MATH 231B PARTIAL DIFFERENTIAL EQUATIONS

Lecture 5: Elliptic regularity.

Remark. For a multiindex a = (aq,..., o), || = a1 + - + ap.

Last time: If M is a smooth closed manifold (compact, no boundary) then we
cover M by a finite collection of coordinate charts (U;, ¢;) with 1 < j < N. Choose
open sets V; so that V; C U;, and Uj V; = M. Then we define a Sobolev norm

| lwe» by
1/p

[ fllweran = Z > / |D(f o ¢ )|Pda
J=1a|<k o(V5)
The Sobolev space W*P(M) is the completion of C°°(M) in the norm || lwe.e (-

Lemma. If we choose two different sets of coordinate charts (Uy, ¢;) and/or dif-
ferent sets Vj, resulting in two norms || |lwr.»ary and || H%/V’c»p(M)} then there exists

¢ > 0 such that for all f € C*(M),

E||f||Wk»P(M) < fllwewany < el fllwrran.
Hence the space W*P(M) does not depend on the choice of smooth charts (Uj, ¢;)
or V; with V; C U; which cover M.

Definition. W°?(M) = LP(M). Also H¥(M) := W*2(M) can be given the
structure of a Hilbert space. The inner product is defined on smooth functions

by
1/2

g = (2% / (D*(f 0 ) (D*(ho 67 Y))da

j=1 |a|<k %3 (Vi)
Remark. We can define

_ « —1
I llexan = 1318%XN|13|3>;¢81(1§)|D (fod;)l

Sobolev Embedding Theorem. Ifr is an integer with r < k and r < n/p, then
WhP(M) ¢ WE™49(M)
with

SR
S

1
q
and
1o < [ Flwesqan.
If r is an integer with n/p < r < k, then
WhP(M) c C*T(M),

and
I fllce—rny < WFP(M).
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Corollary. H*(M) c CkI"/2=Y (M), and so if f € H*(M) for every k, then
feC>(M).

Exercise. Suppose that X is a (infinite dimensional) vector space with two norms
| |l and || ||2. Suppose that for every v € X we have

() [olls < [lvfls-

If X; is the completion of X in the norm || ||;, then there is a natural inclusion
Xo C Xy,

and (*) continues to hold.

Elliptic Regularity Theorem. Suppose that L is a second order elliptic operator
on M (with smooth coefficient). Then

L:C*(M) — C*(M)
extends to a bounded linear map
(1) L:HYM) — H2(M).
(a). If
Lu = f,

and f € H*=2(M), then v € H*(M). In particular if Lu = 0 then v € C>(M).
(b). If are no solutions to Lu = 0, then L has an inverse L= : C°(M) — C>(M)
extending to a bounded inverse of the map (1).

(c). If L is self adjoint in the sense that for some smooth density dV on M and all

u,v € C*°(M) we have
/ uLvdV = / (Lu)vdV,
M M

then if we write H = {v : [ uvdV = 0 whenever Lu = 0}, then L : C*°(M)NH —
C>(M) N H has an inverse which extends to a bounded inverse of the map

L:H*M)NnH — HY?M)nH.
Solution to the problem when [ K dA = 0. On the closed surface M, we wish

to solve
—Au + K = Ce*,

with C a constant. In fact we can get C' = +1 or C' = 0. First we deal with the

case
/ KdA = 0.
M
In this case we can solve

(2) —Au + K = 0.

Indeed, A is self-adjoint, and the only solutions to Au = 0 are the constants. But
we are assuming that K is L2-orthogonal to the constants, and so there exists a
unique u satisfying (2) with [ 1y wdA = 0. The new metric with vanishing curvature
: 2u

is e“"g.



