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ABSTRACT

The Lévy system for a Markov process X provides a convenient description of the
distribution of the totally inaccessible jumps of the process. We examine the effect of time
change (by the inverse of a not necessarily strictly increasing CAF A) on the Lévy system,
in a general context. Our basic hypothesis (beyond the “right” Markov property) is that
the “irregular” exits from the fine support of A occur at totally inaccessible times. This
condition permits the construction of a predictable exit system (a la Maisonneuve), the
key tool for our time change theorem.

The second part of the paper is devoted to some implications of the preceding in a
(weak, moderate Markov) duality setting. Fixing an excessive measure m (to serve as
duality measure) we obtain formulas relating the “killing” and “jump” measures for the
time-changed process to the analogous objects for the original process. These formulas
extend, to a very general context, recent work of Chen, Fukushima, and Ying. The key to
our development is the Kuznetsov process associated with X and m, and the associated
moderate Markov dual process X. Using X and some excursion theory, we exhibit a
general method for construction excessive measures for X from excessive measures for the

time-changed process.
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1. Introduction.

Let X = (X;,P*) be a right Markov process with state space E. The Lévy system
of X describes the intensity with which X makes totally inaccessible jumps of specified

types. It consists of a continuous additive functional H and a kernel N on (E, £) such that
t

(1.1) £ Z@ LX) —/ N(X,, ®)dH,
0

is a P*-martingale for each = € F, provided P* f(f N(Xs,|®])dHs < oo for each t > 0.
In (1.1), X7_ is the left limit of X at time s > 0 taken in a suitable Ray topology on
E, ®isa product measurable function on F x E with ®(z,z) = 0 for all x € E, and
= [, N(z,dy)®(z,y). Intuitively, the rate at which jumps from z € E to A € £
occur, relatwe to the clock H, is N(z,A). The notion of Lévy system, which is a far-
reaching generalization of the Ito-Lévy description of the jumps of a Lévy process, is due
to S. Watanabe [W64]. He constructed Lévy systems for Hunt processes satisfying Meyer’s
hypothesis (L) (= the existence of a reference measure). Lévy systems for general right
(and Ray) processes, without (L), were constructed by Benveniste and Jacod in [BJ73].
Suppose that in addition to the right process X we have a CAF A with right continuous
inverse 7. Let F' denote the fine support of A; thus A increases when (and only when) X is
in F'. It is well known that the time-changed process X’t = Xr@), t 2 0, is a right process
with state space F. Our goal in this paper is to express the Lévy system (N , H ) of X in
terms of (N, H) and the (predictable) exit system (P,,,C); the latter describes the ways
in which X exits the fine support F'. The need for this second ingredient stems from the
fact that A need not be strictly increasing—some of the totally inaccessible jumps of X
correspond to totally inaccessible jumps of X, while others are generated by the excursions
of X from F. The first work in this direction of which we are aware is that of H. Gzyl
[Gz77]. The recent work of Chen, Fukushima, and Ying [CFY06a, CFY06b| has been
the direct inspiration for the present study. The effect of time change on symmetric Markov
processes is considered in [CFY06a] (see also [LJ77] for the case of “nearly symmetric”
Hunt processes, and [FHYO04] for symmetric diffusions). The same issues are examined
in [CFYO06b] for a standard process in weak duality with a second standard process,
under the condition that semipolar sets are m-polar (m being the duality measure). In
trying to understand [CFY06b], we came to realize that neither duality nor a restriction
on semipolar sets was crucial for the discussion. Rather, the key seemed to be that the
“irregular” exits of X from F' occur at totally inaccessible times, and we have taken this

simple probabilistic hypothesis to be the basis for our study.
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In section 2 we describe the hypotheses that will be in force throughout the paper,
and we recall the basic facts about exit systems and Lévy systems. In section 3, following
Maisonneuve [Ma75], we define the concept of predictable exit system and, in Theorem
(3.12), provide several conditions equivalent to the existence of a predictable exit system.
In a short section 4 we recall the definition of the time-changed process X induced by a
continuous additive functional A of the basic process X. Section 5 contains one of the
main results of the paper. Namely, the Lévy system of X is expressed in terms of the
Lévy system of X and the predictable exit system describing the excursions of X away
from the fine support F' of A; see Theorem (5.10). In section 6 we assume the existence
of an excessive measure m, and recall several constructs depending on m: In particular,
the Kuznetsov measure Q,, and associated processes Y and Y*. We introduce the “jump
measure” J and the “killing measure” K associated with X and m, and we express them
in terms of the Lévy system of X. Following [CFYO06b] we then define the Feller measure
A and the supplementary Feller measure § associated with excursions from F'. Formulas
(6.25) and (6.26) relate A and § explicitly to the predictable exit system. The main result
of this section, Theorem (6.31), gives formulas for the jump measure J and the killing
measure K of X in terms of J , IC, A, and 6. Section 7 introduces the left-continuous
moderate markov process X in weak duality with X relative to m. Using this duality we
extend some of the results about excursions from a regular point presented in [FGO06] to
excursions from a finely perfect nearly Borel set F' for which a predictable exit system
exists.

We close this introduction with a few words on notation. If (F,F,u) is a measure
space, then bF (resp. pF) denotes the class of bounded real-valued (resp. [0, oc]-valued)
F-measurable functions on F. For f € pF we may use u(f) or (u, f) to denote the
integral [, f dy; similarly, if D € F then u(f; D) denotes [, f du. On the other hand fpu
denotes the measure f(x)u(dxr) and pu|p the restriction of p to D. We write F* for the
universal completion of F; that is 7* = N, F", where F" is the v-completion of F and the
intersection runs over all finite measures on (F,F). If (E,£) is a second measurable space
and K = K(x,dy) is a kernel from (F, F) to (E,€) (i.e., F' > x — K(z, A) is F-measurable
for each A € £ and K(z,-) is a measure on (E,£) for each x € F'), then we write K for
the measure A — [, pu(dz)K(x,A) and K f for the function x — [, K(z,dy)f(y). We
shall use B to denote the Borel subsets of the real line R. If T is a stopping time, then
[T] denotes the graph {(w,t) € Q x [0,00[:t =T (w)}.

2. Preliminaries.

Throughout the paper X = (Q, F, Fy, 0;, X¢, P*) will denote the canonical realization
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of a Borel right Markov process with state space (E, £). We shall use the standard notation
for Markov processes as found, for example, in [BG68], [G90], [DM87]| and [Sh88|. In
short, X is a strong Markov process with right continuous sample paths, the state space
E (with Borel o-field &) is homeomorphic to a Borel subset of a compact metric space,
and the transition semigroup (P;);>o of X preserves the class b€ of bounded £-measurable
functions. It follows that the resolvent operators U? := fooo e 9P, dt, ¢ > 0, also preserve
Borel measurability. We shall write U for U°. We allow the transition semigroup (P;) to
be subMarkovian: P;1(z) < 1 for all x € E and all ¢t > 0. To allow for the possibility
Pi1g(x) < 1, an absorbing cemetery state A is adjoined to E as an isolated point, and the
process is sent to A at its lifetime (. Thus X takes values in Ea := E'U {A} (endowed
with the o-field Ea := £V {A}; until section 6, the cemetery state will play no special role.

We write £€ for the o-algebra on E generated by the 1-excessive functions. Because the
semigroup (FP;) is Borel, all 1-excessive functions are nearly Borel measurable; consequently,
£¢ is contained in the g-algebra of nearly Borel sets.

One of our concerns will be the excursions induced by a CAF A; to this end we recall
Maisonneuve’s notion of optional exit system. The related notion of predictable exit system
will be discussed in section 3. It is known that the stopping time 7(0) = inf{t : A; > 0} is
equal a.s. to the hitting time T := inf{t > 0: X; € F'} of the fine support F of A, defined
by

(2.1) Fi={zeE:P"[r(0)=0] =1}.

The set F' is £°-measurable and finely perfect in the sense that F' = F", where F" := {z €
E : P*[Tr = 0] = 1} denotes the set of points regular for F. Consequently, the optional
set {X € F} := {(w,t) : X¢(w) € F} has w-sections that are right closed and without
isolated points, almost surely. Let M be the (optional) subset of © x [0, co[ with w-section
M (w) equal to the closure in [0, 00| of the visiting set {t > 0 : X;(w) € F'}, for each
w € Q. The complement of M (w) comprises a countable union of disjoint open intervals.
We write G(w) for the collection of strictly positive left endpoints of these “contiguous
intervals”. The associated random set G is progressively measurable, but not in general

optional. More precisely, the “regular” part of GG, given by
(2.2) G":={(w,s) e G: X,(w) € F},
has evanescent intersection with the graph of any stopping time, while the “irregular” part

(2.3) G i={(w,s) € G: X,(w) & F}
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is a countable union of graphs of stopping times.
According to Maisonneuve [Ma75] there is an optional exit system consisting of an
AF B with bounded 1-potential, and a kernel P, from (Ea,£X) to (2, F*) such that

(2.4) P*Y " Z, %00, =P" / Z,P;:[®] dB,,
seqG 0
for all optional Z > 0, ® € pF™*, and x € Ex. (Pcﬁ, is the point mass at the dead path [A].)

We can (and do) take the continuous part B¢ of B to be the dual predictable projection
of the raw AF

b S [ exp(~Tp)] o0, + /0 17(X,) ds,

s<t,seG"
and the discontinuous part of B to be

(2.5) Bi:= Y PX[l—exp(-Tp)].

s<t,sc€G?

Notice that B¢ grows only when X is in F. In view of Motoo’s theorem [Sh88; (66.2)],
there exists ¢ € p£¢ such that

(2.6) /Ot 1F(Xs)ds:/0tz(xs)d35:/Otz(xs)st.

The second equality in (2.6) holds because we can (and do) take £+ PJ [1—e T7] =1 on
Ex and £ =0 on Ea \ F. Moreover,

P[] = 0

= v E F.
Pz[1 — e Tr|’ T € B\

This choice of of (P;,, B) having been made, we have

(2.7) Ublp, (z) = PPlexp(—=TF)],  Vz € Ea.

A second key ingredient in our development is the Lévy system describing the totally
inaccessible jumps of X. Recall that a stopping time T is totally inaccessible if P*[T =
S] = 0 for all x and all predictable S. Let (X]_);>o denote the left limit process of X,

the limits being taken in some Ray-Knight compactification E of Ea; see [Sh88; §17-18].
The set

(2.8) J :={(w,t) : X|_ (w) € Ba, X;_ (w) # Xt(w)}
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is the union U,, [ T, || of a sequence of totally inaccessible stopping times. Indeed, a stopping
time T is totally inaccessible if and only if [T'] C J up to evanescence. Also, if we write
X for the left limit of X at time ¢ > 0 (in the original topology of E') whenever it exists,
then

(2.9) JC{(w,8): Xo_(w) = XI_(w)}

up to evanescence; see [Sh88; (46.3)]. The Lévy system consists of a kernel Na from (E, E)
to (Ea, Ea) such that Na(z,{z}) =0 for all x € E, and a CAF H, such that

(2.10) Py ZU(X,_, X,) / / X,,y) Na(X,, dy) dH,,
Ea

seJ

for all predictable Z > 0, ¥ € p(€ ® Ea), and x € Ea. We will often write Na (z, ¥) for
fEA U(zx,y) Na(z,dy); with this notation the right side of (2.10) collapses to
| fooo Zs Na(Xs,¥)dH;. Because X cannot jump out of A, we can (and do) assume
that H, = H. for all ¢ > (. Because H is a (finite) CAF, there is a strictly positive func-
tion g € £¢ such that sup, P* fooo e tg(X;) dH; < oo. Therefore, at the cost of replacing
H; by fo s)dH, and Na(x,y) by g(z)"*Na(z,dy), we can arrange for H to have a
bounded 1—p0tent1al.

3. Predictable Exit System.

We now introduce a supplementary hypothesis under which the optional exit system
(P,,, B) can be replaced by a predictable exit system (P, C) more suited to the problem
of Lévy systems and time changes.

The set G, defined in (2.3), of irregular left endpoints of the intervals contiguous
to M can be expressed as the disjoint union U, [T}, ] of graphs of stopping times. The
situation we have in mind is when each of these stopping times is totally inaccessible. To

state the following characterization of the hypothesis to be employed, define
Dy :=inf{s>t: X, € F} =t + Tpob, t>0.

The process D is increasing and right continuous, and M \ G = {(w,t) : D¢(w) = t}.
(3.1) Lemma. The following conditions are equivalent:
(i) G* C J;
(ii) The dual predictable projection of the AF B? (defined in (2.5)) is continuous;
(iii) The 1-potential ¢y : x — P¥[exp(—TF)] is regular.
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(iv) The process t — Dy is quasi-left continuous.

Proof. (i)==(ii). Let B®P denote the dual predictable projection of B If T is a pre-
dictable time, then

P?[B%? — BP0 < T < oo] = P* / 1p77(s) dBEP
10,00]

:PQE/ 1p7r7(s) dB?
10,00]

=P?[1 —p1(X7); T € G| = 0,
for all x € Ea.

(ii)=(iii) The process t — et (X;) is a positive right-continuous supermartingale.

Indeed, from (2.7),
/ e *dB; / e *dB?
Jt,00] Jt,00]

where B is the AF component of the optional exit system for F' and BP is the dual

(3.2) e fpi(X;) =P* =P*

Fi

Fi , \V/QZGEA,

predictable projection of B. The hypothesis (ii) implies that BP is continuous, which in
turn implies that ¢y is regular, because of (3.2).

(iii)==(iv) Let (7},) be an increasing sequence of stopping times with limit 7", and set
T :=7lim,, Dy, < Dp. Then, for x € Fx,

P*[exp(~T)] = lim P*[exp(~Dr, )] = lim P*[e~ "oy (X, )
=P?[e” "1 (X7)] = P?lexp(~Dr)]

the third equality resulting from the assumed regularity of ¢;. It follows that T = Dp
almost surely.

(iv)==(i) Let T be a stopping time with [T] C G*. Then, on {T < oo}, we have
0 < T = Dp_ < Dp. The quasi-left-continuity of D now implies that T is totally
inaccessible. Thus, by [Sh88; (44.5)], [T'] C J. a0

(3.3) Remark. Combining (3.1) with [Sh88; (46.2)] we see that if G* C J then
G C {(w,t): Xy_(w) = X{_(w) € En}
up to evanescence. This observation will be used several times in the sequel.

We assume in the remainder of the paper that the equivalent conditions stated in
Lemma (3.1) are satisfied. We then have a predictable exit system, as detailed in the
following theorem; cf. [Ma75; §8]. As preparation we first express the dual predictable

projection of B? in terms of the Lévy system.
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(3.4) Lemma. We have, for predictable Z > 0, ¥ € pF*, and x € Fx,

(3.5) P* N Z, Vo) = Pm/ 1p(X)Z | Na(Xy,dy)PY[U] dH,.
teGi 0 Fe

Proof. Define I; := limsupg;q, 17(X,); this is a predictable process by the discussion on
pp. 202-203 of [Sh88] or by [DM78; T-IV90(a)]. Moreover, G* = J N {(w,t) : [;(w) =

1, Xt(w) € F¢}, up to evanescence. Therefore

P> Z, Ve, =P ) ZPN [T
teG? teG?

=P LZ1p(X) P [V
(3.6) el
= P. / ItZt NA(Xt, dy)Py[\P] dHt
0 Fe

_p / 1e(X0)Z | Na(Xy, dy)PY[Y] dH,
0 Fe

We have used the fact that {(w,t) :t > 0,[;(w) =1, X;(w) ¢ F'} C G, which implies that
the sets {t : I[; = 1} and {t : X; € F'} differ by at most a countable set, almost surely. This
difference is not charged by H. a

Define 9(z) := P*[1 — exp(—TF)] and then take ¥ = 9(Xj) in (3.6) to see that the

dual predictable projection of B? is
t
(3.7) / 1p(Xs) Na(Xs, ) dHs, t>0.
0
Accordingly we define a CAF C by
t
(38) Com B+ [ Le(X) Na(Xo0)dH., 120,
0
noting that the 1-potential of C' is
(3.9) Ublp, (z) = Pm/ e tdCy = Pm/ e ' dB; = P*[exp(—TF)],
0 0

for all x € E.

By Motoo’s theorem there are positive £°-measurable functions b and h such that

t t t
(3.10) Bg:/ b(X,)dC, and /1F(XS)NA(XS,<p)dHS:/ h(X,)dC,.
0 0 0
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We may suppose that b+ h =1 on F and that b=h =0 on Ea \ F. Finally, define

ch O] Na(x,dy)
NA( 7@) ’

the ratio on the right being taken to be 0 when the denominator vanishes. Notice that

(3.11) P[®] := b(x) - Py [®] + h(z)1F

t t
/IF(XS)ds:/ V(X.)dCs, V>0,
0 0

where v :=£-b.

(3.12) Theorem. The pair (PJ,,C) is a predictable exit system for F, in the sense that

C is a CAF with fine support F', and

(3.13) P*) " ZWof, = P'/ Z, P[] dC,

teG 0
for all predictable Z > 0 and ¥ € pF*. Conversely, if there is a predictable exit system
for F, then the conditions listed in (3.1) hold.

Proof. From (3.5) we see that

(314) P. Z Zt\I}O 9t = P. / ZtPg(t [\If]lp(Xt)NA(Xt, QO) dHt,
teqi 0

where

Jpe Na(z, dy)PY[¥]

NA( T, P ) ,
with the understanding that the ratio vanishes when the denominator is zero. Combining
this with (2.4), (3.10), and (3.11), we obtain (3.13).

To see that C has fine support equal to F', we use the fact (3.9) that P*[exp(—TF)| =
Ullg, () for all z. Let Ro := inf{t: C; > 0}. Clearly Rc > Tr because C is carried by
F. On the other hand

P.’E [\I]] .

Pexp(—Tr)] = Ublpy (z) = P* /Oooe—tdct

(3.15) :Pm/ e dC;

Rc
= P7 [exp(—Ro) U1, (Xre)]
< | [eXp(_RC>]7

because U 1p, < 1g,. Together with the previously noted inequality Rc > T, (3.15)
implies that Rc = Tr almost surely.



Suppose, conversely, that (Pg,,C) is a predictable exit system for F; that is, (3.13)
holds. Onme readily checks that ¢; := P°[e”TF] is the 1-potential of the CAF t

f(f 1p(Xs)ds + fo X(S) [1 — e~ TF]dC,, which implies that ¢ is regular. a

4. Time Change.

Recall from section 2 that A is a CAF of X with fine support F. Thus F' is finely
perfect and the closed visiting set M has w-sections that are perfect (or empty) almost

surely. Let 7 = (7(¢))¢>0 denote the right-continuous inverse of A:
(4.1) 7(t) :=inf{s : Ag > t}, t>0.

Then 7 is strictly increasing (while finite), and as ¢ varies the path ¢ — 7(t) traces out
M\ G.
As is well known the time-changed process X defined by

(4.2) X=X,  t>0,

(with the convention )Z'OO = A) is a right process with state space F', though X need not
be a Borel right process.

We note in passing that if a nearly Borel set L C F' is X-polar (that is, P*[X; € L
for some ¢t > 0] = 0 for all x € F) then L is also X -polar. Conversely, if L C F is X -polar,
then L is X-semipolar. In fact, if L is X-polar, then the visiting set {(w,t) : X;(w) € L}
is contained in the graph of T, up to evanescence. Indeed, since L. C F', it is clear that
{(w,t) : Xy(w) € L} C [Tr,o0[. In view of the observation made at the end of the first
paragraph of this section, the X-polarity of L implies that {(w,?) : X;(w) € L} C G. In
particular, {t > 0 : Xy(w) € L} is countable, a.s. Thus, if we fix an initial distribution pu,
then

P> 1L (X)[1 - exp(—Trey)] = P* > 15,(X,)[1 — exp(—Trob)]
seG seGr

— P”/ 1(Xs)Poy [1 — exp(—Tp)] dBS =0,
0

because B¢ is continuous. To see that, in general, L need not be X-polar, consider the

example of X equal to uniform motion to the right on R with F' = [0, o[ and L = {0}.

5. Lévy System for X.

In this section we give an explicit description of the Lévy system of X in terms of

the Lévy system of X and the predictable exit system for F. The key observation is the
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following lemma, in which J is defined for X in just the same way that J was defined for

X. We write AT (resp. A7) for the set of points of right (resp. left) increase of A:

(5.1) AT = {(w,t) : t >0, Ay(w) < Apye(w),Ve > 0},

(5.2) A7 ={(w,t) 1 t>0,A;_(w) < A(w), Ve > 0}.
The set AT is progressively measurable; in fact,
(5.3) AT =M\G.

Consequently, by the strong Markov property and Blumenthal’s zero-one law, if T is a
stopping time, then [T] C AT if and only if X7 € F, almost surely. Meanwhile, with

I; = limsupg;q, L{xser) as before,
(5.4) A7 ={(w,t) : [(w) =1},

so that A~ is predictable.
(5.5) Lemma. {r(t):te J,7(t—)=7(t)} = JNA~ NAT, up to evanescence.

Proof. Let p be a metric on Ea compatible with the Ray topology induced there by X.
When viewed as a process with values in the metric space (Ea,p), X is a right process;
consequently, Xisa right process when viewed as a process with state space (Fa, p), where
Fa := FU{A}. The corresponding Ray-Knight compactification F of Fa (determined by
X ) induces a topology on Fa; let p be a metric compatible with that topology. We shall
write X7 for the left limit (in F) of X at time ¢ > 0. Thus,

T ={(w,1): Xi_(w) € Fa, X{_(w) # Xi(w)}.

We write J# for {r(t) : t € J,7(t—) = 7(t)}. It is clear that J# C A~ N A*. Let
s := 7(t) < oo be a typical element of J#, so that A, = t. In view of (2.9) applied to X,

-lim X, = p-lim X, = X7 .
p-lim p-lim i
But, because X has left limits in the p topology and 7(t—) = 7(¢),
-lim X, = p-lim X
- X:(t—)— = X:(t)— = Xo
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Hence X!_ = )Af{_ + X, = X,, from which we deduce that s € J. This proves that
J#* C JNA-NAT.

For the reverse containment we begin by observing that J N AT N A~ is an (F;)-
progressively measurable subset of the (F;)-optional set J N A~ (AY = M \ G is (F)-
progressive) and has countable sections. Thus, by [DMT78; TIV.88|, there is a sequence
(Sp) of (Fi)-stopping times such that J N AT NA~ = U,[S,] up to evanescence. The
containment at issue will therefore be established once we show that if S is an (F;)-stopping
time with [S] ¢ JN AT N A~ then [S] C J#. Fix such a stopping time S and define
T := Ag. Notice that 7(T'—) = 7(T) = S almost surely on {S < oo} = {5 < (},
because [S] C AT NA~. We are going to show that T is a totally inaccessible stopping
time of the filtration F; := r(ty» t = 0. It is clear that T is an (ﬁt)—stopping time
because {T' < t} = {As < t} = {8 < 7(t)} € Fr@). Suppose there exist z € F and
an (F;)-predictable time R such that P*[T = R < oo] > 0. We claim that 7(R—) is an
(F;)-predictable time. Indeed, let (R,) announce R; see [DM78; IV.77], and note that F

is contained in the P?-completion of F°. Then
{T(R—) <t} ={R< A} =N {R, < A},
and
{Rn < At} =Ugeq{Rn < ¢ < At} =Ugeq{Rn < q,7(q) <t} € F,

since {R, < q} € F;(q). Consequently, 7(R—) is an (F;)-stopping time. This same
argument applies to each R,,. But t — 7(t—) is strictly increasing on ]0, A.] and identically
infinite on |A¢,00[. It follows that the sequence (7(R,—) A n) of (F;) stopping times
announces 7(R—). But on the event {T' = R < oo}, we have S = 7(T-) = 7(R—),

contradicting the total inaccessibility of S. a

Define

- 7(t)
(5.6) Cy := Crpy, HF ;:/ 1r(X,) dH,.
0
Because the fine support of C is F while that of ¢ — fg 1p(Xs)dH, is contained in F,
both C and HF are CAFs of X. Now define

Another application of Motoo’s theorem yields the existence of £°-measurable densities ¢
and h (vanishing off F') such that

t t
(5.8) Ct:/ &(X,)dH,, and Hf:/ h(X,)dH,, — ¥t>0,
0 0
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almost surely. Finally, define a kernel N A on (Fa,EA N FA) by

(5.9)  Na@,dy) = 1pcpa(2,y) |[&z) Pa[Xr, € dy]+ h(z) Na(e,dy)| .
(5.10) Theorem. The pair (NA, Ef) is a Lévy system for the totally inaccessible jumps
of X.

Proof. Fix an )A(:—predictable process Z > 0, and a positive Borel function ® on the
product space F' x Fa. Using [DM78; (IV.67.1)] it is not hard to check that s — ZA(S) is
X-predictable. Then, using Lemma (5.5) for the first equality,

P° Y Z®(X, X)) =P 13- (8)Za ®(Xeo, Xo)1p (s)
ted,r(t—)=7(t) s€J

= P. Z 1A— (S)ZA(S)CI)(XS_, X5)1F<X5)
seJ

ZP'/ 1A(S>ZA(5)/ Na(Xs, dy)®(Xs,y) dH,

0 F

_p / (X0 Zags / Na(Xs, dy)®(X,. 1) dH,.
0 F

The second equality above follows from the discussion just after (5.3) because J is the
disjoint union of graphs of stopping times, while the final equality holds because A~ differs
from {X € F'} by a countable set not charged by H. Consequently,

CRI N Y Z@(}Zt_,)?t)zp'/ 2}/ Na (X, dy) B(X,,y) diF.
~ 0 F
teJ,m(t—)=7(t)

Let us now turn to the jumps of X associated with the exits of X from F. Observe
that if ¢ € J and 7(t—) < 7(t), then [7(t—)] C G, X;_ exists, and

Xt— = lim Xu-
ulr(t—),ue M\G

But by [Sh88; (46.2)], the set
I':={(w,t) : X;—(w) does not exist in Fa}

is the union of graphs of a sequence of predictable stopping times, and so I'NG is evanescent

in view of Lemma (3.1). It follows that
X,_ = Xr-)—, Vt € J such that 7(t—) < 7(t),
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almost surely. Therefore
PT Y Z,0(X, X))
tef,r(t—)<7(t)
= P’ Z ZVA(S) @(XS_,XDS)
(5.12) s€G

:P'/ ZA(S)/ (X, X1, (w)) P (dw) dC
0

Q
P'/ Z/ B(X;, X1, () Pt (dw) dC.
0 Q

Taken together, (5.11) and (5.12) imply that (Na, H) is a Lévy system for the totally

inaccessible jumps of X.

6. Jump Measures and Feller Measures.

We now fix an excessive measure m to serve as background measure. Thus m is a
o-finite measure on (E, &) such that mP;(L) < m(L) for all L € £ and ¢t > 0. Because (F;)
is a right semigroup, we then have mP; T m (setwise) as t | 0; see [DM87; XII 36-37].
Here and in the remainder of the paper the (absorbing) state A is viewed as a cemetery
state; the stopping time ¢ := inf{t : X; = A} is the lifetime of X. Accordingly, functions
(resp. measures) defined on E (resp. £) are extended to Fa (resp. Ea) by letting the value
at A (resp. {A}) be 0.

Let R = (R¢)¢>0 be a raw (i.e., not necessarily adapted) additive functional (RAF) of

X. The Revuz measure of R, relative to m, is defined by the monotone limit

(6.1) V() =1 i P /0 f(XJ)dR, [ € pE

If R is a CAF then the measure vg is o-finite, and two CAFs with the same Revuz
measure are P""-indistiguishable. See [G90], [FG96], and [FGO03] for more details. The
“local” formula (6.1) defining v} has a “global” counterpart expressed in terms of the
Kuznetsov process ((Y;)ier, @m) associated with X and m. The sample space for Y is W,
the space of all paths w : R — Ea := E U {A} that are right continuous and E-valued
on an open interval Ja(w), f(w)[ and take the value A outside of this interval. The dead
path [A], constantly equal to A, corresponds to the interval being empty; by convention
a([A]) = 400, B([A]) = —oo. The o-algebra G° on W is generated by the coordinate maps
Yi(w) =w(t), t € R, and G; := o(Ys : s < t). The Kuznetsov measure Q,, is the unique
o-finite measure on G° not charging {[A]} such that, for —co < t; < tg < -+ < t, < 400,
Q. (Yy, €dxy,Yy, €dxa, ..., Y, €dx,)

(6.2)
=m(dxy) Pyy—t, (x1,dxo) -+ Py, 4. (Tp—1,dzy).
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Because the only times appearing on the right side of (6.2) are the differences t; — t;_1,

the measure Q,, is invariant with respect to the shift operators o;, t € R, defined by
orw(s) = [opw](s) = w(t + s), s € R;

that is
Q[ Pooy] = Qp[P], VP € pG°.t € R.

It will be convenient to take X = (X, P*) to be the realization of (P;) described on
p. 53 of [G90]. The sample space for X is

Q:={a=0,Y,y exists in £} U{[A]},

X is the restriction of Y; to Q for ¢ > 0, and Xy is the restriction of Yy;. Moreover,
F°:=0(X¢:t>0)is the trace of G° on Q.

To discuss the strong Markov property of Y, as well as the moderate markov property
of Y when time is reversed, we recall the modified process Y* of [G90; (6.12)]. Let d be a
totally bounded metric on E compatible with the topology of E/, and let D be a countable
uniformly dense subset of the d-uniformly continuous bounded real-valued functions on E.
Given a strictly positive h € b€ with m(h) < oo define W(h) C W by the conditions:

(6.3) (i) «a€eR;
(il) Yay:= %51{2 Y, exists in E;
(ii) U%9(Yar1/n) = U%9(Yay) as n — oo,
for all g € D and all rationals ¢ > 0;
(iv) Uh(Yagi/n) = Uh(Yay) as n — oc.

Evidently o; ' (W (h)) = W(h) for all t € R, and W (h) € G- since E is a Lusin space.
We now define
wr v Yoy (w), ift=a(w)and we W(h),

(6-4) Y/ (w) = {Yt(w), otherwise.
(If A’ is another function with the properties of h then Q,,(W (h) AW (k")) =0.)

The process Y * features in a maximal form of the the strong Markov property, recorded
in (6.5) below; for a proof see [G90; (6.15)]. (This process will also be used in section 7
to define the moderate Markov dual of X with respect to m.) A clean statement of this
result requires the “truncated shift” operators 0;, t € R defined by

oo = = {9 2

The filtration (G;™)ier is obtained by augmenting (G, )ier with the Q,, null sets in the

usual way.
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(6.5) Proposition. Let T' be a (G;")-stopping time. Then Q,, restricted to G N

{Y} € E} is a o-finite measure and
Qn(Fobr | GF) = P7(F), Qp-ae. on {Yj€E}

for all F € pF°.

Now given an RAF R there is a uniquely determined (up to Q,, evanescence) homo-

geneous random measure (HRM) kg such that
KR|S,t] = Ry_ 005, on {a < s < B}, Qu-a.s.,

for all real s < t. The global counterpart to (6.1) that was alluded to earlier is this:

(6.6) Qm/Rf(Yt,t)mR(dt):/E/Rf(a:,t)dtug(daz), Vf € p(€ @ B).

See [G90; (8.21), (8.26)].
As an example, let us consider additive functionals related to the Lévy system (Na, H)

discussed at the end of section 2. As is customary, we now break Na into two pieces
and define the “killing rate” CAF K by
t
(6.8) K; ::/ n(Xs) dHs, t>0.
0

Taking Z = 1jg4 in (2.10) we find that

t
6.9  P* Y \IJ(XS_,XS)l{KC}:Pm/ N(X,,¥)dH,, xecE,t>0,
0

seJ,s<t

and
¢
(6.10) PUIf(Xc)i¢ <t ) =P [ FX) d.
0
for U € p(E ®E) and f € p€. Tt follows from this discussion and (6.1) that

(6.11) TW) = lmt™ P Y (X, X aeqy =V (ND),

seJ,s<t
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and

(6.12) K(f) =1 lmt ™ P [f(Xe-)i¢ < t.¢ € J] = vig(f) = vii (nf).
That is, the “jump measure” J is given on E x E by the formula

(6.13) J(dx,dy) = vij(dx)N(z, dy),

while the “killing measure” K is given on E by

(6.14) K(dx) = n(x) v (dx).

Now let J* denote the set of totally inaccessible jumps of Y (defined as J was for X).

Paralleling (2.9) we have (employing the obvious notation regarding left limits)
(6.15) J*C{(w,t) e W xR:a(w) <t<fw),Y—(w)=Y"(w)}

up to Q,,-evanescence. Combining (6.6) with the version of (2.10) valid for Y we now

obtain
Q3 £ V) = Qe [ [ $0.Yi) N (Vi) it
(6.16) seJ
- / dat / £t 2, y) T (dx, dy),
R ExXFE
and
Qulf(3.Ys_): 8 € J7] = Qn / F(8, Yo (Ys) rar(dt)
(6.17) R

:/Rdt/Ef(t,a:)IC(da:).

We record the analogous results for the optional and predictable exit systems for
F. The “optional” version comes from [FM86] (sce also [G90; (11.6)]; the “predictable”
version is proved in a similar manner. Let F' be a finely perfect nearly Borel set. For
w € W let M*(w) be the closure in R of {t € R : Y;(w) € F} and let G*(w) be the set
of left endpoints (in Ja(w), oo[) of the contiguous intervals of M*(w). It is readily verified
that if @« < s <t then t € M* if and only if t — s € Mo 0,, and likewise for G*. Moreover,
under the conditions listed in (3.1), the left limit Y,_ exists in E and is equal to the Ray
left limit Y" , for all s € G*, Q,,-a.s.
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(6.18) Proposition. Let (P,,, B) and (P,,,C) be optional and predictable exit systems

for F, respectively. Let vg = vy and vc = v{# be the corresponding Revuz measures,

with respect to m. Then vg and v¢ are o-finite, and

(6.19) Qn Y F(5,s,0,) = /R dt /E v (da) BL[f(t,, ),

seG*

(6.20) Qn S f(5, Vs ,0,) = /R dt /E v (de) PEf(t, 2, ),

seG*
provided f € p(B® EA @ F*).

(6.21) Remark. It is worth noting that (6.19) and subsequent expressions involving the

optional exit system are valid even when the conditions listed in (3.1) do not hold.
Following [CFY06b] (see also [FHY04] and [CFYO06a]) we define the Feller measure
o : —1pm
(6.22) A(T) =1 lim¢~'P Sezgl]o,t](snp(Xs_, Xp)p.<o}, T EEWE,
and the supplementary Feller measure
o : —1lpm
(6.23) 5(L) =1 lim¢~'P EZG Log($)1L(Xs-)lip.=oey, L EE.

Since Xp, = Xp,.00,, the exit system formula (3.11) implies that

t
(6.24) P Z 1]0,t](3>11"(Xs—7XDS)I{DS<oo} = Pm/ ¢(X5> dCS,
seG 0
where
¢($> = Plfr[lp(x,XTF>;TF < OO], rekb.

Formula (6.24) yields the existence of the monotone limit in (6.22) and even identifies the

limit as vo(¢). Hence,

(6.25) AT) =ve(9) = /Fz/c(da;) P [1r (2, X7,.); Tp < o).

Similar considerations lead to the identification of the limit in (6.23) as
(6.26) (L) = / ve(dr) P [TF = oo].
L

The next two formulas follow immediately from Proposition (6.20) and formulas (6.25)
and (6.26).
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(6.27) Proposition. For ® e p(BRE®E) and f € p(BRE),
(6.28) Qm Y (Y, YD,)1(p, <o :/ dt/ ®(t, z,y)A(dz, dy),

and

(6.29) Qm > f(t,Yi)l(p,—o _/ / f(t,x) dt PL[Tr = oolve(da).

teG*

Recall from section 5 the CAF A, its inverse 7, and the time-changed process X =X,.
We are now going to exhibit formulas for the jump and killing measures of X , in terms of
the corresponding measures for X and the exit system for F. In the course of the proof

we shall use the following result taken from section 6 of [FG88|.

(6.30) Lemma. Let m denote vy, and let Z be a CAF of X with fine support contained
in F' (That is, Z, =0, a.s.) Then m is X-excessive, Z; := Zr@), t > 0, defines a CAF of

X, and the Revuz measure 1/2 of Z, relative to m, is equal to vy
The following result extends [CFY06b; Thm. 5.6] to the context of this paper.

(6.31) Theorem. The jump measure J and the killing measure K for the time-changed
process X , with respect to the X -excessive measure i = vy, are given respectively by

the formulas

(6.32) T =1lpup T +A,

(6.33) K=1pK+6.

Proof. We prove only (6.32), as the proof of (6.33) is quite similar. Let I" be a Borel

measurable subset of F' x F', and let us begin with

(6.34) P > 1p(X,_, X,) /NXS,lp H,, =z¢€PF.

sEIsgt

In view of (5.6)—(5.9), the right side of (6.34) is equal to

t t
PI/ N(XS,1F)dHf+P$/ H(X
0 0
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where ¢(z) := Py [Ir(z, X1, ); Tr < 00]. By (5.6) and Lemma (6.30) the Revuz measure
of HE (relative to m := V') is 1pvy}, while that of Cis v, Therefore

J(r) = 7 (N1r)

(6.35)
= / vy (dx) N(z,dy) -I—/ ve(dr) PR [ X7, € dy, Tr < oo].
FxF FxF

7. Entrance Law.

Because of the time-symmetry of the Markov property, the process (Y, Q) is a
Markov process with respect to the reverse filtration G, := o{Y; : s > t}, t € R. Unlike
the situation in “forward” time, this process need not be a strong Markov process, but it

is a moderate Markov process. To make this precise we define

(7.1) Q:={3=0}CW;

(7.2) X (@) :=Y5@), t>06eQ

(7.3) Fri=0{Xs:0<s<t}t>0, F:=0{X,:s>0}
5 _Jw(t—-s), s>0;

(7.4) Orw(s) := {A, s<0

Then there is a Borel measurable family {P?,z € E} of probability measures on (£, F)
under which ()A(t)bo has the moderate Markov property:

(7.5) Po[f(Xrye)|Fr ] = PXT[f(X)], s3>0, f €bE,

whenever T is an (F;)-predictable stopping time. (As a matter of convention, P*[X, =
2] =1 and Fo_ = {0,Q}.) The measures P* are uniquely determined modulo an m-polar
set. (A set L € £° is m-polar provided P™[T}, < co] = 0.) The link between Y and X is
this: If T: W — [—00, 0] is (C?t)—predictable, then for ® € p]?,

(7.6) Qu[®e07|Gr | =P*7[@],  on {Yf € E},

the o-finiteness of Q,, on Gr_ N {Y} € E} being part of the assertion. For more details
see [G99; §2], [Fi87; §4], and [Ma93|.
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It follows easily from (7.6) (with 7" a fixed time) that the transition semigroup (P;)
of X, defined by P,f = P*[f(X,)] is in duality with (P,) with respect to m:

(7.7) (P:f,9) = (f,Pg),  f,g€&,t>0,

in which (f,g) := [ 5 fgdm provided the integral exists. Likewise, defining the associated

resolvent

(7.8) UM = /OOO e NP, fdt =P° /OOO e MF(X,) dt,
we have

(7.9) (U,9) = (f.U*9),  fge& A>0.

We usually omit the hat ~ in those places where it is obviously required. For example,
we write P*[f(X,)] in place of P*[f(X,)].

Before proceeding, we collect some facts about the moderate Markov dual process.
Recall that a set L € £¢ is m-semipolar provided the visiting set {t > 0 : X; € L} is
P"-a.s. at most countable. Also, property P(z) depending on x € FE is said to hold

m-quasi-everywhere (m-q.e.) provided {z € E : P(z) fails} is m-polar. Define
Tr = inf{t €]0,([: X; C F}.

(7.10) Lemma. Let F be a finely perfect nearly Borel subset of E.
(i) {x € F: P*[Tp = 0] < 1} is m-semipolar.
(ii) {x € E\ F : P*[Tr = 0] > 0} is m-semipolar.
(iii) t — X, has right limits in E (with respect to the Ray topology) on [0, oo], PZ-a.s.
for m-q.e. x € E.

Proof. (i) Let u be a finite measure on E not charging m-semipolar sets. Then there is a
diffuse optional copredictable HRM x with Revuz measure u; see [Fi87; (5.22)] or [FGO6;
(3.10)]. Let ¢ be a strictly positive Borel function on R with [g ¢(t)dt = 1. Since & is

copredictable,

Qm / SOLF (Y17, 05,0y £(dE) = Qm / o(t)1r (Y, )P O [Tr = 0] (dt)
(7.11) R R
_ / BTy = 0] u(da).
F
Let Z denote the closure of {t €|«, 5[: Y; € F'}. Then
ZO{t:Tpoby >0 =ZN{t:3e>0,]t —e tNZ =0}
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Hence, Z N {t : T ol > 0} is contained in the set of right endpoints of the contiguous

intervals of Z. But there are only countably many such intervals, and x is diffuse, so
(7.12) Qu [ SOV )1 70,y 1) = ().

It follows that {z € F : f’m[TF = 0] < 1} has p-measure equal to 0. Since p was an
arbitrary finite measure not charging m-semipolars, a result of Dellacherie [De88; p. 70]
tells us that {z € F : P*[Tr = 0] < 1} is m-semipolar.

(ii) Using the notation established in the proof of point (i),

719 Qu [ GOyl ) sl = [ BT = 0] ).

If Tpob; = 0 then for every sufficiently small n > 0 the interval |t — 7, t[ contains times at
which Y isin F'; if also Y; € E '\ F then t is an element of G* because E'\ F' is finely open.
Since k is diffuse, the above displayed integrals must vanish. Point (ii) now follows as did
(i). )

(iii) By considering f(X;) as f runs through a countable dense subset of C'(F) one
sees that the set of (&,¢) such that s — X,(@) fails to have a right limit in E at ¢ is
(]?tp )i>o0-progressively measurable. Here P is an arbitrary probability measure on (ﬁ, F °),
and (FF) is the usual right-continuous completion of (F?). See, for example, [DMT78;
IV-90]. It follows that the projection II of the above-described set onto Q is an element of
F*:=NpFP. Note that II is the set of & for which s — X,(@) fails to have a right limit
in E at some ¢t > 0. Hence, f(z) := P*[II] is £*-measurable, and then f is coexcessive.
Since )?Soét =Y, 4 for s > 0, the set é;lﬂ is contained in the set of w € W such that
7+ Y, (w) fails to have a left limit in E at some 7 €] — 00, t[, and so Q,,[0; *TI] = 0 for all
t € R. Now

m(f) = Qum [ﬁy@ [H]} = Qu|f; ', a <0< 8] =0.

Hence f = 0, m-a.e., and therefore P*[II] = f(z) = 0 for m-q.c. = € E; sce [G99; (2.11)].
0

Define, for A > 0 and f € p&*,

(7.14) Ppf(x) =P " f(Xr, )]

(7.15) P f(w) =P (X)),
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with the understanding that exp(—0-o00) = 0, so that ]3Ff = ﬁgf = ]_?’m[f(XTF) TR <
0]. Here X7, denotes the right limit (in E with its Ray topology) of ¢ — X; at Tp.
In (7.15), f is extended to all of E by declaring f(z) = 0 for x € £\ E. In the light of
(7.10)(iii), X7,4 exists P?as. on {Tr < oo} for m-q.e. x € E. Thus both ]3}+f and

]3}‘ f are uniquely determined m-q.e. and are £*-measurable.

Recall the optional and predictable exit systems (P, B) and (PJ,,C) for F. Since
the measure m will remain fixed in the sequel, we shall write vp for v and v¢ for v.

The balayage of m on F' is the excessive measure Rpm defined by

(7.16) Repm(f) := Qun[f(Y1); Tr < t], fepE.

Here T := inf{t €|a, B[: Y} € F'} extends the previously defined hitting time of F' to all of
W. Upon noting that f(Y;)lir, <1y = [f(YO)l{TF<0}} o0y, it becomes clear that the right
side of (7.16) does not depend on t. Moreover, because {Tr < 0} = éo_l{fp < E}, we see
from (7.16) that

Rem(f) = Qu | F(X0)P([Tr < {J| = (Pr1. ).

because lgm[TF <(]= 13F1(x) for all z € E. It is important to note at this stage that
(7.17) Pp1(z) = Ppl(z), for m-a.e.x € E.

(In fact, for m-q.e. x, but the m-a.e. assertion is sufficient for our purposes.) To see this
fix a strictly positive f € b€ with m(f) < oo, and define Gy := sup{t < 0 :Y; € F}.
Observe that 0 < Ppl(z) — Ppi1(z) = P*[Tr < ¢, X1,y ¢ E]. Using (7.6) with T = 0

we have

[ #@) [Pr1(e) = Pri1@)] mide) = Qulf ()i < Go,¥e, - ¢ B
= Qul7(¥o) < G, Y, = A
=0,

the second equality following from Remark (3.3) reinterpreted for Y, and the third from
the fact that A is isolated in EA.
The following decomposition of Rpm (for general Borel F') appears in section 6 of
[FM86]:
(Pel, f) = Rem(f) = va(Lf + Vo f), [ €pE,

where V) f(z) := P, e

op Jo
to generalize this decomposition and to obtain its predictable analog.

f(X¢)dt. Our principal goal in the remainder of this section is
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(7.18) Notation. (f,g)¢ := fE\F fgdm.

(7.19) Theorem. If f,g € p£*, then
(i) (PAf.9)0 = vs(f - Vipg).
(ii) (PP f.9)0 = ve(f - Vihg).
Here V)3 f = P, OTF e M f(Xy)dt and V) f is defined analogously with Py, replacing P;,.

Proof. We shall prove only (ii), as the proof of (i) is similar but easier since no Ray limit
is involved. From (7.10)(ii), P*[Tx > 0] = 1, m-a.e. on E \ F. Thus

(Pryf.9)o = Qu[Pp, f(Yo)g(Yo); Yo € E\ F]
=Qnm [e_ATFOéOf()?T(fFJr))OéO 9(Yo); Trobly > 0,Y € E\ F] ;

because Tpoéo > 0 on the event {Yy € £\ F}. If s = —fFoéo > a, then s € G* (defined
below (6.17)), and |s, s+Tro 0] is the unique interval contiguous to M* that contains 0. If
s € G*, then Y] =Y,_ by Remark (3.3). Therefore, using (6.20) for the second equality

below,

(13?+f,g)0 = Qm Z eASf(Y;_)g(X_S)OQS 1{s—|—TFO 0:>0}
seG*,s<0

:/00 Y dt/Vc(dx)f(x)Plfr[g(Xt);t<TF]
0 F

a

Let (Q¢)i>0 and (V*)\>o denote the semigroup and resolvent for (X, Tr), the process
X Kkilled at time Tp:

Tr

Quf(z) = PE[f(X,)it < Tp], V*f(x):=P* /

0

e F(X,) dt = / MO, f() dt.

0
Let ()A( ,f ) denote X killed at T ', with corresponding semigroup (@t)tzo and resolvent
(‘A/’\)Azo. As is customary, V := V9 and V := VO. It is known that (X, Tr) and (X, Tr)
are dual processes, in the sense that (V f,g)o = (f, ‘7>‘g)0 for all f,g € p£€* and A > 0.
See [FGO6; (A.7)]. We write Q} f := PJ [f(X;);t < T¥|, with an analogous definition for

pr
t -

(7.20) Corollary. Fix f € bpE*. Then the formulas

(7.21) 1 (9) == (Pryf,9)o and &'(g) = (Prf,g9)o, g € p&,
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define (o-finite) purely excessive measures n/ and ¢/ for (X,Tr). Moreover, 77{ =

(fre)QP" and & = (fup)Q®, t > 0, define entrance laws for (X, Tr) such that
nf:/ nl dt  and gf:/ &l dt.
0 0

If, in addition, ve(f) < oo (resp. vp(f) < 00), then n! (resp. &) is a finite measure for
each t > 0.

Proof. Clearly n/ and ¢/ are o-finite measures on £\ F. If A > 0 then n/(Vg) =
(Pryf,V*g)o = (V*Pry f,9)o, while

AVAPe, f =P [(1 — e ) f(Xppy) : Tr < o0] |0,

as A | 0, since f is bounded. If 0 < g < 1 on E \ F and mg(g) < oo, then Apf (V> g) | 0
as A | 0, and so n/ is a purely excessive measure for (X, Tr). It follows from (7.19)(ii)
that n/ = fooo 77,{ dt. Using the fact that (X);~0 under PJ, is Markovian with transition
semigroup (F;), one easily checks that ng L = ng Qs for t;s > 0. Recall that PJ[1 —
exp(—Tr)] < 1; see (3.11) and the sentence following (2.6). Now (1 —e™?) < (1 — e~ 1)
on {t < Tr}, and v¢ is o-finite. This implies that 771{0 is a countable sum of finite measures
for each t > 0. Fix g € p€ with 0 < g <1 on E\ F and nf(g) < co. Then Vg > 0 on

E\ F, and we may use the Fubini theorem to conclude that

nl (Vg) = / " 0l (g)ds <l (g) < .

Therefore 77{ is in fact o-finite for each ¢ > 0. Consequently, (nif )¢>0 is an entrance law for

(X,Tr). If, in addition, vo(f) < oo, then nf (1) < va(f) < co. The treatment of (& )0

is similar. 0

(7.22) Corollary. For f,g € £*,

(i) (Ppf.9) = vB(Efg) +v(FVipg) = vie(Lfg) + vB(fVo);

(ii) (Pt 9) = vo(rgPorf) + ve(fViRg).
Here ¢ comes from (2.6), B€ is the continuous part of B, v is defined just below (3.11),
and Py f := P*[f(Xo4)].

Proof. Since 0:Q,, = Q,, for all t € R,
/F P2 f(2)9() m(de) = Quu[PAF(Yo)g(Yo)Lr(Y)
1
- / Q[P F(YD)g (Vi) 1p(¥y)] dt.
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Also, (2.6) implies that 1p(Y;) dt = £(Y;) kp(dt), where kp is the HRM of Y that extends
B; notice that kg has Revuz measure vg. See, for example, the discussion on pages 89-91
of [G90]. Therefore, by [G90; (8.21)],

/F P f(2)g(x) m(de) = Qu / B F(Y)g(Y)O(Yy) s (dt)

But £ =0 on E\ F and fvp = lvge. In view of (7.10)(i), P*[Tr = 0] = 1, vpe-a.e. because
vge doesn’t charge m-semipolars. Hence vpg (Egﬁléf) = vpe(Lgf), since f’x[)A(O =z|=1by
convention. Combining this with (7.19)(i) yields (7.22)(i). A similar argument shows that

/F B, f(x)g(x) m(dz) = ve(19P, f) = ve (vgPor f).

establishing (7.22)(ii). 0

(7.23) Proposition. If f,g € p£*, then

(7.24) (ﬁzﬁf, Prg) = vo(vgPos f) + Vo(f‘{{r\PFg) = (Prf, Ppg).

Proof. The first equality is an immediate consequence of (7.22)(ii) since Prg = g on F.

For the second equality, arguing as in the proof of (7.22), we have

/ Pyf- Ppgdm = Vc(vgf’0+f).
F
Also, as in the proof of (7.19),

(Pef, Ppg)o Z FYoo)e Mt Tro09 6 (X, Y0 0,154 70 0,50}
SEG* s<0

ve(dz) f ()P

0

I
uj\nj\m\

e M) g( X ) 1> — sy ds

— 00

-

ve(de)f()Py, [ e TP g(Xr,) ds

ve(dx) f(z)Py, e Mg(Xr,)du

Tk

ve(do) f(@)Pg [ e Mg(Xrp)o b, du

c(fV *Prg).

hﬁ%\

I
S
“11



Combining these observations yields the second equality in (7.24). 0

In the same way one has
(7.25) (Ppf, Prg) = vae(Lfg) + vs(fVipg) = (Prf, Pig).

Let us suppose in this paragraph that Rpm = m (otherwise, replace m with Rpm.)
Let us make the special choice A = C in the preceding discussion. Then by (7.17) and
(7.22)(ii) with A =0 and f =1,
(7.26) m(g) = v (vg+Yrg), g €PE,

where 1}, = VP',?. Notice that the right side of (7.26) depends on m only through the Revuz
measure v/, which is excessive for the time-changed process X. Following up on earlier
work ([Ha56, Ka83, Ka84, FG06, Si80...] we use this formula to construct an excessive

measure for X, given an excessive measure for X.

(7.27) Proposition. Suppose that P*[Tr < oo] > 0 for all z € E. Let v be an excessive

measure for X. Then

(7.28) n(9) == v(vg + Vrg), g € p€

defines an excessive measure for X such that (i) Rpn = n and (ii) v}, = v. The measure 7

is uniquely determined by these two conditions.

Proof. According to [FG88; (5.12), (5.13)], under the hypothesis of the proposition there
is a uniquely determined X-excessive measure m = m" such that Rpm = m and v¥ = v.
By (7.22)(ii) we have

m(g) = Rem(g) = (Pril, ) = v (vg + Vieg) = v(79 + Virg).

The right side of (7.28) therefore defines an excessive measure for X with the stated

properties. 0

Define a measure © on F' x F'x]0, co[ by
(729) @(d(lﬁ, dy, dt) = Vo(dl’)Plfr[XTF edy,Tr € dt]

Because v is o-finite and 0 < PJ[1 —exp(—TFr)] < 1, it is easy to check that © is o-finite.
Notice that the Feller measure A is related to © by

A(dz, dy) = ©(dz, dy, |0, o).

Intuitively, ©(dx, dy, dt) is the rate at which excursions from F' of duration ¢ originate from

x and terminate at y.
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(7.30) Proposition. Suppose f,g € p(€* N F) with vo(f) < oo and g bounded. Then
O(f,g,dt) is a o-finite measure on |0, co[, and for A > 0,

(731) >‘<ﬁ£+f7 PFg) = AVC(V.gﬁO-I-f)—’—/OV (1 _e_At) @(fagadt)

Proof. It is immediate that [;~(1 — e~") O(f, g,dt) is dominated by ||g|cvc(f). Conse-
quently, ©(f, g,-) is o-finite. Then

/0 (1= )L g.dt) = [ F@PRIo(Xr) (1 - ) velde)

Tr
:)\/Ff(x)yc(dx)Pgr/O Prg(X,)e M dt

= Mo (fVi Prg),
and combining this with (7.22)(ii) we obtain (7.31). 0

(7.32) Remarks. Analogous results hold for the optional exit system. For example,

employing the obvious notation,

NBAf, Prg) = A (1£9) + / Oop(f. g, dt).

As pointed out earlier, { (¢) = v (FQY"g) and &/ (9) = va(fQSPg)) are entrance laws
for (X,Tr) provided f € bpE*. If f =1 then ﬁﬁ_l = ]31§1 = P*[e*F], m-a.e. by the
obvious variant of (7.17). Let us write ¢ for this last function when A = 0. Theorem (7.19)
implies that VC%;\ = I/BV(;Q as measures on E\ F for all A > 0. In particular, n} = &} since
either entrance law integrates to the measure @myg, which is purely excessive for (X, Tr).
(Here mg := m|g\p.)

We conclude by recording extensions to the present context of some formulas obtained
in [FGO6] in the context of excursions from a point. First recall the definition of the energy
functional L° of the killed process X := (X, Tr); see [G90; §3]. If £ is an X -excessive

measure and f is an X -excessive function, then

(7.33) Lo, f) == sup{p(f) : uV < &},
in which u ranges over the o-finite measures on F. If ¢ is purely excessive for X°, then

(G90; (3.6)]

(7.34) L&, £) = lim Mg = AV, ) = lim 716 = €Qu, )
where (p, f) := [ fdu. (Both of the limits in (7.34) are monotone increasing.) Define
(7.35) bi=1—- Ppl = P [Tr = o).

It is casily checked that v is XO-excessive. We fix f € bp€. Then nf := Pp +f -mg =
fooo ng dt is purely excessive for X°.
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(7.36) Theorem. (i) If g is X%-excessive then L°(n’, g) = lim;|o nl (9).
(i) L°(nf ) = [ f(2)PL[Te = 00,( > 0] ve(dx).
(iii) (Recall the definition ( 6.6) of the supplementary Feller measure 9.)

(7.37) / F(@)PE[Tr = oclve(dr) = () + /F F(@)PLIC = 0] v (da).

Proof. Abbreviate n = nf and n, = nt during this proof. Suppose first that g € p£* with
n(g) < oo. Then

(n—nQt,9) =n(g) —nQtg = /O ns(g) ds.

The extreme terms in this display are positive measures in g, so for general g € p&€* we
deduce that

(7.38) (0= 1Qi. g) = / ns(g) ds.

If g is X -excessive then 1,15(9) = 7:(Qsg) T m:(g) as s | 0. Thus t — n:(g) is right
continuous and decreasing on ]0,00[. In particular, T lim¢on:(g) exists, though it may
equal +o00. Therefore, by (7.38),

t 1
L°(n, g) = limt~ 1/ ns(9) ds:ltifﬁl/o Neu(g) du

t10

= ltlfg n¢(9),

by monotone convergence, establishing (i).

Next, mi(t) = ve(FQY) and QP = Py [T = 00t < Tpp AC] T Bo[Th = 00, > 0]
ast | 0. Hence L°(n,) = Prfryc [Tr = 00, > 0]. But Pgr”c [Tp =00, =0] = Pgr”c (¢ =
0], proving both (ii) and (iii). 0

(7.39) Remarks. Intuitively, 6(f) = Pf ¥e|Tr = oo] represents the rate (weighted by f) at
which a final excursion of infinite length occurs, terminating M. Theorem (7.36) indicates
that PJ¢[¢ = 0] is the weighted rate at which the process X is killed while in F; L°(n, )
is the corresponding rate of occurrence of an excursion in which the process wanders away
from F', never to return. Exactly the same argument establishes the analogous facts in the

optional case.
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