Math 280C, Spring 2005
Stochastic Integral
In what follows, (€2, F,P)is the canonical sample space of the Brownian motion (B;):>o with

By = 0; other notation is that used in class. We define the stochastic integral with respect to

Brownian motion in several stages.

1. Suppose 0 < u < v and G € L*(F,). Define H,(w) := G(w)1(y,y|(s). It is then natural to define

t
(11) (H.B)t:/ HSst ::G'(BU/\t_Bu/\t)7 tzO
0

Observe that H e B is a (path) continuous martingale with initial value equal to 0. Moreover,
because G is independent of Byars — By,

E[(H o B)}] = E[G? - (Byrt — Bunt)?]
(G?] - E[(Buat — Bunt)?]

E
E[G?] - (v A1) = (uAt))
E

G / o) (5) ds

t
:E/ H2ds.
0

Thus H e B is even a square-integrable martingale: E[(H o B)?] < oo for each ¢ > 0. We use M?
to denote the class of square-integrable martingales with continuous sample paths and initial value
0. By the preceding discussion, H ¢ B € M?.

If now we have two integrands H®) = Gil(y, v, @ = 1,2, of the above form, then a straight-

(1.2)

forward calculation shows that

t
(1.3) E[(HY ¢ B), - (H® e B),| = E [/ HYH®? ds] . t>0.
0

2. Consider an integrand H that is a sum of integrands of the type discussed above:
(2.1) ZGk Nl () wEQs>0,

where n € N, 0 < uy, < v, and Gy, € L?(F,, ). We let £2 denote the class of all such integrands.
Notice that each H € L2 satisfies (i) s — Hg(w) is a left-continuous step function for each w € Q,
(i) Hs € L?(F,) for each s > 0, (iii) viewed as a mapping from Q x [0,%] to R, (w,s) — H,(w) is

Fi @ Bjo4) measurable for each t > 0, and (iv) fo H? ds] < oo for each t > 0. We now define, for
H € £? as displayed in (2.1),

(2.2) (H o Bt_/ H, dB, ZGk Byat — Bunt), >0,
k=1



By the discussion in 1, H e B is an element of M? for each H € £2. In fact, the mapping
I : H — He B is a linear mapping of £2 into M? that preserves norms and inner products; indeed,
by (1.3) and linearity of integration, we have the “It6 isometry”:

t t
(2.3) E[(H e B;) (K e B)] = E/ H,K ds = / E[H, - K] ds,
0 0
for each t > 0, and H, K € £2. In particular,
t t
(2.3) E[(H e B)?] = E/ H?ds = / E[H?] ds,
0 0

for each t > 0, and H € £2.

The extension of the integral defined above to more general integrands is based on (2.3),
Doob’s inequality, and the following lemma. Let us now define £2 to be the class of all integrands
H = H,(w) satisfying the following conditions: (i) as a mapping from Qx [0,¢] to R, (w, s) — Hs(w)
is F; ® Bjg ;) measurable for each ¢ > 0, and (ii) E[fg H? ds] < oo for each t > 0. In particular, H,
is Fs measurable for each s > 0.

3. Lemma. Given H € L2 there is a sequence (H™) C £2 such that

(3.1) E [/Ot(HS — H™)2ds| —0

as n — oQ.

Proof. Fix t > 0 and define L2(t) := {H|qxjoy : H € L2} and L3(t) := {H|axjoy : H € L?}.
We need to show that £2(t) is dense in £2(t) with respect to the L?-norm on € x [0,¢]. Let
K :={K € L%(t) : E[fot H, - Ky ds] = 0, VH € L2(t)}, the orthogonal complement of £2(t) in
L?(t). By Hilbert space theory, the orthogonal complement of K (in £2(t)) is equal to the closure
of £L2(t) in L£2(t). We show that K = {0} (the trivial subspace consisting of only the zero random
variable). From this it will follow immediately that the complement of K is all of £2(¢), and we
will be done.

So suppose that K € K. Fix u and v with 0 < u < v < t and G € L*(F,). For 6 € (0,t — v)
define H®) € £2(t) by

H‘gé)(w) = G(w) : 1(v,v+5](s)a w e Q,S € [Oat]'

Then, because K € K,

t v+9
(3.2) 0=FE [/ K,H® ds} :/ E[K, - G] ds.
0 v

Divide both sides of (3.2) by § and then let § fall to 0. By real analysis we obtain, at least for
almost every v € (u,t),
0 =E[K, - G].
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Varying u € (0,v) and G over a suitable countable m-system generating F,, we find that for
(Lebesgue) almost every v € (0,t),

EK, -G] =0, VG¢cL*(F,).

Taking G = K, in (3.3) we see that
E[K};]=0

for almost every v € (0,¢). That is, by Fubini, K,(w) = 0 for P ® Lebesgue a.e. (w,v) € Q x [0,].
This proves that I consists solely of the zero function. U

The following form of Doob’s inequality is a simple consequence of the discrete time result
discussed in 280B; see the 280B handout on Doob’s inequalities.

4. Theorem. If M is an element of M?, then

(4.1) E [ sup Mf] < 4E[M?]

0<s<t
for each t > 0.

Proof. Fix t > 0. For each positive integer n, the discrete time process Myo-n;, kK =0,1,2,...,2",

is a square-integrable martingale. By the discrete time Doob inequality,

(4.2) E sup  Mpy_n,| < AE[M]).

k=0,1,2,...,.2"

The path continuity of M implies that supg_g;9 o0 M Z,n; Increases pointwise to
Supg<s<¢ M, 2 asn — oo. Thus (4.1) follows from (4.2) and the monotone convergence theorem. [

5. Theorem. The linear map I : H — H e B (defined above for H € £2) extends uniquely to a
continuous linear map of L2 into M?, still denoted by I(H) = H e B. We have

t

(5.1) E[(H e B),] = E/ H2ds, Vt>0,H¢c L
0

Moreover, if H € £? and if T is a stopping time then Lo H € £? and

(5.2) Iine = 11,1 H)t, vt >0, P-as.

Proof. Given H € £?, Lemma 3 guarantees the existence of a sequence (H") from L2 converging
to H in the sense that

t
(5.3) E/(HS—H;‘)QdSHOaanoo vt > 0.
0
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In view of (5.1), the sequence I(H™), is a Cauchy sequence for each ¢t > 0. Thus, for each ¢ > 0
there is a random variable I(H); such that I(H"); — I(H); in L?. In view of Theorem 4, the
convergence is even uniform on compact time intervals; that is,

E | sup |[I[(H")s — I(Hm)syﬂ <AE|I(H™); — I(H™),)?
0<s<t

t
:4/(HS”—H;")2ds—>Oasm,n—>oo,
0

and so (Chebyshev’s inequality)

(5.4) sup |[[(H™)s — I(H™),| 50,

0<s<t

for each ¢ > 0. Because the uniform limit of continuous functions is uniform, it follows that
s +— I(H)s can be chosen to be continuous, P-a.s. Because conditional expectation contracts the
L? norm, we have (the limits below being in the sense of L?)

E[I(H),| 7] = Bllim I(H"),| 7] = lim E[I(H"),| 7] = lim I(H"), = I(H),,

proving the martingale property of I(H). The “It6 isometry” clearly persists because the conver-
gence of I(H™) to I(H) is in L?. We omit the proof of (5.2), but notice that it follows immediately
from Corollary 7 below in the case of left continuous integrands. [

6. Notation. [) H,dB,:=I(H), = (H e B),.

7. Corollary. If H € £? and s — Hg(w) is left continuous, then

n—1

t
/ Hs st :hmZHk:t/n(B(k—i-l)t/n _Bkt/n)
0 " k=0

the limit being in the sense of convergence in probability.

Proof. Fix t > 0. Left continuity of H implies that if

n—1

HP =" Hijn - Lot/ (k+1)t/n)
k=0

converges to H in ﬁ[Qo,t}- 0

8. Theorem. [Product Rule] If H and K are elements of £?, and M := H e B, N := K e B, then
t t
(8.1) M N; = / (MsKs+ NgH,) dBs +/ H.K,, vt > 0,P-a.s.,
0 0

and the stochastic integral on the right side of (8.1) is a martingale.

Proof. The assertion follows for H and K in £2 by a straightforward (but rather tedious) calcu-
lation. The general case then follows by approximation—mnotice that if H”* — H and K™ — K in
L2, then I(H™); - I(K™); — M;N; in L' for each t > 0. [
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9. Local martingale. An adapted process M = (M;);>0 is a continuous local martingale
provided there is an increasing sequence (7),),>0 of stopping times with lim,, 7,, = +o0, P-a.s.,
such that the stopped process MtT "= Mar, is a uniformly integrable martingale for each n. We
say that M is reduced by the sequence (T},). We let M, denote the class of continuous local
martingales that vanish at time 0.

10. Lemma. Given M € M,,. define
(10.1) Sk = inf{t : | M| > k}, kE=1,2,...,

Then M is reduced by (Sk).

Proof. Tt is clear that Sy increases to +o00 as k — oo. Let (T},) be any reducing sequence for M.
Then for each k and n, t — Mias, a7, is a bounded (by k) martingale. Therefore

(10-2) E[Mt/\sk/\T,,L |fs] = Ms/\Sk/\Tn

if 0 < s <t. We can now send n to infinity in (10.2), making use of the dominated convergence
theorem. There results
E[Mt/\sk "7:5] = Ms/\Ska

which proves that M“* is a bounded (hence u.i.) martingale. U

11. Quadratic variation. It can be shown that if M and N are elements of My, there is a
continuous adapted process (M, N) with paths of bounded variation such that

n—1
(11.1) (M, N); = lim > [IMis1yesn — Mitsnl - [ING1)e/m — Nitjn)
k=0

in probability, for each ¢ > 0. The process (M, N) is called the (quadratic) covariation process
associated with M and N; when M = N we write (M) instead of (M, M) and refer to the quadratic
variation of M. We have

M;iNy — (M, N),

is a continuous local martingale. From this, (8.1), and a localization argument it can be see that
if M =HeB and N = K e B then

t
(11.2) (M, NV, :/ H,K,ds,  Vt>0,
0

P-a.s. As we shall see, every local martingale of the filtration of our Brownian motion is of the

form H e B for some H € L3 , so formula (11.2) is quite general.

12. Notation. We now localize the class of integrands for use in the It6 integral by defining

L2 .:={H : H is jointly measurable and adapted, and

t
/ HZ?ds < oo,Vt > 0,P-a.s.}.
0
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For example, if H is an adapted process such that s — Hg(w) is continuous (or merely right-
continuous with left limits) for each w, then H € £Z . Most every integrand H we shall encounter
is of this type.

13. Theorem. The It6 integral of Theorem 5 extends to a linear map H +— H o B from L% _ into
Mioe. As such, the local martingale M := H e B is uniquely determined by the fact that

t
(M, L), :/ H,d(B,L),, Vt>0,
0

P-a.s., for each L € M?.

Proof. Fix H € L2 _ and define T), := inf{t : fot H?ds > n}. Clearly (T,) is an increasing sequence

loc

of stopping times that converges to +o0o almost surely. Now define H, s(“) = 1¢),1,](5)Hs. Because
fg[Hén)]2 ds < fg/\T” H?ds < n, each H™) is an element of £2. Let M := I(H™) denote the
associated element of M?2. Using (5.2) we compute, for m < n and t € [0, T},,],

Mt(n) — M(n) _ I(l(O,Tm]H(n))t

tATy, —

(13.1) -
= I(Lo,1,,1 0,0 H)e = I(L (0,1, H )t = M.

Thus the limit
M, :=lmM™,  t>o0,

is P-a.s. well defined and
Mir, = M, >0,

which is a bounded martingale. It follows that M is a local martingale reduced by (7},). We now
define
¢
(13.2) I(H),=(HeB); = / H,dBg := M.
0

Suppose N is a second element of M. such that (N, L), = fg H;d(B, L) for all t > 0 and
each L € M?2. Subtracting we obtain

(M —N,L), =0, Vt>0,

P-a.s. Define R, := inf{t : |M;| > n} and S,, := inf{¢ : |[Ny| > n}. Then (R,,) reduces N, (S,)
reduces M, and (T},) defined by T}, := R,, A Sy, reduces both M and N (to bounded martingales).
In particular, if L(™ is the martingale (M — N)™» obtained by stopping the difference M — N at
time T,, then L(™ is a bounded martingale, hence an element of M2. Therefore,

(13.3) 0=(M—-N,L™), = (M —~N,M -N);, 0<t<T,.

the second equality following from the definition 11 because L™ = M — N on [0,T;,]. Varying n
we find that (M — N); = 0 for all ¢ > 0, P-a.s. In view of Lemma 14 to follow, this means that
M — N =0 (the zero process), thus proving the uniqueness assertion.
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14. Lemma. Suppose that M € M, and that (M), = 0 for all t > 0, P-a.s. Then P[M,; =
0,vt > 0] = 1.

Proof. By the discussion of 11, L; := M? — (M), is a continuous local martingale. Let (T},) reduce
L. Then Lo=0soforne Nand ¢t >0

0= E[Lo] = E[M{,\7, — (M)inr,] = E[M{,z,].
Therefore, by Fatou,
EM] =0, Vt>0.

Consequently, P[M; = 0] = 1 for each t > 0. It follows that with probability one, M vanishes at
every rational time, and then by path continuity at every time. [

15. Corollary. If M € M has paths of bounded variation, then M = 0.

Proof. Fix t > 0. Let V; := sup, Y, |M;,, — M;,| (the supremum extending over all finite
partitions 7 = {0 =ty < t; <---t, =t} of [0,¢]. Then

n—1 n—1
(151) Z |M(k+1)t/n - Mkt/n|2 < An Z ’M(k:—l—l)t/n - Mkt/n’ < An%)
k=0 k=0

where A,, := sup{|M, — M,| : [lu —v| < 1/n,0 < wu,v < t}. By the continuity of u — M, on [0,?],
we have lim,, A,, = 0. It now follows from (15.1) and (11.1) that (M); = 0, P-a.s. Apply Lemma
14 to finish. 0O

Before turning to the statement of It6’s formula, we require a definition.

16. It6 process. An [t6 process is a process of the form
t t
(16.1) X =Xo+ / H,dB; +/ Ug ds, t>0,
0 0

where X € Fy, H € £2 _ and u is progressively measurable and fot lus|ds < oo for all t > 0, P-a.s.

loc
The decomposition (16.1) is unique: suppose the It6 process X admits a second such decomposition

X;=Xo+ (KeB);+ f(f vs ds. Subtracting we find that

t t
(16.2) / (Hs — Ks)dBs = / (vs — ug) ds, t>0.
0 0

The process on the left in (16.2) is a local martingale, while the one on the right has paths of
bounded variation. Since both sides vanish at time 0, it follows from Corollary 15 that the two
sides vanish for all ¢, almost surely. This proves that

t t
/ Vs ds = / Uug ds, Vit > 0,
0 0
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whence (upon differentiating in ¢)
(16.3) v(w) = ug(w), for P ® Leb-a.e. (w,t) €  x [0, 00).

Moreover, because the local martingale on the left side of (16.2) vanishes, it has zero quadratic
variation. That is,

t
(16.4) / (Hy — K,)*ds =0, vt >0,
0

P-a.s. Arguing as for (16.3), we deduce from (16.4) that
(16.5) Ki(w) = Hy(w), for P ® Leb-a.e. (w,t) € Q x [0,00).

This proves the uniqueness assertion.

Notice that if X is an It process, then its quadratic variation (in the sense of 11 is given by

t
(16.6) <X>t:/ HZds, vt > 0.
0

We now state, without proof, It6’s fundamental result. (Detailed proofs can be found in the
books of Chung/Williams and Karatzas/Shreve listed on the course website.)

17. Theorem. [It6’s formula] Let X be an It6 process as in (16.1) and let f : R x [0,00) — R be
of class C*' (that is, twice continuously differentiable in its first argument and once continuously
differentiable in its second). Then the composite process t +— f(Xy,t) is an Ité process with
decomposition

(17.1)
F(X0rt) = f(X0,0) /hs,M+/hs,w%/f X),

— [(Xo0,0) /“fl X, s)H, dB, +1/[fﬂ Xo )ity + F5(Xer8) + 315 (Xo, 5)H2) ds.

The first expression on the right side of (17.1) is a compact expression of It6’s formula; the
second expression gives more explicitly the decomposition of f(X) into stochastic integral and
absolutely continuous terms.

The following special case of (1.71) is worth noting.

18. Corollary. Let X be an It6 process as in (16.1) and let f : R — R be of class C?. Then the
composite process f(X) is an It process with decomposition

F(X0) = £(Xo) /f )X, + = /ﬂ

(18.1)
1(X0) /flwﬂ%vhhgﬂwﬁw
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19. Example. Suppose h is a C%! function such that %h’l’ 1 + h% vanishes identically. Then by
(17.1) (with H =1 and u = 0)

t
(19.1) h(By,t) = h(By,0) +/ W (B.,s)dBs, >0,

0
which is a local martingale. If h/,(Bs, s) € £2, then the stochastic integral on the right side of (19.1)

(hence also h(By,t)) is even a martingale. Examples of such functions are (i) exp(Ax — \?t/2), (ii)
sinh(Az)e=2"1/2_ (iii) cosh(Az)e=>"1/2, (iv) sin(Az)e /2, (v) cos(Az)er t/2,

20. Example. We know that B is a martingale. By It6’s formula,
t
B? :2/ BsdBs + t.
0

Therefore, Ht(z) := B? — t is also a martingale. Next,

t t
(20.1) B} :3/ B? dBS+3/ B, ds.
0 0
But,
t t t t t
(20.2) / B2dB, = / H® dB, + / sdB, = / H® dB, +tB; — / B, ds,
0 0 0 0 0

the second equality resulting from the integration by parts formula (see 23 below). Feeding (20.2)
into (20.1) we obtain the martingale

t
H® .= B3_3tB, =3 / H® dB,.
0

This iteration procedure can be continued to produce a succession of polynomial functions of
Brownian motion that are martingales, the so-called Hermite polynomials.

21. Example. The following example will be discussed in more detail in a separate handout.
Fix H € £2 _ and define the local martingale M to be H e B. Now take

loc

Zy == exp(M; — 1(M)y), t>0.

Using It6’s formula with X; = M; — (M), and f(z) = e®, one sees that

t
thl—l—/ ZsdMs.
0

In particular, Z is a (positive) local martingale. Under appropriate conditions on H, Z is even a
martingale.

The following extension of 17 is often useful. We refer again to the books of Chung/Williams
and Karatzas/Shreve for proofs.



22. Theorem. [Multivariate It6 Formula] Let X' ... X™ be It6 processes:
t t

XF :X§+/ H® dB, +/ ulPds,  k=1,2,...,n,
0 0

and let f : R™ — R be of class C?. Then writing X; = (X},..., X}),

n 82f )
22.1 f(Xo) Xk X,)d(X7, X",
(221)  J(X 0+Z/ (X)Xt + Za%amkf( (X7, x5,
where
(22.2) (X7, Xk, / HOHM® ds.

23. Example. Here is the product rule for itd processes. Let X; = X —|—fg H,dB,+ fg ug ds and
Y, =Y, + fg K, dB, + fot vs ds be Tt processes. Let us take X' = X, Xo =Y and f(z,y) = xy in
(22.1) to obtain

t t t
Xth=X0Y0+/ Xdes+/ stXs+/ 1K, ds.
0 0 0
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