MATH 231B PARTIAL DIFFERENTIAL EQUATIONS

Lecture 25. Regularity.

Lu = —Z(aijuxi)%

i’j

u € H}(U) is a weak solution of Lu = f if
Blu,v] = / Zaijuxivxj da::/fv for all v € Hg(U).
U
0.
Theorem. Assume a” € CY(U), f € L*>(U) and u € H'(U), and that u is a weak
solution of the elliptic PDE
Lu=f i U.

Then
ue€ HE (U),

and
lull 2y < C(1flle2wy + lull2w)) -

e we showed for W CC U,

/ Dul2de < c(/ f2dz + / yu|2da:>.
w U U

e Difference quotient.

u(x + he;) — u(z)
h )

Dlu(z) = x e U, 0< |h| <dist(z,0U).

e Di'(uv) = (DMu)v + (TIu)(DMv), where Tru(z) = u(x + he;).

(2

o If V C U, and 0 < |h| < dist(V,0U),

/uD;hvdfp = —/(Dlhu)vd:z:.
U U

el <p<oo,uc WhHP(U),V CU,0< |h| < idist(V,0U).

ID"ullzo(vy < ClIDull Loy, C=C(p).
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o1 <p<oo,u€ LP(U). Suppose there exists C' such that
ID"ulltrvy < C,
when 0 < |h| < e < 1dist(V, 0U). Then
u € WHP(V) and | Dull oy < C.
We choose ¢ € C°(U) with ( =1 on V, and support in W. Set
v = —D;"(¢*Djw).

/aijuxivxj dr = /fvd:z:.
U U

Hence for every € > 0 we get

O S de = [ pode < e [ ppar + £ [ pta,
U U U € Ju

but

/ lv[*dx < C/ |D(¢? D) P da < C/ C?|DEDuf? dx + 0/ C?|Diu|? dx
U U U U

Then

< C'/ C|DEDuf? dx + C'/ | Dul|? dx
U w
So

7 C
) / > aug vy, dv < Ce / ¢*| D Duf® dx + — / |Duf*dz + C / [P d,
Ui U € Jw U

However, using D} (au) = (T/'a) Diu+ (DPa)u, where Tl'a(x) = a(z+ hey). The
left hand side of (*) is

/U >_(Di(aYu,))((*Dyu),, do

_ /U 3 C(Ta") (Dfus,)(Dfus,) dz + Y (Tha™ ) (Dfug, )(Dfu)(Cr, do

i,5,k ,]
+ > (Dra)ug,(*Diug, dz + Y (Dpa )ug, (Dju)2(Cy, dx
1,J 1,J
> 9/ ¢?|DhDul? dx
U
— C(/ C|DEDu||Dhu| dx + /cyD’,;Du||Du|dx + /g\D,’guHDumx)
U U U

> 9/ C|DEDuf*dzx — (6/ C|DEDu|? dx + g/ |Du|2dx).
U U ¢ Jw



Hence we get
9/ C|DIDuf dz < Ca/ C?|DIDuf? dx + Q/ |Dul? dz + C/ |f|? da.
U U € Jw U

Choosing Ce < 0 we get

kDUl < ([ pupde + [ 1fPde) < & (10w + luliw)



