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Abstract

Using time-reversal, we introduce a stochastic integral for zero-energy additive functionals
of symmetric Markov processes, extending earlier work of S. Nakao. Various properties of such
stochastic integrals are discussed and an It6 formula for Dirichlet processes is obtained.
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1 Introduction and Framework

It is well-known that stochastic integrals and It6’s formula for semimartingales play a central role in
modern probability theory. However there are many important classes of Markov processes that are

not semimartingales. For example, symmetric diffusions on R? whose infinitesimal generators are

d 0

elliptic operators in divergence form £ = ) j=1 3z, (aij(az)%) with merely measurable coefficients
, ) J

need not be semimartingales. Even when X is a Brownian motion in R% and u € W12(R?) :=
{u € L2(R% dz) | |Vu| € L*(R% dx)}, the process u(X;) is not a semimartingale in general. To
study such processes, Fukushima obtained the following substitute for It6’s formula (see [8]): for
u € WH2(R9),

w(X¢) = u(Xo) + My + N/ for t >0, (1.1)

P,-a.s. for quasi-every = € R? where M" is a square-integrable martingale and N* is a continuous
additive functional of zero energy. The decomposition (1.1) is called Fukushima’s decomposition and
holds for a general symmetric Markov process X and for u € F, where (£, F) is the Dirichlet space
for X. In this paper, a stochastic process £ = {&;,t > 0} under some o-finite measure P is called a
Dirichlet process if £ has locally finite quadratic variation under P. The composite process u(X)
is a Dirichlet process under P,,,, where m is the Lebesgue measure on R?, as it has finite quadratic
variation on compact time intervals. Nakao introduced a stochastic integral fot f(Xs)dNY in [17]
by using a Riesz representation theorem in a suitably constructed Hilbert space. Nakao’s stochastic
integral played an important role in the study of lower order perturbation of diffusion processes by
Lunt, Lyons and Zhang [15] and by Fitzsimmons and Kuwae [6]. However Nakao’s definition of the
stochastic integral fot f(Xs)dN*", requiring u to be in the domain of the Dirichlet form of X and f
to be square-integrable with respect to the energy measure of u, is too restrictive to be useful in the
study of lower order perturbation for symmetric Markov processes with discontinuous sample paths,
such as stable processes. Such a study requires stochastic integrals for more general integrators as
well as integrands. The purpose of this paper is to present a new way of defining the stochastic
integral for Dirichlet processes associated with a symmetric Markov process. Our new approach
uses only the time-reversal operator for the process X, and is thereby more direct and provides
additional insight into stochastic integration for Dirichlet processes. This approach enables us to
define A(M) (see (1.5)) for any locally square-integrable martingale additive functional (MAF) M,
subject to some mild conditions. Thus it not only recovers Nakao’s results in [17] but also extends
them significantly. The new stochastic integral allows us to study various transforms for symmetric
Markov processes, a project that is carried out in a subsequent paper [2].

A more detailed description of the current paper appears below.

Let X = {Q,Fx,Ft,X1,0:,(, P,z € E} be an m-symmetric right Markov process with a
Lusin state space E, where m is a o-finite measure with full support on E. Its associated Dirich-
let space (£,F) on L?(E;m) is known to be quasi-regular (see [16]). By [1], (£,F) is quasi-
homeomorphic to a regular Dirichlet space on a locally compact separable metric space. Using
this quasi-homeomorphism, there is no loss of generality in assuming that X is an m-symmetric



Hunt process on a locally compact metric space E such that its associated Dirichlet space (€, F)
is regular on L?(E;m) and that m is a positive Radon measure with full topological support on E.
This we do throughout the sequel.

Without loss of generality, we can take {2 to be the canonical path space D([0,c0[— Ea) of
right-continuous, left-limited (rcll, for short) functions from [0,00[ to Ea, for which A is a trap
(that is, if w(t) = A then w(s) = A for all s > t). For any w € Q, we set X;(w) := w(t). Let
((w) := inf{t > 0 | Xy(w) = A} be the lifetime of X. As usual, Fo, and F; are the minimal
augmented o-algebras obtained from F2. := 0{Xs | 0 < s < oo} and F? := 0{X, | 0 < s < t},
respectively, under P,; see the next section for more details. We sometimes use a filtration denoted
by (M,) on (€2, M) in order to represent several filtrations, for example, (F7), (F¢,) on (Q,FY),
(F) on (Q,F) and others introduced later. We use 6; to denote the shift operator defined
by 0:(w)(s) == w(t + s), t,s > 0. Let wa be the path starting from A. Then wa(s) = A for
all s € [0,00[. Note that O, (w) = wa if ((w) < oo, {wa} € FJ € F for all t > 0 and
P,({wa}) < Pu(Xo=A) =0 for x € E. For a Borel subset B of E, 75 := inf{t > 0| X; ¢ B}
(the ezit time of B) is an (F;)-stopping time. If B is closed, then 7 is an (Fp, )-stopping time.
Also, ¢ is an (F?)-stopping time because {¢ < t} = {X; = A} € F?, t > 0. The transition

semigroup of X, {P;,t > 0}, is defined by
Pif(z) = Eu[f(Xy)] = Eo[f(Xy) : t < (],  t=0.

Each P, may be viewed as an operator on L%(E;m); collectively these operators form a strongly
L?-continuous semigroup of self-adjoint contractions. The Dirichlet form associated with X is the
bilinear form 1

E(u,v) = ltilrél ;(u — Pou,v)p,
defined on the space

F = {u e L*(E;m) ‘ sup t (u — Pou, )y, < oo}.
t>0

Here we use the notation (f, g)m = [5 f(z)g(x) m(dx).

For the reader’s convenience, we recall the following definitions from [16] and [8].

Definition 1.1 (i) An increasing sequence {F}, },,>1 of closed subsets of E is an £-nest (or simply
nest) if and only if Up>1Fp, is £1-dense in F, where & = & + (1, )r2(g,m) and

Fr, ={u€eF: u=0m-ae on E\F,}.

(ii) A subset N C E'is E-polar if and only if there is an £-nest {F}, },>1 such that N C Np>1(E\Fy).

(iii) A function f on E is said to be quasi-continuous if there is an E-nest {F), },>1 such that f|g,
is continuous on F,, for each n > 1; we denote this situation briefly by writing f € C({F,}).



(iv) A statement depending on x € A is said to hold quasi-everywhere (q.e. in abbreviation) on A
if there is an E-polar set N C A such that the statement is true for every x € A\ N.

(v) A nearly Borel subset N C FE is called properly exceptional if m(NN) = 0 and

P,(X; € EA\Nfort>0 and X;— € EA\N fort >0)=1 for every x € E'\ N.

It is known (cf. [8]) that a family {F),} of closed sets is an E-nest if and only if
P, ( lim 75, = C) =1 for q.e. z € E.

It is also known that a properly exceptional set is £-polar and that every £-polar set is contained
in a properly exceptional set. Every element u in F admits a quasi-continuous m-version. We as-
sume throughout this section that functions in F are always represented by their quasi-continuous
m-~versions. In the sequel, the abbreviations CAF, PCAF and MAF stands for “continuous ad-
ditive functional”, “positive continuous additive functional” and “martingale additive functional”,
respectively; the definitions of these terms can be found in [8].

o
Let M and N, denote, respectively, the space of MAFs of finite energy and the space of con-
tinuous additive functionals of zero energy. For v € F, Fukushima’s decomposition holds:

u(Xy) —u(Xo) = M + N{, for every ¢ € [0, 0o, (1.2)

P.-a.s. for q.e. x € E, where M G,/\jl and N* € N,.

A positive continuous additive functional (PCAF) of X (call it A) determines a measure p = 4
on the Borel subsets of E via the formula

p(f) =1 lim 1B [ /0 ) dAs] , (1.3)

in which f : E — [0,00] is Borel measurable. Here 1 lim;|o indicates an increasing limit as ¢t | 0.
The measure p is necessarily smooth, in the sense that p charges no £-polar set of X and there is
an E-nest {F),} of closed subsets of E such that u(F,) < oo for each n € N. Conversely, given a
smooth measure pu, there is a unique PCAF A* such that (1.3) holds with A = A*. In the sequel
we refer to this bijection between smooth measures and PCAFs as the Revuz correspondence, and
to p as the Revuz measure of A*.

If M is a locally square-integrable martingale additive functional (MAF) of X on the random
time interval [0, ([, then the process (M) (the dual predictable projection of [M]) is a PCAF
(Proposition 2.8), and the associated Revuz measure (as in (1.3)) is denoted by p(ppy. More
generally, if M is the martingale part in the Fukushima decomposition of u € F, then (M"“ M) is
a CAF locally of bounded variation, and we have the associated Revuz measure pysu pry, which is
locally the difference of smooth (positive) measures. For u € F, the Revuz measure p(ysuy of (M*)
will usually be denoted by fi(y)-



Let (N(x,dy), H¢) be a Lévy system for X; that is, N(z,dy) is a kernel on (Ea, B(Ea)) and Hy
is a PCAF with bounded 1-potential such that for any nonnegative Borel function ¢ on Fa X Ea
vanishing on the diagonal and any x € F,

t
E, | Y 6(X.,X,)| =E, [ / ¢(Xs,y)N (X, dy) dH, | .
s<t 0 JEA

To simplify notation, we will write

No(z) :== : oz, y)N (x, dy)

and
¢
(Nopx H)y ::/ No¢o(X)dHs.
0

Let pg be the Revuz measure of the PCAF H. Then the jumping measure J and the killing
measure k of X are given by

J(dx,dy) = %N(az,dy)uH(dx), and k(dzx) = N(z,{A})pg(dx).

These measures feature in the Beurling-Deny decomposition of &£: for f,g € F,

E(f.9) = E9(f,9) + /

ExXE

(F(@) — F)(a(z) — g(u)) J(d, dy) + /E f(@)g(x) n(dz),

where £(9) is the strongly local part of £.
For u € F, the martingale part M}* in (1.2) can be decomposed as

MY = M+ M + M™"  for every t € [0, 00|,

P,-a.s. for q.e. © € E, where M;" is the continuous part of the martingale M*, and

M = lslfg D (u(Xs) = w(Xs )L (ju(xs)—u(Xo ) >2) Ls<c}
0<s<t

_ / < / (u(y)—u(Xs))N(Xs,dy)) st},
0 \/{yeE: [u(y)—u(X,)|>e}
]\4;”i = /0 U(Xs)N(XS7 {A}) dHs — U(XC—)l{tZC}’

are the jump and killing parts of M*", respectively. All three terms in this decomposition of M™
are elements of ,/\(;l See Theorem A.3.9 of [8]. The limit in the expression for M%7 is in the sense
of convergence in the norm of the space of MAF's of finite energy, and of convergence in probability
under P, for q.e. x € E (see [8]).



Let NF C N, denote the class of continuous additive functionals of the form N* + i g(X)ds
for some u € F and g € L?(E;m). Nakao [17] constructed a linear map I' from M into NZ in the
following way. It is shown in [17] that, for every Z E,/\al, there is a unique w € F such that

1
Ei(w, f) = §/J<Mf+Mf,n7z>(E) for every f € F. (1.4)

This unique w is denoted by 7(Z). The operator I' is now defined by
t e]
I(2), = NJ¥ — / v(Z)(Xs)ds  for every Z €M . (1.5)
0

Nakao showed that I'(Z) is characterized by the following equation

.1 1
13%1 ZEg.m [(Z)] = —§,u<Mg+Mg,n7Z>(E) for every g € Fy. (1.6)
Here F := F N L>®(E;m). So in particular we have I'(M") = N for u € F. Nakao [17] then used

the operator I' to define a stochastic integral
t
1 . .
/ F(X)dNY :=T(f = M™); — §(Mf’c + M5 MYE 4 MY, (1.7)
0

where u € F, f € F NV LA(E; pgyy) and (f * M"); := [) f(X,—) dMY. If we define
N,:={N €N, | N=N"+ A" for some u € F and some signed smooth measure u},

then we see by (1.5) that [, f(X,)dN¥ € N.ifu e Fand f € Fn L?(E; puyy).  However,
the conditions imposed on the integrand f(X;) and on the integrator N* in Nakao’s stochastic
integral are too restrictive for certain applications, in particular the perturbation theory of general
symmetric Markov processes, which requires more general integrators as well as integrands; see [2].

The purpose of this paper is to give a new way of defining I'(M') and Nakao’s stochastic integral
for zero energy AFs NU.

For a finite rcll AF My, it is known (see [3, Lemma 3.2]) that there is a Borel function ¢ on
E x E with ¢(z,z) = 0 for all x € E so that

My — My— = p(X3—, Xy) for every t €]0,(][, Py,-a.e. (1.8)

Such a ¢ is uniquely determined up to J-negligible sets. We will call ¢ the jump function of M.
When M = M*, u € F, the jump function ¢ for M" can be taken to be as p(z,y) = u(y) — u(x)
for (z,y) € E x E, with u(A) := 0. We have a similar result for locally square-integrable MAFs on
[0, [ (see Definition 2.5(iii) for the definition of locally square-integrable MAF on [0,(]. Let M
be a locally square-integrable MAF on [0,([. Then there exists a jump function ¢ on E x E for
M satisfying the property (1.8) (see Corollary 2.9). Assume

t
/0 /E (B151e0y + 1811 1ao0) (Xerp) N(Xo dy) dH, <00 forevery t <¢, (L)
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P -a.s. for q.e. x € E, where ¢(x,y) := o(z,y) + ¢(y,x) for ,y € E. By Lemma 3.2 below, there
is a unique purely discontinuous local MAF K on [0, ([ with

K — K, =—p(X¢—,Xy) fort <, P.-as. for qe. v € E,
Define P,,-a.e. on [0, (],

1
A(M)t = —5 (Mt + Mt ory + SD(Xtth—) + Kt) for t € [0, C[,

where r; is the time-reversal operator at time ¢ > 0. Note that since X is symmetric, the measure
P,,, when restricted to {t < (}, is invariant under r,. This time reversibility plays an important
role in this paper. So A(M) is clearly well-defined on [0, ([ under the o-finite measure P,,. It will
be shown in Theorem 2.18 and Remark 3.4(ii) below that A(M) is a continuous even AF of X on
[0, ([ admitting m-null set. Note that when M = M*" for some u € F, p(x,y) = u(y) — u(z) is
antisymmetric and so @ = 0. Thus P,,-a.e. on {t < (},

1
AM™), = -3 (M 4+ M ory +u(Xe—) —u(Xy)) = N

The last identity follows by applying the time-reversal operator to both sides of (1.2) and using the
fact that N/* ory = N{* Pyp-ae. on [0,(] (cf. [5, Theorem 2.1]). It follows then for every u € F,
A(M"™) =T(M*) on [0,¢[ Pp-a.e. We will show in Theorem 3.6 below that this holds when M"

(o]
is replaced by any M € M. Therefore, under the o-finite measure P,,,, A is a genuine extension of
Nakao’s map T'.

A function f is said to be locally in F (denoted as f € Fioc) if there is an increasing sequence
of finely open Borel sets {Dy,k > 1} with U2, Dy, = E g.e., and for every k > 1 there is f € F
such that f = fr m-a.e. on Dy. For two subsets A, B of E, we denote A = B q.e. if AAB :=
(A\ B)U(B\ A) is E-polar. By definition, every f € Fi,. admits a quasi-continuous m-version, so
we may assume all f € Fjy. are quasi-continuous. Then we have f = fi q.e. on Dy. For f € Fc,
M7 is well defined as a continuous MAF on [0, C[ of locally finite energy. Moreover, for f € Fioc
and a locally square-integrable MAF M on [0, ([,

Eis (f 5 M) ::/0 F(Xo ) dM,

is a locally square-integrable MAF on [0, ([. Here for a locally square-integrable MAF M on [0, (]
denote by M€ its continuous part, which is also a locally square-integrable MAF on [0, ([ (see
Theorem 8.23 in [10]).

Definition 1.2 (Stochastic integral) Suppose that M is a locally square-integrable MAF on
[0,([ and f € Froe- Let ¢ : E x E — R be a jump function for M, and assume that ¢ satisfies
condition (1.9). Define on [0, (]

/O F(Xoo) dA(M),

= AU M= 00 M g [ () = S el XN (X ) i,
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whenever A(f % M) is well defined and the third term in the right hand side of (3.10) is absolutely
convergent.

The above stochastic integral is well-defined on [0, [ under the o-finite measure P,,, and extends
that of Nakao (1.7). (See Remark 3.9(i) and Theorem 3.10 below). We will show in Theorem 4.7
below that it enjoys a generalized 1t6 formula.

2 Additive functionals

In this section, we will prove some facts about additive functionals, to be used later. We begin with
some details on the completion of filtrations. Let P(E) be the family of all probability measures on
E. For each v € P(E), let F% (resp. F¥) be the P,-completion of F2. (resp. P,-completion of F} in
F5) and set Foo :=(V,ep(p) Foo and Fy :=(,ep(p) Fi - Let FL (vesp. Fi) be the Pp,-completion
of F2 (resp. P,,-completion of F{ in F7). Although m may not be a finite measure on E, we do
have Foo C F, Ft C F, because for g € LY(E;m) with 0 < g < 1 on E satisfying gm € P(E),
P ,,,-negligibility is the same as P,,-negligibility.

For a fixed filtration (M;) on (2, M), we recall the notions of (M;)-predictability, (My)-
optionality and (M;)-progressive measurability as follows (see [18] for more details): On [0, co[x €2,
the (My)-predictable (resp. (My)-optional) o-field P(M;) (resp. O(My)) is defined as the smallest
o-field over [0, 00[x§) containing all P, (M)-evanescent sets for all v € P(Ea) and with respect
to which all M;-adapted lerl (left-continuous, right-limited) (resp. rcll) processes are measurable.
A process ¢(s,w) on [0,00[x€ is said to be (My)-progressively measurable provided [0,¢] x >
(s,w) — ¢(s,w) is B([0, t]) ® M -measurable for all ¢ > 0. It is well-known that (M;)-predictability
implies (M;)-optionality, which in turn implies (M;)-progressive measurability.

For [0, oo]-valued functions S, T on Q with S < T, we employ the usual notation for stochastic
intervals; for example,

[S, 7] :=A{(t,w) € [0,00[xQ | S(w) <t < T(w)},

the other species of stochastic intervals being defined analogously. We write [S] := [S, S] for the
graph of S. Note that these are all subsets of [0, 00[x . If S and T are (M;)-stopping times, then
[S,T], [S,T[, --, and [S] are (M;)-optional (see Theorem 3.16 in [10]).

Definition 2.1 (AF) An (F;)-adapted (resp. (F;")-adapted) process A = (A;)¢>0 with values in
[—00, 00] is said to be an additive functional (AF in short) (resp. AF admitting m-null set) if there
exist a defining set Z € Foo and an E-polar (resp. m-null) set N satisfying the following conditions;

(i) Py(E)=1forallz € E\ N,

(ii) 6;= C E for all ¢ > 0; in particular, wa € = and Pa(Z) = 1, because of wa = 0¢ (., (w) for all
w € =,



(iii) for allw € E, A.(w) is right continuous with left hand limits on [0, {(w)], Ao(w) = 0, |Ai(w)| <
oo for t < ((w) and Aiys(w) = Ar(w) + As(Orw) for all ¢, > 0,

(iv) for all t > 0, A¢(wa) = 0; in particular, under the additivity in (iii), A;(w) = A¢(e)(w) for all
t > ((w) and w € =.

An AF A (admitting m-null set) is called right-continuous with left limits (vcll AF in brief) if A (.-
exists for each w € Z. An AF A (admitting m-null set) is said to be finite (resp. continuous additive
functional (CAF in brief)) if |A;(w)| < oo, t € [0,00] (resp. t+— A;(w) is continuous on [0, co[)
for each w € 2. A [0, co[-valued CAF is called a positive continuous additive functional (PCAF in
short). Two AFs A and B are called equivalent if there exists a common defining set = € F, and
an E-polar set N such that A;(w) = By(w) for all ¢ € [0,00] and w € E. We call A = (A¢)¢>0 an
AF on [0,(] or a local AF (admitting m-null set) if A is (F;)-adapted and satisfies (i), (ii), (iv)
and the property (iii)’ in which (iii) is modified so that the additivity condition is required only for
t+ s < ((w). The notions of rcll AF, CAF and PCAF on [0, (] are similarly defined. Two AFs on
[0, ([, A and B, are called equivalent if there exists a common defining set = € F, and an E-polar
set N such that A;(w) = By(w) for all ¢t € [0,([ and w € =.

Remark 2.2 Any PCAF A on [0, ([ can be extended to a PCAF by setting

Ay(w) = {limum Ay(w), %ft > ((w) >0,
0, if > C(w) =0

for w € E and setting A;(w) = 0 for w € E°. The (F;)-adaptedness of this extended A holds
as follows: for a fixed T' > 0, we know {4; < T} N {t < ¢} € F. From this, we have the F¢-
measurability of {A¢ < T}. Indeed, {A¢ < T} =Veq {4 STt <} € Fras {A <T,t<(}€
F¢ forany t > 0. Thus {4, <T}N{t >} ={A: <T}n{t >} € F. Therefore, {A, <T} € F
for any T > 0, which gives the (F;)-adaptedness of A. Noting (o8 = (—tift < and (o, =0 if
t > (, we conclude that A; = A;+ A¢ 06, for any ¢ € [0,00[ on Z. Consequently, A;1s = A;+ Ag0b;
holds for any ¢, s € [0,00[ on E. O

The following lemma is a special case of [17, Theorem 2.2].

Lemma 2.3 Let A, B be PCAFs such that for m-a.e. © € E, E,[A{] = E.[By] for allt > 0, and
suppose that the Revuz measure wa has finite total mass. Then A is equivalent to B.

Remark 2.4 The above lemma may fail if the condition p4(F) < oo is not satisfied. For example,
take F = R? with d > 2, and let X be Brownian motion on R? and p(dz) = |z|~%'dz. Then ua
is a smooth measure and it corresponds to a PCAF A of X. Let By = A; +t, which is a PCAF of
X with Revuz measure pa(dz) + dz. However

t
E.[A/] = /0 </Rd p(s,w,y)|y|_d_1dy> ds = oo = E;[By] for every = € R? \ {0}.
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Here p(s,z,y) = (2mt)~%? exp (—|z — y|?/(2t)) is the transition density function of X. 0

As usual, if T' is an (F;)-stopping time and M a process, then M T is the stopped process defined
by M := M;,r. Following [10], we give the notion of local martingales of interval type:

Definition 2.5 (Processes of interval type) Let D be a class of (F;)-adapted processes and
denote by Dy, its localization (resp. by Dy_joc its localization by a nest of finely open Borel sets);
that is, M € Do (resp. M € Dyyqc) if and only if there exists a sequence M™ € D and an increasing
sequence of stopping times T}, with T, — oo (resp. a nest {G,,} of finely open Borel sets) such that
M = (M™)Tn (resp. My = M} for t < 7g,) for each n. Here a family {G,} of finely open Borel
sets is called a nest if Py(lim, o0 7, = ¢) = 1 for q.e. € E. (But see Lemma 3.1.) Clearly,
D C Dige (resp. D C Dyoioc) and (Dioce)ioc = Dioe (resp. (Dy-toc) f-loc = DPg-loc)- If D is a subclass of
AFs, then so is Dy (for if M € Dy, then there exists M™ and T,, as above, and for each w and
t,s > 0, there exists n € N with s+t < T),(w) and s < T,,(6sw), hence My, s(w) = My(w)+ Ms(6w)),
while Dy_jo is contained in the class of AFs on [0, ([.

(i) B C [0,00[x$ is called a set of interval type if there exists a non-negative random variable
S such that for each w € Q the section B, := {t € [0,00]| (t,w) € B} is [0, S(w)] or [0, S(w)]
and B, # 0.

(ii) Let B be an (F;)-optional set of interval type. A real-valued stochastic process M on B
(that is, M1p = (M;(w)1p(t,w));>0 is a real-valued stochastic process) is said to be in DB
if and only if there exists N € D such that M1p = N1p, and is said to be locally in D on B
(write M € (Dyoe)?) if and only if S := Dpe is the debut of B¢ and there exists an increasing
sequence of (F;)-stopping times {S,,} with lim, ., S, = S and a sequence of M™ € D such
that B, C J02[0,5,(w)] Psas. w € Q and (M1p)% = (M™1p)%" for all n € N and
t >0, Pgpas. we Qfor qe. v € E. Clearly, D? C (Djo.)?. Moreover, DP2 ¢ DBt and
(Dioe)P? C (Dioe) P! for any pair of (F;)-optional sets By, By of interval type with By C Bs.

(iii) Let B be an (F;)-optional set of interval type. We set
M= {M | M is a finite rcll AF, E,[|M;|] < oo, E;[M;] = 0 for £-q.e. 2 € E and all t > 0},

and speak of an element of (M1)B (resp. (ML )?) as being an MAF on B (resp. a local MAF
on B). Similarly,

M :={M | M is a finite rcll AF, E,[M?] < oo, E,[M;] = 0 for &-q.e. x € E and all t > 0},

and an element of M? (resp. (Mioe)?) is a square-integrable MAF on B (resp. locally square-
integrable MAF on B). We further set

ME:={M e M| M isaCAF},
M ={M e M | M is a purely discontinuous AF},

10



d
loc

and an element of (M )P (resp. (M

uous MAF on B (resp. locally square-integrable purely discontinuous MAF on B). For
M € (Mye)B, M admits a unique decomposition M = M + M? with M¢ € (M )B

loc

and M? € (M¢ )B (see Theorem 8.23 in [10]). In these definitions, we omit the usage “on

loc

B” when B = [0, co[x 2.

)B) is called a locally square-integrable contin-

For a [0, 00]-valued function R on Q and A C Q, Ry := R-14 + (+0) - 14¢ is called the
restriction of R on A. Clearly, R < Ra.

Remark 2.6 When B = [0, R[ for a given (F;)-stopping time R, there is another notion of
“locally in D on B”, obtained by replacing (M15)%" = (M™1p)% with M 1p = (M™)51p
in our definition; this is a weaker notion than ours, because t — 1p(t,w) is decreasing and
1p(t,w)lp(s,w) = 1p(t,w) for s <t and w € Q. This weaker notion is described in [18]. 0

Definition 2.7 (MAF locally of finite energy) Recall that ,/\(;( is the totality of MAFs of finite
energy, that is,

il e b 2
M= {M e M ( e(M) = lim B, [M7) < oo}.

We say that an AF M on [0, (][ is locally in ,/\31 (and write M E,/\il f-loc)) if there exists a sequence

{M"™} in M and a nest {G,} of finely open Borel sets such that M; = M;* for t < 7¢, for each
n € N. In case X is a diffusion process with no killing inside E, we can define the predictable

[¢]
quadratic variation (M) for M €Mj-1oc as follows: Note that My, —= M3, forn < m

because of the continuity of M™. Owing to the uniqueness of Doob-Meyer decomposition, we see
(M™)inrg, = (M™)iarg, - The predictable quadratic variation (M) of M E_/\(;[f_loc as a PCAF is
well-defined by setting (M), = (M"™);, t < 7¢
appropriate defining set and E-polar set of (M), where M™ E,/\j( and {G),} is a nest of finely open
Borel sets such that M; = M, t < ¢,

n € N, with Remark 2.2 and by choosing an

n?

Proposition 2.8 (M )<l C,/\alf_loc. More precisely, for each M € (M0, there exists a

nest {Gr} of finely open Borel sets such that 1g, * M 6/\(;1 for each k € N, and the predictable
quadratic variation process (M) can be constructed as a PCAF.

Proof. Let M € (M)l Then there exists an increasing sequence {T},} of stopping times with
limp, oo Tn, = ¢, (Py-as. w € Q for qee. z € E) and M"™ € My, such that Myar, 1o ¢((t A Ty) =
M7 1o,¢(t A Ty) holds for all £ > 0 P-a.s. for q.e. ¥ € E. We may assume that it holds for all
w € Q by changing the sample space. Note that [0, {(w)[C U5—;[0,T,(w)] for all w € Q. Hence,
MiRr Lo c(((ATy) = M p 1jo¢c((t AT},) for n < m. As noted in Definition 2.5, we see that M is an
AF on [0,¢[. Owing to the uniqueness of the Doob-Meyer decomposition for semimartingales on
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[0, ¢ (see [10]), we have (M™) i, Ljo.c[(E A Tn) = (M")iam, Ljo¢[(t A Ty) for n < m. Thus, we have
(M™), = (M™); for t < T,, and n < m. The predictable quadratic variation (M) of M is therefore
well defined by setting (M), := (M™); for t < T,,. Setting (M); := (M)¢ := limgyc (M), for all
t > ¢, we obtain a PCAF because of Remark 2.2. Let ) be the Revuz measure corresponding to
(M) and {Fy} an E-nest of closed sets such that () (F)) < oo for each k, and let G}, be the fine
interior of F,. Then {G} is a nest. In view of the proofs of Theorem 5.6.1 and Lemma 5.6.2 in [8],
the stochastic integral 1, * M is of finite energy with e(1q, * M) = %#(M)(Gk)> and its predictable
quadratic variation (1g, * M) is a PCAF. Let py, (resp. px) be the Revuz measure corresponding to
(1g, * M) (resp. (1g, *M,M)). By Lemma 5.6.2 in [8], for M; €M and fi € L*(E; o) (= 1,2),
we have f1fofi(nn ) = H(feM, forMz), hence fg(flfg)(Xs) d{My, Ms)s = (f1* My, fo*x Ms);. From
this, we see (up, f2) = (ug, f?) = <1GkN<M>7f2> for any f € LQ(E;,u(MQ, consequently we have
1k = i = 1, oy by sy (Gr) < oo. This yields (1, * M)y = (g, M, M), = [ 16, (X,) d(M),
for t < ¢, hence (M — 1g, * M); = 0 for t < 7¢,. Therefore, My = (1, * M) for t < 7, and
1g, M E,/\al. O

Corollary 2.9 Let M be a locally square-integrable MAF on [0, ([ that is, M € (Mioo) €L, Then
there exists a Borel function ¢ on E x E with p(x,x) =0 for all x € E such that

My — My = o(Xy—, Xy) for every t €]0,¢[, P -a.e.

Proof. By the proof of Proposition 2.8, there exists an E-nest {F)} such that for each k € N
Mk = 1p, * M E,/\i( and M; = Mf, t < 7r,. Let ¢ be the jump function corresponding to
MP¥. Then we have ¢p(Xi_, X;) = po( X, Xy), t < TF, Pm-a.e. for k < {. From this, we see
pr = @p J-a.e. on Fj x Fj,. We construct a Borel function ¢ on E X E in the following manner.
We set Fy := 0, o(x,y) := or(z,y) for (z,y) € Fr X Fj, \ (Fx_1 X Fy_1), k € N, p(z,y) := 0 if
(z,y) € ExE\ (Upey Fi X Up—; Fi). Then ¢ satisfies p(x,z) = 0 for z € E. We also have ¢ = ¢y,
J-a.e. on Fj, x Fj. Consequently, p(X;—, X;) = ¢op(Xi—, Xy), t < 75, Pip-a.e. This means that
My — M- = o(Xi—, Xy), t < 1F, Ppy-a.e. Therefore My — M- = p(X—, Xy), 0 <t < (Pp-ae. O

We recall the definition of the shift operator s and the time-reversal operator r; on the path
space €. For each s > 0, the shift operator 6, is defined by 0sw(t) := w(t + s) for t € [0, 00[. Given
a path w € {t < ¢}, the operator ry is defined by

ro(w)(s) = {w((t —s)—), if0<s<t,

w(0), if s > t. 21)

Here for r > 0, w(r—) := limg, w(s) is the left limit at r, and we use the convention that w(0—) :=
w(0). For a path w € {t > (}, we set r(w) := wa. We note that

lsiﬁ]l r(w)(s) = w(t—) = ry(w)(0) and 181%17}@)(3) =w(0) = r¢(w)(t). (2.2)

A key consequence of the m-symmetry assumption on the Hunt process X is that the measure P,,,
when restricted to {¢t < (}, is invariant under the time-reversal operator ;.
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Clearly for t,s > 0, 6, : Q — Q is F/ /F{*-measurable. The following lemma deals with the
measurability issue of the time-reversal operator r;.

Lemma 2.10 For eacht >0, ry: Q — Q is FP/FY -measurable and F™ | F™"-measurable.

Proof. Let F; € B(Ea) and s; € [0,00[, i = 1,2,--- ,n with $1 < s9 < -+ < s <t < sp11 <
-+ < sy for some k € {1,2,--- ,n}. Then r; (N7, X5 1(F)) = Ny (Xs, o 1) "H(E;) is equal to
Nimi (X (ms= € Fis t <GULA € Fy £ > (O ({Xo € B t < QU{A € F, t > ¢}) € 7.
Next we show the Fj"/F/™-measurability of r;. Take C € F/™. Then there exists D € F_ and
N € F2 such that C A D C N and P,,,(N) = 0. Since P,,,({wa}) = 0, by deleting {wa} = {w €
Q| ¢(w) =0} € FY C FP, we may assume wa ¢ CUDUN. Then, ;1 (C) a r; 1 (D) C r;H(N),
Y (D), r7 Y (N) € FP and Py (r; H(N)) = P (r; H(N) N {t < ¢}) + In(wa)Po(t > ¢) = Pp(N N
{t <(})=0. 0

Definition 2.11 For any ¢ > 0, we say two sample paths w and w’ are t-equivalent if w(s) = w'(s)
for all s € [0, t]. We say two sample paths w and w’ are pre-t-equivalent if w(s) = w/(s) for all
s €0, t[.

For an rcll AF A; adapted to (F7)i>0, Ai(w) = Ay(w') if w and o’ are t-equivalent and A4;_ (w) =
A (') if w and W' are pre-t-equivalent. These conclusions may fail to hold if the measurability
conditions are not satisfied. We need the following notion:

Definition 2.12 (PrAF) A process A = (4;);>0 with values in R := [—o0,00] is said to be a
progressively additive functional (PrAF in short) (resp. PrAF admitting m-null set) if A is (F)-
adapted (resp. (F/")-adapted) and there exist defining sets =2 € F, Z; € Fy (resp. E € F2,
= € Fi") for each ¢ > 0 and an E-polar (resp. m-null) set N satisfying the following condition;

(i) Px(E)=1forallz € E\ N, and E C E; C E; for every t > s >0, and E = 5 s,

(i) 6,2 C E for all t > 0 and 6;_4(Z;) C Z; for all s €]0,¢[; in particular, wa € Z C = and
PA(E) =Pa(E;) = 1 under (i),

(iii) for all w € Z¢, A.(w) is defined on [0,¢[ and it is right continuous on [0, A ((w)] and has
left limit on ]0,¢]N]0, {(w)[ such that Ag(w) = 0, |As(w)| < oo for s € [0,t A ((w)] and
Apiqg(w) = Ap(w) + Ag(Opw) for all p,qg > 0 with p+ ¢ < ¢,

(iv) for all t > 0, Ay(wa) =0,

(v) for any ¢t > 0 and pre-t-equivalent paths w,w’ € Q, w € Z; implies W’ € =, Ag5(w) = As(w')
for any s € [0,¢[ and As_(w) = As— (&) for any s €]0,].

Furthermore, A is called an rcll PrAF (or an rcll PrAF admitting m-null set) if for each t > 0
and w € Zy, s — As(w) is right continuous on [0,¢[ and has left hand limits on |0,¢] and a PrAF
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(or a PrAF admitting m-null set) is said to be finite (resp. continuous) if |As(w)| < oo, Vs € [0, ¢]
(resp. continuous on [0, t[) for every w € E;.

We say that an AF A on [0, (] (resp. AF A on [0, ([ admitting m-null set) is a PrAF on [0, ([
(resp. PrAF on [0,(] admitting m-null set)) if A is (F;)-adapted (resp. (F{")-adapted), and there
exist 2 € Foo, Z¢ € Fy (resp. E € F2, By € Fi") for each ¢ > 0 and an E-polar (resp. m-null) set N
such that ('), (ii), (iii’), (iv) and (v’) hold: (i’): Py(E) =1forallz € E\ N,E C E; for all t > 0,
E={Vs0Zt and Z;N{t < (} CEsN{s < (} for s < t. (iii’): For each w € Z; N {t < (}, the same
conclusion as in (iii) holds. (v’): For any ¢ > 0 and pre-t-equivalent paths w,w’ € QN {t < (}, the
same conclusion as in (v) holds.

The notion of rell PrAF on [0,(] (or rcll PrAF admitting m-null set) is similarly defined.

Remark 2.13 (i) Our notion of PrAF is different from what is found in Walsh [19].
(ii) Every PrAF (resp. PrAF on [0,(]) is an AF (resp. AF on [0, ().

(iii)) The MAF M" and the CAF N* of 0-energy appearing in Fukushima’s decomposition (1.2)
can be regarded as finite rcll PrAFs in view of the proof of Theorem 5.2.2 in [8]. In this case,
the defining sets for M"* as PrAF are given by

E = {weQ| M"(w) converges uniformly on ]0,¢] for V¢t > 0

for some subsequence ng} € Fip

(1]
|

¢ = {we Q| M"(w) converges uniformly on |0, ¢]

for some subsequence ni} € Fy

for every t > 0, where M, = u, (X¢) — un(Xo) — fg(un(Xs) — fn(Xs))ds with fp, :=n(u —
nRy11u) and uy, := Ry f, = nRy+1u. Hence a MAF of stochastic integral type fot g(Xs—)dMY
(g9,u € F with g € L*(E; ft(uy)) can be regarded as a finite rcll PrAF. Consequently, any MAF
of finite energy also can be regarded as an rcll PrAF, in view of the assertion of Lemma 5.6.3
in [8] and Lemma 2.14 below.

(0]

oo 1s so. Since

(iv) Every M € Mj.10c can be regarded as a PrAF on [0, ([, hence every M € M
every local martingale can be written as the sum of a local martingale with bounded jumps
(and hence a locally square-integrable martingale) and a local martingale of finite variation,

we conclude that every local MAF is a PrAF. O

Lemma 2.14 Let (A") be a sequence of finite rcll PrAFs with defining sets E" € Foo, 2 € Fi.
For each t > 0, set

- —_n
o = {we ﬂ =

neN

A" converges uniformly on [O,t[} S

and

A" converges uniformly on [0,t] for every t € [0, oo[} € Foo-

E::{weﬂE"

neN
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Suppose that there exists an E-polar set N such that P,(E) = 1 for x € E\ N. If we define
A; = lim A} on Q, then A is a finite rcll PrAF with its defining sets =, Z;.

—n—00

Proof. We only show that for any ¢ > 0 and pre-t-equivalent paths w,w’, w € Z; implies W’ € Z;.
Suppose that w € Z; and w is pre-t-equivalent to w’. It easy to see that w’' € [,y Ef. We then
see the uniform convergence of A7 (w') = A?_(w) for s €]0,t]. Therefore w' € E;, As(w') = Ag(w)
for s € [0,t[ and As_(w') = As—(w) for s €]0,¢]. 0

Recall that {6;,¢ > 0} denotes the time shift operators on the path space for the process X.

Lemma 2.15 Fort,s >0,
(1) Opriysw is s-equivalent to rsw if t +s < ((w) or s > ((w);

(ii) rfsw is pre-t-equivalent to riysw. Moreover, if w is continuous at s, then rifsw is t-equivalent

to ryysw.
Proof. (i): We may assume ¢t + s < ((w). For v € [0, s],
Oirirsw(v) = w((s —v)—) = rsw(v)

and so 01y sw is s-equivalent to rsw.
(ii): Note that t + s < ((w) is equivalent to ¢t < ((fsw). It follows from the definition, if

t+s < ((w),

w((t+s—v)—), if0<wv<t,

w(s) ifo=t (23)

(rifsw)(v) = {

while ry1sw(v) = w((t + s —v)—) for 0 < v < t. Hence typically rfsw is only pre-t-equivalent to
TisW. O

Fix t > 0. Set H! := F; for s € [0,t]; and HL := Fs for s €]t,00[. Then (H!)s>¢ is a filtration
over (Q, Fu), and Fx C HE for all s > 0.

Lemma 2.16 The following assertions hold for any fized t > 0:

(i) Let ¢ be a Borel function on E x E and set Xo— := Xg. Then [0,00[xQ > (s,w) —
1[0@[[(3,(41)113 (W)p(Xs— (W), Xs(w)) is (HL)-optional for any Ty € Fy.

(ii) Let A be an rcll PrAF with defining sets 2 € Foo, Z¢ € Fy. If we set Ao—(w) := 0 and
Al(w) = 1z,(w)(Ag(s)As(w) + 1) oof(s)At(w)) for w € Q, then [0,00[xQ > (s,w)
1[07<[[(s,w)(Ai(w) — AL_(w)) is (HL)-optional.
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Proof. (i): Note that 1jop is (H%)-predictable. The assertion is clear if ¢ = f ® g for bounded
Borel functions f,g on Fa. The monotone class theorem for functions tells us the desired result.
(ii): Since A'is (H%)-adapted and rcll on 2 and A is (H%)-adapted and lerl on Q, (s,w) — Ag(w)
is (H%)-optional and (s,w) — AL_(w) is (HL)-predictable. Consequently, (s,w) — AL(w) — AL_(w)
is (H!)-optional. O

By Lemma 3.2 of [3], for a finite rcll AF A = (A;)>0, there is a Borel function ¢ : E x E — R
with ¢(z,z) = 0 for all x € F such that

A — A = o( X, Xy), for every t €]0, ([, Pn-a.e. (2.4)

Moreover, if ¢ is another such function, then J(¢ # ¢) = 0. As before, we refer to such a function
© as a jump function for A. Recall that if M € M€ then there exists a jump function ¢ (unique

loc

in the above sense) so that M; — M;_ = ¢o(X;—, Xy) for t €]0, ([, Pp,-a.e.

Lemma 2.17 Let A be a finite rcll PrAF with defining sets {Z, Z, t > 0}. Then there exists a
real valued Borel function ¢ on Ex X Exn with o(z,z) = 0 for x € Exn such that A with defining
sets

[t
|

= {weB AW) — A (@) = 9(X,- (@), Xo(w)) for s €0, ¢ },
3, = {w €5 | Ay(w) — As (W) = (Xs— (W), Xs(w)) for s €]0,£[N]0, C(w)] }

is again an rcll PrAF admitting m-null set. The analogous assertion holds for PrAFs on [0,(],
and in particular for elements of (Mloc)[[o’d[

Proof. Let ¢ : FA X EA — R be a Borel function vanishing on the diagonal and define f, ft in
terms of ¢ as above Clearly, = = ﬂt>0 =, =¢ C =4 for s < t. Moreover, we see that Htu = for
t > 0 0 8(_t) C Z, for s < t. For two pre-t-equivalent paths w,w’, we see that w € Z; implies
W' € 5.

By the previous lemma,

L= {(s,) | Lpogp(s,w)1z, (w) (A5 (w) — A5 (@) — 9(Xs— (w), Xs(w))) # 0}
is (H!)-progressively measurable for any fixed ¢t > 0 and the debut of T is
Dr(w) := inf{s > 0| 1po¢j(s,w)1=, () (AL (w) — AL (w) — ¢(Xo- (w), Xs(w))) # 0},
which is an (H!)-stopping time by (A5.1) in [18]. In particular,

{we Q| 1 s, w)lz, (W)(As(w) — As—(w) — p(Xs— (w), Xs(w))) = 0 for s € [0,¢[}
={weQ|t<Dr(w)}eH =F.
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Hence,

{weE | As(w) — X;s(w)) =0 for s €]0,¢[N]0, ¢(w)[}
= {wek | As(w) — Xs(w)) =0 for s € [0,¢]N[0, ¢ (w)[}
= {wez| 1H07<[[(3,w)(A5(w) As_ (w) O(Xs—(w), Xs(w))) =0 for s € [0,¢[}
e F.

As—
A

E

=

TIJ
—_~

Therefore, Et € F; and Ee Foo- The proof for PrAFs on [0, (] is similar, so we omit it.

The following theorem is a key to our extension of Nakao’s operator I'. Its proof is complicated
by measurability issues but the idea behind it is fairly transparent. We will use the convention
X()_ (w) = Xo(w).

Theorem 2.18 (Dual PrAF) Let A be a finite rcll PrAF on [0,(] with defining sets =, =; ad-
mitting m-null set. Suppose there is a Borel function ¢ on E x E with p(z,x) =0 for x € E such
that o(Xs—(w), Xs(w)) = As(w) — As—(w), Vs €]0,¢[N]0, ([ and all w € Z;. Set

Ayw) = Ay(r(w)) + o(Xi (W), Xi— (w)) for t € [0,¢(w)[ and Ay(w) := 0 fort € [((w),00[. (2.5)
Then A is an rcll PrAF on [0,(] admitting m-null set such that
A=A or+o(Xe, X—)  and A — A = o(Xy, Xi)
for all t €]0,([, Pp-a.e.

Proof. Let = € F, &, € F{*, t > 0 be the defining sets of A admitting m-null set. We easily see
() N {t < C} crilEs)Nn{s<¢} for s €]0, ¢ by use of Lemma 2. 15(i) and 60— 55t C Es.

Set = = 1, '(Z4) for t > 0 and Z := (),oq=+ Then, we see E = ﬂt>0t€Q E: by use of
N E) N {t > ¢} = {t > ¢} and the monotonicity of r;*(Z;) N {t < ¢}. Indeed, we have
EC Ni>0.tc0 2 C <§8 N {s < C}) u{t><¢} for any 0 < s <t with ¢ € Q. Taking the intersection
over t €]s, oo[ﬂ@, we have 2 C MNi0.1c0 =t C EZ, for all s > 0, which yields the assertion.

We prove 6’t: C = for each ¢ > 0, in particular, Htu C HSH, equivalently 6 12 0, Zifse [0,¢].
Suppose w € Z. Then Tiysw € Spps. If t 4+ s < ((w), then ryyqw € 2y, otherwise ryygw = wa € .
Hence we have rs6w € Zg by Lemma 2.15(ii). Therefore rs6w € Z for all s > 0, which implies
O € Z.

Next we prove Ht_s(ét) C és for s €]0,t[. Take w € ét. Then r40;_,w is pre-s-equivalent to
rw € By C 24 by Lemma 2. 15(ii) hence rq0;_sw € Z,. Therefore 0;_,w € és for all s €]0,¢[.

From E; C 7", we get Z; € 7" by Lemma 2.10. Since (B¢ = =771 (Z)°) = ()9t < ¢}
holds by noting wa € Z¢, we have P, ((Z,)) = P ((E)°) = 0.

By (2.2), v — ry(w)(v) is continuous at v = s. Hence, on Z;N{t < ¢}, we have p(X,_, X;)or, =
o(Xs, Xs—) ors =0, in particular, Agory = As_ o7, for s G]O t[.

The remainder of the proof is devoted to showing that A is an rcll PrAF on [0, ¢[ with deﬁnlng
sets =2, 2 such that on Z,N{t < ¢}, Ay = Ay_ors+p(Xs, Xs_), s €]0,t[. First note that for w € Z,
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|44 (w)| < oo for any t €]0,((w)], because by taking T €]t, ¢ (w)], rrw € Ep implies rw € Z, hence
| A (rew)| < 0o, Moreover, for w € Zy N {t < ¢}, we see 5w € Z, N {s < ¢} and |A,_(row)| < oo
for all 0 < s < t.

For two pre-t-equivalent paths w,w’ € QN {t < ¢} with ¢ > 0, we show w € ét implies w’ € ét
and A,(w) = Ay(w') for s € [0,¢]. Recall w € Z,N{t < ¢} € E,n{s < ¢} for s € [0,#] and note that
w and w’ are s-equivalent for any s € [0,¢[. On the other hand, s < {(w) is equivalent to s < {(w’)
for any s € [0,¢[. Then we see rsw € Z; is s-equivalent to rgw’ for any s € [0,¢], which implies
rsw' € Z4 for any 0,t] and As_(rsw) = As_(rsw’) for any s € [0, ¢].

Fix t > 0. On 5N {t < ¢} and for any p,q > 0 with p + ¢ < t, by Lemma 2.15,

~

Aptrg = Aptg)- ° prg T 2(Xptg, X(p+q)—)
= (Ap+ Ag— o) orprg + ©(Xptg, X(ptq)-)
Aporpig+ Ag— 00y orpig+ 0(Xptg X(prg)—)
= (Ap-orprg+ o(Xp—, Xp) 07pyq) + Ag- 07 + 9(Xpig X(pig)-)

= (Ap_orpoby+ o(Xq, X4-)) + (A\q — p(Xq, Xq—)) + o(Xp+q) X(prg)—)
= < Xp7 Xp )) 00, + Aq + (P(Xp-l-m X(p—l—q)—)
= A\ o, —I—A

On Z; N {t < ¢}, again by Lemma 2.15 and (2.2), for any s > 0 and u €]0, s|,

Ay~ Ay = A,o00,,
= (Auz o ru + 9(Xu Xus)) 0 by
= Ay om0y + (X, Xy )
= Ay_ors+ p(Xs, Xs-).

So
h?&(As — As_y) = p(Xs, Xs-).

This shows that A has left limit at s €]0,¢[ and Ay — A, = (X, X,_).
To show the right continuity of A on =, N{t < ¢} at any s €]0
Lemma 2.15 and (2.2),

,t[, note for any u €]0, t — s, by

gs—l—u - Iz{s = 2{\“ o 0
(Au— oy + p(Xu, Xy—)) 0 b5
Ay—ory ol + SD(Xs-i-ua X(s—l—u)—)

= Ay orsiu+ 0(Xstus X(s—i—u)—)-
Since (A, — Ap—) 0 rgpy = @(Xy—, Xyp) 0 7519 = (X, Xs—), while by Lemma 2.15 and (2.2),

(Ay — Ay ) orgiy =lim(Ay — Ay_y) 0Tsqp =lim Ay 00,y 0rsyy =lm Ay 0 7ypy + (X5, Xs—).
|0 ul0 u]0
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we conclude that

limA,_or =0.
ul0 u s+u

On the other hand, for any s > 0

lﬁrol O(Xstus X(s-i—u)—) = 5?01 @(X(v—u)—’Xv—U) OTs+v = Elnol(AU—u - A(v—u)—) O Ts+v

= (Ay- —Ay_)org, =0.

Hence we have for s > 0

lim(Agqy — Ag) = 0.
Him (A )=0

In other words, A is right continuous at any s €]0,[ on Z; N {t < ¢}. We also sec

lm  (Agpy — Ag) = 0.
u<s,sl0,u10( st S)

Thus we can define the limit Ag(w) 1= limg o Ay(w) for w € Z,N{t < ¢} for any ¢ > 0. We also see
Ap(w) = limg o A,_(w) for w € E, N {t < ¢} for any t > 0, because limg o (X5, Xs—) = 0. Next we
prove Ag(w) = 0 for w € Z, N {t < ¢} for any t > 0. Take w € Z; N {t < ¢} for some fixed ¢ > 0. It
suffices to show that lim,,|o Ay_y(0w) = Ay(w) for s € [0,t]. Owing to Lemma 2.15(ii), we have

~

Asu(Ouw) = Ap_y)—(rs—ubuw) + 0(Xs(w), Xs—(w))
Afs—u)— (rsw) + o(Xs(w), X (w))
— A () — 9 (@), X (@) + 0(Xs (@), Xs ()
= A u(rw) — Ay(w) + Ay (W) + 9(X (), X (w))
— As_(row) + o(Xs(w), Xs—(w)) asu]O0
= A w).

The F/"-measurability of Ay is clear from (2.5). This proves the theorem. O

3 Stochastic integral for Dirichlet processes

The following fact will be used repeatedly in this section. Since a Hunt process is quasi-left con-
tinuous, for each fixed t > 0, we have X;_ = X;, P,-a.s. for every x € E.

Before embarking on the definition of our stochastic integral, we prepare the following lemma
for later use.

Lemma 3.1 The following assertions hold.

(i) Let {Gy} be an increasing sequence of finely open Borel sets. Then the following are equiva-
lent.
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(a) {Gn} is a nest, that is, Py (limy 0o 0p\g, N(=C) =1 for g.e. z € E.
(b) E =72, Gn g.e.

(c
(d

)
)
) Pp(limy, oo 0p\g, = 00) =1 for m-a.e. x € E.

) Py(lim, oo 0p\g, =) =1 for ge. x € E.

In particular, for an increasing sequence {F,} of closed sets, {F,} is an E-nest if and only if

P, (limy e 0p\p, = 00) =1 for m-a.e. x € E.

(ii) For a function f on E, f € Fioc if and only if there exist an E-nest {Fy} of closed sets and
{fr | k € N} C Fp such that f = fx g.e. on F}.

Proof. (i): For the implications (ia)<=-(ib), see Theorem 4.6 in [14]. The implication (id)==-(ia)
is clear. Next we show (ib)==-(ic). Since each G,, is finely open, it is quasi-open by Theorem 4.6.1(i)
in [8]. So there exists a common nest {Ay} of closed sets such that (E \ G,) N Ay is closed for all
n, € N. Set 0 := lim,_. TE\Gy - We then have that for all n € N XUE\Gn € E\ G, P;gas. on
{o < oo} for q.e. ¥ € E. We have P, (limy oo 0p\ 4, = 00) = 1 q.e. € E. Since o(w) < oo and
limy o 0p\a4,(w) = 00 together imply o(w) < OB\ Ay, (w) for some £y = {p(w) € N, we have that
there exists £o € N such that op\g, < op\4, for all n > £ > g, Py-a.s. on {0 < oo} for q.e. x € E.
This means

P,(0c <) <P, <11_m {XJE\Gn e(E\G,)NAyforalln>{ o< oo})

l— 00

< lim Pm(XcrE\cn €E(E\Gy)NAsforaln>{ o< o)
{—00

< lim Py (X, € (B\ Gp) N Ayp, 0 < 00)
{—00

< h_um(XUEE\Gg, J<OO)
l—00

:PI<XU€E\UG5,J<OO>:0

(=1

for m-a.e. x € E, because of the E-polarity of E'\|J,2; Gy, where we use the quasi-left continuity of
X up to oo and the closedness of (E'\ G¢) N Ay. The implication (ic)<=>(id) follows from the fact
that z — P,(0 < 00) is the limit of a decreasing sequence of excessive functions and Lemma 4.1.7
in [8].

(ii): The “if”part is clear by (i) because T7p, = 7¢,, where Gy, is the fine interior of Fj. We
only prove the “only if”part. Take f € Fioc. Then there exist {fx | k € N} C F and an increasing
sequence {Gy} of finely open sets with £ = |J;2; G q.e. such that f = f m-a.e. on Gy. We may
take fr € Fp for each k € N, by replacing f with (—k) V fx Ak, and Gy with G N {|f| < k}. Note
that f and f; are quasi-continuous, so f = fi q.e. on Gj. Taking an £-quasi-closure G}, of Gy,
we have f = f q.e. on G_kg (see [13] for the definition of £-quasi-closure). Let {A,} be a common
E-nest of closed sets such that for each k,n € N, G_kg N A, is closed. Set Fj := G_kg N Ag. By
(i), {Gk} is a nest, hence G_kg is a nest of g.e. finely closed sets, because of 7¢g, < end Here we
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recognize G_kg as a finely closed Borel sets by deleting an E-polar set. Since {A,} is a nest of closed
sets, {Fj} is so, that is, Py, (limg_ o 7, # ¢) = 0. Therefore {F},} is an E-nest of closed sets. We
easily see that for each k € N, f = fi q.e. on Fj. O

Recall that any locally square-integrable MAF M on [0, ([ admits a jump function ¢ on E x E

with ¢(z,x) = 0 for z € F such that AM; = ¢(X;—, X;) for t €]0,{[ Pp,-a.e. When M 6/\(;1, we
can strengthen this statement by replacing ]0, ¢[ with 0, co[ in view of Fukushima’s decomposition
and the combination of Theorem 5.2.1 and Lemma 5.6.3 in [8].

Lemma 3.2 Let ¢ be a Borel function on Ex x Ea satisfying ¢(x,z) = 0 for all v € Ea.
(i) Suppose that
N(1pxp(|6f* Agl))pun € S.
Then there exists a unique purely discontinuous local MAF K on [0,([ (i.e. K € (Mlloc)[[074[[)
such that Ky — Ky = ¢(Xy—, Xy) for all t € [0,(], Py-a.s. for q.e. x € E.
(i) If
N(1gxps (|6 Al¢))un € S,

then K can be taken to be a local MAF (i.e. K € M, ) and K; — K;— = ¢(Xy—, Xy) for all
t € [0,00[, Py-a.s. for g.e. z € E.

1
loc

Proof. The proof of (ii) is similar to that of (i), so we only prove (i). By martingale theory (see,
e.g. [10]), the hypothesis implies that the compensated process

t
K? = D (X, Xo) Ljgxa xa)>1) Ls<c) — / / N(Xs,dy)d(Xs, y) Lijg(x, )1} AHs
0<s<t 0 JE
is a local MAF of X of finite variation on [0, ([ and
(1) '
Kt = gl_)l% ( Z ¢(X8—7 Xs) 1{E<|¢(Xs—,Xs)‘§l} 1{5<C}_/0 /E‘N(ij dy)¢(Xsa y) 1{5<\¢(X5731)|§1} st)

0<s<t

is a purely discontinuous locally square-integrable MAF of X on [0,([. Thus K := K M 4+ K@
is a purely discontinuous MAF on [0, ([ with jump function ¢. The uniqueness is clear from the
martingale theory. O

Definition 3.3 Let M be a local MAF on [0, ([ (that is, M € (ML )I%¢l) with jump function ¢.
Assume that for q.e. z € F, P -a.s.

t
/0 [E (L gpen + 181 aon) (Xos ) N(Xs dy)dH, < 00 forevery t < ¢, (3.1)
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where @(z,v) := ¢(x,y) + ¢(y,x). Define, P,-a.e. on [0, (],
A(M), = —% (My+ Myory+ o(Xy, X4—) + K)  fort €0, (|, (3.2)
where K is the purely discontinuous local MAF on [0, ([ with
K, — K =—-9(X;—,X;) foreveryt<(, Pgas. (3.3)
for q.e. x € E.

Remark 3.4 (i) The condition (3.1) is nothing but N(1gxg(|@|* A |@]))py € S. In particular,
condition (3.1) is satisfied by the jump function of any element of (Ma)[0<L.

(i) It follows from Remark 2.13(iv) and Theorem 2.18 that A(M) is a continuous PrAF admitting
m-null set on [0,([. (This is because Remark 2.13(iv) and Theorem 2.18 imply that the
process defined on [0, ([ by By := My ory + o(Xy, Xy ) is a rcll PrAF, with left-limit process
B, = By — (X, Xy—). It follows that A(M) is rcll on [0, ([ and that A(M )t— = A( )¢ for all
t €]0,¢[, Prm-a.e.) Note that —K; := 3" o, O(Xs—, Xs)lgsaqy — fo [ ?(Xs, y)N (X, dy)dHy,
t < ¢, satisfies Ky = K;ory Pp-a.e. on {t < ¢} for fixed ¢ > 0. In view of Theorem 2.18, it
is then clear from the definition that A is a linear operator that maps local MAFs on [0, ([
satisfying condition (3.1) into even CAFs on [0, ([ admitting m-null set.

(iii) If {M™ ,n > 1} is a sequence of MAFs having finite energy and converging in probability to
M, then it is easy to see that M or, ¢"(X¢—, Xy) = M — M* and o™ (X, X;—) converge
to Myory, p(Xe—, Xy) = My — M;— and o(Xy, Xy—) in probability, respectively, under P,,.
Hence we have A(M™); converges to A(M); in measure for each ¢ > 0.

(iv) For u € F,
1
AM®) = =5 (Mg + M ore + u(Xe-) — u(Xy)) = Ny
P,,-a.e. on {t < (} for each fixed t > 0. The first equality above is just the definition of
A(M™) while the second follows by applying r; to both sides of (1.2), because Xy = X;_ and
N"or, = N#, Pp-ae. on {t < (}. (The last property is proved in [5, Theorem 2.1] when

X is a diffusion, but the same proof works for general symmetric Markov process X.) Since
both A(M"); and N{* are continuous in ¢, we even have, P,,-a.e.,

A(M™) =N forall t <.

We are going to show that A(M) defined above coincides on [0, ¢[ with I'(M) defined in (1.5)
by Nakao when M is an MAF of finite energy. An AF Z is called even (resp. odd) if and only if
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Zyory = Zy (vesp. Zyor, = —Z;) Pp-ae. on {t < (} for each ¢ > 0. For a rcll process Z with
Zyo=0and T > 0, we define

RTZt = (RTZ)t = ZT_ — Z(T—t)— for 0 <t< T,
with the convention Zy_ = Zy = 0. Note that RpZ; so defined is an rcll process in t € [0, T1.

Lemma 3.5 Suppose that Z is an rcll PrAF. Then P,-a.e. on {T < (},

Z f Z @
RrZ; = { torr, i Zis even for every t € [0, T1. (3.4)

—Zyory, if Z is odd
Proof. Let Z be an rcll PrAF and let T > 0. By Lemma 2.15,
Zyorp=(Zp—Zp_yoby)orp=Zporp —Zp_yorp_y forallt <T. (3.5)

When Z is even,
Zyorp =2 — Zr—y = Zp— — Z(T—t)— = RrZ,

P,-a.e. on {T' < (} for each fixed 0 <t < T'. Since both sides are right continuous in ¢t € [0, T, we
have P,,-a.e. RpZy = Zyory for every t € [0,7]. When Z is an odd AF of Z, (3.4) can be proved
similarly. O

Theorem 3.6 For an MAF M of finite energy, A(M) defined above coincides on [0, C[ with I'(M)
defined in (1.5) Py,-a.e..

Proof. For v € F and 0 <t < T, since N" is an even CAF, by Lemma 3.5,

(M + 2N orp = (u(Xy) — u(Xo) + N&) orp
w(X(r—p)-) — u(Xr-) + Ny — Nip_y_
M_py_ — Mj
= —RpM".

Since both (M} + 2N}*) o rp and RpM}* are right continuous in ¢, we have P,,-a.e. on {T < (},
RrM} = — (M +2N{)orp for every t € [0, T). (3.6)

For w € D(L) C F and v € Fp, define M; = fg v(Xs—)dMY, which is a MAF of finite energy. Note
that, since uw € D(L), N = fot Lu(Xs)ds is a continuous process of finite variation. For each fixed
0<t<Tandn >1, define t; = it/n and s; = T — t + t;. Using the standard Riemann-sum
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approximation of the It6 integral and of the covariance process [MV, M"], we have P,,-a.e. on

{Tr<¢

My — Mp_y + MY, M| — [M*, M*]7_¢

n—1
- (S () + (o, ) oz, o)

=0
n—1
= lim (Z 0(Xo) (M2, - M) = (N2, = N2 (A, - M“))
=0
n—1
= lim > e(X,,,) (M, - M)
=0
n—1
= lim > wu(Xroiyr;) (RTMf_ti - RTMZ“‘_tm)
=0

n—1
= hm (Z 'U(Xt_ti+1) <Mtu—ti+1 - Ml;u—tl + 2Nl;u—ti+1 - 2Ntu—tl)> o TT

n—oo \ 4
=0

_ (/Otv(Xs_)d(Ms“ 4 2N:)> o,

where in the third equality we used the fact that N“ has zero energy, while in the second to the
last equality we used (3.6). Note that the stochastic integral involving N* in the last equality is
just the Lebesgue-Stieltjes integral since N* is of finite variation. Note also that X; = X;_ P,,-a.e.
for each fixed t > 0. So we have for each fixed t < T, P,,-a.e on {T < (},

t
Ry My + Rp[MY, M"], = — </ v(X-)d(ME + 2N§‘)> ory.
0
Since both sides are right continuous in t € [0,T], we have P,-a.e. on {T' < (},
t
Ry My + Rp[M?, M"], = — (/ v( X )d(MY + 2Ns“)> orp for every t € [0, T1. (3.7)
0
By [17, Theorem 3.1] and (1.7),
¢ ¢ 1 _ ,
oty Ny = [ o) N =)= (M7 4 M, D 4 A,
0 0

It follows that P,,-a.e. on {T' < (},

RpM; + RT[MU, Mu]t
= — (M +20(M), — (MY° + M7, M™¢ + M"7),) orp
= — (Mg +20(M); — (MY€, M™©)y — (M"7, M"™7);) orp for all t <T.
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Recall that

(MO, M) = (M€, M™%+ (MY — M_)(My — ML)
s<t
=, M)+ 3 (0(X) — u(Xe ) (u(X) — u(X, ).
s<t
Taking ¢t = T and noting that both I'(M) and (M"¢, M™¢) are continuous even AFs, we have from
above that P,,-a.e. on {t < (},

P(M), = _% (M, + My oy + v(X,)@(X0) — u(X) + K)) | (3.8)

where
K=y (0(Xs) = 0(Xe)) (u(X,) = u(X,o)) = (M™, M),
s<t
is the purely discontinuous MAF with K; — K;— = (v(X;) — v(X3—))(u(Xy) — u(X¢—)). Notice that
the right side of (3.8) is right continuous on [0, ([, P,,-a.e.; cf. Remark 3.4(ii). Also observe that
M, — My = p(X,_, X1), where (z,) = v(x) (u(y) — u(z)), and that

Ky — Ky = —QD(Xt—,Xt) - QD(Xt,Xt—)-

This shows that I'(M); = A(M); Pp,-a.e. on {t < ¢} for each fixed ¢t > 0. Since both processes are
continuous in t € [0, ([, we have P,,-a.e.

L(M)=A(M) onl0, (|

for an MAF M of the form M; = fo _)dM¥ with uw € D(L) and v € Fp. By Lemma 5.4.5 in
[7], such MAFs form a dense subset in the space of MAFs having finite energy. Thus by Lemma 3.1
in Nakao [17] and Remark 3.4(iii) we have for a general MAF M of finite energy, I'(M); = A(M);
P,,-a.e. on {t < (} for every fixed t > 0. Since both processes are continuous in t € [0, (|, it follows
that T'(M) = A(M) on [0, ([ P,-a.e. O

Theorem 3.7 Let M be a locally square-integrable MAF on [0, ([ with jump function . Suppose
that ¢ satisfies condition (3.1). Then for everyt > 0,

n—1
Tim D (AM) 1)t/ — A(M)gey)” =0, (3.9)
(=0

where the convergence is in P gp,-measure on {t < (} for any g € LY(E;m) with 0 < g <1 m-a.e.

Proof. By (1.5) and Theorem 3.6, (3.9) clearly holds when M is a MAF of finite energy. For
a locally square-integrable MAF M on [0,(], there is an E-nest {Fj} of closed sets such that
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1p M E,/\i( for each & > 1 in view of the proof of Proposition 2.8 and so (3.9) holds with 15, * M
in place of M. For each fixed k > 1,

1
A(M)t = A(le * M)t - §Ktk P-a.e. on [07 TFy [7

where K} is a purely discontinuous local MAF on [0, ([ with

K — K = 1pe(X)o(Xe, Xo) + 1re (X)) p(Xy, Xio) - for t < .
Since 1, * M 6/\(;1, we have

/ N1 xp9®) dup = / N(pxp,¢?) dug < oo.
E B

Consequently, by Lemma 3.2, we have the existence of purely discontinuous local MAF on [0, ([ with
jumps given by 1, (Xi—)p(X—, X¢)+ 15, (Xe)p(Xt, Xi—), t < (. So we obtain the existence of such
KF. Since the square bracket of K* is given by D ect Lre (X ) (X, X)) 4 1pe (Xo)0? (X, X)
and it vanishes at t < 7g,, we have for each fixed ¢t > 0,

n—1
lim Z (A(M)(Hl)t/n — A(M)gt/n)2 =0 in Pg,-measure on {t < 75, }.
(=0
Passing to the limit as k T oo establishes (3.9). O

We are now in a position to define stochastic integrals against A(M) as integrator. Note that for
[ € Fioe, M7T is well defined as a continuous MAF on [0, ¢[ of locally finite energy (see Theorem 8.2
in [10]). Moreover, for f € Fj,. and a locally square-integrable MAF M on [0, (],

t— (fx M), ::/0 f(Xs-)dMy

is a locally square-integrable MAF on [0, ([.

Definition 3.8 (Stochastic integral) Suppose that M is a locally square-integrable MAF on
[0,¢[ and f € Froe. Let ¢ : E x E — R be a jump function for M, and assume that ¢ satisfies
condition (3.1). Define P,,-a.e. on [0, ],

/O F(Xo_) dA(M),

= A M) =500 0+ g [ [ (1) = FXD) el XN (Xedg) . (3.10)

whenever A(f % M) is well defined and the third term in the right hand side of (3.10) is absolutely
convergent.
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Remark 3.9 (i) Under the above condition, the stochastic integral is clearly well-defined on
[0,¢[ under Py, and is a PrAF of X admitting m-null set.

(ii) Here are some sufficient conditions for every term on the right hand side of (3.10) to be well
defined. In addition to the conditions in Definition 3.8, we assume that P,,-a.e.

/0 /E(f(Xs) — f(y))?N(X,,dy)dH, < oo for every t < ¢ (3.11)

and that .
/ / oy, Xs)2N(Xs, dy) dHy < 0o for every t < (. (3.12)
0o JE

Then the first and third terms on the right side of (3.10) are well defined. This is because
N(IEXE|(,/5|)/LH €S implies N(lExE|f<,Z|),uH S S, and

f@)e(,y) + fWely, ) = f@)p(z,y) + (f(y) — f(2)e(y, ),

so A(f M) is well defined on [0, ([ in view of the condition (3.1) for f* M, (3.11) and (3.12).
Condition (3.11) is satisfied when f is a bounded function in Fj,. or f € F. This is because
when f € F, the left hand side of (3.11) is just (M77);. When f is a bounded function in Fic,
by Lemma 3.1(ii), there exist a nest {F, | n € N} of closed sets and a sequence of functions
{fn | n € N} C Fy such that f = f, q.e. on F, for every n > 1. Note for each n > 1, M /=
is a square-integrable purely discontinuous martingale and

Mtfn’d - Mtfj“d = fn(Xt) - fn(Xt—)

So t +— ngt (fn(Xs) — fn(Xs_))2 is P, -integrable for q.e. = € E. Since f is bounded, we
have for each n > 1 that

t o= Z (f(Xs) - f(Xs—))2

= > (FX) = FX)) + (FXinrs,) = F(Xinp, )
= Y (X)) = Fl X))+ (f(Xinrs,) = F(Kinr, )’

is an increasing process and is P, -integrable for each fixed ¢ > 0 for q.e. x € E. Similarly,
Ay = Yo (f(Xs) = f(X2))? is locally integrable in the sense of Definition 5.18 in [10].
Indeed, for a stopping time T}, := inf{t > 0 | 4, > n}, Ay, = Ap,_ + (f(X1,) — (X1, _))?
is bounded, hence P -integrable for q.e. x € E. Note that the dual predictable projection of
Ay is nothing but fg S, (f(Xs) = f(y))?N(Xs,dy) dH. Then the dual predictable projection
of 3 scinm, (F(Xs) = F(Xs2))% s given by [§"" [ (f(Xs) — f(y))*N(X;,dy) dH, from
Corollary 5.24 in [10], which is P, -integrable for q.e. € E. This implies that (3.11) holds
for every t < 7p,. Therefore (3.11) holds for every t < (.
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(iii)

Condition (3.12) is satisfied when M¢? is P,,-square-integrable. Indeed,

E.. [Z O (X, X )it < C] = Em[[Md]t ory:t< C}

= Em[[Md]t:t < C] < 0.

Then Corollary 4.5 in [9] tells us that

iy B0 [, )] = oy [ 0]

s<t s<t

// oy, X Xs,dy)dH]

for all ¢ > 0 by way of its subadditivity. Hence we get (3.12).

which implies

Suppose that f € F. Let K; be a purely discontinuous local MAF on [0, ([ with K; — K;— =
—p(Xi—, Xt) — (X, X¢—) on |0,¢[. Then

3,300+ 10 == [ [ (70) = PO et XN (X, )
In this case, (3.10) can be rewritten as
t
1 . .
/ F(Xs)dA(M)g = A(f * M), — 5<va0 + M5 M+ MY+ K, (3.13)
0

on [0,¢[. So when M = M“forsomeuefandfefﬂL2E,u fo A(M)s on
[0, C[ is just the fo Xs) odl'(M)s defined by (1.7). This shows that the stochastlc integral

given in Definition 3.8 extends Nakao’s definition (1.7) of stochastic integral first introduced
n [17] O

Theorem 3.10 The stochastic integral in (3.10) is well defined. That is, if M and M are two
locally square-integrable MAFs on [0,(] such that all conditions in Definition 3.3 for M and M
are satisfied and A(M) = A(M) on [0,(], then for every f € Fioc for which fg f(Xs—)dA(M)s and

Jo F(Xs-

dA(M)S are well defined, we have Pp,-a.e.

/f ) dA(M s—/f M), on 0, (|

Proof. It is equivalent to show that

/f )dA(M — M), =0 on [0, C[.
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By taking M to be M — M , we may and will assume that M = 0. Moreover, a localization argument
allows us to assume that f is bounded. Let ¢ : E x E — R be a jump function for M. Let K; be
the purely discontinuous local MAF on [0, (] with

K — Ky = —p(Xi—, Xi) — (X, Xy—)  fort < (.
Since A(M) = 0, we have
M+ Miori+o(Xe, Xe— )+ Ke =0 on [0, (] (3.14)
Thus by (3.5) and (3.14), on {T < (},

Mt orr = MT orr — MT—t oOrr—t
= —Mp— Kr+ Mr—+ Kr—t — (X1, X7 ) + p(X7—t, X(7_1)—) (3.15)

for every t € [0,T]. Using the standard Riemann-sum approximation and (3.15), we have for f € F,
(f x M)pore + f(Xe)p(Xe, Xi—)
= —(f*M);— (f*K); — [M/, M + K},
= _(f * M)t - (f * K)t - (Mf,chc>t + Z(f(Xs) - f(Xs—))QD(Xme—)

s<t

P,,-a.e. on {t < (} for each fixed t > 0. Consequently we have for f € Fio., P-a.e. for all
t€[0,¢],

(f* M)ior+ f(Xp)o( Xy, X))
= —(fx M) — (f* K)o — (M5, M)+ (f(Xs) — f(Xe))p(Xs, Xeo),  (3.16)

s<t

since both sides are right continuous in ¢ € [0, {[. Let K be the purely discontinuous local MAF on
[0, ([ with

Ky — Ki- = —f(Xi2)o(Xe—, Xy) — f(Xp)(Xy, Xo—)  for all ¢ € [0,(].

Then for f € Fioc, we have by (3.16),

A(f* M), = —% ((f*M)t + (fx M) ory+ f( X)X, Xi—) +f<t)
= % ( ) f(Xs—) sz + (Mf7chC>t — Z(f(Xs) — f(XS_))(‘p(ijXS_) _ I?t) .
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Thus
Aﬂ&JMW%
= A(F* M)y — (M, MY / / X))y Xo) N (X, dy) dH,

- /f aks __Z(f(Xs)—f(Xs—))cp(Xs,Xs_)—%R’t

s<t

w5 [ [ j[ X))ol XN (Xes dy) dE.
Note that
= _Z XS , Xs )+f(Xs)90(Xs,Xs—))
+/n/(ﬂXQﬂX&w+f@M@J&DNﬂ&deHS (3.17)
0 JE
and that
K; = lim ( D (@Bl (Xom, Xo) + (N(BLyzey) * H)t) ; (3.18)

where @(z,y) == p(z,y) + ¢(y,z). It follows that

/tf(Xs—)dA(M)s =0 forallt<(
0

P,,-a.c. O

Remark 3.11 The above proof actually shows that if A(M) = A(M) on [0, T]N[0, [, then Ppy-a.c.,

/f L) dA(M s—/f M), on [0,7]0[0, .

4 Further study of the stochastic integral

Theorem 4.1 Suppose that f € Fio. and that M is a locally square-integrable MAF on [0, ([
satisfying (3.1) such that A(M) is a continuous process A of finite variation on [0,([. Assume that
the stochastic integral t — fg f(Xs—)dA(M) is well defined. Then P,,-a.e.,

/f L) dA(M s—/f A, on o, ¢,

where the integral on the right hand side is the Lebesgue-Stieltjes integral.
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Proof. Let ¢ : E X E — R be a Borel function with ¢(z,z) = 0 for € E such that p(X;—, X;) =
M; — M;_ for t € [0,([, Pp-a.e. Let K; be the purely discontinuous local MAF on [0, ([ with

K — K- = —o(Xi—, Xy) — (X, Xy—) for t €]0,C].
Since A(M) = A on [0, ([,
Myor,+ (X, Xy ) = —M; — Ky — 24, for all t € [0,(].
Thus by (3.5), for every T >t > 0, on {T < (},
Miory = —Mp — Kp —2Ar + Mr— + Kr + 2A7 ¢ — (X7, X7 ) + (X174, X(7—1)-). (4.1)

Now fix f € Fioc; as before we may assume without loss of generality that f is bounded. Using the
standard Riemann-sum approximation we obtain, on {t < (},

(f* M)iore + f(Xe)p(Xe, Xi—)
= —(fxM)y— (f*EK)—2(fx A)y — [M7, M + K +24],
= _(f * M)t - (f * K)t - 2(f * A)t - (Mf’caMc>t + Z(f(Xs) - f(Xs—))QD(X&Xs—)’

s<t
Consequently, we have, P,,-a.e. for all ¢ € [0, (],
(f = M)y oy + f(Xe)o(Xe, Xo—) (4.2)
= ([ M)y = (f K)p = 2(f % A)p — (MP, M)y + ) (F(Xs) = F(Xem))p(X, Xso),
s<t

since both sides are right continuous in ¢ € [0, {[. Let K be the purely discontinuous local MAF on
[0,¢[ with

Ky — Ko = —f(X)e(Xi—, X1) — f(Xe)o(Xp, X;—)  forall ¢ € [0,¢[.
Then by (4.2),

A(f+ M), = * M)y + (f * M)ory+ f(Xi)p (XuXt—)‘Fkt)

/N l\’)l}—t

1
>
NP Xo) — K.

3 (¢
/ _)dK, +2/ (X)) dAg + (M7 M€,
5;

Thus

/0 F(X,o) dA(M),
= A(fe M)~ (M5 M)+ / / X))oy, X,)N (X, dy) dH,

= %/ [(X2)dK, +/ f(Xs2) dAs __Z(f(Xs)—f(Xs—))cp(Xs,Xs_)—%f{t

s<t

// Xs))e(y, Xs)N (X, dy) dH
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It now follows from (3.17)-(3.18) that P,,-a.e.,

/tf(XS_)dA(M)S = /tf(XS_)dAs for all t € [0,(].
0 0

This proves the theorem. O
Note that if f,g € Fioc, then fg € Fioc.

Theorem 4.2 Let f,g € Fioc and let M be a locally square-integrable MAF on [0,(] satisfying
(3.1). Then P, -a.e.,

[ atxa ([ rxason, ) - | (X )a(Xe ) dAQM),  for cveryt < (. (43)
whenever all the integrals involved are well defined.
Proof. Let ¢ : E x E — R be a Borel function with ¢(z,z) =0 for « € E such that P,,-a.e.,
o( X, X)) = My — M, for all ¢ €]0, (][
Let K; and K; be the purely discontinuous local MAFs on [0, ] with
K — Ky = —o(X4—, Xy) — (X, Xi—) for t €]0, (]|

and
Ky~ Ko = —f(X)o(Xe, Xo) — (X)X, Xoo)  for t €]0,¢].

respectively. Then the left hand side of (4.3) is equal to

[ atxoyaaissan. -5 [ goeoapee, ar),
0 0
w3 | [ o0~ 1) XN (X, a,
= Ao M) = 00 (£ M)+ 5 [ [ (0(0) — 9K W)l XN (X, dy) dH,
0 JE

1 t . . 1 t
—5 | sxyaare g [ a0 - F)el XN (X dy) i,

2
= Aty =500 M+ 5 [ [ (o) = X0 XN (X, a1
= [ e aan).

This proves the theorem. O
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Let J denote the class of stochastic processes that can be written as the sum of an (F3)-
semimartingale Y and A(M) for a locally square-integrable MAF M on [0, ([ satisfying the con-
dition of Definition 3.3. The last two theorems imply that the following stochastic integral is well
defined for integrators Z € J.

Definition 4.3 For f € Fioc and Z =Y + A(M) € J, define on [0, (]

[ rxyaze= [ seeoavs [ reoa.
whenever the latter stochastic integral is well defined.
To establish [t6’s formula, we need the following result.
Theorem 4.4 Let f € Fioc and let M be a locally square-integrable MAF on [0,([ such that

fd f(Xs—)dA(M) is well defined on [0,([. Then for everyt > 0, Py,-a.e. on {t < (},

n—1

|5 ar . =t 3 X ja) (AODeen =AM i) (4.4)
/=0

Here the convergence is in measure with respect to Py on {t < (} for every g € L'(E;m) with
0<g<1m-a.e.

Proof. By (3.5), Msor, = Myor, — M;_sor,_s for all s < t. Let ¢ : E x E — R be a Borel
function with ¢(x,x) = 0 for € E such that o(X;—, X;) = My — M;_ for all t € [0,([. Let K be
the purely discontinuous local MAF on [0, (] with

Ky — K = —p(Xi—, X4) — (X4, Xy for ¢ €]0, ¢[.

Then for each fixed t > 0, P,-a.e. on {t < (}

n

1

Jim > F(Xeegn) (M) 1yeym — MM ) i)

=0
n—1

1 1 1 .
= —§(f * M)y — §(f * K)t + 3 Jim Z F(Xayn) (Mieg1)e/n © Te+1)t/n — Mersn © Ter/n)
=0

n—1

1 1 1 .
= —5(fx M) = 5(f* K): — 5 lim > FXenem) Musaym — Mam) | ore
=0

= —%(f*M)t—%(f*K)t—%(f*M)tOT‘t—%[Mf,M]tOTt

= SR M) (R K S (f e Moy — (M), LY (P — (X)X X )
—A(f M)+ %R’t - %(f « K )y — %(Mf’c,M% _ %Z(f(XS_) (X)X Xl )

- /0 F(Xo_)dA(M),,
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where K in the second to the last equality is the purely discontinuous local MAF on [0, ([ with
Ks— Ks = _f(Xs—)(P(Xs—aXs) - f(Xs)SD(Xme—) for s E]O, C[ O

Remark 4.5 (i) Theorem 4.4 immediately implies Theorems 3.10 and 4.1.

(i) By (3.9),

n—1

t
[ 2 aran, = i 3 FXin) AOD e = AODp)  (@5)
=0
holds in Pyy,-measure on {t < (} for any g € L'(E; m) With 0 < g <1 m-a.e. Hence we
could denote this stochastic integral by either fot f(Xs)d s Or fo )odA(M)s. Here
fo ) o dA(M)s is the Fisk-Stratonovich type integral. for t <C

n—1 X n X n
/ f(Xs)odA(M)s : nan;O E f Xy ;—I_f( t/n) (AM) (e41)t/n — MM )gry) - (4.6)
(=0

(iii) For any f € Fioc and P,,-square-integrable MAF M, by way of the Riemann-sum approxima-
tion (4.4), we can extend the stochastic integral fg f(Xs-)dA(M)s without imposing further
conditions. Indeed, let {G;} be a nest of finely open Borel sets and f, € F, with f = f;
m-a.e. on Gy (see the explanation for the condition (3.11) in Remark 3.9.) By (4.4), w
see fg fu(Xs—)dA(M)s = fot fo(Xs—)dA(M)s for t < 7¢, and n < ¢. Then we can define
fot f(Xso)dA(M)s = fg fn(Xs—)dA(M)s for t < 7¢, for each n € N, consequently, for all
t < ¢ P,,-a.e. More strongly, for M E,/\j( and f € Fioe, we can define fgf(XS_) dA(M)s for
all t € [0, 00[ Py,-a.e. Indeed by Remark 3.9(ii), our stochastic integral f,, * A(M) for M 6/\3{
agrees with that defined by Nakao [17] on [0, ([ Py,-a.e., while the latter is defined as a CAF
of X for all t > 0. This implies that limg¢(fy, * A(M)), exists and is finite P,,-a.e. After we
extend our definition of stochastic integral f, x A(M) beyond [0, ([ by

(fn * A(M))t = (fn * A(M))C = 1;%}(]% * A(M))s for t > ¢,

fnxA(M) becomes a CAF of X on [0, co[ P,,-a.e. With this extension for each n < ¢, we have
fg F(Xs—)dA(M)g = fg fe(Xs—)dA(M)s for t < op\q, Pm-a.e. Owing to Lemma 3.1(i) and
the existence of the limit limq¢ fg f(Xs-)dA(M)s Pp,-a.e., we obtain the stochastic integral

f(f f(Xs—)dA(M)s, on [0,00], Pp-a.e. for any f € Fioe and M E,AC;(, extending the stochastic
integral by Nakao [17]. O

Remark 4.5(iii) says that the stochastic 1ntegral f*A(M); := fo A(M)s can be defined

for t € [0, 00] Pyy-a.e. for every f € Fio. and M € j\/l. We shall refine this statement from m-almost
every starting point x € F to quasi-every x € E.
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Lemma 4.6 For f € Fioc and M 6,/\3(, the stochastic integral f«A(M); := f(f f(Xs—)dA(M)s can
be defined for allt € [0,00[ Py-a.s. for q.e. x € E, in particular, f+A(M) is a CAF of X on [0, 00].

Proof. Since f € Fioc, we have {fi | k € N} C Fp and a nest {Gj, | k € N} of finely open Borel sets
such that f = fx q.e. on Gj. We know that the stochastic integral f *x A(M) is defined P -a.s. for
q-e. ¢ € E. Let 2 be the defining set admitting an E-polar set for the CAF fi « A(M) of zero
energy and set

o0
=.=dwe ﬂzk

k=1
/0 fr(Xsm (W) dA(M)s(w) :/0 f(Xs—(w)) dA(M)s(w) for t < UE\Gk(w)}-

for any k,¢ € N with k < £,

Then P,(Z¢) = 0, m-a.e. # € E. Hence for each s > 0, P,(6;1(2%) = Ps(P.(Z°))(z) = 0 for
q.e. = € E. Setting Z := Mrz1 Zx N Nseq, 071(Z), we have P,(Z) =1 for q.e. z € E. For w € E
with ¢t < op\q, (w), we can find small so(= so(w)) > 0 such that t + so < o\, (w). Then we see
t < op\q,(Osw) for any rational s €]0, so[. Hence for such w, we have for k¥ < £ and any rational

S E]O, SO[
t+s t+s

fr(Xo— (W) dA(M) (w) = fo(Xo—(w)) dA(M)y (w).

S S
Letting s — 0 and noting w € Zi, k € N, we have that for k < ¢, fr * A(M); = fox A(M); for t <
Op\G,> Pz-as. for qe. x € E. By Lemma 3.1(i), we know P, (limg oo 0p\g, = o0) = 1 for
q.e. x € E. Therefore, we obtain that the stochastic integral f*A(M) defined as in Remark 4.5(iii)
can be established P -a.s. for q.e. x € E. This completes the proof. O

Theorem 4.7 (Generalized Ité formula) Suppose that ® € C*(R?) andu = (uy, -+ ,uq) € F.
Then for q.e. x € E, Py-a.s. for all t € [0, oo,

D(u(Xi)) — 2 (u(Xo))

. rt 9 14 t 92 wie s
- ;/0 T%(U(Xs—))dUk(Xs)‘ng;l i axiaxj(u(Xs_))d(M MOy, (47)
PY
+> ((P(U(Xs)) — D(u(Xs)) = Y Fr (H(Xs ) () = uk(XS_))) _
s<t =1

Proof. Note that both sides appeared in (4.7) are P -a.s. defined for q.e. x € FE in view of
Lemma 4.6. First we show this It6 formula (4.7) under P, for a fixed ¢t > 0. Note that ®ou € Fiye
and that

up(Xe) = up(Xo) + M"™ + Ny* = ug(Xo) + My + A(M");.

35



This version of It6’s formula follows from Theorems 3.7 and 4.4 by a line of reasoning similar to
that used to prove Itd’s formula for semimartingales (cf. [10]). Since both sides in (4.7) are right
continuous, (4.7) holds under P,,.

Secondly, we refine the starting point. Recall that Q consists of rcll paths. Let I;(w) be the
difference of the left hand side and the right hand side in (4.7). Let = be the intersection of all
the defining sets of AFs appeared in the formula and {w € Q | L;(w) = 0,7t € [0,00[}. Then
P,(2°) =0, m-ae. ¢ € E. Let Z be the intersection of the defining sets of AFs appeared in the
s€Qyr 071(Z). Then we have P,(Z) =1 for q.e. z € E as in the proof of Lemma 4.6.
Take w € =. Then for any positive rational s > 0, we have I;(6sw) = 0, that is,

formula and

D (u(Xtys(w))) — P(u(Xs(w)))
d

t+s o 1 t+s 62(1) . .
=3[ GO ) + P | G K @) dar e 2, )
T
+ Yy (‘P(U(Xu(w))) — B(u(Xp- (W) = Y 9y (UXo—(@))) (ur(Xo (W) — Uk(Xu—(w)))> :
s<v<t+s k=1 k
Letting s — 0 and using the right continuity of s +— wu(X;) and stochastic integrals, we have
I;(w) = 0. This completes the proof. O
References

[1] Z.-Q. Chen, Z.-M. Ma and M. Rockner, Quasi-homeomorphisms of Dirichlet forms, Nagoya Math. J.
136 (1994) 1-15.

[2] Z.-Q. Chen, P. J. Fitzsimmons, K. Kuwae and T.-S. Zhang, Perturbation of symmetric Markov processes,
To appear in Probab. Theor. Relat. Fields, 2007.

[3] Z.-Q. Chen, P. J. Fitzsimmons, M. Takeda, J. Ying and T.-S. Zhang, Absolute continuity of symmetric
Markov processes, Ann. Probab. 32 (2004) 2067—2098.

[4] Z.-Q. Chen and T.-S. Zhang, Girsanov and Feynman-Kac type transformations for symmetric Markov
processes, Ann. Inst. H. Poincaré Probab. Statist. 38 (2002) 475-505.

[5] P.J. Fitzsimmons, Even and odd continuous additive functionals. In Dirichlet forms and stochastic
processes (Beijing, 1993) (eds. Z.-M, Ma, M. Rockner and J.-A. Yan), 139-154, de Gruyter, Berlin,
1995.

[6] P. J. Fitzsimmons and K. Kuwae, Non-symmetric perturbations of symmetric Dirichlet forms,
J. Funct. Anal. 208 (2004) 140-162.

[7] M. Fukushima, Dirichlet Forms and Markov Processes, North-Holland, 1980.

[8] M. Fukushima, Y. Oshima and M. Takeda, Dirichlet Forms and Symmetric Markov Processes, de
Gruyter, Berlin, 1994.

[9] R. K. Getoor, Some remarks on measures associated with homogeneous random measures, Seminar on
stochastic processes, 1985 pp. 94-107, Birkhauser, Boston, 1986.

36



[10]

[11]

S. W. He, J. G. Wang and J. A. Yan, Semimartingale Theory and Stochastic Calculus, Science Press,
Beijing New York, 1992.

J. Jacod and A. N. Shiryaev, Limit Theorems for Stochastic Processes. Springer-Verlag, Berlin, Heidel-
berg, 1987 (reprinted in 2003).

H. Kunita, Absolute continuity of Markov processes and generators, Nagoya Math. J. 36 (1969) 1-26.
K. Kuwae, Functional calculus for Dirichlet forms, Osaka J. Math. 35 (1998) 683-715.

K. Kuwae, Maximum principles for subharmonic functions via local semi-Dirichlet forms, to appear in
Canadian J. Math., 2007.

J. Lunt, T. J. Lyons and T.-S. Zhang, Integrability of functionals of Dirichlet processes, probabilistic
representations of semigroups, and estimates of heat kernels, J. Funct. Anal. 153 (1998) 320-342.

Z.-M. Ma and M. Rockner, Introduction to the Theory of (Non-Symmetric) Dirichlet Forms, Springer-
Verlag, Berlin, 1992.

S. Nakao, Stochastic calculus for continuous additive functionals of zero energy, Z. Wahrsch. verw. Ge-
biete 68 (1985) 557-578.

M. Sharpe, General Theory of Markov Processes, Academic Press, San Diego, 1988.

J. B. Walsh, Markov processes and their functionals in duality, Z. Wahrsch. verw. Gebiete 24 (1972)
229-246.

Zhen-Qing Chen:

Department of Mathematics, University of Washington, Seattle, WA 98195, USA.
Email: zchen@math.washington.edu

Patrick J. Fitzsimmons:

Department of Mathematics, University of California at San Diego, La Jolla, CA 92093-0112, USA,
Email: pfitzsim@Qucsd.edu

Kazuhiro Kuwae:

Department of Mathematics, Faculty of Education, Kumamoto University, Kumamoto 860-8555, Japan.
Email: kuwae@gpo.kumamoto-u.ac.jp

Tusheng Zhang;:

School of Mathematics, University of Manchester, Sackville Street, Manchester M60 1QD, UK.
Email: tzhang@maths.manchester.ac.uk

37



