EXCURSION THEOR Y REVISITED

P.J. Fitzsimmons and R.K. Getoor

University of California San Diego

May 10, 2005

In memory of J.L. Doob

Abstract. Excursions from a fixed point b are studied in the framework of

a general Borel right process X, with a fixed excessive measure m serving as background measure; such a measure always exists if b is accessible from every point of the state space of X. In this context the left-continuous moderate Markov dual process ^X arises naturally and plays an importan t role. This allows the basic quan tities of excursion theory such as the Laplace-L évy exponent of the inverse local time at b and the Laplace transform of the entrance law for the excursion process to be expressed as inner products involving simple hitting probabilities and expectations. In particular if X and ^X are honest, then the resolvent of X may be expressed entirely in terms of quan tities that depend only on X and ^X killed when they first hit b.

1. Intr oduction

Let X be a nice Markov process and b an element of its state space. Let M be the closure of the random set {t : X_t = b}. Then the complement of M is the disjoint union of a countable number of open intervals, the excursion intervals from b. Excursion theory is concerned with the analysis of M and the behavior of X on the excursion intervals. This description of excursion theory comes from Chapter VI §42 of [RW87], to which we refer the reader for some history of the subject. In his seminal paper [I71],K. Itô introduced the Poissonprocesspoint ofviewfor describing excursions from a point. Excellent presentations of this theory may be found in Chapter VI of [RW87], Chapter

1991 Mathematics Subject Classific ation . Primary 60J40, secondary 60J66. Key words and phrases. Markov processes, excursion theory , right processes, moderate Markov processes.

Typeset by AMS-TEX 1

XII of [RY91], Chapter 3 of [B92], and the papers [R83], [R84] and [R89]. A closely related approach to excursions (from more general subsets of the state space) is based on the notion of an exit system, due to B. Maisonneuve [Ma75];see also E.B. Dynkin [Dy71]. The exit system point of view was used in [G79]and we adopt it here.

Our interest in the subject was rekindled by a recent paper of Fukushima and Tanaka [FT04]. Working in the context of an m-symmetric diffusion they showed that some of the basic quantities of excursion theory could be expressed as inner products of simple hitting probabilities or expectations. These results were preliminary to the main subject of the Fukushima-Tanaka paper but were intriguing and of interest in their own right. The purpose of this paper is to show that analogous results hold for an arbitrary Borel right process X on a Lusin space E with a fixed excessive measure m serving as background measure. It is perhaps surprising that the mere existence of an excessive measure enables one to obtain results of considerable interest. In concrete examples there is usually a natural choice for m. Of course, if one does not assume symmetry then a dual process enters the picture. The dual that appears most naturally is the left-continuous moderate Markov dual process ^X associated with m and X. Such a dual process always exists. The simplest way to understand ^X is in terms of the corresponding Kuznetsov process. The relevant facts may be found in [Fi87], [DMM92] or [Ma93]; section 2 of [G99] contains a good summary. See also [FG03]. The reader who is not familiar with this theory may assume throughout that X and ^X are standard processes in weak duality with respect to m, as in [GS84].

In section 2 we describe the hypotheses that are in force throughout the paper, and we recall the basic facts of the exit system approach to excursions. This section also contains the fundamental decomposition of the resolvent in terms ofexcursion-related ingredients. In Section 3 the key formula expressing the Laplace-Lévy exponent, g(λ), of the inverse local time at a regular point b as an inner product is developed. It appears in Theorem (3.6) and states that g(λ) = δ+ λc(m)^{− 1} ∫ φ^λ ^φ dm, where φ^λ = E^• [e^{− λT B} ], ^φ = ^P^• [^T_b < ∞ ], and δ = lim_{λ→ 0} g(λ). Here T_b (resp. ^T_b) is the hitting time of b by X (resp. ^X). This formula depends on a specific normalization of the local time at b, ℓ = (ℓ_t ), inasmuch as the Revuz measure of ℓ with respect to m is c(m)ε_b, ε_b being the unit mass at b. Additional expressions for the constant δ are contained in Theorem (3.15). Moreover, the Laplace transform ofthe entrance law governing the excursion process is shown to be given by an inner product (f, ^φ^λ ) = ∫ f ^φ^λ dm. One consequence ofall this is that g(λ) and the resolvent (U^λ ) of X may be expressed entirely in terms of quantities that depend only on the processes X and ^X killed at T_b and ^T_b respectively, at least if X and

^X are honest. In section 4 we extend an old result of Harris [H56],Silverstein [Si80], and Getoor [G79], showing that under a mild condition, the mean occupation measure of excursions gives rise to an excessive measure. This is the case, in particular, if b is accessible from every other point of the state space. In Section 5 we present several examples that illustrate the results in Section 3 and 4. In particular, the extent to which δ and the “stic kiness” γ = lim_{λ→∞} g(λ)/λ may be varied while the Lévy measure of g and the entrance law ofthe excursion processremain fixed. Finally, in an appendix we present several facts about the left-continuous moderate Markov dual process ^X that are needed in the body of the paper but are not readily available in the literature. Some of these results are of independent interest.

We close this introduction with a few words on notation. We shall use B_{]0,∞ [} to denote the Borel subsets of the half-line ]0,∞ [. If (F,F ,μ) is a measure space, then bF (resp. pF ) denotes the class of bounded real-valued (resp. [0,∞ ]-valued) F -measurable functions on F. For f ∈ pF we use μ(f ) or ⟨μ, f ⟩ to denote the integral ∫ F f dμ; similarly, if D ∈ F then μ(f ;D) denotes ∫ D f dμ. On the other hand f μ denotes the measure f (x)μ(dx) and μ|_D the restriction of μ to D. We write F^∗ for the universal completion of F ; that is F^∗ = ∩_νF^ν, where F^ν is the ν-completion of F and the intersection runs over all finite measures on (F,F ). If (E,E) is a second measurable space and K = K(x,dy) is a kernel from (F,F ) to (E,E) (i.e., F ∋ x → K(x,A) is F -measurable for each A ∈ E and K(x,·) is a measure on (E,E) for each x ∈ F), then we write μK for the measure A → ∫ F μ(dx)K(x,A) and Kf for the function x → ∫ E K(x,dy)f (y). Finally if f is a measurable function from (F,F ) to (E,E), then ν = f (μ), the image of μ under f , is the measure on (E,E) defined by ν(B) = μ[f^{− 1}(B)] for B ∈ E.

2. The Lévy Exponent of the Inverse Local Time

Throughout this paper (P_t ,t ≥ 0) will denote a Borel right semigroup on a Lusin state space (E,E), and X = (X_t ,P^x) will denote a right continuous strong Markov process realizing (P_t ). In general we shall use the standard notation for Markov processeswithout specialmention; see, for example, [BG68], [DM87], [Sh88]and [G90]. In particular U^λ = ∫_∞ 0 e^{− λt} P_t dt denotes the resolvent of (P_t ). We adopt the usual convention that a real-valued function f defined on E is extended to the cemetery point Δ by f (Δ) := 0. For example, P_t f (x) = P^x[f (X_t )] = P^x[f (X_t );t < ζ] and U^λf (x) = P^x ∫_ζ 0 f (X_t ) dt, where ζ denotes the lifetime of X.

We suppose that b ∈ E is a regular point; that is P^b[T_b = 0] = 1, where T_b := inf{t > 0 : X_t = b} is the hitting time of {b}. Define φ^λ (x) = P^x[e^{− λT b} ] for λ > 0, and set φ = lim_{λ→ 0} φ^λ = P^• [T_b < ∞ ]. (To avoid trivialities, we assume throughout that φ does not vanish identically on E \ {b}.) Let X^b = (X,T_b) denote X killed when it hits b, and let Q_t and V^λ denote the semigroup and resolvent of (X,T_b):

(2.1)

Q_t f = P^x[f (X_t );t < T_b],

V^λ f (x) = P^x ∫_{Tb} 0 e^{− λt} f (X_t ) dt = ∫_∞ 0 e^{− λt} Q_f f (x) dt. The lifetime of (X,T_b) is R = T_b ∧ ζ, and one may replace T_b in (2.1) by R without changing the integrals, because of our convention that functions vanish at Δ. Also, T_b < ζ if and only if T_b < ∞ so R = T_b on {T_b < ∞} . This statement holds P^x-a.s. for all x ∈ E, and as is customary we shall omit the qualifier a.s. where it is clearly required. A direct application of the strong Markov property at time T_b shows that (2.2) U^λf = V^λ f + φ^λ ·U^λf (b), λ > 0,f ∈ pE^∗. Because b is a regular point, the singleton {b} is not semipolar and consequently there exists a local time ℓ = ℓ^b for X at b. This is a positive continuous additive functional (PCAF) of X, increasing only on the visiting set {t ≥ 0 : X_t = b}. As such ℓ is uniquely determined up to a multiplicative constant. Define, for λ > 0 and f ∈ pE^∗,

(2.3) U^λ_ℓ f = P^• ∫_∞ 0 e^{− λt} f (X_t ) dℓ_t . Especially important is the λ-potential of ℓ,

(2.4) u^λ (x) = U^λ_ℓ 1(x) = P^x ∫_∞ 0 e^{− λt} dℓ_t . Note that this integral is really over ]0,ζ[ since the measure dℓ_t is carried by this interval. Using the strong Markov property of X

(2.5) U^λ_ℓ f = P^• ∫_∞ T_b e^{− λt} f (X_t ) dℓ_t = φ^λ ·U^λ_ℓ f (b),

and, taking f ≡ 1,u^λ (x) = φ^λ (x)u^λ (b).

The inverse local time τ = (τ(t))_{t≥ 0} is the right continuous inverse of ℓ: τ(t) := inf{s > 0 : ℓ_s > t}, t ≥ 0.

It is standard that (τ(t)) under the law P^b is a strictly increasing subordinator and that (2.6) P^b[e^{− λτ (t)}] = e^{− t/u λ (b)}, λ > 0,t ≥ 0. Thus g(λ) := [u^λ (b)]^{− 1} is the subordinator exponent of (τ,P^b); as is well known g(λ) takes the form

(2.7) g(λ) = δ+ γλ + ∫ ]0,∞ [ (1 − e^{− λt} ) ν(dt) where δ and γ are nonnegative constants and ν is a measure on ]0,∞ [ with ∫ ]0,∞ [ (t ∧ 1)ν(dt) < ∞ . The measure ν is the Lévy measure of (τ,P^b). Observe that (2.8) δ = lim_{λ→ 0} g(λ), γ = lim_{λ→∞} g(λ)/λ.

It was shown in [GS73]that

(2.9) ∫_t 0 1_b(X_s )ds = γ ·ℓ_t , ∀t ≥ 0, P^x-a.s. for all x ∈ E, and so U^λ 1_b(b) = γu^λ (b). (Here 1_b is the indicator of {b}.) As both ℓ_t and ∫_t 0 1_b(X_s )ds vanish on [0,T_b], we even have U^λ 1_b = γu^λ .

(2.10) Prop osition. Under P^b,ℓ_∞ has an exponential distribution with parameter δ. In particular, δ = 0 if and only if P^b[ℓ_∞ = ∞ ] = 1 if and only if P^b[ℓ_∞ ] = ∞ . Proof. Observe that {ℓ_∞ > t} = {τ(t) < ∞} . Therefore

P^b[ℓ_∞ > t] = P^b[τ(t) < ∞ ] = lim_{λ→ 0} P^b[e^{− λτ (t)}] = lim_{λ→ 0} e^{− tg (λ)} = e^{− δt} , t > 0,

by (2.6) and (2.8). □

An efficien t way to compute probabilities to do with the excursions of X from the regular point bis the associated (predictable) exit system (P^∗,l); see [Ma75, §9]. Let M denote the closure in [0,∞ [ of the visiting set {t ≥ 0 : X_t = b}, and let G be the set of strictly positive left endpoints of the maximal complementary intervals of M. Then there exists a σ-finite measure P^∗ on (Ω ,F^∗), where F^∗ is the universal completion of F^0, such that

(2.11) P^x [ ∑ s∈ G Z_s ·F ∘θ_s ] = P^x [∫_∞ 0 Z_s dl_s ] ·P^∗[F], x ∈ E, provided Z ≥ 0 is a predictable process and F ∈ pF^∗. (As with the local time ℓ, the measure P^∗ is only determined up to a constant multiple: If (P^∗,ℓ) is an exit system then so is (c^{− 1}P^∗,c ·ℓ) for any constant c > 0.) Taking Z_s = e^{− s} , F = 1− e^{− Tb} and then F = 1_{{ Tb =0 }} in (2.11) we see that (2.12) P^∗[1− e^{− Tb} ] < ∞ and P^∗[T_b = 0]= 0.

Under P^∗ the process (X_t )_{t> 0} is strong Markov with semigroup (P_t ). This is a (very) special case of a result of Maisonneuve [Ma75]. Define (2.13) Q^∗_t (f ) = P^∗[f (X_t );t < T_b] = P^∗[f (X_t );t < R], t > 0,f ∈ pE^∗. It is well known and easily verified that (Q^∗_t ) is an entrance law for (Q_t ) (the semigroup of the killed process (X,T_b)); that is Q^∗_{t+ s} = Q^∗_t Q_s . Also, for each t > 0, the measure Q^∗_t is carried by E_b := E \{b} and Q^∗_t 1_{E b} = P^∗[t < R] < ∞ because (by (2.12))

∞ > P^∗[1− e^{− Tb} ] ≥ P^∗[1− e^{− R} ] ≥ (1 − e^{− t} )P^∗[t < R]. (2.14) Prop osition. Define

(2.15) V^λ_∗ (f ) := ∫_∞ 0 e^{− λt} Q^∗_t (f ) dt = P^∗ ∫_R 0 e^{− λt} f (X_t ) dt, λ ≥ 0,f ∈ pE^∗. Then (2.16) U^λf (b) = γf (b) + V^λ_∗ (f ) g(λ) , λ ≥ 0,f ∈ pE^∗. Proof. Let f and λ be as above. Then

U^λf (b) = P^b ∫_∞ 0 e^{− λt} f (X_t )1_b(X_t ) dt + P^b ∑ s∈ G ∫_{s+ R∘θs} s e^{− λt} f (X_t ) dt. The first term on the right is just f (b)U^λ 1_b(b) = γf (b)u^λ (b) because of (2.9). Using (2.11) the second term on the right reduces to

P^b ∑ s∈ G e^{− λs} [∫_R 0 e^{− λt} f (X_t ) dt ] ∘θ_s = V^λ_∗ (f )u^λ (b).

The assertion now follows because u^λ (b) = [g(λ)]^{− 1}. □

The next result concerns the last exit time from b, namely L := sup M (with the convention that sup ∅ = 0). Observe that P^b[L > 0]= P^b[T_b < ∞ ] = 1.

(2.17) Prop osition. If λ > 0, then

(2.18) P^b[e^{− λL} ] = P^∗[T_b = ∞ ]/g(λ) and (2.19) P^b[e^{− λL} ;L = ζ] = P^∗[ζ = 0]/g(λ).

In particular,

(2.20) δ = P^∗[T_b = ∞ ] ≥ P^∗[ζ = 0],

and P^b[L < ∞ ] is 0 or 1 according as δ = 0 or δ > 0.

Proof. Observe that L is the unique point s ∈ G for which T_b∘θ_s = ∞ . Therefore, by (2.11),

P^b[e^{− λL} ] = P^b ∑ s∈ G e^{− λs} 1_{{ Tb = ∞}} ∘θ_s = u^λ (b) ·P^∗[T_b = ∞ ],

proving (2.18). A similar computation proves (2.19) once we notice that s = L = ζ < ∞ if and only if s ∈ G and ζ∘θ_s = 0. Multiplying both sides of (2.18) by g(λ) and then sending λ → 0 we obtain (on account of (2.8)) δ ·P^b[L < ∞ ] = P^∗[T_b = ∞ ], proving (2.20) when δ = 0. As in the proof of (2.10), P^b[τ(t) = ∞ ] = 1 − e^{− δt} for t > 0. Because the closed range of the subordinator τ coincides with the closure of the visiting set {t : X_t = b}, we have the inclusion {τ(t) = ∞} ⊂ {L < ∞} , for each t > 0. Therefore, if δ > 0, P^b[L < ∞ ] ≥ P^b [∪^∞_{n=1} {τ(n) = ∞} ]

=↑ lim_n P^b[τ(n) = ∞ ] = lim_n (1 − e^{− δn} ) = 1,

proving (2.20) in this case as well. The final assertion of the proposition follows from (2.18) and (2.20). □

(2.21) Remarks. (a) Letting λ → 0 in (2.19) we see that P^∗[ζ = 0] = δ·P^b[ζ = L < ∞ ]. This implies that when δ > 0 there is no killing at b (i.e., P^b[L = ζ < ∞ ] = 0) if and only if P^∗[ζ = 0]= 0.

(b) Because g(λ)^{− 1} = P^b ∫_∞ 0 e^{− λt} dℓ_t , we can invert the Laplace transform in (2.18) to obtain

P^b[L ≤ t] = δ·P^b[ℓ_t ], t ≥ 0.

(2.22) Corollary. P^∗[T_b ∈ A] = ν(A), for all A ∈ B_{]0,∞ [}. Proof. Let T = T_b during this proof, and recall that φ = P^• [T < ∞ ]. Evidently R ≤ T and R = T on T < ∞ ; together with the terminal time property of T this yields

(2.23)

V^λ_∗ (φ ) = P^∗ ∫_R 0 e^{− λt} 1_{{ T}∘_{θt < ∞}} dt = P^∗ ∫_T 0 e^{− λt} 1_{{ T< ∞}} dt = λ^{− 1}P^∗ [ 1− e^{− λT} ;T < ∞ ] . Thus, by (2.16), (2.24) g(λ) ·λU^λ φ (b) = γλ + P^∗[1− e^{− λT} ;T < ∞ ], λ > 0. On the other hand λU^λ φ (b) = λP^b ∫_ζ 0 e^{− λt} 1_{{ T< ∞}} ∘θ_t dt = λP^b ∫_ζ 0 e^{− λt} 1_{{ L>t }} dt = P^b[1− e^{− λL} ].

Combining this with (2.18), (2.20), and (2.24) we find that (2.25) g(λ) = δ+ γλ + P^∗[1− e^{− λT} ;T < ∞ ], λ > 0. Now define h(t) = ν(]t, ∞ [). Then λ ∫_∞ 0 e^{− λt} h(t) dt = ∫ ]0,∞ [ (1 − e^{− λt} ) ν(dt) by Fubini’s theorem. On the other hand, by (2.25) and (2.7), λ ∫_∞ 0 e^{− λt} P^∗[t < T < ∞ ]dt = P^∗ [∫_T 0 λe^{− λt} dt ;T < ∞ ]

= P^∗ [ 1− e^{− λT} ;T < ∞ ] = ∫_∞ 0 (1 − e^{− λt} ) ν(dt). Both h(t) and P^∗[t < T < ∞ ] are finite and right continuous on ]0,∞ [, hence equal functions of t by the uniqueness theorem for Laplace transforms. The assertion now follows from the monotone class theorem. □

(2.26) Corollary. P^∗[R = ∞ ] = δ·P^b[ζ = ∞ ].

Proof. Since λV^λ_∗ (1_{E b} ) = P^∗[1− e^{− λR} ], P^∗[R = ∞ ] = lim_{λ→ 0} λV^λ_∗ (1_{E b} ). Also,

from (2.16), λU^λ 1(b) = [γλ + λV^λ_∗ (1_{E b} )]/g(λ). As λ → 0,λU^λ 1(b) = P^b[1− e^{− λζ} ] → P^b[ζ = ∞ ] and g(λ) → δ. Hence P^∗[R = ∞ ] = δ·P^b[ζ = ∞ ]. □

3. Excursions and Duality

We now fix an excessive measure m on (E,E) to serve as background measure. Thus m is σ-finite and mP_t ≤ m for all t. It is known that mP_t ↑ m (setwise) as t ↓ 0; see [DM87, XII 36-37]. (The existence of m is a mild assumption and, as we shall see in Theorem (4.5), not really an assumption at all if b is accessible from all points of E.)

Associated with m and (P_t ) is the Kuznetsov process ((Y_t )_{t∈ R} ,Q_m ). We shall make no explicit use of this process except in the appendix, but we suppose (without loss of generality) that (X_t ,P^x) is the realization of (P_t ) described on p. 53 of [G90]. Similarly the moderate Markov left-continuous dual process ( ^X_t , ^P^x) associated with X and m is as described on p. 106 of [G99]. See also [Ma93] or [Fi87] where somewhat different notation is used. Let ^P_t f = ^P^• [f ( ^X_t )] and ^U^λf = ∫_∞ 0 e^{− λt} ^P_t f dt = ^P^• ∫_∞ 0 e^{− λt} f ( ^X_t ) dt denote the semigroup and resolvent of ^X. This semigroup and resolvent are linked to those of X by the duality formulas (3.1) (P_t f,g) = (f, ^P_t g) and (U^λf,g) = (f, ^U^λ g), f,g ∈ E^∗,λ > 0,t ≥ 0, in which (f,g) := ∫ f gdm provided the integral exists. We emphasize that the probabilities ^P^x, x ∈ E, are only uniquely determined off a Borel mpolar set (which may be taken to have absorbing complement); see [FG03, (5.14)]. Therefore functions involving the dual measures ^P^x are only well defined modulo an m-polar set. This should be borne in mind when reading formulas involving these functions. However this causes no problems with the duality formulas (3.1) since m does not charge m-polars, or even msemipolars. Finally we shall usually omit the hat ^ in those places where it is obviously required. For example, we write ^P^• [f (X_t )] in place of ^P^• [f ( ^X_t )]. In most of the paper we shall make no use of the explicit realizations of X and ^X. However we shall need them in the Appendix. As mentioned in the introduction the reader may avoid the use of the moderate Markov dual by assuming throughout that X and ^X are standard processes in weak duality with respect to m.

Because b∈ E is regular, we have P^b[T_b = 0]= 1. By (A.4), ^P^b[T_b = 0]= 1 as well. The following “hatted” forms of notation introduced in section 2 will be used freelyin what follows: ^φ := ^P^• [T_b < ∞ ], ^X^b := ( ^X, ^T_b) (the process ^X killed at ^T_b), ^V^λ and ^Q_t (the resolvent and semigroup of ^X^b), etc. According to (A.7), X^b and ^X^b are dual processes in the sense that (V^λ f,g) = (f, ^V^λ g) for f,g ∈ pE^∗. See also Remark (A.8). As with their dual counterparts, we have ^R = ^T_b on { ^T_b < ∞} . Here one must be a little careful since the measures (^P^x,x ∈ E) are only determined modulo an m-polar set. Thus this last statement holds ^P^x-a.s. for x ∈ E\N where N ∈ E is m-polar for both X and ^X. We should emphasize, that X is the object of interest; ^X is a convenient construct to help us analyze X.

The Revuz measure ν^m_ℓ of ℓ with respect to m is proportional to ε_b, the unit mass at b; that is ν^m_ℓ = c(m)ε_b, where 0 < c(m) < ∞ . The constant c(m) willappear in various formulas below. Of course ε_b is a smooth measure. Let ^ℓ be the dual PCAF of ^X with Revuz measure c(m)ε_b. The λ-potential function

(3.2) û^λ (x) := ^P^x ∫_∞ 0 e^{− λt} dℓ_t is only determined off an m-polar set, but since {b} is not even semipolar, the value û^λ (b) is uniquely determined. Moreover the dual of (2.2) holds:

(3.3) ^U^λ_ℓ f (x) = ^φ^λ (x) ·^U^λ_ℓ f (b) and ^u^λ = ^φ^λ ·^u^λ (b),

but requires a separate proof which is given in the Appendix as (A.9). From (A.2) we obtain the important relation

(3.4) u^λ (b) = ∫ E U^λ_ℓ 1(x) ε_b(dx) = ∫ E ^U^λ_ℓ 1(x) ε_b(dx) = û^λ (b).

Recall the “stic kiness” coefficien t γ from (2.8) and (2.9). Taking ν = m and μ = c(m)ε_b in (A.1) gives λmU^λ 1_b = λ(1,γ u^λ ) = c(m)γλ ^U^λ 1(b) → c(m)γ as λ → ∞ . But λmU^λ 1_b ↑ m({b}) as λ → ∞ and so (3.5) γ = m({b})/c(m). We come now to the main result of this section. Recall from (2.7) the Lévy exponent g(λ).

(3.6) Theorem. If f ∈ pE^∗ and λ > 0, then

(i) g(λ) = δ+ λ(^φ ,φ^λ )/c(m), and

(ii) U^λf (b) = (f, ^φ^λ )/c(m) g(λ) . Proof. It suffices to consider strictly positive f ∈ bE such that m(f ) < ∞ . Fix λ > 0 and β ∈]0,λ[. From the resolvent equation U^λf (b)+ (λ− β)U^β U^λf (b) = U^β f (b). Then (A.1) with ν = c(m)ε_b and μ = m (i.e., A_t = (t ∧ ζ)) implies that c(m)U^λf (b) + (λ − β) ·(U^λf,û^β ) = (f,û^β ). But from (3.3) and (3.4), û^β = û^β (b)^φ^β = u^β (b)^φ^β . Divide the previous equality by u^β (b) ∈]0,∞ [ and then let β ↓ 0. Since u^β (b) = g(β)^{− 1}, we deduce from (2.2) and (2.8) that (3.7) c(m)δ·U^λf (b) + λ(V^λ f, ^φ ) + λU^λf (b) ·(φ^λ , ^φ ) = (f, ^φ ). Because f > 0 we have (φ^λ , ^φ ) < ∞ , and then rearranging (3.7) we obtain U^λf (b)[c(m)δ+ λ(φ^λ , ^φ )] = (f, ^φ − λ^V^λ ^φ ). Using the moderate Markov property and the fact that {t ≤ ^R} ∈ ^F_{t−} one readily checks that ^φ − λ^V^λ ^φ = ^φ^λ , which shows that

(3.8) U^λf (b) = (f, ^φ^λ ) c(m)δ+ λ(φ^λ , ^φ ) in view of the last display. Finally, by (A.1) again, we see that c(m)U^λf (b) = (f,û^λ ) = û^λ (b)(f, ^φ^λ ) = u^λ (b)(f, ^φ^λ ). Thus (3.8) implies that g(λ) = u^λ (b)^{− 1} = δ+ λ(φ^λ , ^φ )/c(m). This proves both (i) and (ii). □

Taken together with its dual, (3.6)(ii) yields the following result.

(3.9) Prop osition. (φ^λ , ^φ ) = (φ, ^φ^λ ).

Proof. From (A.11), ^U^λf = ^V^λ f + ^φ^λ · ^U^λf (b) for λ > 0 and f ∈ pbE^∗. Now arguing as in the proof (3.6)(ii) we find that ^U^λf (b)[c(m)δ+ λ(^φ^λ ,φ )] = (f,φ^λ ) since û^β (b) = u^β (b) ↑ δ^{− 1} as β ↓ 0. But ^U^λf (b) = c(m)^{− 1}(f,u^λ ) = c(m)^{− 1}u^λ (b)(f,φ^λ ) and so g(λ) = u^λ (b)^{− 1} = δ+ λ(^φ^λ ,φ )/c(m). Combining this with (3.6)(i) we obtain (φ^λ , ^φ ) = (^φ^λ ,φ ). □

(3.10) Remark. Since (φ^λ , ^φ ) = c(m)u^λ (b)^{− 1} ^U^λ ^φ (b) and (^φ^λ ,φ ) = c(m)û^λ (b)^{− 1}U^λ φ (b) and u^λ (b) = û^λ (b), we see that (3.9) is equivalent to U^λ φ (b) = ^U^λ ^φ (b).

We are now going to develop a formula that relates δ to the energy functional L^b of the killed process X^b = (X,T_b). We refer the reader to [G90, §3] for general information about the energy functional. A σ-finite measure ξ is an X^b-excessive measure provided λξV^λ ≤ ξ on E_b = E\{b}, which is the state space of X^b, since P^x[R > 0] = 1 if x ≠ b. If ξ is an X^b-excessive measure and f an X^b-excessive function, then (3.11) L^b(ξ,f ) := sup{μ(f ) : μV ≤ ξ}. If ξ is purely excessive for X^b (that is ξQ_t (B) ↓ 0 as t → ∞ whenever B ∈ E and ξ(B) < ∞ ) then (3.6) of [G90]states that (3.12) L^b(ξ,f ) =↑ lim_{λ→∞} λ⟨ξ− λξV^λ ,f ⟩ Define ψ := 1 − φ = P^• [T_b = ∞ ]. Since Q_t ψ = P^• [T_b = ∞ ,t < R] ↑ ψ on E_b as t ↓ 0, the function ψ is X^b-excessive. (More precisely, the restriction of ψ to E_b is X^b-excessive; note that ψ(b) = 0.) Now ^Q_t ^φ = ^P^• [t < ^T_b < ∞ ] ≤ ^φ , and in particular ^Q_t ^φ → 0 as t → ∞ . Let m_0 := ^φ m | E_b . If f ∈ pE with

m(f ) < ∞ and f (b) = 0, then m_0Q_t (f ) = (^φ ,Q_t f ) = ( ^Q_t ^φ ,f ) ≤ m_0(f ) and m_0Q_t (f ) → 0 as t → ∞ . Therefore m_0 = ^φ m | E_b is a purely excessive measure

for X^b, and so from (3.12) (3.13) L^b(m_0,ψ) =↑ lim_{λ→∞} λ⟨m_0 − λm_0V^λ ,ψ⟩ =↑ lim_{λ→∞} λ(^φ − λ^V^λ ^φ ,ψ). The last equality is valid because ψ(b) = 0 and m_0− λm_0V^λ = (^φ − λ^V^λ ^φ )m as σ-finite measures on E_b. (In general, it is not the case that ⟨m_0− λm_0V^λ ,ψ⟩ = (^φ ,ψ) − λ(^V^λ ^φ ,ψ).) Since ^φ^λ = ^φ − λ^V^λ ^φ , it follows that (3.14) L^b(m_0,ψ) =↑ lim_{λ→∞} λ(^φ^λ ,ψ).

We are now prepared to state the promised result relating δ and L^b. Recall from (2.20) that δ = P^∗[T_b = ∞ ]. (3.15) Theorem.

(3.16) δ = c(m)^{− 1}L^b(m_0,ψ) + lim_{λ→∞} g(λ)[1− λU^λ 1(b)] = c(m)^{− 1}L^b(m_0,ψ) + P^∗[ζ = 0].

Consequently,

(3.17) L^b(m_0,ψ) = c(m)P^∗[ζ > 0,T_b = ∞ ].

Proof. From (3.8) and (3.9)

(3.18) U^λ 1(b) =

(^φ^λ ,1) c(m)δ+ λ(^φ^λ ,φ ) = (^φ^λ ,1) c(m)δ− λ(^φ^λ ,ψ) + λ(^φ^λ ,1) . But λU^λ 1(b) ≤ 1and g(λ) = δ+λ(^φ^λ ,φ )/c(m) < ∞ which forces(^φ^λ ,1) < ∞ . Now (^φ^λ ,1) = û^λ (b)^{− 1}(û^λ ,1) = g(λ)c(m)U^λ 1(b). Substituting this into the last display we find (3.19) δ = λ(^φ^λ ,ψ)/c(m) + g(λ)[1− λU^λ 1(b)]. Letting λ → ∞ establishes the first equality in (3.16). To seethe second notice that on the event {ζ < ∞} , we have z = ζ(ω ) if and only if z = s + ζ(θ_s ω ) where s is the unique element of G(ω ) for which T_b(θ_s ω ) = ∞ , and so

1− λU^λ 1(b) = P^b[e^{− λζ} ] = P^b ∑ s∈ G e^{− λs} e^{− λζ ∘θs} 1_{{ Tb = ∞}} ∘θ_s = P^∗[e^{− λζ} ;T_b = ∞ ]·u^λ (b).

Therefore

(3.20) g(λ)[1− λU^λ 1(b)] = P^∗[e^{− λζ} ;T_b = ∞ ].

The right side of (3.20) decreases to P^∗[ζ = 0,T_b = ∞ ] = P^∗[ζ = 0] as λ → ∞ , and this gives the second equality in (3.16) □

(3.21) Remarks. (a) Theorem (3.15) tells us that L^b(m_0,ψ) ≤ c(m)δ < ∞ . Since λ^{− 1}g(λ) → γ < ∞ as λ → ∞ , a sufficien t condition that δ = L^b(m_0,ψ)/c(m) is that λ[1− λU^λ 1(b)] → 0 as λ → ∞ , and this condition is necessary if γ > 0. If γ = 0, then the condition limsup_{λ→∞} λ[1− λU^λ 1(b)] < ∞ suffices.

(b) The formula (2.20) identifies δ as the (local time) rate at which a final (infinite duration) excursion appears, thereby terminating the visiting set {t : X_t = b}. Formulas (3.16) and (3.17) indicate that P^∗[ζ = 0]≤ δ is the rate at which the process X is killed at b, while L^b(m_0,ψ)/c(m) is the rate of appearance of an excursion in which the process wanders away from b, never to return. See Remark (2.21)(a). In particular, δ = c(m)^{− 1}L^b(m_0,ψ) if and only if there is no killing at b.

It is easy to check that the measure ^φ m is excessive for X. Indeed, ^φ m is the balayage of m on the singleton {b}; see Proposition (A.3) and the discussion preceding it in the Appendix. Let m_b denote the restriction of m to E_b. Then

(3.22) V^λ_∗ = c(m)^{− 1} ^φ^λ m_b, λ ≥ 0,

by (2.16) and (3.6).

(3.23) Corollary. The entrance law (Q^∗_t )_{t> 0} is uniquely determined by the measure c(m)^{− 1}m_0.

Proof. Note that ^φ m_b = m_0 = ^φ m|_{E b} is a purely excessive measure for (Q_t ). See the discussion just before (3.13). Moreover m_0 = c(m)V_∗ = c(m) ∫_∞ 0 Q^∗_t dt. It is well-known that a purely excessive measure is the integral of a uniquely determined entrance law. See, e.g., [G90, (5.25)]. This establishes the corollary. □

(3.24) Remark. If ζ̂ = ∞ so that ^T_b = ^R, then c(m)^{− 1}m_0(= c(m)^{− 1} ^φ m_b) and the entrance law (Q^∗_t ) are uniquely determined by the killed process ^X^b.

We conclude this section with a brief discussion of the resolvent decomposition resulting from (2.2), (2.16), (3.8), and (3.9):

(3.25)

U^λf (x) = V^λ f (x) + φ^λ (x) (^φ^λ ,f ) c(m)δ+ λ(^φ^λ ,φ ) = V^λ f (x) + φ^λ (x) γf (b) + V^λ_∗ (f ) δ+ γλ + λV^λ_∗ (φ ) , x ∈ E, vis-à-vis the killed process X^b. Recalling that R (the lifetime of X^b) is equal to T_b ∧ ζ, we see that {T_b < ∞} = {R < ∞ ,X_R = b}. Therefore φ^λ = P^• [e^{− λR} ;X_R = b] and φ = P^• [X_R = b]. Because the entrance law (Q^∗_t )_{t> 0} is determined by c(m)^{− 1} ^φ m_b, so is its Laplace transform (V^λ_∗ )_{λ≥ 0}. Also, γ = lim_{λ→∞} g(λ)/λ = lim_{λ→∞} (φ^λ , ^φ )/c(m). Consequently, all quantities appearing on the right side of (3.25) (except δ) are determined by the stopped processes X_{t∧ R} and ^X_{t∧ R} . If both ζ and ^ζ are infinite (so that R = T_b and ^R = ^T_b), then the resolvent (U^λ ) is uniquely determined by the killed processes since (3.16) implies that δ = L^b(m_0,ψ)/c(m) in this case.

Finally, we relate the parameters of the decomposition (3.25) to the resolvent decomposition [R83, (7)], obtained there by purely analytic arguments.

We remark at the outset that there appears to be an unspoken assumption in [R83],which when expressed in our notation amounts to this: P^x[T_b > ζ] = 0 for all x ∈ E—in other words, the process X can be killed only when in state b. For example, implicit in formula (6) of [R83]is the identity ofP^• [e^{− λR} ]and P^• [e^{− λT b} ](our notation). This condition implies that P^x[ζ < ∞ ,T_b = ∞ ] = 0 for all x ∈ E, and in turn that

(3.26)

P^∗[0< ζ < ∞ ;T_b = ∞ ] = lim_{t↓0} P^∗[θ^{− 1}_t {ζ < ∞ ,T_b = ∞} ;t < ζ]

= lim_{t↓0} ∫ E_b P^x[ζ < ∞ ,T_b = ∞ ]Q^∗_t (dx) = 0.

Getting to the point, Rogers’ decomposition is

(3.27) U^λf (b) = γ_0f (b) + n_λ (f ) δ_0 + γ_0λ + λn_λ (1_{E b} ) ,

where γ_0 ≥ 0, δ_0 ≥ 0, and (n_λ )_{λ> 0} is the Laplace transform of an entrance law for (Q_t ). (We have written γ_0 and δ_0 for what Rogers calls γ and δ, so as to distinguish his coefficien ts from ours.) To streamline the discussion, we suppose for the remainder of the section that the local time ℓ has been normalized so that c(m) = 1. We start with the expression [R83, (9)] for the numerator on the right side of (3.27):

γ_0f (b) + n_λ (f ) = U^λf (b) · [ 1+ (λ − β)U^β φ^λ (b) ]

(here we use the assumption that φ^λ = P^• [e^{− λR} ]). Our computation relies on the following identity, in which D_t := t + T_b∘θ_t :

P^b [∫_∞ t e^{− λs} dℓ_s ] = P^b ∫_∞ D_t e^{− λs} dℓ_s = P^b [ e^{− λD t} ( ∫_∞ 0 e^{− λu} dℓ_u ) ∘θ_{D t} ]

= P^b[e^{− λD t} ]u^λ (b).

Using the above for the fourth equality below:

(λ − β)U^β φ^λ (b) = (λ − β)P^b ∫_∞ 0 e^{− βt} P^{X t} [e^{− λT b} ]dt = (λ − β)P^b ∫_∞ 0 e^{− βt} e^{− λT b ∘θt} dt = (λ − β) ∫_∞ 0 e^{− (β− λ)t} P^b[e^{− λ(t+ Tb ∘θt )}]dt = g(λ)(λ − β) ∫_∞ 0 e^{− (β− λ)t} P^b [∫_∞ t e^{− λs} dℓ_s ] dt = g(λ)P^b [∫_∞ 0 ( ∫_s 0 (λ − β)e^{− (β− λ)t} dt ) e^{− λs} dℓ_s ]

= g(λ)P^b [∫_∞ 0 (e^{− βt} − e^{− λt} ) dℓ_s ]

= g(λ) [ g(β)^{− 1} − g(λ)^{− 1} ] . It follows that (3.28) γ_0f (b) + n_λ (f ) = U^λf (b) · g(λ) g(β) . Using (3.28) to compare (3.27) with (3.25) we find that (3.29) γ_0 = g(β)^{− 1}γ and n_λ = g(β)^{− 1}V^λ_∗ . To compute δ_0 we recall the definition δ_0 := 1− βU^β 1(b), where β > 0 is fixed (but arbitrary). Therefore, by a computation appearing in the display above (3.20), (3.30) δ_0 = P^b[e^{− βζ}] = g(β)^{− 1}P^∗[ζ = 0], because of (3.26). This reconciles the discussion preceding (3.26) with the observation in Remark (3.21)(b) that P^∗[ζ = 0] is the rate of killing at b. 4. Excessive Measures fr om Excursions We continue in the setting of section 3. It follows from (3.22) and (3.5) that (4.1) ^φ m = c(m) [γε_b + V_∗].

The measure ^φ m is X-excessive (as noted in section 3, it is the balayage of m on the singleton {b}; as such the identity (4.1) has been noted already in [FM86, (6.10)].) According to [G79,Thm. 8.1],the excessive measure γε_b+ V_∗ is an invariant measure for (P_t ) if and only if δ = 0, at least under the side condition ζ = ∞ a.s. (The coefficien t δ is denoted by h(∞ ) in [G79].) We shall give a simpler proof of a sharper form of this assertion without assuming the finiteness of ζ. Our proof relies on the following lemma. Recall that L is the last exit time from the state b, and let ^L := sup{t ≥ 0 : ^X_t = b} denote the dual object.

(4.2) Lemma. The distribution of L under P^b is the same as the distribution of ^L under ^P^b.

Proof. As noted already in the proof of (2.22),

P^b[e^{− λL} ] = 1− λU^λ φ (b),

and by the same token ^P^b[e^{− λL} ] = 1− λ ^U^λ ^φ (b). But ^U^λ ^φ (b) = U^λ φ (b)—see the remark following the proof of (3.9)—and so P^b[e^{− λL} ] = ^P^b[e^{− λL} ] for all λ > 0. □

(4.3) Prop osition. The excessive measure ^φ m is invariant for (P_t ) if δ = 0, otherwise it is purely excessive.

Proof. Evidently ^φ m is invariant (resp. purely excessive) for (P_t ) if and only if ^P_t ^φ = ^φ , m-a.e. for all t > 0 (resp. lim_{s→∞} ^P_s ^φ = 0, m-a.e.). Define σ̂ :=↓ lim_{s→∞} ^P_s ^φ . Then σ̂ is invariant for ( ^P_t ). Since { ^T_b ∘ ^θ_t < ∞} = { ^L > t},σ̂ = lim_{s→∞} ^P^• [L > s] = ^P^• [L = ∞ ]. Now ^T_b < ∞ on { ^L = ∞} and so using the moderate Markov property at the ^X-predictable time ^T_b + ε (ε > 0), we have

σ̂ = ^P^• [L = ∞ ,T_b + ε < ∞ ] = ^P^• [σ̂(X_{Tb + ε}) : T_b < ∞ ].

Upon letting ε ↓ 0 we see as in the proof of (A.9) that σ̂ = ^P^b[L = ∞ ]^φ , m-a.e. But (4.2) tells us that ^P^b[L = ∞ ] = P^b[L = ∞ ], and (by the final assertion of (2.17)) P^b[L < ∞ ] is equal to 0 or 1 according as δ = 0 or δ > 0. Thus σ̂ = ^φ and hence ^φ m is (P_t ) invariant if and only if δ = 0, and ^σ = 0, m-a.e. if δ > 0. □

There is a classical construction, going back to T. Harris [H56] in the context of Markov chains, of an invariant measure as the mean occupation measure of an excursion. The same construction, in the context of right processes, has been discussed by Getoor [G79, §8] (who credits the result to M. Silverstein). The idea is simple: notice that the right side of (4.1) depends on the excessive measure m only through the constant c(m). So let us forget about m and use the right side of (4.1) to define a measure on (E,E):

(4.4) ξ := γε_b + V_∗,

where (ℓ, P^∗) is an exit system for the excursions from b, as described in section 2. In fact this measure is a special instance of a general construction found in [FG88, §5], which is concerned with inverting the map m → ν^m_A from excessive measure m to Revuz measure ν^m_A of a general PCAF A of X. The following result summarizes things in our situation.

(4.5) Theorem. Let the measure ξ be defined as in (4.4). Then (i) ξP_t ≤ ξ for all t > 0; (ii) ξ is σ-finite on {φ > 0}; (iii) ξ is X-excessive if and only V_∗ is σ-finite on E_b.

Let us now suppose that ξ is σ-finite, hence X-excessive. Then by [FG88, (5.11)], the balayage of ξ on {b} is equal to ξ. In other words, (4.6) ^φ_ξ ·ξ = ξ, where ^φ_ξ(x) := ^P^x_ξ[T_b < ∞ ], and ^P^x_ξ is the law of the moderate Markov dual process (started at x) when the duality measure is taken to be ξ. Thus, ^φ_ξ = 1, ξ-a.e. Moreover, ξ is a (P_t )-invariant measure if and only if δ = 0.

5. Examples

In this section we present several simple examples illustrating some of the results of Sections 3 and 4. To simplify things we normalize the local time ℓ so that c(m) = 1.

(5.1) Example. Let B = (B_t ) be Brownian motion on R and define X_t = B_t + μt where μ > 0. Thus X = (X_t ) is Brownian motion with constant drift μ to the right. Then X and ^X_t = B_t − μt are in classical duality with respect to Lebesgue measure, m, on R. Let b = 0,T = T_0 and β = (μ^2 + 2λ)^{1/2}. Then one easily calculates that

φ^λ (x) = { e^{− (μ+ β)x}, x > 0, e^{− (μ− β)x}, x ≤ 0, and φ (x) = { e^{− 2μx} , x > 0, 1, x ≤ 0. The dual object ^φ^λ is obtained by replacing μ by − μ when λ > 0, and ^φ (x) = { 1, x > 0, e^{2μx} , x ≤ 0. Thus one finds

(5.2) (^φ^λ ,φ ) = 2 μ + β = (φ^λ , ^φ ). Moreover (^φ^λ ,ψ) = (^φ^λ ,1 − φ ) = μ/λ. Consequently from (3.6), (3.14), and (3.21), L^0(m_0,ψ) = μ > 0 and

(5.3) g(λ) = μ + 2λ μ + (μ^2 + 2λ)^{1/2} . This reduces to g(λ) = √ 2λ when μ = 0, the familiar exponent for the inverse local time for Brownian motion. The entrance law (Q^∗_t ) is also easily found. Since the Laplace transform of Q^∗_t (f ) is (^φ^λ ,1_{E 0} f ) by (3.22), inverting the Laplace transform one finds that Q^∗_t (dx) = q(t, x)dx, where (5.4) q(t, x) = |x| √ 2πt^3 e^{μx} e^{− μ 2 t/2}e^{− x2 /2t} . Again this reduces to a well-known entrance law for Brownian motion when μ = 0. (5.5) Example. In the resolvent decomposition

(5.6) U^λf (b) = γf (b) + V^λ_∗ (f ) δ+ γλ + λV^λ_∗ (φ ) , the ingredients φ = P^• [T_b < ∞ ] = P^• [X_R = b] and V^λ_∗ = ∫_∞ 0 e^{− λt} Q^∗_t dt are determined by the stopped process (X_{t∧ R} )_{t≥ 0} and the entrance law (Q^∗_t )_{t> 0}. In this example and the next we examine the extent to which γ and δ are free parameters.

Fix γ̃ ≥ 0 and define a PCAF of X by the formula

(5.7) A_t = (t ∧ ζ) + (γ̃ − γ)ℓ_t , t ≥ 0.

That A_t is increasing follows from (2.9): If 0 ≤ s ≤ t,

(5.8) A_t − A_s ≥ ∫_t s 1_b(X_s ) ds + (γ̃ − γ)(ℓ_t − ℓ_s ) = γ̃(ℓ_t − ℓ_s ).

Let us now use A to time change X. Thus define (5.9) ρ(t) := inf{s > 0 : A_s > t}, t ≥ 0, and (5.10) X̃_t := X_{ρ(t)}, t ≥ 0.

It is standard that X̃ is a right Markov process. The PCAF A is strictly increasing if γ̃ > 0, and even if γ̃ = 0 provided b is not a holding point. In either of these cases the point b is regular for X̃, with local time at b given naturally by

(5.11) ℓ̃_t := ℓ_{ρ(t)}.

Observe that

(5.12) ∫_t 0 1_b(X̃_s ) ds = ∫_{ρ(t)} 0 1_b(X_u ) dA_u = γ̃ℓ̃_t .

Since the time change has no effect on X during excursions from b, it is not surprising (and not difficult to verify) that the resolvent of X̃ is given by

(5.13) Ũ^λf (x) = V^λ f (x) + φ^λ (x) γ̃f (b) + V^λ_∗ (f ) δ+ γ̃λ + λV^λ_∗ (φ ) In short, by making a suitable time change one can alter the “stic kiness” parameter γ to be any non-negative real γ̃ (with the proviso that γ̃ > 0 if b is a holding point), while leaving everything else unchanged. (5.14) Example. We now consider alteration of the parameter δ in (5.6). To this end we employ the resurrection procedure discussed in [Me75]. Run the process X until it dies. If ζ = L, then restart the process in state b at that time and continue until the next death, if any. At the second death resurrect the process again, but only if ζ^{(2)} = L^{(2)} (where ζ^{(2)} denote the additional lifetime due to the first resurrection and L^{(2)} has the analogous meaning). Continue in this way forever, or until there occurs an excursion that dies away from b. Let us use X to denote the process so constructed; this is an instance of a general construction appearing in [Me75, §1], our “noyau de renaissance” being the kernel N(ω ,dx) = 1_{{ ζ= L}}(ω )ε_b(dx). We evidently have (employing the obvious notation)

(5.15) P_t f (x) = P_t f (x) + ∫ ]0,t] P^x[ζ ∈ ds;ζ = L]P_{t− s} f (b), and so (by (2.19))

(5.16) U^λf (x) = U^λf (x) +

P^∗[ζ = 0] g(λ) U^λf (b). Therefore (5.17) U^λf (x) = V^λ f (x) + φ^λ (x) U^λf (b), where

(5.18)

U^λf (b) = U^λf (b)/[1− P^∗[ζ = 0]g(λ)^{− 1}] = γf (b) + V^λ_∗ (f ) g(λ) · g(λ) g(λ) − P^∗[ζ = 0] = γf (b) + V^λ_∗ (f ) δ_{min} + γλ + λV^λ_∗ (φ ) , and (5.19) δ_{min} := δ− P^∗[ζ = 0]= P^∗[ζ > 0,T_b = ∞ ] = L^b(m_0,ψ), in view of (3.16). In short, suppression of all killing at b replaces δ by δ_{min} .

We now show that any other δ̃ ≥ δ_{min} is possible in (5.6). To save on ink we suppose that the resurrection procedure of the preceding paragraph has been performed and that we are starting with a process satisfying δ = δ_{min} . (In general, the discussion that follows must be applied to X.) Suppose that δ̃ > δ_{min} . Define k := δ̃ − δ_{min} . Let us compute the resolvent (call it (U^λ_{(k)})) ofthe subprocessX^{(k)} = (X,e^{− kℓ}) corresponding to the multiplicative functional e^{− kℓt} . Using the fact that ℓ is constant on the excursion intervals from b, we have

(5.20)

P^b ∫_∞ 0 e^{− λt} e^{− kℓt} f (X_t ) dt = f (b)P^b ∫_∞ 0 e^{− λt} e^{− kℓt} γ dℓ_t + P^b ∑ s∈ G e^{− λs} e^{− kℓs} ( ∫_R 0 e^{− λt} f (X_t ) dt ) ∘θ_s = [ γf (b) + V^λ_∗ (f ) ] ·P^b ∫_∞ 0 e^{− λt} e^{− kℓt} dℓ_t .

But

(5.21)

P^b ∫_∞ 0 e^{− λt} e^{− kℓt} dℓ_t = P^b ∫_∞ 0 e^{− λτ (u)}e^{− ku} du = ∫_∞ 0 e^{− ku− g(λ)u} du = [k + g(λ)]^{− 1}, and (5.22) k + g(λ) = k + δ_{min} + γλ + λV^λ_∗ (φ ) = δ̃+ γλ + λV^λ_∗ (φ ).

Therefore

(5.23) U^λ_{(k)}f (b) = γf (b) + V^λ_∗ (f ) δ̃+ γλ + λVλ_∗ (φ ). In summary, the parameter δ is free subject only to the constraint that it be at least δ_{min} given in (5.19). As we noted just above (3.26), Rogers [R83] assumes that P^• [T_b > ζ] = 0; in view of (3.26) this means that in his context,

(5.24) δ_{min} = P^∗[ζ > 0,T_b = ∞ ] = P^∗[ζ = T_b = ∞ ],

which is consistent with the discussion at the end of section 3.

Appendix

In this appendix we shall prove the facts about the moderate Markov leftcontinuous dual process ^X of our Borel right process that, to the best of our knowledge, are not readily available in the literature. Since this appendix is intended for those interested in Borel right processes we shall not repeat the basic definition of how ^X is represented in terms of the stationary process Y and the Kuznetsov measure Q_m associated with X and m. A good summary of the relevant facts is contained in Section 2 of [G99]. However we should emphasize one point. The probabilities ^P^x are only uniquely determined off an m-polar set – actually off an m-exceptional set, see [FG03, (5.14)]. Therefore functions involving the dual measures ^P^x are only determined modulo mpolars. This causes no difficulties when such functions are integrated with respect to a measure that doesn’t charge m-polars. We shall not mention this explicitly in what follows, but it should be kept in mind when reading formulas involving the dual process.

We remind the reader of the “one hat” convention discussed below (3.1).

Let μ be a smooth measure as in Section 3 of [FG96] and κ = κ_μ be the associated diffuse optional copredictable homogeneous random measure (HRM) of Y. Let A and ^A be the corresponding positive continuous additive functionals of X and ^X respectively. Then μ is the Revuz measure of both A and ^A. One may suppose that A_t = κ]0,t] if t < ζ and ^A_t = κ]− t, 0[ if t < ζ̂. Our first result extends (3.7) and (4.6) of [G99].

(A.1) Prop osition. Let μ and ν be smooth measures and let A, ^A and B, ^B correspond to μ and ν respectively. If f,g ∈ pE^∗ and λ ≥ 0, then ∫ E f ·U^λ_Ag dν = ∫ E g ·^U^λ_B f dμ where U^λ_Af = P^• ∫_∞ 0 e^{− λt} f (X_t ) dA_t and ^U^λ_B f = ^U^λ_{^B} f = ^P^• ∫_∞ 0 e^{− λt} f (X_t ) dB_t Proof. This result when one of the measures, say ν, is absolutely continuous with respect to m is contained in [G99, (4.6)] or, more generally, in [FG03, (5.12)]. In this case it takes the form (f,U^λ_Ag) = ∫ E g ·^U^λf dμ, and dually (f, ^U^λ_Ag) = ∫ g ·U^λf dμ. It suffices to consider λ > 0 and f,g ∈ bpE^∗; also, by replacing μ and ν by gμ and f ν we can reduce to the case f = 1 = g. Our task then is to show that ν(U^λ_A1) = μ(^U^λ_B 1). Now β ^U^{β+ λ} ^U^λ_B 1 ↑ ^U^λ_B 1 as β → ∞ since ^U^λ_B 1 is λ-coexcessive. Therefore using the special case discussed above,

μ(^U^λ_B 1) = lim_{β→∞} βμ ( ^U^{β+ λ} ^U^λ_B 1 )

= lim_{β→∞} β ( ^U^λ_B 1,U^{β+ λ}_A 1 ) = lim_{β→∞} βν(U^λ U^{β+ λ}_A 1).

A simple calculation shows that βU^λ U^{β+ λ}_A 1 ≤ U^λ_A1, and so μ(^U^λ_B 1) ≤ ν(U^λ_A1). A similar argument gives ν(U^λ_A1) ≤ μ(^U^λ_B 1), and this establishes (A.1). □

Taking μ = ν in (A.1) we have (A.2) ∫ E f ·U^λ_A g dμ = ∫ E g ·^U^λ_Af dμ, f,g ∈ pE^∗. The following fact is needed in section 3 only for T_b, but is valid much more generally. Recall from [G90,§4]that the balayage R_{{ b}}m ofthe excessive measure m on the singleton {b} is defined via the energy functionals L^λ , λ > 0, of X as R_{{ b}}m(f ) :=↑ lim_{λ↓0} L^λ (m, P^λ_{{ b}}U^λf ), f ∈ pE, where P^λ_{{ b}}u := P^• [e^{− λT b} u(X_{Tb} )] = φ^λ ·u(b). The measure R_{{ b}}m is excessive and is dominated by m.

(A.3) Prop osition. R_{{ b}}m = ^φ m, where ^φ = P^• [T_b < ∞ ].

Proof. By [G90, (7.9)],

R_{{ b}}m(f ) = Q_m [f (Y_0);τ_b < 0],

where τ_b := inf{t : Y_t = b}. But on {α < 0 < β} we have {τ_b < 0} = θ̌^{− 1}_0 { ^T_b < ∞} , so

Q_m [f (Y_0);τ_b < 0]= Q_m [ f (Y_0)^P^{Y0} [T_b < ∞ ] ] = Q_m [f (Y_0)^φ (Y_0)] = m(f ^φ ). □ (A.4) Prop osition. If b is regular for X, then ^P^b[T_b = 0]= 1.

Proof. Let ℓ be the local time at band κ the corresponding HRM normalized so that the Revuz measure ofℓ, or equivalently, ofκ, is ε_b. Now κ is copredictable and κ doesn’t charge α. If h : R → ]0,∞ [ with ∫ R h(t)dt = 1, then

Q_m ∫ R h(t)1_{{ T̂b ∘θ̌t =0 }}κ(dt) = Q_m ∫ R h(t)^P^{Y(t)}[T_b = 0]κ(dt)

= ^P^b[T_b = 0]ε_b(1) = ^P^b[T_b = 0],

where the second equality comesfrom [G90,(8.21)]and the fact that the HRM κ is carried by {t : Y_t = b}, Q_m -a.e. On the other hand if Z = {t : Y_t = b}^− where the “^− ” denotes closure, Z ∩ {t : ^T_b∘θ̌_t > 0} = Z ∩ {t : ∃ε > 0,]t − ε,t[∩ Z = ϕ}. Hence a t ∈ Z ∩ {t : ^T_b∘θ̌_t > 0} is the right endpoint of a maximal open interval in R\Z. But there are at most a countable number of such intervals and since κ is diffuse

Q_m ∫ R h(t)1_{{ T̂b ∘θ̌t =0 }}κ(dt) = ε_b(1) = 1.

Consequently ^P^b[T_b = 0]= 1. □

(A.5) Remark. In general Blumenthal’s zero-one law does not hold for ^X. Hence ^P^b[T_b = 0] = 1 is not equivalent to ^P^b[T_b = 0] > 0. Since {b} is not m-semipolar, ^P^b is uniquely determined.

The next result complements (A.4).

(A.6) Prop osition. If b is regular, then ^P^• [^T_b = 0] = 0 on E_b\S where S is m-semipolar. Recall that E_b = E\{b}. Proof. Let Γ = {x : d(x,b) > ε}, where d is a metric compatible with the topology of E and ε > 0. Let g > 0 with m(g) < ∞ . Set f = g1_Γ so that f > 0 on Γ and m(f ) < ∞ . Let μ be a finite measure not charging m-semipolar sets. Then a fundamental theorem of the first-named author states that there exists a diffuse optional copredictable HRM, κ, whose Revuz measure is μ. A proof may be fashioned from section 5, especially (5.22), of [Fi87]. Seealso (3.10) and (3.11) of [FG03]in this connection. As in the proof of (A.4),

Q_m ∫ R h(t)^P^{Y(t)}[T_b = 0]f (Y_t ) κ(dt) = Q_m ∫ R h(t)1_{{ T̂b ∘θ̌t =0 }}f (Y_t ) κ(dt). If ^T_b ∘ θ̌_t = 0 and f (Y_t ) > 0, then d(Y_t ,b) ≥ ε and for every η > 0,]t − η,t[∩ Z ≠ ∅ . Consequently t is a discontinuity point of s → Y_s . But Y is right continuous and E is a Lusin space and so Y has at most a countable number of discontinuities. Thus, since κ is diffuse, the above integrals vanish. Moreover ∫ R ^P x[T_b = 0]f (x)μ(dx) is precisely the first integral in the above display; see [G90,8.21)]. Since μ is an arbitrary finite measure not charging m-semipolars, it follows from a theorem of Dellacherie [D88, p. 70] that {x ∈ Γ : ^P^x[T_b = 0]> 0} is m-semipolar. Letting ε ↓ 0 through a sequence completes the proof of (A.6). □

(A.7) Prop osition. Fix B ∈ E and define, for λ ≥ 0 and f ∈ pE^∗,

V^λ f = P^• ∫_{TB} 0 e^{− λt} f (X_t )dt and ^V^λ f = ^P^• ∫_{TB} 0 e^{− λt} f (X_t )dt. Then (f,V^λ g) = (^V^λ f,g). Proof. It suffices to suppose f and g bounded. Then

P^m [f (X_0)g(X_t );T_B < t] = P^m [f (X_0)g(X_t );X_s ∈ B for some s ∈]0,t[] = Q_m [f (Y_0)g(Y_t );Y_s ∈ B for some s ∈]0,t[] = Q_m [f (Y_{− t} )g(Y_0);Y_s ∈ B for some s ∈]− t, 0[] = ^P^m [g( ^X_0)f ( ^X_t ); ^T_B < t].

Multiply by e^{− λt} and integrate over [0,∞ [ to obtain ∫ E m(dx)f (x)P^x ∫_∞ T_B e^{− λt} g(X_t )dt = ∫ E m(dx)g(x)^P^x ∫_∞ T_B e^{− λt} f (X_t )dt.

Now U^λf = V^λ f + P^• ∫_∞ T_B e − λt f (X t )dt with a similar formula for ^U^λf and since (f,U^λ g) = (^U^λf,g) we obtain (f,V^λ g) = (^V^λ f,g). □

(A.8) Remark. Of course U^λf = V^λ f + P^λ_B U^λf since X has the strong Markov property. However since ^T_B need not be predictable for ^X, it does not follow that ^P^• ∫_∞ T_B e − λt f (X t )dt = ^P^λ_B ^U^λf off an m-polar set.

We next prove (3.3).

(A.9) Prop osition. Using the notation of (3.3), ^U^λ_ℓ f = ^φ^λ ^U^λ_ℓ f (b) if (i) λ ≥ 0 and f ∈ pE^∗ or (ii) λ > 0 and f ∈ bpE.

Proof. It suffices to prove this for λ > 0 and f ∈ bpE^∗. Now dℓ̂_t is carried by {t : ^X_t = b}, so ^U^λ_ℓ f = ^P^• ∫_∞ T_b e^{− λt} f (X_t )dℓ_t = lim_{ε↓0} ^P^• ∫ T_b + ε e^{− λt} f (X_t )dℓ_t . But for ε > 0, ^T_b + ε is predictable for ^X and so by the moderate Markov property, ^P^• ∫ T_b + ε e − λt f (X t )dℓ_t = ^P^• [e^{− λ(Tb + ε)} ^U^λ_ℓ f (X_{Tb + ε})]. Since ^U^λ_ℓ f is λ-coexcessive (i.e. λ-excessive for ^X), t → ^U^λ_ℓ f ( ^X_t ) has right limits on [0,∞ [ and left limits on ]0,∞ [. See Lemma 2 in [CG79] and also the paragraph above (2.6) in [G99]. There exists a sequence (t_n ) depending on ^ω decreasing to ^T_b with ^X(t_n ) = b for each n, a.s. on { ^T_b < ∞} . Consequently lim_{ε↓0} ^U^λ_ℓ f ( ^X_{T̂b + ε}) = ^U^λ_ℓ f (b) a.s. on { ^T_b < ∞} . In view of the above this establishes (A.9). □

(A.10) Remark. Of course, as explained near the beginning of this section, (A.9) is short for ^U^λ_ℓ f = ^φ^λ ^U^λ_ℓ f (b) off an m–polar set and ^U^λ_ℓ f (b) is uniquely determined.

A similar argument yields the following:

(A.11) Corollary. Let λ > 0 and f ∈ pbE. Then ^U^λf = ^V^λ f + ^U^λf (b)^φ^λ .

References

[B92] R.M. Blumen thal, Excursions of Markov processes, Birkh¨auser, Boston, 1992. [BG68] R.M. Blumen thal and R.K. Geto or, Markov Processes and Potential Theory, Academic Press, New York, 1968.

[CG79] K.L. Chung and J. Glover, Left continuous moderate Markov processes, Z. Wahrscheinlichkeitstheorie verw. Geb. 49 (1979), 237–248.

[D88] C. Dellacherie, Autour des ensembles semipolaires, Seminar on Stochastic Processes, 1987, Birkh¨auser, Boston, 1988, pp. 65–82.

[DM87] C. Dellacherie et P.-A. Meyer, Probabilités et Potentiel, Ch. XII–XVI , Hermann, Paris, 1987.

[DMM92] C. Dellacherie, B. Maisonneuv e, et P.-A. Meyer, Probabilités et Potentiel, Chap.

XVII–XXIV , Hermann, Paris, 1992. [Dy71] E.B. Dynkin, Wanderings of a Markov process, Theory Probab. Appl. 16 (1971), 401–428.

[FM86] P.J. Fitzsimmons and B. Maisonneuv e, Excessive measur es and Markov processes with random birth and death, Probab. Th. Rel. Fields 72 (1986), 319–336.

[Fi87] P.J. Fitzsimmons, Homogeneous random measur es and a weak order for excessive measur es of a Markov Process, Trans. Amer. Math. Sci. 303 (1987), 431–478.

[FG88] P.J. Fitzsimmons and R.K. Geto or, Revuz measur es and time changes , Math. Z.

199 (1988), 233–256. [FG96] P.J. Fitzsimmons and R.K. Geto or, Smooth measur es and continuous additive functionals of right Markov processes, Itô’s Stochastic Calculus and Probabilit y Theory, Springer, Tokyo, 1996, pp. 31–49.

[FG03] P.J. Fitzsimmons and R.K. Geto or, Homogeneous random measur es and strongly supermedian kernels of a Markov process, Electronic Journal of Probabilit y 8 (2003), #10, 54 pages.

[FT04] M. Fukushima and H. Tanaka, Poisson point processes attache d to symmetric diffusions , Ann. Inst. H. Poincaré Probab. Statist. 41 (2005), 419–459.

[G79] R.K. Geto or, Excursions of a Markov process, Ann. Probab. 7 (1979), 244–266. [G90] R.K. Geto or, Excessive Measur es, Birkh¨auser, Boston, 1990. [G99] R.K. Geto or, Measur e perturb ations of Markovian semigroups, Potential Analysis 11 (1999), 101–133.

[GS73] R.K. Geto or and M.J. Sharp e, Last exit times and additive functionals , Ann.

Probab. 1 (1973), 550–569. [GS84] R.K. Geto or and M.J. Sharp e, Natur ality, standar dness, and weak duality for Markov processes, Z. Wahrsch. Verw. Gebiete 67 (1984), 1–62.

[H56] T.E. Harris, The existenc e of stationary measur es for certain Markov processes, Pro ceedings of the Third Berkeley Symp osium on Mathematical Statistics and Probabilit y, 1954–1955, vol. II, Berkeley, 1956, pp. 113–124.

[I71] K. Itô, Poisson point processes attache d to Markov processes, Pro c. Sixth Berkeley Symp. Math. Stat. Prob., vol. 3, 1971, pp. 225–239.

[Ma75] B. Maisonneuv e, Exit Systems , Ann. Probab. 3 (1975), 399–411. [Ma93] B. Maisonneuv e, Processus de Markov: naissanc e, retournement, régénération , Springer Lecture Notes in Math., vol. 1541, 1993, pp. 263–292.

[Me75] P.-A. Meyer, Renaissanc e, recollements, mélanges, ralentissement de processus de Markov, Ann. Inst. Fourier (Grenoble) 25 (1975), 465–497.

[RY91] D. Revuz and M. Yor, Continuous Martingales and Brownian Motion , Springer Verlag, Berlin, 1991.

[R83] L.C.G. Rogers, Itô excursion theory via resolvents , Z. Wahrscheinlichkeitstheorie verw. Geb. 63 (1983), 237–255.

[R84] L.C.G. Rogers, Addendum to “It^o excursion theory via resolvents” , Z. Wahrscheinlichkeitstheorie verw. Geb. 67 (1984), 473–476.

[R89] L.C.G. Rogers, A guided tour through excursions , Bull. London Math. Soc. 21 (1989), 305–341.

[RW87] L.C.G. Rogers and D. Williams, Diffusions, Markov Processes and Martingales , Vol. 2, Itô Calculus, John Wiley & Sons, New York, 1987.

[Sh88] M.J. Sharp e, Gener al Theory of Markov Processes, Academic Press, San Diego, 1988.

[Si80] M.L. Silverstein, Classific ation of coharmonic and coinvariant functions for a Lévy process, Ann. Probab. 8 (1980), 539–575.