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Abstract: Let (W;);>0 be a Brownian motion. We represent the distribution-valued process
(6w, ) as the solution of an evolution equation. Using this we prove the Martingale Represen-
tation Theorem, with an explicit expression for the integrand for random variables of the form
Fi(We,) fa(Wy) oo fn(We, ). We introduce a new stochastic Sobolev space and reformulate the

Martingale Representation theorem in terms of elements from this space.

0. Introduction.

In this paper we develop a new approach to the Martingale Representation Theorem for Brownian
motion [11]. This approach connects two different streams of the literature on infinite-dimensional
Stochastic Analysis: The one deals with representation of solutions of “stochastic evolution equa-
tions” (so-called “mild solutions”) ([5],[14] [6],[4],[9],[8]), the other concerns the explicit descrip-
tion of the integrand in the stochastic integral representation of functionals of Brownian motion
(13,[17],[15],[7],[1], [19], [20]).

While stochastic evolution equations have been studied in fairly general settings in the refer-
ences cited above, we deal here with the simple but basic example of the Brownian motion. Our
starting point is the equation satisfied by the process (dw, ), where d, is the Dirac distribution at
r € R and (W;) is a d-dimensional Brownian motion. It was shown in [21] that this S’-valued

process satisfies the following equation in a Hilbert space Sl’) contained in S’:

d t d t
i ].
S = O — Z/O 0u(5w,) AW + Z/O 02 (5w.) ds
=1 =1

This is clearly a stochastic evolution equation of the form

dY, = AY, dt + dZ;

(0.1)
Yo = dwy,

where A = 1A : § — § is the infinitesimal generator of the Brownian semigroup (13), and
Zy = — Z?Zl fg’ 9;(6w,) dW! is an §’-valued semimartingale. We can speak of the mild form of
(0.1), namely

t
(02) Y;, = Tt(Y[)) + / ths dZt

0
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We prove such a representation for Y; := dw, in Section 2. The necessary estimates on the

semigroup and infinitesimal generator are obtained in Section 1.

The above representation as a mild solution is closely connected with the Martingale Repre-
sentation Theorem. Indeed, allowing the two sides of (0.2) to act on a test function f € S, we

obtain the well-known representation (when d = 1) of f(W;) (see for example [2]):

(0.3) F(W) = Tof(Wo) + / O(Ti_s f)(Wy) dW,.

In Section 3, we prove the Martingale Representation Theorem for Brownian motion by extending
(0.3) to random variables of the form fi (W, ).... fn (W, ). For such random variables we obtain in
Lemma (3.1) an explicit description of the integrand (also observed in [10]). While the explicit
descriptions of the integrand in [3] and [17] are on path space, our representation is obtained on

an arbitrary probability space supporting the driving Brownian motion.

In section 4, we provide a new description of the integrand in the Martingale Representation
Theorem, generalising the description given in section 3 to the whole of L?. We recall that the
usual description of the integrand is in terms of stochastic or Malliavin derivatives (the Clark-Ocone
formula). In contrast, we introduce (stochastic) Sobolev spaces that can be defined on an arbitrary
probability space on which the Brownian motion is defined. The elements here are functions of
(t,w,r) where w € Q, and x € R%, the state space of the Brownian motion. We show that for any
F € L? there exists a 87 (t,w, x) in the appropriate Sobolev space , such that the integrand in the
Martingale representation theorem is given as V3 (t,w, W;), where the gradient is taken in the
variable z € R<.

1. Estimates on the Brownian Semigroup.
Let p;(x) denote the Gaussian kernel defined by

1 12
pt(.fU) = W@ ] /Qt, xr e Rd,t > 0.

For f € S = S(RY), the space of rapidly decreasing smooth real-valued functions on R%, define

_ [ [*pi(x), zeRLE>0;
Tif(z) == {f(x),t zeRt=0.

32
Let Af(z) =%, 8—;;

Fourier transform of f.

() be the Laplacian acting on f, and write f(z) = [ e~*(®) f(t) dt for the

Let {hy : kK € N&} be the orthonormal basis of L? = L?(RY,dz) consisting of the Hermite
functions. (Here Ng := {0,1,2,...}.) Let (-,--)o denote the inner product in L2. (Throughout the
paper we consider only real-valued functions.) For p € R and f € S(R?) define

115 = > L+ d)*(f, hy)3,
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where |j| := j1 + j2 + ... + ja for j = (j1,....,ja) € N&. The Hilbert space S, is the completion of
S with respect to the norm || - [|,. It is well known that S = N,50S, and &' = Up>0S,,, where &'
denotes the space of tempered distributions and S;, denotes the dual of S,. It is also well known
that S, =S, ; see [12].

The usual topology on § is given by the family of semi-norms || - || defined by

I£1l5 = max sup (14 |2*)"/*0" f(2)].

0<|k|<n ,cRd

The two families {|| - ||, : » > 0} and and {||.||} : n > 0} of semi-norms on S are equivalent, as we

note in the following proposition drawn from [21]:

Proposition 1.1.

(a) Given n > 0, there exist an integer m > n and a constant Cy(n) such that

Ifll7 < Cr) [ fllm, — VfeS.

(b) Given n > 0, there exist an integer m > n and a constant Cy(n) such that

1flln < Co)|If1IE,  VfeS.

In the following proposition, we put together some properties of the semigroup (7}) acting on

the spaces S, (see also [22]).

Proposition 1.2. Given p > 0 and T > 0, there exists ¢ > p such that the following properties
hold:

(a) Fort <T , the operator T; extends to a bounded linear operator from S, to S,, and

sup (| Ty || z(sy,s7) < 00

t<T
where the norm is the operator norm (defining the strong operator topology) in L(S,,S;), the
space of bounded linear operators from Szln to S[’I.

(b) If0<t,s,t+s <T then for ¢ € S,,

Tits¢ = Te(Ts9),
the equality holding in S;.
(c) Given € > 0, there exists § > 0 such that

< te

H(Tt —n-1Ia
2 lgsys)




for all 0 <t <.

(d) The mappingt — T; from [0,T] to L(S,, S,) is continuous in the strong operator topology.

Proof. In proving (a) and (b) we shall obtain different values for . But since S; — S, if g1 < g2,
the larger of the two will satisfy the conditions of the theorem. The quantities p > 0 and 7" > 0
are fixed throughout the proof.

(a) It is sufficient to show that there exists ¢ > p and a constant C' > 0 (depending only on
T) such that

(1.1) ITefllp < Clifllg,  VE€10,T],
for all f € ;. Then,

1Tt (sy,sp) = sup |[Tefl—q= sup  sup [(T,f,¢)]

I£1l-p<1 1£11-p<1 llll <1
< sup sup [((f,Tid)[ < sup sup |[|f]-p[|Teoll,
1£11-5 <1 l1lla<1 1£1l-p<1 llll <1

<C.

We remark that the duality (f,¢) between f € S C S, and ¢ € S, is the same as the distribution
duality between f and ¢. By Proposition 1.1 it is sufficient to show that, for a given a non-negative

integer m, there exist an integer n > m and a constant C' > 0 such that
1T flls < ClAl,  vEe[0,T].

Since the Fourier transform “: S, — S, (S, denoting the complexification of §) is a homeomorphism,

we have - .
IT:f 1l < Coll(Te N mtm, < CollPef lmsm,

< CUD S smyma < Co(DIIFII,

where n = m + m1 + mo + mg for some integers m; > 0,71 =1,2,3.

(b) The semigroup property T ¢ = T3Ts¢ is well known for ¢ € S. In general, given p > 0
and 7' > 0 we choose ¢ such that if 0 < #,s,t+s < T, then Ts¢ and T;T,¢ belong to S, for ¢ € S,
(such a choice is possible by (a)). By continuity , we have T; ¢ = T;T;¢ for all ¢ € S,,.

(c) As in the proof of (a) it suffices to show that given T' > 0 and integral m > 0, there exists
an integer n > m such that the following holds: for all € > 0 there exists § > 0 with

19ell7, < tellolln

for all 0 <t < ¢ and for all ¢ € S, where ¢, := (T} — )¢ — %A¢. Notice that

) = (o) = 1+ 151017 dla)
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where py(z) = e~!1*I*/2 Define n(u) = e=%/2 — 1 + 4 we R, and n(z) = n(t|z]?), z € R We

then have

~

br(@) = me(x)d(a).
Hence ,

T 2\m/2| 9k "
el = gmax sup [(1 [of?)™210" (1) (@)1

Since

() (x) = Y Cald*ne)()(0°9)(x),

|| <[]

it suffices to show that there exists 6 > 0 such that, for |k| < m,

(1.2) |05 ()] < teQu(2),

where ) is a polynomial. From the definition of n; we have

k| ¢ J4 dgn
2 _ 2
O =Y (5) P elal)
£=0
14
where P is a polynomial. Because sup;ss ,> ’dd”—u(e“) < 00, it suffices to show that, given ¢ > 0,

there exists 0 > 0 and 0 < C' < oo such that for ¢ € (0,9),

2 ]ac]2
(1.3) [ (tl*)] < e=-
and
(1.4) In(tlz|*)] < te- Clal®.

The estimate (1.3) follows by an easy calculation while (1.4) is a consequence of the simple in-
equality 0 < n(u) < u?/8, u > 0.

(d) Given p > 0 and T' > 0 choose g; > p such that

1Telle(s,,.s) < C

for all 0 < t < T. That ¢; can be so chosen follows from equation (1.1). Also, the proof of (c)
shows that the following (weaker) statement holds : Given g; > 0, there exists ¢ > ¢; such that
for all € > 0, there exists § > 0 such that

(Tt — Dllc(s,s,,) < €
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for all 0 <t <. With g as above, 0 < s <t < T, and |t — s| <, we have

1T = Tilleesyspy = sup - Tef = Tifll-q
Fes|Ifll-p<1

= sup sup [(Tf =T.f,¢)|
FES.IIFll-p<1 1]l <1

= sup  sup | (f,(Ti = T5)9) |
FESIFlI-p<1 l18llo<1

= sup  sup |[fll-pl(T2 = T5)ollp
FESIFl-p<1 18l <1

< sup ||Ts(Ti—s — D)ol < eC
llollg<1

2. Mild Solutions.

Let (2, F,P) be a probability space on which is defined an R%valued Brownian motion
(Wi)t>0. For 0 <t < oo define the o-fields F; and F as follows:

Fir=0{Ws;0<s<t}, Foo i =0{Ws;0 < s < o0}

Let 6, denote the Dirac distribution at + € RY. There exists p > 0 such that the S’-valued
processes (dw, ), (Adw, ), and (9;0w, ) are in fact S,-valued continuous (F;)-adapted processes, and
the following It6 Formula holds in S,: almost surely, for all ¢ > 0,

d t d t
X 1
(2.1) dw, = 0o — Z/ 0;(Ow,) dW? + 3 Z/ 82-2((5W5)ds.
i=170 i=1 70

See [21]. Let Z; := — Z?Zl fg Didw, dW?:. We refer to [16] for definitions and other properties
of Hilbert space valued stochastic integrals. Note that (Z;) is an S,-valued continuous (F;) local
martingale. Fix p > 0 as above, and 7" > 0. The following theorem presents dy, as the mild

solution of the “evolution equation”

1
(2.2) aY; = SAY)dt = V() - W,

Theorem 2.1. Fix p > 0 such that (2.1) holds in S,,. Then there exists ¢ > p such that the

following equation holds in S;: for each t > 0, almost surely,

d t t
(2.3) S, = T(owy) — Y / Ty o (B:dw.) AW = Ty(6w,) + / T, . dZ.
i=170 0

To prove the theorem, we need the following lemma, in which Y; := dyy,.
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Lemma 2.1. There exists ¢ > p such that the following equality holds in S, for each t € [0,T7:
almost surely, for 0 < u < t,

/Ou Ty o A(Y,)ds = — <Ttu(Yu) CTy(Y) — /Ou T, dn) '

Proof. From the properties of the semigroup (73) proved in Proposition 1.1 and the properties of
the Hilbert space valued stochastic integral, all of the processes involved in the statement of the
lemma take values in ;. For each n, choose a partition 0 = sj < s < --- < s, =u <t < T,

such that lim,, o supy, [s} — s¢_,| = 0. Then the Riemann sum
m
> Ty, (Vip = Yip_)
k=1

converges in probability to fou T;—s dYs, in S;. On the other hand, performing a summation-by-

parts we find that

m m—1
ZthsZ_l(YsZ - Ytsg_l) = thsZ7 (Yu) - Tt(%) - (ths” — Ty s 1)(Yts’k)
k=1 k=1
m—1
=T sn 71(Yu) - Tt(%) + thsz (Tszfsz_l - I)(YSZ)
k=1
m—1 m—1
=Y Timsp (AY)) (58 = sima) + ) Tomsp (A(Yep))(sF — s7_1)
k=1 k=1
m—1
=Ti—sn ,1(Yu) — Ty(Yo) + Z Ti—sn (A(Yep))(sk — si1)
k=1
m—1
+ > T (Tap sy — T = (s3t = s7_1)A) (Yap)
k=1

The last sum converges to zero pointwise in S;. Indeed, by Proposition 1.1 (a) and (c), given € > 0

there exists 0 > 0 such that if sup,, |s} — s}_;| < 0 then

—q

m—1
|3 1 (T, = 1= Gk = si)AY)) |
k=1

m—1

SO NTemsn (Top—an =T =i — s 1)A) (Yap) || -
k=1
<eC sup ||[Ys]|—p.
s<t

The lemma follows by letting n — oo. 0



Proof of Theorem 2.1. We start with a Riemann-sum approximation of the stochastic integral
fOtTt_stS. Choose a sequence of partitions 0 = s < --- < sp = t of [0,t] with

limy,— 00 SUP1 <g<m(n) ISk — Sk_1] = 0. Let Y; = dw,. From equation (2.1) we have

m m SZ'
> Ty (Zp = 2o, ) = 2T, (Vg ~Yop, / A(Y;) ds)
k=1 Sk—1

k=1
m Sk}
=3 [T (O =Yg ) - / Ty A(Y,) ds|
k=1 Sk—1
m m 52
= (T Vg =Yg D)+ Y [ (@ = T AW ds
k=1 k=1Y%k-1
m 32
> [ meaw s
k=1" 5k

m 7
(T, (Vg =Y ) + 3 / (Ti-s = Ti-sp_ )A(Ys) ds
k=1"%k-1

m
30 (T Vg = T Yop, /

k=1 Sk—1

e
Il
—

n
Sk

T,dy; ),

where the last equality follows from Lemma 2.1. We now define, for each n, the operator-valued

simple function 77" as follows :

. J— n __
S t—s:'ﬁ_la § =8y = t.

. {TtSZ_l’ sp_ <s<sp, k=1,...,m;

In view of the above calculations
(2.4) iTt—sLl (Zs;; - Zskil) = /Ot(Tsn —T;_5)dY, + /Ot(Tt—s —TMAY ds +Y; — Y.
k=1
By the continuity of t — T} : [0, T] — L(S,, S,),
sup 175" = Ti—sllecsy.sy) — 0

as n — oo. Hence the two integrals on the right side of (2.4) converge to zero in S(/I, in probability.

The left side converges to fg Ty sdZ, in S,, in probability. The proof of Theorem 2.1 is complete.
a0
3. The Martingale Representation Theorem.

In this section we prove the Martingale Representation Theorem for square-integrable Wiener
functionals. In Lemma 3.1 below, we use Theorem 2.1 to obtain an explicit representation of the

integrand for a class of (finite dimensional) functionals defined as follows:

C:{fl(th)"‘fm(th):m217fi6870§t1<t2<"'<tm<OO}
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For such a functional F' = F(f1,..., fm;t1,...,tm) define the S-valued simple process (af)szo as

follows:

O‘f(x) = Z fl(Wt1) T fk—l(Wtk71) l(tk_htk}(s)
(3.1) k=1

(T s BT ona (- (T (Fan) D)) ) (@),

Lemma 3.1. Let F = [[,—, fx(W,,) be an element of C, as described above. Then

d oo
(3.2) F = E[F|F)] - Z/ (050w, af ) dWY.
j=1"9

Proof. For m =1 we get from Theorem 2.1,

fl(th) = <5Wt1 ) f1>

d t1 '
= (T3, 0w, f1) — Z/ (Ty,—s0;0w., f1) dW!
j=1"0

d oo
= (0w, Tty f1) — Z/ (950w.: L(0,0,](8) iy —s f1) AW,
j=1"0

which is in accord with (3.2). Proceeding by induction, assume that (3.2) is true for a product

with no more than m — 1 factors. Define

d tm—1At ‘
Yi(t) = — Z/ (9;8w.,aS) AW,
j=1"0
where G := H;n:_ll f(Wy,), and

d tm At '
Ya(t) i= — Z/ (0;0w,, Tty —sfm) AWY.
o1 tmoant
By the induction hypothesis, if s > ¢,,,_1 then

}/1(8) == Yl(tm—l) =G - E[G|f0]

Now we apply the case m = 1 to the Brownian motion thm’l = Wist,, ., t > 0. It follows that
for s > t,,

Ya(s) = Ya(tm) = fn(Wh,,) = Tt —tps o fin (Wi, ).

Clearly Ya2(s) =0 for s < t,,_1. Integrating by parts, we obtain

d tm
Yi(tm)Ya(tm) = =Y Y1(s) (956w, Tty —s frn) WY

j=17tm-1
d 00 '
-3 / (G~ BIGIFo]} (030w L 101(5)Thr—fon) AW
j=1"0
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On the other hand, by the remarks above ,

Yi(tm)Ya(tnm) = {G — E[G|Fo)} - { fmWe,.) — Tor—trn s fn (Wi, 1) }
(3.3) = F+E[G|Fo| - {Th,—tr, (Wi, 1)}
—E[G|FolfmW,,) =G - Tty —try s fn W, ).

We shall examine the last three terms in (3.3) separately. Applying the representation obtained
form=1to Ty, 1, _,fm (W, ) we find that

Tt?n_tnL—l fm(th—l)

d tom—1 ‘
Ty (Toso s fon) € Z / (00w, T 1o (Ton 10 fin)) AW

Similarly,
d tm
E[G|Fol f(Wi,.) = BIGIF] - { Toy f(Wo) = 3 / (O30 T —o(fn)) WV

Define fr,_1(z) :== fo-1(2)T1,~t,,—1 frm(z) and G* := [HZL 3 fk(Wtk)} “fm-1(Wt,_,). By the
induction hypothesis,

G Tty S Wi, ) = G [ 1 (Wh, )
=E[G*fr, (Wi, )| Fo]

—Z/ (9;0w,,aS" )y dW?
[fl(th)"'fm(th)|f0]

—Z/ (D;0w,, 0" ) dW]

where we have used the Markov property of Brownian motion for the last equality. Equating the

two expressions for Yi(t,,)Y2(t,,), the lemma follows. 0

Theorem 3.1. If F € L?(F) then there exist previsible processes (g;)1<;<a Satisfying

d

ZE/OO s)ds < o0
0

such that

d oo
F = E[F|F] +Z/ g;(s) dW?
j=1"0

10



Proof. Since L?(F.,) is the closure of the linear span of C, the representation for F' € L?(F.,)

follows from Lemma 3.1 and the linearity isometry property of the stochastic integral. g

4. The Map F +— of (w, ).

The main purpose of this section is to extend the domain of the mapping F + of from C to all of
L?(Fs). Throughout this section our R?-valued Brownian motion (Wi)e>0 with Wy = 0 is defined
on a probability space (2, F,P), and (F;);>¢ is the filtration induced by (W;).

Proposition 4.1. Given F € C, the process t — af (w,W;(w)) is a continuous version of the
conditional expectation process E[F|F;|(w), t > 0, for P-a.e. w € Q. In other words, t — af (W)

is the (F:) optional projection of the (constant in time) process t — F'.
Proof. The conditional expectation identity
(4.1) E[F|F)(w) = af (w, We(w))

(for P-a.e. w € Q) follows immediately from (3.1) and the simple Markov property of Brownian
motion. The continuity of ¢ — af (W;) is an evident consequence of the smoothness of the f; in
(3.1). 0

The Martingale Representation Theorem can now be reformulated in terms of o . To this
end we introduce two Hilbert spaces H and H; of processes. Let P be the previsible o-field on
(0,00) x 2 and let B¢ be the Borel o-field on RY. We say that two P ® B%measurable maps
f,9:(0,00) x Q2 x R% — R are equivalent provided f(t,w, Wi(w)) = g(t,w, Wi(w)) for Leb® P-a.e.

(t,w) € (0,00) x Q. Let H be the collection of equivalence classes of such maps such that

(42) 1= [ (s, W) ds < o
0

for one (or every) member of the equivalence class. Clearly H is a (real) Hilbert space with respect

to the inner product

(fs@)n = E/OOO f(s, -, We)g(s,-, W) ds.

Let Sg = P, ® S where Py, is the class of bounded real-valued previsible processes; that is, Sy
is the tensor product of the vector spaces P, and S and consists of finite linear combinations of
functions of the form (f ® ¢)(s,w,x) := f(s,w) - ¢(x) where f € P, and ¢ € S.

Proposition 4.2. Sy is dense in H.

Proof. Choose ¢, € § with 0 < ¢,, <1, such that

{1 llsn
i) =1 o, |z| >n+ 1.

11



Given f € H define g, (s,w) := I(—pn ) (f(5,w, Wi(w))) - f(5,w, Wi(w)), and f,, := gn @ p. Then

Hf - an%l = E/O |f(87 K WS)|2 [1 - I(—n,n)(f(sv " WS))‘PH(WS)] ds

— 0, as n — o0.

Now define 0; : Sy — Sp, ¢ = 1,2,...,d, as follows: First put 9;(f ® ¢) := f ® 9;¢, and then
extend 0; to all of Sy by linearity. For ® € Sy define

d
(4.3) 193, = 1913, + > lai@ll3,.

i=1

Let H; denote the Hilbert space obtained by completing Sy with respect to the inner product
associated with || - ||7,. Notice that H; C H.

Proposition 4.3. The operator 9; extends as a bounded linear operator from Hy to H.
Proof. For f € So, |0, fll2 < | flln. - 0
Let Vf:=(01f,...,04f) denote the corresponding “gradient” operator.
Theorem 4.1. There is a linear map F +— 3% from L?(F,) into H; such that
o

(4.4) F:mﬂ+/ (VBE) s (Wy) - dWs.

0
The process 3% is uniquely determined by F.
Proof. Clearly it suffices to prove the representation for ' € L?(Fr) for 0 < T < oo. We thus

restrict our attention to such functionals. Let V denote the linear span of C, both V and C being

viewed as subspaces of L?(Fr). Evidently V is dense in L?(Fr). The (linear) map F ~— af

extends (uniquely) by linearity to a map « : V — H;. Let us verify that « is continuous. First, by
Proposition 4.1, if F' € L?(Fr) then

T
loF |l = B / o (W) dt
OT
:E/ﬂﬂﬂWﬁ
TO
- / IBLFIF] 2, dt

T
< / 1P 22y dt

=T||F|p2(7r)-

12



Next, from (3.2), a continuous version of the martingale M; := E[F|F;] — E[F] is given by

/ t<VaF>s<Ws> -dW,
0

and therefore

T
(yr = [ 1(TaF). (W) P s

Consequently,

T
F 2
E/O [(Va™)s(Ws)|* ds

E[(M)r]
E(M7] = E[F?] - E[F]* < ||F|7>#,)-

It follows that [la”||3, < (1+T)||F||72(z,, which implies the asserted continuity.

Let 3 : F +— BF denote the (unique) extension by continuity of a to all of L2(Fr). Given

F € L?(Fr), let (F™) C V such that F"* — F in L?(Fr). By the continuity of a just established,

(07

Fy

— BF in H;. The isometry property of the stochastic integral now ensures that (4.4) holds.

The uniqueness assertion is left to the reader.
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