo@yllull 72
e I e

This gives
0
B, lu,u] > §||DU||L2(U) > 0wl g

Now apply Lax-Milgram.



