MATH 231B PARTIAL DIFFERENTIAL EQUATIONS
Lecture 2: Manifolds and Riemannian metrics.

Definition. The tangent space to () at p, also known as the space of derivations

at p or the space of directional derivatives at p is an n dimensional vector space
denoted by T, (£2).

Properties: 1. If z = (x1,...,x,) are coordinates on €2 then a basis for 7,,(€2) is
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The general tangent vector has the form
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(We can change to any other coordinates using the chain rule from last time.)

2. We can characterize derivations at p abstractly: a derivation w at p is a linear
map from C'(Q) to R which satisfies the Leibnitz property

w(fh) = w(f)hp) + f(p)w(h).

3. If v: (—e,6) — Qis a C! curve with y(0) = p, then the directional derivative
along v at p is a derivation. It is defined by
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Hence with respect to the z-coordinates,
Y0) = Yo -2
i=1 Oz |,

Remark 1. A choice of coordinates x on 2 identifies T,(£2) with R™ by

If the coordinates x are Euclidean coordinates on 2 C R™ then this identifies the
directional derivative 4/(t) with the vector calculus definition of the tangent vector
~'(t) as a vector in R™.

Remark 2. While dz;|, is always the same regardless of the other coordinate
functions, 0/0x;|, depends on all the functions (x1,...,zy,), since it is actually the
directional derivative along the curve given by holding the other z;s constant.
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Remark 3. In fact a tangent vector can be defined as an equivalence class of
curves, that is maps from R to €, just as a cotangent vector can be defined as an
equivalence class of functions from €2 to R.

Definition. If V is a finite dimensional vector space, the dual space V* is the
space of linear maps 6 : V' — R. It is a vector space of the same dimension as V.
We have V** = V.

Just as tangent vectors at p act on functions, they also act on cotangent vectors at

p via
) of
(zi:ai(‘)_xi p) df’p = zi:aia—xi(p)-

This identifies the tangent space and the cotangent space as dual to each other.

Manifolds.
Definition. The topological space M is locally Fuclidean of dimension n if each
point has a neighborhood which is homeomorphic to an open set in R™.

Definition. A topological manifold M of dimension n is a topological space which
satisfies the following properties.

(i) M is Hausdorff

(ii) M is locally Euclidean of dimension n

(iii) M has a countable basis of open sets.

Definition. A smooth (C'*°) structure on a topological manifold M is a family U =
(Uq, o) of coordinates charts where for each «, U, is an open set in M, (coordinate
neighborhood) ¢, : U, — R™ is a homeomorphism onto its image (coordinate map)
such that

(1) The sets U, cover M.

(2) For any «, 8 the map ¢gp,' : ¢o(UaNUz) — ¢5(UsNUg) is smooth.

Definition. A smooth manifold is a topological manifold with a smooth structure.

Definition. If M is a smooth manifold, and U C M is open, amap f: U — R is
smooth (C°) if for every coordinate chart (U,, ¢o) in the smooth structure on M,
the map

foda:pa(UanU) —R

is smooth.

We will just draw a picture of what it means for a map from one smooth manifold
to another to be smooth. It is an exercise to define the general smooth coordinate
chart on a smooth manifold M.

Definition. If M is a smooth manifold of dimension n, the tangent space to M at
p is the space of derivations at p as defined above. It is an n-dimensional manifold.
If £ = (z1,...,x,) are smooth coordinates on M on a neighborhood of p, then it

is spanned by
0
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Definition. If M is a smooth manifold, a Riemannian metric on M is a sym-
metric positive definite bilinear form g(p) = (, )|, defined on T, (M) for each p € M,
which varies smoothly in the sense that for any coordinates chart (U, z) on M, the

matrix elements
0
9ij(p) = <— >
ox; v/,

The important thing about the metric is that it is exactly what we need to measure
the length of curves and the angle between curves. In particular, if 7 : [a,b] — M
is a C'! curve, then the length of v is

/ \/ )ty di.

Example 1. If M = R™ and z are Euclidean coordinates, then the standard metric

is
0
e = 8.
<8:cz p>p

When tangent vectors are identified with elements of R™ via their coordinates, this
gives the usual inner product on R,

((a,...,an), (b1,... by Zaz
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are smooth on U.
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Example 2. An operator L : C*°(M) — C>(M) is a Second order elliptic
linear partial differential operator if for every coordinate chart (€2, x) in the
smooth structure and all functions u supported on €2 it has the form

= Zaij(p)umiwg + sz P)ug, (p) + c(p)u(p).

for some smooth coefficients a'/, b?, ¢ with the usual (pointwise) ellipticity condition
on a*. Then writing a;;(p) for the inverse of the matrix a*’(p), we have that

<8%2 p> = ai;(p)

gives a well defined metric on M. This metric comes into the study of the operator
L. In particular for the evolution equation

0
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@U(p, t) = Lu(p,t),
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singularities in the initial data u(p, 0) propagate along geodesics (length minimizing
curves).

Example 3. Suppose that M is a set in R? of the form f(x1, 22, 23) = 0, where f is
a smooth function. Suppose also that df (p) # 0 on M. Then M is a smooth surface,
that is smooth manifold of dimension 2. An example is the 2-sphere 22 +3%+2%2—1 =
0. (In fact its coordinate maps can be chosen to be graphs over open subsets of the
coordinate planes.)

Because this surface is embedded in R3, it inherits a natural metric from the usual
metric ( , ) on R3. Indeed, if 7, u : [—¢,e] — M are curves with v(0) = u(0) = p,
then 7/(0) and p/(0) define tangent vectors to M at p, and to R® at p. We can
define

(V(0), £ (ODNarp = (V'(0),1'(0))]rs -

Remark. If you take a piece of paper and bend it in space without tearing or
stretching it, the metric it inherits from R? is always the same. The metric describes
the intrinsic geometry of the surface, but not how it is embedded in the space.

Next lecture: Surface theory: The area element dA. The Laplacian A = V- V.
The curvature K. Conformal change. Gauss Bonnet.



