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Abstract

We present a path-space integral representation of the semigroup associated with the quadratic
form obtained by a lower-order perturbation of the L2-infinitesimal generator £ of a general sym-
metric Markov process. An illuminating concrete example for £ is Ap — (—A)%,, where D is a
bounded Euclidean domain in R, s €]0,1[, Ap is the Laplace operator in D with zero Dirichlet
boundary condition and —(—A)%, is the fractional Laplacian in D with zero exterior condition.
The strong Markov process corresponding to £ is a Lévy process that is the sum of Brownian
motion in R% and an independent symmetric (2s)-stable process in R? killed upon exiting the
domain D. This probabilistic representation is a combination of Feynman-Kac and Girsanov
formulas. Crucial to the development is the use of an extension of Nakao’s stochastic integral
for zero-energy additive functionals and the associated It6 formula, both of which were recently
developed in [3].
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1 Introduction

Let A(x) := (a;j(x))1<ij<d be a symmetric matrix-valued function on R™ that is uniformly elliptic
and bounded. It is well-known that there is a conservative symmetric diffusion {Q, X, P,z € R%}
on R? with infinitesimal generator £ := %zzjzl 6%1_ (aij(az)%). Moreover X has the following

Fukushima decomposition (see [11])

Xy = Xo + M; + Ny, t >0, (1.1)
where M = (M?",--- , M%) is a square-integrable martingale additive functional of X with quadratic
covariation (M* M7); = fg aij(Xs)ds and N = (N1,---  N9) is a continuous additive functional

of X locally of zero energy. Let b and b be two R%valued functions on R?, and ¢ a measurable
function on R? such that |b] + |§| € LP'(R?) for some p; > d (resp. p; > 2) and ¢ € LP1(R?) for
some pg > d/2 (resp. po > 1) in case d > 2 (resp. d = 1). In [16], Lunt, Lyons and Zhang showed
that the semigroup {7;,t > 0} generated by the following operator
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is given by
T, f(x) = Bx [Ze f(Xy)], (1.2)
where

~
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Here r; is the time-reversal operator on () from time ¢ > 0; that is, given a path w € €,

w(t—s), if0<s<t,
w(0), if s > t.

re(w)(s) = {

Recently, Fitzsimmons and Kuwae [10] extended the above result from symmetric diffusions X
on R? associated with bounded uniformly elliptic divergence-form operators to general symmetric
diffusions with no killing inside the state space. The purpose of this paper is to establish similar
results for general symmetric Markov processes which may have discontinuous sample paths and
killing inside the state space. An illuminating concrete example to keep in mind while reading
this paper is that of X a discontinuous symmetric Lévy process killed upon exiting a domain,
such as the sum of a Brownian motion on R% and an independent symmetric a-stable process
on R? that is killed upon leaving an open ball. When X is a discontinuous symmetric Markov
process, its martingale additive functionals may be discontinuous. These discontinuities pose many
challenges when studying transformations of X of a form analogous to that found in (1.3). One



of the challenges is to define stochastic integral for zero-energy additive functionals of X and to
establish the associated It6 formula. Nakao [19] has defined such a stochastic integral for a class
of integrands that is too restrictive for our investigation. In our recent paper [3], we established
the necessary stochastic integration theory for zero-energy additive functionals of X as well as the
corresponding It6 formula via a time-reversal technique. The main result of the current paper
extends not only the results in [16] and [10] but also the Feynman-Kac transforms by continuous
additive functionals of zero energy studied in Chen and Zhang [8] and the pure-jump Girsanov
transforms and discontinuous Feynman-Kac transforms in Chen [1] and in Chen and Song [5]-[6].
The following is a more detailed description of this paper.

Throughout this paper, X = (Q, Foo, Ft, X¢,(,Py,x € E) is an m-symmetric right Markov
process on a Lusin space E, where m is a positive o-finite measure with full topological support
on E. A cemetery state d is added to E to form Ey := E U {0}, and € is the totality of right-
continuous, left-limited (rcll, for short) sample paths from [0, 0c[ to Ejy that hold the value 9 once
attaining it. For any w € Q, we set X;(w) := w(t). Let ((w) := inf{t > 0 | X;(w) = 0} be
the life time of X. As usual, 7, and F; are the minimal augmented o-algebras obtained from
Fo i=0{X, | 0<s<oo}and FY = o{X, | 0 < s <t} under P,; see Section 3 below for
more details. We sometimes use a filtration denoted by (M;) on (2, M) in order to represent
several filtrations, for example, (F7), (Fy) on (2, F%), (F) on (2, F) and others introduced
later. We use 6; to denote the shift operator defined by 0;(w)(s) := w(t + s), t,s > 0. Let wy be
the path starting from 9. Then wy(s) = 9 for all s € [0, 00[. Note that 8¢,y (w) = wp for all w € Q,
{wp} € F) C F for all t > 0 and P, ({wp}) < P,(Xo = 9) = 0 for # € E. For a Borel subset B
of B, 7p :=inf{t > 0| X; ¢ B} (the exit time of B) is an (F;)-stopping time. If B is closed, then
7p is an (FP, )-stopping time. Also, ¢ is an (F})-stopping time because {¢ < t} = {X; = 0} € F},
t > 0.

The transition semigroup of X, {P;,t > 0}, is defined by

Pf(z) = Bo[f(X0)] = Bu[f(X0) it <], t>0.

Each P, may be viewed as an operator on L2(E;m); collectively these operators form a strongly
continuous semigroup of self-adjoint contractions. The Dirichlet form associated with X is the
bilinear form

1
— lim = (u — Py, 0)m
E(u,v) tllHOI . (u — P, v)

defined on the space

F = {u e L*(E;m) ‘ sup tHu — Pu, )y < oo} .
>0

Here we use the notation (f,g)m = [5 f(x)g(x) m(dx). Since (€, F) is a quasi-regular Dirichlet

form, we know from [4] that (£, F) is quasi-homeomorphic to a regular Dirichlet form on a locally

compact metric space. Thus without loss of generality, we may and do assume that X is an m-

symmetric Hunt process on a locally compact metric space F, whose associated Dirichlet form



(€, F) is regular in L?(E;m) and that m is a positive Radon measure on E with full topological
support. For notions such as quasi-continuous, quasi-everywhere (abbreviated as q.e. or £-q.e.), &-
nest, martingale additive functional, continuous additive functionals, Fic, etc. we refer the reader
to [11] and [17]. In particular, we recall that an increasing sequence of closed sets {F},} is an £-nest
it U Fp, is 51/ -dense in F, where & (u,u) = E(u,u) + (u,u)y, and Fp, == {u € F : u =
0 m-a.e. on E'\ F,}. A function f is said to be locally in F (denoted as f € Fioc) if there is an
increasing sequence of finely open Borel sets {Dy,k > 1} with U2, Dy, = E qg.e. and for every
k > 1, there is fi € F such that f = fr m-a.e. on Dy.

The main purpose of this paper is to establish a probabilistic representation (via a combi-
nation of Girsanov and Feynman-Kac transformations) of the semigroups of certain lower-order
perturbations of the Dirichlet form £. To discuss these perturbations we need to establish some
notation.

A positive continuous additive functional (PCAF in abbreviation) of X (call it A) determines
a measure pu = 4 on the Borel subsets of E via the formula

/f p(dz) =1 lim — o [/f ] (1.4)

in which f : F — [0,00] is Borel measurable. The measure p is necessarily smooth, in the sense
that u charges no exceptional set of X and there is an E-nest {F,,} of closed subsets of F such that
u(Fy,) < oo for each n € N. Conversely, given a smooth measure p, there is a unique PCAF A* such
that (1.4) holds with A = A*. In the sequel we refer to this bijection between smooth measures
and PCAFs as the Revuz correspondence, and to u as the Revuz measure of A*. A smooth measure
v is said to be of the Hardy class if there are constants § > 0 and v > 0 such that

/ﬂzdygé'é'(u,u)—i-’y'(u,u)m for every u € F.
E

It is well known that for every u € F, u has a quasi-continuous m-version 4. As a rule we take
u to be represented by its quasi-continuous version (when such exists), and drop the tilde from the

notation. Let /\il and N denote, respectively, the space of MAF's of finite energy and the space of
continuous additive functionals of zero energy. For u € F, the following Fukushima decomposition
holds:

w(Xy) —u(Xo) = M + N for ¢ € [0, o0], (1.5)

P,-as. for £-q.e. x € E, where M" E,/\il and N“ € V.

If M is a locally square-integrable martingale additive functional (MAF) on [0, ([ of X, then
the process (M) (the dual predictable projection of [M]) is a PCAF, and the associated Revuz
measure (as in (1.4)) is denoted by ju(psy (see [3]). More generally, if M" is the martingale part in
the Fukushima decomposition (1.5) of uw € F, then (M*, M) is a CAF locally of bounded variation,
and we have the associated Revuz measure fipsu pry, which is locally the difference of smooth
(positive) measures.

Now let M and M be two locally square-integrable MAFs on I(¢) such that sy and p (77 are
of the Hardy class, and let A* be a CAF locally of bounded variation whose Revuz measure p has



total variation |u| of the Hardy class. Here I(¢) := [0, ([U[¢], where (; is the totally inaccessible
part of ¢ (see the comment before Definition 2.1). As the main result of this paper (Theorem 3.1),
we show that under a suitable condition on the ¢ coefficients in the Hardy inequality for p iy,
13Ty and |p|, the form perturbation (Q, F) of (£, F) defined by

Qf9) = E9) = [ 1@ g (@) = [ @ e an (@) = [ falata) naa)
[ s

(W)g(@)p(z, y)(y, 2)N(z, dy)py (dv).
ExXE
determines a strongly continuous semigroup {7},¢ > 0} of operators on L?(E;m), where ¢ and
1) are Borel functions bounded below away from —1, coming from the jump parts of M and M
respectively, and {T},t > 0} admits the representation

Tif(z) .= B, [Z: f(Xy)]
where
Zy = Exp(M, + AP + (M€, M°),) - Exp(M;) o ry - (1 + (X, X)) for t < C. (1.6)

Here r; is the time-reversal operator defined on the path space €2 of X as follows: Given a path
w e {t <},

w((t—s)-), if0<s<t,

w(0), if s > t,

re(w)(s) = {

in which, for 7 > 0, w(r—) := limg, w(s). (The restriction of the measure P, to F; is invariant
under r; on QN{¢ > t}.) Alsoin (1.6), the symbol Exp denotes the familiar Doléans-Dade stochastic
exponential: if Y is a semimartingale with Yy = 0, then Z = Exp(Y') is the unique solution of the
SDE

t
Zt:1+/ Zs_dYs,
0

and is given explicitly by the formula

Exp(Y};) = exp <Y} — %(YC,YCﬁ) H (14 AY,)e 8Ys,
s€]0,t]

As mentioned previously, this result was first obtained by Lunt, Lyons and Zhang [16] when X is
a conservative symmetric diffusion on R? whose L?-infinitesimal generator is an elliptic operator
of divergence form, and then by Fitzsimmons and Kuwae [10] in case X is a diffusion process on a
Lusin space E with no killing inside F. The jumps of X, as allowed in the context of the present
paper, complicate the study. To deal with these complications we are compelled to develop certain
aspects of the stochastic calculus of symmetric Markov processes (in particular a general enough
version of 1t6’s formula), which have been addressed very recently in our separate paper [3]. See
Section 2 below for a quick review.



A special case (]\/4\ = 0 and M purely discontinuous) of the above result was obtained by Chen
and Song [5] (see also [1] and [6]) in the broader context of “nearly symmetric” right Markov
processes, under somewhat more stringent conditions on g5y and p. In [5] pary is assumed to
be in the Kato class while x is only assumed to satisfy the condition ||Gut|s < 1, G being the
potential kernel for X. Recall that the Revuz measure v of a PCAF A" is said to be of the Kato
class provided

lim [[B.[47]]0 = 0.

and that the Kato class is a subclass of the Hardy class. We write K(X) for the Kato class and
define Ko(X) := {vr e K(X) | ¥(E) < c0}.

In Section 5, we show that the main result of this paper (Theorem 3.1) yields an extension of
the Feynman-Kac formula for zero energy CAF N" studied by Chen and Zhang in [8], where u is
a function in F having Kato class energy measure pi yruy.

The remainder of the paper is organized as follows. A quick review of the needed stochastic
integration with respect to a continuous additive functional of zero energy is given in Section 2.
Section 3 contains the statement of our main result (Theorem 3.1) as well as some auxiliary lemmas
needed for its proof. The proof of Theorem 3.1 is completed in section 4. In Section 5 we show that
the Feynman-Kac formula for zero-energy CAF perturbations (Theorem 1.2 of Chen and Zhang
[8]) can be deduced from Theorem 3.1 of the present paper.

2 Stochastic integral for Dirichlet processes

In this section, we give a quick review of Nakao’s [19] definition of stochastic integral with respect
to an additive functional of zero energy and our time-reversal approach to the stochastic integral
for Dirichlet processes developed in [3].

Let (N(z,dy), Hy) be a Lévy system for X; that is, N(z,dy) is a kernel on (Ey, B(Ey)) and H;
is a PCAF with bounded 1-potential such that for any nonnegative Borel function ¢ on Ey x Ej
vanishing on the diagonal and any x € Fy,

t
E, ) 6(X.,X,)| =E, [/0 : P(Xs,y)N (X, dy)dHs | .

s<t

To simplify notation, we will write

No(z) = : ¢(x,y)N(z, dy)
and .
(N¢ « H), = /0 No(X,)dH,.

Let pp be the Revuz measure of the PCAF H. Then the jumping measure J and the killing
measure k of X are given by

T(dz,dy) = S (dr)N(r, dy) 15(y), and  (dz) = N(z, {0))uss (dr).



These measures feature in the Beurling-Deny decomposition of &: for f,g € F,

E(f,9) 25(0)(f,9)+/ (f(z) = fy)(g(z) — g(y))J (dz, dy) +/Ef(<ﬂ)g(<v)/<(dw)7

ExXE

where £(9) is the strongly local part of £.
For u € F, the martingale part M/* in (1.5) can be decomposed as

MY = M + M + M"" for every t € [0, 00], P,-as. for &-qe. z € E,

where M,"“ is the continuous part of martingale M*, and

M = 161{51 D (u(Xs) = w(Xs)) L ju(xs)—u(Xs_ ) >et Ls<c}
0<s<t

- / ( / (u(v) —u<X8>>N<Xs,dy>> dHS},
0 {yeE: [u(y)—u(Xs)|>e}

t
]\4:71‘i = /0 U(XS)N(st {8})dHS B u(XC_)l{tZCi}’

are the jump and killing parts of M", respectively. See Theorem A.3.9 of [11]. The limit in

the expression for M™J is in the sense of convergence in the norm of ,/\(;( and of convergence in
probability under P, for £-q.e. x € E (see [11]). The Revuz measure gy of (M*) will usually

be denoted by fi(y)-
Let N* C NV denote the class of continuous additive functionals of the form N* + [ g(X)ds

for some u € F and g € L?(E;m). Nakao [19] constructed a certain linear map I' from ,/\(;l into N'*
in the following way. It is shown in [19] that, for every Z € ,/\il, there is a unique w € F such that

1
Ei(w, f) = §M(Mf+Mf,n,Z>(E) for every f e F. (2.1)

This unique w is denoted by (7). The operator I' is defined by
t e]
r(2), = N)\% — / v(Z2)(Xy)ds  for Z EM . (2.2)
0
It is shown in Nakao [19] that I'(Z) can be characterized by the following equation

1 1
13%1 ZEg.m [(Z)] = —§,u<Mg+Mg,n7Z>(E) for every g € Fy. (2.3)

So in particular we have I'(M*) = N" for v € F. Nakao [19] used the operator I' to define a
stochastic integral

t
1 ) .
/ F(X)ANY :=T(f * M*), — §(Mf’c + MI | M 4 MY, (2.4)
0



where u € F, f € F N L*(E; puy,y) and (f « M¥), := fg f(Xs—)dMY. If we define
N :={NeN | N=N"+ A" for some u € F and some signed smooth measure p}

then we see by (2.2) that [ f(X,)dN¥ € NifueFand feFn L?(E; ). However Nakao’s
definition of stochastic integral places restrictions on the integrand f(X;) and on the integrator
N that are too stringent for our study of the perturbation theory of general symmetric Markov
processes. We now recall the definition of the stochastic integral introduced in our recent paper
[3], using time-reversal.

For T' an (F3)-stopping time, we will use 7), and T; to denote, respectively, the predictable and
totally inaccessible parts of the given (F;)-stopping time T" of X, that is, T}, := Ty, and T; := Tj,,
where Ay = {T < 00, X7— = X}, Aj :={T < 00, X7_ € E,X7r_ # X7} (see Theorem 44.5 in
M. Sharpe [20]). It is shown in [20] that T, and T; are (F;)-stopping times if T" is an (F;)-stopping
time. We set I(T) := [0, T[U[T;].

For a locally square-integrable MAF M; on I(¢), it is shown in [3] (cf. [2, Lemma 3.2]) that
there is a Borel function ¢ on (E x Eg) U ({0} x {0}) with ¢(z,z) = 0 for all x € Ey so that

My — My— = (X, Xy) for every t €]0,(p[, Ppm-a.s.

Such a function ¢ is unique up to a measure J*-null set on F x Ey, where J* denotes the measure
N (z,dy)pu(dz) on E x Ey. We will call ¢ the jump function of M.

Definition 2.1 Let M be a locally square-integrable MAF on I({) with jump function ¢. Assume

t
/0 /E (@21{@51} + ‘@’1{|@>1}) (Xs,y)N(Xs, dy)dHS < oo foreveryt < (, P, -as. (25)
for £-q.e. x € E, where §(x,y) := ¢(z,y) + ¢(y, z). Define, P,,-a.s. on [0, (],
1
A(M) = 5 (Mg + Myory + o(Xi, Xo—) + Ky)  for t €0, ([, (2.6)

where K} is the purely discontinuous local MAF on I(¢) with

K — K =—9(X;—,Xy) fort<({, Pgas. forE-qe. x€FE. (2.7)

It is shown in [3, Theorem 3.5] that A(M) = I'(M) when M is an MAF of X having finite
energy. In other words, the above A operator extends Nakao’s " operator.

Note that for f € Fioe, M/ is well defined as a continuous MAF on [0, ([ locally of finite energy.
Moreover, for f € Fio. and a locally square-integrable MAF M on I((),

t— (f* M) = /0 f(Xs—)dM;

is a locally square-integrable MAF on I(¢). For a locally square-integrable MAF M on I((), denote
by M€ its continuous part, which is also a locally square-integrable MAF on I({) (see Theorem 8.23
n [12]). The following definition of stochastic integral is introduced in [3].



Definition 2.2 (Stochastic integral) Suppose that M is a locally square-integrable MAF on
I(¢) and f € Floe- Let o : Eg x Ey — R be a jump function for M, and assume that ¢ satisfies
condition (2.5). Define, P,,-a.s. on [0, (],

/ F(Xoo) dA(M),
= A(f % M), — (M7, M) / / X))oy, XN (X, dy)dH,,  (2.8)

whenever A(f x M) is well defined and the third term in the right hand side of (2.8) is absolutely
convergent.

It is shown in [3, Remark 3.8(ii) and Theorem 4.6] that the above defined stochastic integral
extends Nakao’s definition of the stochastic integral (2.4) and enjoys a generalized It6 formula.

3 Perturbation

Recall that a smooth measure p is in the Hardy class (write p € H(X)) if there are constants
d €]0,00[ and ~y € [0, 00| such that

/ uldp < 6 (u,u) + 7/ uw dm  for u € F. (3.1)
E E

A well-known sufficient condition for u € H(X) is that for some ¢ > 0 and 8 > 0 the S-potential
UB is bounded above £-q.e. by §, in which case v = §3 does the job in (3.1).

Let M, M be two locally square-integrable MAFs on I(¢). Let M€ and M¢ denote the continuous
parts of M and M respectively, and let ¢ and ¢ be jump functions for M and M respectively; thus
p and ¢ are Borel functions on Ey x Fy, vanishing on the diagonal, such that

M, — M, = o(X;—,Xy) and M; — M,_ = ¢(X,_,X;) fort€l0,¢)] Ppeas.

We assume ¢ > —1 and ¢ > —1 on Ey x Ey. Let (M) and (M ) denote the dual predictable
projections of [M] and [M] respectively. Note that

t
(M), = (M), + /0 [E P(XoryPN(Xy dy)dHs, ¢ < ()

and

(M>t— Mct+/ : V(Xs,y)2N(Xs, dy)dH,, t <.

Let u be a signed smooth measure; thus p uniquely determines a continuous additive functional A
of bounded variation on each compact time interval. Let u s and p () be the smooth measures

associated with the PCAFs (M); and (]\/4\>t Then

1oy = ey + N(@*)pp - and ety = Hiie + N@H pw



We assume pnry, (g7 and |11 are in H(X). Let 6(uqary), 5(,u<1\7>), S(ut), 6(p?) and §(¢p?) denote
1\7>)’ Y(p), v(¢?) and y(¥?) the coefficient of ||u|3 in the

estimate (3.1) for pyy, Iy pt, N(1pxg - ©*)pg and N(1gpxg - ¥?)ug, respectively. We define

the coefficient of &(u) and v(u(ary), 7(,u<

b0 1= /20(an)) + \/20010)) + (™) + /S WR). (3.2)

Given these elements, we define a quadratic form Q on F: For f,g € F,

o(f,9) = 5(f79)_/Eng(Mf,M)_/Efdﬂ<ng\4\>_/Efgd,u

~ [ f@ala)ele. (w2 N @ dyr (o) (3.3)
It is easy to check that there is a constant C' > 0 that
1Q(f,9)| < C&f, ) *E1(9.9)", frg € F. (3.4)
Moreover,
Qulf 1) = QU ) +allfls = (1 =00)E(f, ) + (a = a0)lIf[3, fe€F, (3.5)
where
ap = () 2/6(mony) + (g )/ 2/ (g

3(?) ~ o(¥?)

The quadratic form (Q, F) is closed on L*(E;m). Standard resolvent theory now yields the existence

+,Y(M+) + 5(902)5(1/}2) {7(902) \/ 7(7/)2) }

of the associated strongly continuous semigroup (Q;)¢>o of operators on L?(E;m) with ||Q¢]l2—2 <
et for all t > 0.
Define a multiplicative functional Z = (Z;) by

Z; == Exp(M,) o ¢ Exp <Mt + A} 4 (M€, ]\/4\6>t) (1 + (X, Xi-)). (3.6)

and an operator
Tif(x) == Eg [Z f(X4)]. (3.7)
The main result of this paper is the following. Because of (3.5), the condition (3.8) below holds if

the constant dg defined in (3.2) is strictly less than 1.

Theorem 3.1 Assume that pyy, 13y and |p| are all in the Hardy class H(X), and that there are

constants o > 0 and ¢ > 1 such that
L& (u,u) < Qu(u,u) < & (u,u) foru e Fy. (3.8)

Then {T;,t > 0} defined by (3.7) coincides with the strongly continuous semigroup {Q¢,t > 0} on
L%(E;m) associated with (Q,F).

10



The rest of this section is devoted to the statement and proof of two lemmas needed for the
proof of Theorem 3.1.

Lemma 3.2 (i) If H(Me) s H ey lel, N(lepr and N(|9|)pr are measures in K(X), then the
semigroup {Ty,t > 0} defined by (3.7) is a semigroup of bounded linear operators in L?(E;m).

(ii) Let F be a closed set and G its fine interior under X. If
L (piarey + mggey + 1l + N(leDpa + N[0 pm) € K(X),

and if A(M®); = Nf — fo s)ds Ppy-a.s. on {t < 7¢} for some p € F bounded on G such that
Lrp € K(X), then there exzsts a constant k > 0 such that for non-negative f,g € L*(G;m)

Em f(Xt)g(XO) sup Zs

s€(0, tATg [

< ke | fll2llglla fort>o0.

Proof. (i): Since log(1+1t) <tt(:=tV0), for t < ¢

1
Exp (M) = exp | Mf— (M) + M+ > (log(1+9(X,-, X,)) = o(X,m, X,))
0<s<t
= exp | MY Mct—/N Xo)dH, + ) log(1 + ¢(X,—, Xy))
0<s<t
1 t
< exp Mf——(MC>t+/ N(e ) (X)dH, + Y o (X, X)) | - (3.9)
2 0
0<s<t
where we use the fact that m; := " s<t o(Xs—, Xs) fo s)dH is a purely discontinuous

martingale and coincides with M because N (|o|)py € K(X ) Slmllarly

Exp <J\Z> ory- (14 E(Xt—aXt))

— 1 —~ t _
= exp Mfort—§<Mc>t—/0 N@)(X)dH + Y log(1 + (X,—, X))
0<s<t

0<s<t

< exp (Mt ort— = t—i—/ N@™)(Xs)dHs + Z ¢+(XS,X8)) , (3.10)

where ¢ (z,y) := ¥(y, x), EJF (z,y) := YT (y,x). Decompose the CAF A as the difference AR — AR
of PCAFs with mutually singular Revuz measures u™ and p~, respectively. Then put < |u|, and
because pu(pey + 1 (77ey T Il + Nl + N(Jw)py € K(X), so also

9

U

5 <M<MC> + Mmc)) +3uT + 3N (¢ )um + 3N )un € K(X).
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Let f and g be non-negative elements of L?(E;m). Then by Holder’s inequality and the expression
(3.6) for Z,

Enlg (Xo)th( 1)l <
En[f (X

where D; := 320<S§ti+(Xs_,Xs) and

E,,[g(Xo)2e3Me—(9/2)(M9))1/3

10/ 5 g KB )

By : <Mc>t+ <Mc>t+3A“ +3/Ncp +¢7)(X)dHs +3 Y ot (X, Xy)
0<s<t

is the sum of the PCAF associated with the Revuz measure n and the discontinuous increasing AF
33 ges<t @ (Xs—, X;). Note that Dy = 33 0es<t VT (Xs—, Xs) = Dyory Pp-as. on {t < (}. Now
BME=(9/2) (M)t ig o positive supermartingale, s0 E.le BM{—(9/2)(M®): ] < 1 for &- qe. z € E. Thus
the first factor on the right side of (3.11) is no bigger than ||g||2 . Because (MC> is even (i.e.,
<Mc>t ory = <J\//T )t, Pp-ass. on {t < (} for each t > 0; see (3.13) in [9]), the middle factor on the
right side of (3.11) is equal to

Em[f(Xt)2631\//ffort—(9/2)<Mc)tort]1/3 _ Em[f(Xo)zeszTig—(g/2)<1\76>t]1/3 < ||f||§/37 (3.12)

because e3Mi=(9/2{M)¢ ig also a positive supermartingale. Finally, by Proposition 2.3 in Chen and

Song [5], the cube of the last factor in (3.11) is estimated by

Egn[e*? f(X0)] *Egn[e* f(X0)]'? = Em[ethf(Xt)g(XO)]Al/ PEp [2P7 f(Xo)g(X0)]'/?
B[ PN NE [ PN 1Nz Mgl

<
< ko™ [|fl2 llgll2
for some ko > 0. Feeding these estimates into (3.11) we find that

B f(X0) Zig(Xo)] < Ky - 2| allgl (3.13)

which proves the assertion.
(ii) By (3.9) and (3.10), we have that P,,-a.s. on {t < 7¢}

Z

IN

exp <—2A(]\/4\C)t) Exp <Mf - ]\/4\;)
t
X exp Z (ot +E+)(Xs_,Xs) exp <A,‘f —|—/ N~ +1/J_)(Xs)dH8>
0<s<t 0

t
— exp <2p(X0) — 2p(X;) + 2 / p(X,)ds + 2Mf> Exp <Mf - Mf)
0

X exp Z (T + ) (Xo_, X,) | exp <Af+/0 N(p~ +1/J_)(Xs)st>.

0<s<t
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Thus, Pp,-a.s. on {t < 7¢}

sup Zs < expl(4+2t)|pllc.ool sup exp [2(1p * MP)4] (3.14)
0<s<t 0<s<
1
X sup exp <(1F * Kg — =(1p * Kc>8> (3.15)
0<s<t 2
xexp | > 1p(X, )0 (Xoo, X,) (3.16)
0<s<t
t
X exp (1FAM+)t+/ 1F(XS)N(<,D_-|—T,Z) dH + Z 1F Xs ,X) , (3.17)
0 0<s<t

where K¢ := M¢— M¢ and 1p* K¢ = fg 1p(Xs-)dK¢ and (IFA’ﬁ)t = fg 1F(XS)dA§L+. Applying
Doob’s inequality to the submartingale exp(1p * M?), together with Lemma 4.1(i) in Chen and
Zhang [8] we see that, because 1,y € K(X), the expectation of the eighth power of the second
factor of (3.14) is estimated by

16
<i_§> HE [exp (16(1p * Mp)t)]H

E. [ sup exp (16(1p M”)s)}

0<s<t oo

[e.9]

for some k1 > 0. Since 1pp gy € K(X), exp ((1p * K¢) — %(11: * K°)) is a martingale. Applying
Doob’s inequality to exp ((1F * K¢) — %(1F * KC>), the expectation of the eighth power of (3.15) is
estimated by

8
E, || sup exp((1p * K)s — %(1}: * Ks) ]
0<s<t
g\ 8
< <?> E, |exp(8(1p * K°); — 4(1p * Kc>t)]
8
< <§> E,[exp(16(15 % K€); — 128(1p * K°);)]"/? E,[exp(120(15 % K¢);)]'/?
< <§> VVkgelk2/21 (3.18)

for some ko > 0, because exp(16(1p * K¢); —128(1p x K€);) is a martingale. Noting that 1xN(|¢|+
[ € K(X), by using Proposition 2.3 in [8] again, the expectations of the eighth power of (3.16)
(after time reversion with respect to the part process on G) and (3.17) are estimated by kse”3t for
some k3 > 0. Denote by C't(l), C't(z), Ct(g) and Ct(4), the second factor of (3.14), (3.15), (3.16) and
(3.17) respectively. Then

4 1/4
Eigm | [(X0)g(Xo) sup Z it <1g| < e2llo (HEW [\Cf”\‘*f(Xt)g(Xo):t<TG]> |

0<s<t i1
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For 1 =1,2,4,

Erom |01 (X09(X0) st < 7] < Ifllzllgll B [I6F st < ]|

)

while for ¢ = 3,

Bigm |01 (X0a(X0) 1t < 76] < |IFll2lall2 |- [ICF o rif :t < 76|

,O0

Here r; is the time reverse operator under the part process on G. Therefore we have the desired
estimate. O

Under the assumptions of Theorem 3.1, it is clear that the bilinear form (Q,F) is a closed,
lower-bounded quadratic form. Therefore there exists a strongly continuous semigroup, {Qy,t > 0},
associated with (Q, F). Let (L2, D(L?)) be its corresponding L2-generator. On the other hand, it
can be shown that the operators {T},t > 0} defined in (3.7) form a strongly continuous semigroup
on L?(E;m). Denote the L?-generator of {T;,t > 0} by (L, D(L)).

Lemma 3.3 Suppose punry + iy + lu| + N (o) pr € K(X), (T > )+ [ N([¥)dun < oo and
—1<¢; <9,0 < cy < oo for some constants ¢y, cy. Then, for f € D(L29)
2000 = X0+ [ Zudf 4 U0+ [ 2080 — BT+ 0,
+/0t Z,L2f(X,)ds, (3.19)
where W and U/ are purely discontinuous local MAFs on I(¢) with
Wiy — Wi = (X, Xo) + (X, Xoo) + o(Xom, Xo)( Xy, Xi), t<( (3.20)

and

Uf — UL = (F(X0) = F(Xe2) (Wi = W), t<C. (3.21)

Proof. Putting ¢(z,y) = ¥(y,z), we see [, N(1gxp[¢|)duny = [z N(lpxe|Y[*)dun < oo
and fE (lpxe|¥))dun = [ N(1pxel¥|)dug < co. In view of Theorem 5.1.3 in [11], we have
fo (exe([Y] + [¥*)(Xs)dHs] < oo for m-a.e. * € E for each t > 0. On the other hand,
N(le)pr € K(X) implies E;[ fo (lp))(Xs)dHs] < oo for m-a.e. x € E for each t > 0. Thus,
we have the purely discontinuous local MAF W (resp. U/) on I(¢) with the property (3.20)
(resp. (3.21)). Since M(J\7>(E) < 00, M is an MAF having finite energy and so by (2.2) and [3,
Theorem 3.5] there is some p € F such that

t t
A(M); = Nf — / p(Xs)ds = p(Xt) — p(Xo) — Mf — / p(Xs)ds Pp-as. on {t < (}.
0 0
By Definition 2.1,

Myor, =—2NM), — My — (Xy, X;—) — K; Pp-as. on {t <},
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where K is a purely discontinuous local MAF on I(¢) with
Ky = Koo = —(Xo, Xo) = (X0, Xoo), £ <C.

The condition [ N(|¢|)dur = [ N(|¢|)dum € K(X) implies the integrability of K, hence K is a
martingale. Therefore on {t < (},

Exp(]\//ft) or (14 (X, Xi))

i (eXp (% - 57 ) TT (14 6 X ’XS))OTle(Xt,Xt»

0<s<t

= exp (J\Zon - %U\?%) ( 11 <1+w<Xs,XS_>>e‘1"<X“XS>) (1 + (X, Xi-))

0<s<t

= exp (—2A(M); — M; — K, — %U\?m) TT 1+ (X, Xoo))emvEeXam)
0<s<t

— exp <_2A(J\/Z)t> Exp (_]\ZC) Exp (—J\Zd _ IAQ)
(

= exp —2A(]\/J\)t> Exp (—]\/J\t — I?t> .

0<s<t
Thus
Z; = exp <—2A t> Xp ( Mt Kt) Exp <Mt + A + (M, ]\/4\C>t>
= exp <—2A t> Xp (Mt Kt + A} — [Md, Mt I?]t>
- exp<—2A t)EXp My~ M~ Ko+ A+ Y (o 9)(Xom, X)
0<s<t
= exp <—2A )t ) Exp <J\4tC Mt + W + A + / N(p w)(Xs)st> (3.22)
= exp(—2p(Xy)) Z} (3.23)
with
t
Zl = exp <2p(X0) —|—2Mtp+2/ p(Xs)d8>
0
—~ t J—
. Exp <Mf CME AW, ARy / N(p- q,b)(Xs)st> : (3.24)
0
Note that

L+ Wy = Wi = (1 + o(Xe—, X3)) (1 + (X3, Xi)) > 0.
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Let f € D(L2) C F. Then

&0 = [(LeN@g@midn) + [ Feuy /E 9(@)1aqars,an (o)
+ [ 1@ / ([ N, dy>> o (do).
Applying (2.3) to the (finite energy) MAF £+ M (defined by (f « M), = [! f(X,_)dM,), we have
lim 1Egm o (f / F@)gpgo 57 (dz)  for every g € F, (3.25)

By (3.24)-(3.25) above and Theorem 5.2.4 in [11],

N/ = /LQf( s)ds + 2T (f * M), — (M7 Mt—/f )d A"

/</f )N(X&dy)) dH,. (3.26)

Note that it was shown in [3, Remark 3.8(ii)] that I'(f *M) =A(f *]\/4\) and that by Definition 1.2,
t —_ —_
= [ ) AT+ 0 5T,
1 t
5 [ [0 - 5 XN Kt (320
It follows from (3.26)-(3.27) that
N/ = /LQf( ds+2/f de—Z/f X,)ds + (MY, M — t—/f )d AL
t
= [ (L (100 = 20000000 + £ CE )00 X)) N (Ko ) i
0o \JE
By [3, Theorem 4.2],
t t
/ —2p(Xs )de / e_2p(XS*)f(XS_)dNSp
0 0
t t
= [ ILO s — 2 [ P F(Xp(X.)ds
0 0
t t
—2p(Xs) f are _ —2p(Xs) Iz
+/0 d(M7, M — M), /0 e F(X,)dAF

= [ ([ () = SO0 X0 + FoA )0 X)) N (X))
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Now by the It6 formula in [3, Theorem 4.7] and the above identity, we have
e~ 2PX0) £(X,) — e 2P(X0) £ (X))

t t
_ / 20X g\ 4 NIY — 2 / e20Xe0) £(X,_)d(MP + N?)
0 0

t t
—2 / “2 X q( M M) 42 / e 2PX) f(X ) d(MPe, M)

0
+ Y [A(THEIFX)) + 267 P F(X ) A(p(X,)) — e P A(S (X))
0<s<t
t t t
= / e X apmf — 2 / e 2P Xom) f (X, )dMY + / e XL f(X,)ds
0 0 0

t t t
-2 / e 2P £(X ) p(Xs)ds + / e X a(M) M — M), — / e ) F(X,)dAY
0 0 0

_/ ¢~ 20(X) </ (f(y) = F(X))e(y, Xs) + F(y)p(Xs >w(y,X))N(X87dy)> dH
0 E

t t
—2 / “2 X AP M) 42 / e 2PX) £(X, ) d(MPe, MPe)
0

+ 37 (AP (X)) + 2672 F(X A (p(X)) — e PEDA(F(X))], (3.28)

0<s<t

which is a semimartingale. Note that Z! can be rewritten as

t t
Z! = Exp <MtC — Mf+ W, + A —I-/ N(p-9)(Xs)dHs + 2/ p(Xs)ds> exp <2p(X0) + Mt2p> :

0 0

By 1t6’s formula for semimartingales,

Z} - Z;
t s s
_ / Z1-d(Mg — NI+ W+ 2M + AL+ / N(g - B)(Xa)dH, + 2/ (X, )du
0 0 0

t —~
+2 / ZL_d(MP€ + M° — M°, MP) + S Z) <e2A<P(Xs>> 1 2A(p(Xs))> (3.29)
0 0<s<t

+ 30 2 (P(Kems Xo) + (X, Xoo) + oKy, X)Xy, X, ) ) (2200590 1))

0<s<t

Applying It6’s formula to
Zif (Xe) = 24 - (e XD f(Xy))

and using (3.28)-(3.29), we get (3.19) after many terms cancel out. This calculation is tedious
and must be done with care. It is fairly easy to calculate out the martingale part, the quadratic
variation part and continuous additive part while applying It6’s formula. However the calculation
of the jump part of Z} - (e=2?(X¢) f(X;)) using It6’s formula can be frustrating. The best way to
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calculate Z, f(X¢) — Z;— f(X;—) directly is perhaps the following. It follows from (3.22) and the fact
that the Doléans-Dade’s exponential solves an SDE, that

Ty — Zy = Zp (W — Wi)
and so
LX) = Z f(Xin) = Z (L4 Wa = Wi ) f(X) — [(X0o))
= Zi (L4 Wy = Wi )ACF(X0) + F(X)(Ws = Wio)).

4 Proof of Theorem 3.1.

Lemma 4.1 Under the conditions of Theorem 3.1, the quadratic form (Q,F) defined in (3.3)
possesses the positivity preserving property in the sense of [18].

Proof. By Proposition 1.3(i) in [18], it suffices to show Q(f*, f~) < 0 for f € F. Let Q@+ pe
the sum of continuous part and killing part of O:

®(f,9) = EOf,9)+EP(f,9)

/f o >—/Eg< D)t age) (42) /f Jiu(dz)
/ fa Nz, {0} pn (dz) + / F(@)g(@)p(, O)N (z, {0} )pom (d).

Then we see QOH®)(f+ =) = 0 because wip (f = 0) = 0 and pip (f < 0) = pgp(f
0) = 0, where Mgy = H(Mue) for u € F. If we let QU)(f,g) == Q(f,g9) — QUH+®)(f g)
ED(f,9)+2 [y maf(2) = F@)g(@)p(z,y) T (da, dy) +2 [, o(9(2) = 9()) [ ()9 (2, y) ] (dz, dy
then QU(f*, f7) = =2 [, p FT (W)~ (@) (1 + (2, )L + P(y, x))J (dz, dy) < 0.

);
O

Lemma 4.2 Let G be a finely open (nearly) Borel subset of E and consider the part space (Eq, Fa)
of (£,F) on L*(G;m). Then Q on Fg has the following expression: For f,g € Fga,

Qt9) = £09) ~ [ S, ) = [ a@hiys ) = [ g (da
e FWg@)e(@,y)¢(y, 2)N (2, dy) pu (dz), (4.1)
where
s 9097) 5= oo @)+ ([ 60) — o) )N dy) ),
s any(dr) = u<Mf,c,Mc>(dx)+</G (f(y)—f(w))cp(w,y)N(%dy))uH(dw),
pO(do) = wlde)~ ([ (14 plavy) + 00w ) N, d) (o).
E\G
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Proof. The proof is an easy calculation. We also note that for f,g € Fqg, E(f,9) = E°(f,9) +

Joxe(f@) = fW)(g(x) — 9(v))J(dz, dy) + [, f(x)g(z)s(dz), where k€ = K + N (z, B\ G)pp.
O

Proof of Theorem 3.1. As in the analogous argument in [10], we can construct a common &-
nest {F, }nen (of compact sets) such that (i) 1r, (1(ar) +ian T l]) € Ko(X) for each n € N and (ii)

there exists p, € F such that A(M®), = NP — fg pn(Xs)ds for 0 <t < 75, Pyy-as., pu|p, € C(F,)
pn) € Ko(X) for each n € N. Here we use the fact A(1p, x M¢); = A(M¢), for 0 <t < 7p,
P,,-a.s. and <MC)(FH) < 00. The latter implies that 1p, * M¢ is an MAF of finite energy under X

and there exists a p, € F such that A(1p, * M), = T'(1p, * M¢), = Nf* — fg pn(Xs)ds.

Let E,, denote the fine interior of F,, and define F® := {u € F | u =0 &E-q.e. on ES}, and let
Q) denote the restriction of Q to F(™. Clearly (Q(”) , F (”)) is a quasi-regular positivity preserving
coercive closed form on L?(E,;m) satisfying the same hypothesis as (Q, ). In fact, (Q™, F(")
is related to the restriction of £ to F(™ (which is the Dirichlet form of the part process X ) in
exactly the same way that (Q, F) is related to (&, F).

(i) First assume that || and [¢| are bounded above and below away from 0. Note that
1, N(l¢|+ |¥|)pr € Ko(X) because of the boundedness of || and [¢| away from 0. Then the con-
ditions of Lemmas 3.2 and 3.3 are satisfied by X®» and (Q™, F("). Let (an))bo and (Va("))a>a0

be the semigroup and resolvent on L?(E,;m) associated with (Q™, F(™). Let (L2 ™), D(L2 ™))
(n)
i)

and 1, pu

denote the infinitesimal generator of (
Consider a bounded f € D(L2 (™). Let 7, be the first exit time of X from E,. Then by
Lemma 3.3 (applied to XZ» and (Q™, F()),

tATh
FXinn ) Zan, = $X0) + [ 2o d(10) 4 0110
A e tATh (4.2)
+ / Zy f(Xso)d(Mg™) — Met 4 W) + / Z, LM f(X,)ds,
0 0

because f(X,,) = 0, Pp,-a.s. Here was used the fact that Z( (resp. M W™ Ufn) the
analog of Z (resp. M¢, W, U/) with respect to X~ and (Q(”),}"(")), coincides with Z (resp. M¢,
W, U') on [0,7,]. Let {T}} be an increasing sequence of (F;)-stopping times with T}, T ¢ as k — oo

reducing the local martingale terms on the right hand side of (3.19). Replacing ¢t by t A T}, in (4.2)
and taking expectations we obtain

tATK ATn,
B[ (Xintune,) Zontirns] = £(2) + B [ /0 Z,(L20 f)(X,) ds] , (4.3)

for m-a.e. € E,. Hence, for non-negative g € L*(E,;m) we have

tATK ATh,
By [ (Xentinm ) Zintsm] = (F19) 2 (5,0m) + B [ /0 Z(L2™ f)(X,) ds} (4.4)

Because f is bounded, Lemma 3.2(ii) for 1, , g € L?(E,;m) permits us to conclude that, as k — oo,
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the left side of (4.4) converges to Egp[f(Xirr, ) Ziar,]. On the other hand, because

tATh t
E, [ / Zs(LQ’("’f)(Xs)dS] < [ T2 1w ds, (45)
0 0

the left hand side of (4.5) is in L?(E,;m) from Lemma 3.2(i), where
Ts(n)f(x) = E:c[f(Xs)Zs HERS Tn]' (4.6)

Passing to the limit in (4.4) as k — oo, we obtain

tATn
Egm [f(Xtrr,) Zirr,] = (f; g)LZ(En;m) + Eg, [/0 ZS(LQ’(n)f)(XS) ds] (4.7)

first for non-negative, and then for all g € L?(E,;m). Then

E.[f(Xiar, ) Zine, | = f(x) + E, [/0 " ZS(LQ(n)f)(XS) ds} , (4.8)

for m-a.e. € E,, provided f € D(L2™) is bounded. For f € D(L2(™) of the form Vogn)g
(0 < g € L?(E,;m)), by the construction of the nest {F,}, there is a sequence {g;} of non-negative
elements of L?(E;m) such that f; := Vé")gk is in L®(E,;m), fix converges in L?(E,;m) to f
and L2 f. = afy, — g converges to L2 f in L?(E,;m). [The boundedness of f; comes from
the inequality VOE") f < 1p, - Vo f for all non-negative f € L?(E;m), which is a consequence of
the fact that these resolvents are associated with quasi-regular positivity preserving forms (see the
argument in [10]). Substituting f; for f in (4.8) and then passing to the limit as k — oo, we see
that (4.8) is valid for all f € D(L2 (), since any such f can be written as VCS") g1 — VCS") go for
non-negative g1, go € L?(E,;m). That is, we have,

Tt(n)f(:n) = f(z) + /Ot TM(L2M ) () ds, m-a.e. ¢ € Ep, (4.9)

for all f € D(L (™). This implies the strong continuity of Tt(") on D(L2™M), hence on L?(E,;m).
Note that Tt(") maps L?(E,;m) into itself by Lemma 3.2(i), because

Lz, (uony + gy + NUeDpa + N1 pm + |p)

is a Kato class smooth measure with respect to X*». Hence

T f— f
t

lim =120y, (4.10)

t10
Thus, using (L™, D(L(™)) to denote the infinitesimal generator of (Tt(n))t>0,

D(L2™) c D(L™) and L™ = LM on D(L™). (4.11)
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Let G =/, > e_o‘tT dt be the resolvent operator associated with L. Fix u € L?(E,;m) and
define, for a > ag, v := Vi"u. Then v € D(LL™) c D(L™) and LMy = L™y = av — u. But
D(L™) coincides with G (L?*(E,;m)), so there exists g € L?(E,; m) such that v = G((xn)g, in which
case LMy = qv — ¢. It follows that v = ¢, and then that G(n)u = a(”)u for all u € L?(E,;m).
This identity of resolvents implies that the associated semigroups (7 7" )) and (Qt ) coincide under
the boundedness of |¢|, || away from 0.

(ii) Secondly, we assume only that ) is bounded below away from 0. For general ¢ > —1, define

wo(z,y) = (1{%<|¢|<z}¢7)($7 Y)-

Clearly ¢, satisfies the condition for ¢ in step (i). Let M%’ be a purely discontinuous MAF
on I(¢) such that AM™ = ou(X,—,X;), t €]0,¢[, and set M! := M+ M%. Then we sce
Wve—nry = N((pe — ©)?)pr < N(¢*)pug. Hence M* converges uniformly to M on any compact
subinterval of [0, 7p, [ P-a.s., because of the convergence of energy e(1p, * (M* — M)) — 0. By
replacing M with M?, we consider QF, Qf, Zf, th, Gf; instead of Q, Q¢, Z;, T3, G, respectively and
also consider Qf’("), Tf’("), Gﬁ;(n) instead of Qtn , n), G&") respectively. From (1) we already know
that Qf’(") coincides with Tf’( ") To show the coincidence, we first prove that T f € L*(E,;m)
and Tf’(") f weakly converges to Tt( f for any Borel function f € L?(E,;m).

In order to prove this weak convergence, we will follow the approach in Chen and Zhang [8]
by showing that there exists a constant &g independent of ¢, ¢y with ¢ > £y such that for any

nonnegative Borel f,g € L?(E,;m)

2 ;
sup B [f(Xt)g(Xo)Zfo (v') < } < ¢! £ llgl, (4.12)
=0

-1
where Y := Zf <Zf°) = Exp <M ) Exp <Md éo) = Exp (Mdé Mtd’éo) for £ > fg > 1. Here
we use [M®0 MEE — Mdb], = 0 for £ > £y > 1. From (4.12) we see the uniform integrability of
{Yf, ¢ > £y} under the law Litcry f (Xt) (X0)Z{°P,,, which implies the desired weak convergence.

Indeed, from (i), we can conclude |7} 4(n) l2—2 < e, hence HG ) =2 < 1/(a — ). By Fatou’s
lemma we have for Borel f € L%(E,;m)

/ T f(2)Pm(de) < lim [ T0") f(2)Pm(dz) < e £]3-

n l—o00 En

Hence ||Tt(")\|2a2 < et and HG((]”)||2_>2 < 1/(a — ap). By (4.12), for each f € L*(E,;m), Tf’(")f
converges to Tt(") f weakly on L?(E,;m) and consequently Gﬁ;(") f converges to G((xn) f weakly on
L*(E,;m) as £ — oo.
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We now prove (4.12). Since

()" = (o (ar? - asf))

— exp <2Mtd’é - 2Mtd’é°> [T @+ At — ptho),)? exp(—2A(M* — Mmoho),)
0<s<t

= exp (2Mtd7é . 2Mtd7€o> H (1 + (1 + A(Md,é _ Md,fo)s)2 _ 1)
0<s<t

X exp (1 —(1+AM - M‘”‘))S)Q) exp ((A(M‘M - Md’éo)s)2>
= Exp <Kf) exp ((N(1{1/5<\@\Sl/éo,fog\apké}(pz) « H),),
where K is the purely discontinuous MAF on I(¢) with
AKSY = (1+ AWM — Moy )2 -1
— 2A(Md,£ _ Md,fo)s + (A(Md,Z _ Md,€0)8)2
= Lijecipl<t /o tolol<e (29 + 0%)(Xsm, Xs), s €)0,¢[-
Thus Z¢ .= Z'Y! = 7! (YZ) is of the same form as Z/. Indeed,
Z{ = Exp (J\Z) o r¢Exp (Mfo + Kf 4+ Al + (N1 jecpi<iyeo)”) * H) + (M, ]\//P%t)
X (1 + (X, X))

and the corresponding form Of on F™ is given by

14 _ En
I (fg) = / P, @) = [ 0@ )
/ F(@)g(@) (1" + N(Lp, w11 e<lpl<1 /b0 to<lol<y i) (dx) - (4.13)

/E . F@W)9(@) 11 j0<ip1<1 /00 00< 0| <3P (T, ) (Y, ©)N (2, dy) oz (d)
n>< n
for f,g € F™. Then the constant 58 corresponding to Of on F( is given by

56 = \/25(1E7LM(ML’0+K5)) + \/25(1197““(1@) +0(1g,ut)

+8(L(1 o<l <1 /0 bo<|p| <0} L Enx Bn7) + \/5(1{1/€<|@|§1/€0,€0§\¢\<€}1En><En(p2) (1g,xE,%?)

and it is bounded from above by

Here we use [M%, K] =0, (M%) < (M) and (K*) < (3M). Note that dy can be taken to be less
than 1 because 1g, (i(ar) + Kr |]) € K(X). Therefore by (i) above and [13, Proposition 3.1],
we have (4.12).
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Next we show that {G((xn),a > ag} is the resolvent associated with (Q™, F(™). Fix a bounded
Borel f € L?(E,;m). We easily see

E(GEM f,G5M F)y < MOLM™M(GEM f,GEM £y = M(f,GE™ f) <

So {Gf;’(") fyn € N} is 511 /2 bounded. Taking a subsequence if necessary, Gﬁ;(n) f converges weakly
to some fo € F and its Cesaro mean strongly converges to fo. Hence fo = G&") f. Since

Qg’(")(u,v) — o™ (u,v)
-7 /nvd”wu Med—ppdy /EnXEn u(y)o(x)((pe — @) - ) (@, y)N (2, dy) pg (d),

we have

195 (u,v) — Q™) (u, v)|

1/2 1/2
< ([ oneaen) ([ 06 - aw) o eosaen)N dutin)
n>< n
1/2 1/2
+ </ v’ N(p )duH> (/E uzN(1{¢<1/e,z<¢|}¢2)dﬂH>
Taking u := G&")f, vi=gp:=G f G f and noting supycy £1(g¢, g¢) < 00, we have

E((GEM [ = G G - GLV )
< MG -G 1.6~ G )

= M (G .90 — QE(G f 1))
= M|Q" G f,90 — QG f )|

— 0 asfl— oo.

We also see
QG o) = Jim QE(GH™ f,v)
= ghm (Qt(xn) (Gé(n).ﬁ 'l)) - Qﬁ;(n) (Gg(n)fa U)) + (f7 v)LQ(En;m)

= (f7 v)LQ(En;m) .

Now G((l") = Vo({n) f holds for any Borel f € L?(E,;m). Therefore, we have the desired result for
general ¢ > —1 and ¢ bounded below away from 0.

(iii) Finally, we show the coincidence for general ¢, > —1. By duality, it suffices to prove the
coincidence G f Va" f for Borel f € L?(E,;;m), where

G f = / e Ty fdt and T\ f(z) = Eg[Zor f(X,) 1t < 7.
0
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Considering the approximation vy := 1;y|>1/¢)% for ¥, we can apply the result in (ii) and the proof
is quite similar with (ii) [The boundedness of ¢ away from 0 in (ii) is only used for the application
of (i)]. Therefore, we have the coincidence C?((Jn) f= }5”) f, hence G&") f= VCS"’ f for any Borel
f € L3E;m).

Note that by [13, Proposition 3.1], condition (3.8) yields a uniform L2-operator bound on Tt(")
there is a constant ag > 0 such that

HTt(")Hg_,g < eo? for every n > 1 and ¢t > 0.

As in [10], by using Lemma 3.6 in [14], we have that G, coincides with V,,, consequently T} coincides
with @ by use of the positivity preserving property of (Q,F) (see Lemma 4.1). |

5 Feynman-Kac type formula for A(M)

In this section, we show that Theorem 3.1 yields an extension of the Feynman-Kac formula for zero
energy CAF N* studied by Chen and Zhang in [8], where u is a function in F having Kato class
energy measure fi(pruy-.

Let M be a locally square-integrable MAF on I({). Let ¢ be the jumping function for M, that
is, ¢ vanishes on the diagonal of Ey x Ey and AM; = ¢(X;—, X) for every t €]0,(p[, Pp-a.s. We
assume that ¢ is defined on Ey x Ey and ¢(x,y) + ¢(y,z) = 0 for x,y € Ey, which includes the
case M = M*" for u € F,. Under this assumption, we have P,,-a.s.

1

A(M)y = 5

(Mg + Myory + o(Xy, Xi)) for ¢ €]0, ¢[.

We further assume that sy, the energy measure of quadratic variation process (M), is of Hardy
class, and define

1

80 := [20(nqarep)1? + [26(aara)1? + S 10(ninri)1, (5.1)

where M7 is the purely jump part and M* is the killing part of M, respectively. Actually, M¢, M7
and MF* can be expressed as follows:

M= lim lim | Y 16, (Xeo) (@l jgpse) (Xsms Xo) = (L, N(@1jg5ey) * H): |

k—o00e—0
s€]0,t]

M} = Tim lim | > 1a, (Xe ) (@l pse) (Xam, X ljseey — (1o, N(Lpxp@lpse) * Hi |

—o00€e—0
s€]0,t]

t
Mf = lim lim <1Gk(XC—)(¢1{|QO|>€})(XC—7a)l{tZCi} —/0 1Gk(XS)(1{|g0|>€}(p)(sta)N(XS7{6})dHS>‘

k—o0e—0

24



Note M4 = M7 + M. Here {G}.} is a nest of finely open Borel sets such that 1g, * M E,/\il (see
Proposition 2.17 in [3]). We also note that

t t
)= [ [N G a0 = [ o 0PN @)
0 E 0
and
N<Mj>(d37) = N(lExE<P2)MH(dx)= M(Mk>(d37) = 90(9578)2]\7(357 {0} pu (d).
We consider the following quadratic form Q on F: For f,g € F,

1 1
A(f.g):=E(f,9) + 5/ 9 te prey + 5/ fdpare.e ey
E E

w5 [ ([ 00) - f@)et )N ) ptao

+%/Ef(:c) (/E(g(y) —g(éﬂ))so(:v,y)N(%dy)> o (dz) (5:2)
_/Ef(x)g(x)cp(a:,a)N(a:, {0})pn (d)

From (5.1), we have (3.4) and (3.5) with

00 1= 1(0garey) (2/3a0e0)) > + A easn) (2/6a) "2 + S3(iarsy) (Volwaue)) . (53)

Note that

Q(f.9) = £(7:9) + yvaasman(B)  for f.g € F, (5.4

where the signed measure v/ ny for locally square-integrable MAFs M, N on [0, ¢[ (more strongly,
on I(¢)) is defined by vy ny = fiare, ey + fai Niy + 2uppx nry- We have the following result
extending Theorem 1.2 in [8]. As with Theorem 3.1, we note that if the constant dy defined in (5.1)
is strictly less than 1, then condition (5.5) below is satisfied.

Theorem 5.1 Suppose that py € H(X), and that there are constants a > 0 and ¢ > 1 such that
e (u,u) < Qu(u,u) < c&(u,u) foru e Fy. (5.5)
Then P, f(z) := Ey[eAM) f(X,)] is the symmetric semigroup associated with (Q, F).

Proof. Note that M = M¢+ M, where M¢ and M? are the continuous and purely discontinuous
martingale parts of M. Let M%! and M%? be the purely discontinuous locally square integrable
MAFs of X with

MM = M2 = 10x, xyene(Xem, X)) and - M = M2 = 1000, xs139(Xe—, Xo),
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respectively. Let (N, H) be a Lévy system of X. By (2.6) in [3], for ¢ < ¢,

1
A(Md’z)t — <Md2 + ]Wd2 oy + (X, Xi— )l{lgo(XuXt )|>1}>

- //1{¢X5y>1}90( s Y)N (X, dy)dH,,

where in the last equality we have used the fact that ¢(x,y) = —(y, ) for z,y € E. Thus A(M%?)
is CAF of X with signed Revuz measure

v(dr) = </E 1{@(m7y)|>1}g0(x,y)N(a:,dy)> wrr(dz).

Evidently,
pltde) < ( [ it Nad)) alde) < o (o).
Put M' := M¢+ M%!; this is a locally square integrable MAF of X with bounded jumps, and
A(M) = A(MY) + AME?) = A(M™1) + AV

Thus, without loss of generality, the jump function ¢ of M can be taken to be bounded in magnitude
by 1.

Note that |e* — 1| < |z|& {/2_1 for |z| < 1/2. Let J; be the purely discontinuous locally square-
integrable MAF on () satisfying AJ; = exp[—3¢(X;—, X¢)]—1, t €]0,¢[ and set M, := —$ Mf+J,
for t € I(¢). We have AM; = AJ; > —1 for t €]0,¢[, and on {t < ¢}

e 3Mr = Exp (Mt) e_Ag,

where

T, _ o) 1
p(dw) = /E Lijp<1y(z,y) <1 _ 5 b _ oo ) N(z,dy)pnr(dr) = chare)(dz).
[s]

We also have, on {t < (},
MM — Exp (Mt) or:Exp (Mt) Al =24 o= (X0 X )/2

The theorem now follows from Theorem 3.1. O

6 Examples

Example 6.1 Let X = (X¢,P,),cpa be the symmetric a-stable process with a €]0,2[ and (&, F)
the corresponding Dirichlet form on Lz(Rd), and K a compact subset of R?. It is well-known that
X is transient and has Green function given by G(z,y) := A(d, )|z — y|~(4=*) provided d > «,
where

BIr (52

| %)
A(da ﬁ) : 21+B7Td/2F§ 1+ g)’

8 <d
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and (&£, F) is given by

Ald, —« u(z) —u v(z) — v
E(u,v) = %/{RdXRd( (z) ’x(zi))y(‘d(-i-o? (y))da:dy,
u(z) — u(y))?
F = {u € LQ(]Rd) /Rded %dmdy < oo}.

The process X has a Lévy system (N, H), where N(z,dy) := A(d, —a)|x — y|~ @+ dy and H; = t.
So pp(dz) = dx.

We say that a measurable function f on R? is of Kato class (resp. Hardy class) if the measure
|f(z)|dx is of Kato class (resp. Hardy class) and write f € K(X) (resp. f € H(X)). Since there
exists C' > 0 such that py(z,y) < Ct~%* for all z,y € RY, we have LP(RY) ¢ K(X) c H(X) if
p > d/a (resp. p > 1) for the case d > « (resp. for d = a = 1) (see [15]). For d > «, we have the
following Sobolev inequality

Hu”did < Co& (u,u)'? for u € F.

For every f € L%*(R?) and every § > 0, there is v > 0 such that 114115 fllaja < 5/C§7a. So
when d > «, we have for u € F,

/Rdu(x)z\f(x)\da: < ”U2Hﬁ Hl{\f|>’v}ng +’y/ u(z)?da §55(u,u)+’y/ u(z)?dz.

R4 R4

This proves that, when d > a, L¥*(R%) ¢ H(X) and the coefficient §(|f|) for f € LY*(R%) can
be taken to be arbitrarily small.
We assume one of the following:

e ©; > —1 is a Borel function on R% x R? such that |p;(z,y)| < Cilk(2)1k(y)|x — y|[¥ with
7 > /2 and C; > 0, i = 1,2. Then N(¢?) is bounded, hence in K(X).

o f; € L’J’F(Rd) with p > d/a for d > a, or with p > 1 ford = a =1, and v; > /2,7 = 1,2.
We let p;(z,y) = fi(2)"/ 1k ()1 (y)le —y|" (vesp. pi(z,y) := fi(x)*1x(y)|z —y[") when
p>d/a (resp. p=d/a), i = 1,2. Then N(p?) € L¥*(R?) C H(X).

Let M, M be locally square-integrable MAFs with AM; = ¢1(X;—, X;) and A]\Z = o (X¢—, X¢)
for t > 0. Then by Theorem 3.1, T} f(x) := Ez[Z:f(X})] with Z; := Exp<]\/4\t> ory Exp(My)(1 +

w2(Xy, X¢—)) gives the strongly continuous semigroup associated with

9@ ([ 00 - st L) o

|$ _ y|d+a

O(f.9) = E(f.g)— Ald,—0) /

R

~att=a) [ 1) ([ (60 = seaten) s ) d

—A(d, —a) /Rded f(y)g(x)wl(x,y)wz(y,x)%-
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Example 6.2 Let X = (X;,P,;),ep be the symmetric censored a-stable process on a bounded
Lipschitz domain D with d > 2 > a > 1 and (€,F) the corresponding Dirichlet form on L?(D).
(€,F) on L?(D) is given by

Ald, —a) (u(z) — u(y)(v(z) —v(y))
e

F o= WD),

where W§/2’2(D) is the completion of C§°(D) with respect to the 811/2—norm and A(d, —«) is the
constant appeared in the previous example. X has Lévy system (N, H), where H; = t, N (z,dy) :=
A(d, —a)|z — y|~ ) dy on D and N(z,{d}) =0, z € D.

By Chen-Song [7], the following Hardy inequality holds:

u(x)?
2 gr < ,
/D d(x,c‘)D)adx < Op.ab{u,u), wer

Let e > 2(2+ \/E)C’D,a and for each ¢ = 1,2 and v; > «, set

—1/2 1 1 |z — gy \ /2
] — -yz—a—l . y
pi(z,y) : <§gg /D _I|Z| dz) <A(d,—a) (Cp,a+¢) d(w,aD)a> '

Then N(p?)(x) = (Cpa +¢€)"td(z,0D)~ and so §(¢?) < Cp.a/(Cp . +€). Thus we have

5o = \/26(62) +/20(03) + \/3(D)d(3) < L.

Let M, M be locally square-integrable MAFs with AM; = ¢1(X;—, X;) and A]\Z = o (X¢—, X¢)
for t €]0,¢[. Then by Theorem 3.1, T f(x) := E;[Z; f(X¢)] with Z; := Exp (]\/Zt) or Exp(My)(1 +

w2(X¢, X¢—)) gives the strongly continuous semigroup associated with
dy
o) ([ 00 - f@)erto =Tz ) o
dy
~att=a) [ 1@ ([ ) - st 2o ) do

—Ad=o) [ e el o

Of.g) = E(f.g)— Aldi—0) /
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