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Fix � with �-�nite potential and let A denote the convex cone

f� : �U � �Ug:

Using the integral representation theorem of [1], we give a short proof of the following
result of Mokobodzki. Let Aex denote the set of extreme points of A.

Theorem. Aex = f�HB : B 2 Ee; B �nely closed g.

Proof. (a) Let � be an extreme point of A. By the main result of [1] there is a decreasing
family fB(r) : 0 � r � 1g of �nely closed Ee-measurable sets such that

� =

Z 1

0

�HB(r) dr:

The extremality of � and the monotonicity of r 7! B(r) imply that r 7! HB(r) is constant
on [0; 1]. Thus � = �HB(1=2).

(b) Fix � of the form �HB, where B is Ee-measurable and �nely closed. Suppose there
are elements �1 and �2 of A such that � = ��1 + (1 � �)�2, where 0 < � < 1. By Rost 's
theorem there are randomized stopping times T1 and T2 such that

�i = �PTi
i = 1; 2:

Each �i is carried by B, so

�i = �PTi
= �PTi

HB = �PDi
;

where Di := Ti +DB��Ti
. Thus

�HB = � = ��1 + (1� �)�2 = ��PD1
+ (1 � �)�PD2

;

which forces �HB = �PDi
(i = 1; 2) since we clearly have �PDi

downstream from �HB .
Therefore Di = DB, P�-a.s. for i = 1; 2. Consequently, � = �HB = �PDi

= �i (i = 1; 2),
so � is an extreme point of A.
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