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Motivation: M = M"™ is a compact, closed,
smooth manifold.
gi; 1S @ Riemannian metric on M.
V' is the volume associated to g;;.
S is the scalar curvature.

S dV
V) = M
Yamambe Theorem.(Yamabe, Aubin, Yau,
Schoen.) Within each conformal class, the
minimum value of Y (g) is attained at a metric
of constant scalar curvature.




Problem with the Yamabe functional:
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Geometric Operators of Laplace Type:

Ay is the Hodge Laplacian on p-forms.

(So Agp = Laplace-Beltrami Operator.)

A is the conformal Laplacian.

. n—=2
 4(n—-1)

Ac = Ag + wps, H

(AC)62¢9 — o(—n/2-1)¢ (AC), o(n/2=1)¢
More generally A acts on C®(T%PM),
A = —1V2"gi,0, 4+ C'8; + C + CH(8,0,9"),
C' = C(V,g,89), C = C(V,g,99), Cif = CE(V,g).



Spectral Zeta Functions: A has eigenvalues
M <A< =00, A~ ChoT

J— —S
ZA(S) - Z >‘] ’
A;#0
converges for Rs > n/2. Extends to a mero-
morphic function with simple poles at

s =n/2,n/2—-1,...,1, n even, (1)
n/2,n/2—1,......... : n odd. (2)

detA = %0,



Questions:

1. How do Za(s), det A depend on the met-
ric?

2. To what extent can the critical metrics be
classified?

3. Do critical metrics exist?



Polyakov-Ray-Singer variation formula, '81
M = 2-dimensional closed compact manifold.
g, g = smooth conformal metrics on M.

A, A = Laplace-Beltrami operators for g, g.
§ = e2%g A =e 20N
logdet A — logdet A

- g—i</MK¢dA + %/M|ng|2dA>
+ logA — log A.

K = Gauss curvature for metric g.
V = gradient for g.

dA = area element for g.

A, A = areas of M in metrics g, g.



For the function det A.:

Standard FIX
52 global area
max
g4 global volume &
min conformal class
S0 global volume &
max conformal class
g4m+3 local nothing
max
g4m+1 local nothing
min

(Onofri, Branson-Chang-Yang, Branson, -O.)



For the function det Dirac?:

Standard FIX
52 global area
min
S4 global volume &
max conformal class
S0 global volume &
min conformal class

(Onofri, Branson-Chang-Yang, Branson.)



For the function det Ag:

Standard FIX
S2 global area
max
S3 local volume
max
g2n+1 saddle volume &
n > 2 conformal class

For the function Za (s), s >n/2, s #n/2—-1.:

Standard FIX
ST global volume &
max conformal class

(Onofri, Richardson-O, -O, Morpurgo.)
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Other critical metrics:
Osgood-Phillips-Sarnak, 1988: If M is a
closed surface then of all metrics in a given
conformal class and of a given area, the uni-
form metric maximizes det Ag.

Chang-Yang, 1995: For the following cases
of 4-manifolds M, the standard metric is a
global minimum for det A, among metrics in
the same conformal class and with the same
volume: S%, CP?, 52x 82, R*/I for any lattice
I, H2 x H?/I" for any lattice ', CH?/I" for any
lattice ', = x S2 with X hyperbolic and those
Kahler-Einstein surfaces which are not locally
symmetric.
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Recent application in four dimensions:
Chern-Gauss-Bonnet: M is a 4-manifold.

82y (M) = /|W\2dV + /UQ(A)dV,

where W is Weyl curvature, A is Ric — %Sg,
oo IS the second symmetric function.

Chang-Gursky-Yang, 2000:

If Y(g9) > 0 and [o2(A)dV > 0, then there
exists a metric conformal to g with o>(A) con-
stant, and Ric > 0.
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Theorem -O, 2001: A is a geometric oper-
ator of Laplace type on C*®°(T%P(M)). Then

Hess Za (s)(h, h) = /Mh((US—I—VS)h)dV.

Us = Us(A), Vs = Vs(A) are self-adjoint pseu-
dodifferential operators on C®(S2(TM)), mero-
morphic in s.

Us is polyhomogeneous of degree n — 2s.

Vs is polyhomogeneous of degree 2.

Us and Vs have poles in n/2 4 Z.

The symbol expansion of Us is computable.
The results are preserved under s-differentiation.
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The space X of Riemannian metrics on M:

Ty X = C®(S?(TM)).

X can be given the intrinsic L2 or flat metric.

Covariant differentiation exists. Hess Za(s)

exisits.

TyX = conformal + trace and divergence free
+ diffeomorphic.

At a critical metric, Hess ZA(s) has the form

form for Us+ Vs lower
on conformal order
lower form for Us+ Vs
order on trace&div free
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Theorem, -O: For the family
A = V2"(Ag+cipuS) + ol 4+ csl:

On trace and divergence free directions,
(s —n/2)
(s)
On conformal directions,
(s —n/2)
(s)

f(s) >0 for s <n/2, q(s) = as°+bs + c,

a=4((n—2)(c;—1)—1)%
b= —-4(n(n—2)(c1—-1)-1)((n—=2)(c1—-1)-1),
c=mm-—1n+1)(n-2)2%c; —1)2

o(Us) = f(s) I 1€"25,

o(Us) = F(s) q(s) €5,
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Corollaries: 1. For n > 2 even, or n odd and
c1 7= 1, at a critical metric for logdet A,

on a space of finite codimension (modulo dif-
feomorphisms),

Hess logdet A > 0O, n=0,1 mod4

Hess logdet A < O, n=2,3 modA4

2. If s <n/2—1 and ¢(s) < 0 then every critical
metric for (d/dz)*ZA(s) is an essential saddle.
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Theorem -O: For this family of Laplacians,
one can compute o(Vs) at critical metrics.

For s > max{n/2,2}, the sign of Hess Za(s)
on a space of finite codimension is:

Direction c1 <0 c1 =1 c1>1

conformal >0 <0 >0
trace & <0 >0 >0
div free

So if ¢ < 1, then every critical metric is an

essential saddle.
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Theorem, O-Wang: For the Hodge Lapla-
cians Ajp, on conformal directions,

(s —n/2)
r(s)

f(s) >0 for s <n/2, Q(s) = as’+bs + ¢,

a=4(n—-2p)?(1—-2/n) + 1,
b= —4((n—2p)°(n—3+1/n)

+2n — 1 —4p(n —p)/n),
c=(n—1)(n+1)((n—2p)(1 —4/n) +4).
Corollary: For the Hodge Laplacians, det Ay
has the same behavior at critical metrics within
the conformal class as det Ag.
(The Dirac operator has different behavior.)

o(Us) f(s) Q(s) [¢g]"25,
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Critical Metrics for det Ap:

G(x,y) is Green’s function for det’A. In nor-
mal coordinates G(z,y) ~ |x—5|”_2 + ...
When n is odd: can canonically subtract off
the singular terms to get Greg(x,y) smooth

across the diagonal.

Theorem: When n is odd, g is critical for
det Ag
Richardson: under conformal volume preserv-
ing deformations < Greg(z,x) is constant.
-O: Under all volume preserving variations <
Greg(z,x) is constant and

() ( DriDujOreg(ey) ) _ = 2L

Chiu: (*) not satisfied for all flat 3-tori.
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Proof that:
Hess Za(s)(h,h) = /M h((Us + Vi)h) dV.

Us is polyhomogeneous of degree n — 2s.
Vs is polyhomogeneous of degree 2:
Step 1: Mellin transform

1 o0
Z = / 571 trace e A dt.
a(s) (s) Jo ¢
g = g+ ah.
Za(s)"(a) = —s trace A’A—s71
1 oo 00
+ trace / / (utv)SA/e B A e ™A dudu.
(s) 0 Jo
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Step 2: Locally,

i\ S Cg,(0°n)a7.
|B]4]~v|<2

(Similar expression for A”.)

The terms —s trace A”A—35-1 and
1
(s)

contribute to Vs.

@) @)
trace /O /1 (u+v)5Ale A A e A dudy

We just need to understand

1
(s)

1 r1
trace /O /O (u+ v)’Ale A ATV dudy
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Step 3: This can be written as

I_(ls) /Ol /01 dudv (u+v)° X

[ ] @ Ko y)h(y) dV (@)dV ()

where K,y Can be understood using small time
asymptotics of the heat kernel.

This equals [, h(Wsh) dV , where W has sym-
bol
1 1 r1 s
I_(s)/o /O (u+ v)° Ky v(x, &)dudv.

Step 4: Technical Lemma: This integral con-
verges absolutely.
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Step 5: Make a double expansion of Ky »(z,&).
One to extract the symbol expansion of Us and
one to extract the symbol expansion of V.
Simple example: R"™, no derivatives:

Fourier transform of (uwv)~—"/2e~ |21/ (4w) g—[x|?/(4v)
gives o(Ts) =

1 1,1 2
s—n/2,,~[€[2uv/ (uv)
I_(s)/o /O (u 4 v) e dudv.

Changing variables, this is essentially

|€I”‘28‘4i e T5—"/2H 1 p(T) dT
(s) JT=0 ’

F(T) ~ O(1),T — 0, (3)

C1/T + Co/T? + ..., T — . (4)
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More direct understanding for n odd, s € Z:
Canonical Trace, Kontseivich-Vishik:

TR Q = ( trace QB‘3>S:O

where B is any positive elliptic differential op-
erator. Well defined for n odd, on the algebra
of odd class operators. (Includes differential
operators, inverses of elliptic differential oper-
ators.)

Z(2) = TR A™2.

g is a deformation of g.
Z(2)"(0) = —2TR A"A—3

+ 4TR A'A7IA'ATS 4+ 2TR A/A2A' A2

24



Simplified example: A’ = ¢A, A" = $2A.

TR A”A-3and TR A’A-1A’A—3 both equal

TR ¢2A~2 = /Mq52(:1:)Kreg(A_2,a:,:c) 4V (z).

TR A'AT2A'AT?2 = TR oA oA
— /M /M $(z) (K (AL, 2,9))20(y) dV (2)dV (y).

(K(A™Y2,9))% ~ Cla—y/*2"
has symbol C’|¢|"4.
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WorkKk in progress:.

1. With C. Wang: Compute o(Us) for Ay
across conformal classes.

2. With S. Zelditch: Global behavior of det A,
within the conformal class.

3. J. Steiner: Some non-local quantities which
arise from critical metrics.
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