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ABSTRACT

Let X be a Borel right Markov process, let m be an excessive measure for X, and
let X be the moderate Markov dual process associated with X and m. The potential
theory of co-excessive measures (i.e., measures that are excessive for X ) is developed with
special emphasis on the Riesz decomposition. This is then applied to obtain the Riesz
decomposition of excessive functions (of X) by exploiting the correspondence between
such functions and co-excessive measures. The potential theory of co-excessive measures
also enables us to discuss Walsh’s interior réduite under minimal conditions. Many of the
tools of the theory of Markov processes are employed in this development. For example,
Kuznetsov measures, Ray compactifications, h-transforms, and duality theory for Borel

right processes.
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1. Introduction.

The potential theory of the excessive measures of a Borel right Markov process, with
a distinguished excessive measure m serving as background measure, has been well under-
stood since the 1986 paper [FM86] of Bernard Maisonneuve and the first-named author of
this paper. An expository account appears in [G90]. Slightly earlier, Joe Glover and the
second-named author treated in [GG84] some aspects of the general case and obtained
complete results under a weak duality hypothesis. The potential theory of the excessive
functions of a general Borel right Markov process has not been treated as systematically
heretofore. Of course, under weak duality there is a one-to-one correspondence between
excessive functions and co-excessive measures, and in [GG84] this correspondence was
exploited to treat the Riesz decomposition of excessive functions. For a general Borel
right process X with distinguished excessive measure m there is always a left continuous
moderate Markov dual process X , and there is a one-to-one correspondence between ex-
cessive functions of X and co-excessive measures (i.e., excessive measures for X ). Thus to
study excessive functions of X it is natural to develop the potential theory of the excessive
measures of a left-continuous moderate Markov process. This study is carried out in the
present paper when the moderate Markov process is the dual of a Borel right process X.

At the end of section 7, this is applied to obtain results about the excessive functions of
X.

As one might expect, the theory is quite similar to that for excessive measures. But
there are important differences, and certain technical difficulties. As for excessive measures,
one of the main tools is the Kuznetsov measure Q,, governing the Kuznetsov process
Y = (Yi)ier associated with X and m. In fact, X is most conveniently defined in terms
of Y. A key tool in the present theory, which did not arise in the study of excessive
measures, is the notion of h-transforms for X. This is not surprising since such transforms
play a key role in [GG84] and in Chapter 13 on duality in [CWO05]. If h is an excessive
function (of X)) that is finite m-a.e., then £ := h - m is a co-excessive measure. The class
of co-excessive measures that can be so represented coincides with the class of those that
are absolutely continuous with respect to m. In the remainder of this introductory section
the co-excessive measure £ will be taken from this class, with representation £ = h-m, h

being excessive.

In analogy with excessive measures, the Kuznetsov measure Qg associated with X
and the co-excessive measure £ will be a key tool. But it is well known that & is excessive
for X" (the h-transform of X) and Qg is just the time reversal of QP , the Kuznetsov

measure associated with X" and £. It turns out to be more convenient to use QF, rather
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than Qg in most instances; this notation emphasizes the excessive function h, which is the
eventual object of our development. We shall also make use of the Ray compactifications
of X and X. For X this is a standard tool in the theory of Markov processes. In the
case of a moderate Markov processes this material is not so well known, but it receives an
excellent treatment in [CWO05].

Precise definitions are given in section 2, where the basic properties of the Kuznetsov
process are reviewed. The Ray-Knight compactification of X is also summarized there.
Section 3 introduces the moderate Markov dual process X. For the most part this section
is also a review. The elementary properties of h-transforms and their relationship with the
Kuznetsov measure Q" are recorded at the beginning of section 4. Proposition 4.3 extends
to QP a standard property of h-transforms. Theorem 4.9 is the key technical fact that
makes Q, a useful tool for the remainder of the paper. The Ray-Knight compactification
of X is contained in section 5. Here we follow [CWO05], although it necessary to adapt
their hypotheses to our situation. We prove the key separation result of Walsh under our
hypotheses in Theorem 5.3. In section 6 we come to one of the places where the potential
theory of co-excessive measures differs from that of excessive measures. Namely, we are
unable to prove that a purely excessive measure may be written uniquely as the integral
of an entrance law. However, by relaxing the customary o-finiteness requirement in the
definition of the notion “entrance law”, we do obtain a unique representation in terms
of what we call “loose” entrance laws. This is recorded as Theorem 6.3. It is somewhat
surprising that one can prove the uniqueness of the representation without assuming that
the measures involved are o-finite. This allows us in Theorem 6.10 to extend the moderate
Markov property to the death time (5 of Y in a manner analogous to the familiar extension
of the strong Markov property to the birth time a of Y. See, for example, [G90; (6.15)].
Our proof is patterned on that used for the extended strong Markov property in [FIM86].
The results of the preceding sections are used in section 7 to pursue our original objective
of obtaining potential theoretic results for co-excessive measures (Theorem 7.9) and for
excessive functions (Corollary 7.11).

Walsh has defined the “interior réduite” of an excessive function h on a set A, denoted
by pah, and has obtained various properties and characterizations of pah under strong
duality hypotheses and a strong Feller condition on the dual process. In section 8, pah
is investigated in the framework of this paper. It turns out that the co-excessive measure
pah - m is a co-balayage of the co-excessive measure & = h - m, similar to Hunt’s balayage
for excessive measures, as re-interpreted in [FM86]. See also [G90]. Theorems 8.12 and
8.14 are direct generalizations under our minimal hypotheses of results found in section

13.12 of [CWO05]. It is also observed in section 8 that the cone of co-potential measures is
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not a solid subcone of the cone of co-excessive measures in general. Thus a basic property
of excessive measures fails for co-excessive measures.

We close this introduction with a few words on notation. We shall use B to denote the
Borel subsets of the real line R. If (F, F, i) is a measure space, then bF (resp. pF) denotes
the class of bounded real-valued (resp. [0, co]-valued) F-measurable functions on F. For
f € pF we shall use u(f) to denote the integral [, fdpu; similarly, if D € F then u(f; D)
denotes [ p Jdu. We write F* for the universal completion of F; that is, 7* = N,F",
where F" is the v-completion of F and the intersection runs over all finite measures on
(F,F). If (E,€) is a second measurable space and K = K(x,dy) is a kernel from (F,F)
to (E,&) (i.e., F' > x — K(z,A) is F-measurable for each A € £ and K(z,-) is a measure
on (E,€) for each x € F), then we write K for the measure A — [, p(dz)K(x, A) and
K f for the function z — [, K(z,dy)f(y).

2. Preliminaries

Throughout this paper (P; : ¢ > 0) will denote a Borel right semigroup on a Lusin
state space (F, ), and X = (X, P?) will denote a right-continuous strong Markov process
realizing (P;). We shall specify the realization shortly. Recall that a (positive) measure
m on (E, &) is excessive provided mP; < m for all ¢ > 0. Since (P;) is a right semigroup,
it follows that mP; T m setwise as t | 0. See [DM&8T; XII1.36-37]. Let Exc denote
the cone of excessive measures. In general, we shall use the standard notation for Markov
processes without special mention. See, for example, [BG68], [DM87], [Sh88], and [G9I0]
In particular, U? := fooo e~ Pydt, ¢ > 0, denotes the resolvent of (P;).

We are going to need the Kuznetsov process (or measure) Q,, associated with (P;) and
a given m € Exc. We refer the reader to Section 6 of [G90] for notation and definitions.
See also [DMM92]. For the convenience of the reader we shall review some of the basic
notation here. Thus W denotes the space of all paths w : R — Ea := EU {A} that
are right continuous and E-valued on an open interval |a(w), (w)[ and take the value A
outside of this interval. Here A is a point adjoined to E as an isolated point. The dead
path [A], constantly equal to A, corresponds to the interval being empty; by convention
a([A]) = +o0, B(]A]) = —oo. The o-algebra G° on W is generated by the coordinate maps
Yi(w) = w(t),t € R, and Gf := o(Ys : s < t). Two families of shift operators are defined
on W: the simple shifts o;,t € R,

orw(s) = [opw](s) == w(t + s), seR,

and the truncated shifts 6;, t € R,

o = )= {3 2
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(In [F87], the truncated shift operator was denoted 7;; here we follow [G90] in using 6;.)
Given m € Exc, the Kuznetsov measure Q,, is the unique o-finite measure on G°, not

charging {[A]}, such that, for —co <1 <ty <...<t, < 400,

Qn[Yy €dx, Yy, €daa,.... Y, €dzy)]

(2.1)
=m(dx1)Pry—t,(x1,dx2) ... Pt ¢, (Tn_1,dx,).

Because of its crucial role in our development we recall the modified process Y* of
[G90; (6.12)]. Let d be a totally bounded metric on E compatible with the topology
of E, and let D be a countable uniformly dense subset of the d-uniformly continuous
bounded real-valued functions on E. Given a strictly positive b € b€ with m(b) < oo
define W (b) C W by the conditions:

(i) a € R,

)
(i) Y,
(2.2)
iii) U
iv)

ot 1= hmY} exists in F,

4g( a+1/n) — U%9(Y,+) as n — oo, for all g € D and all rationals ¢ > 0,

Ub(Yot1/n) — Ub(Yaq) as n — oo,

Evidently o; ' (W (b)) = W (b) for all t € R, and W (b) € G4 since E is a Lusin space. We
now define

Fix m € Exc and b as above. If m = n+ 7 = n+ pU is the Riesz decomposition [G90;
(5.33),(6.19)] of m into harmonic and potential parts, then Q,, = Q, +Qx, Q,(W (b)) =0,
and Q,,,(-; W (b)) = Q. See [G90; (6.19)]. In particular, if b’ is another function with
the properties of b then Q,,[W (b)AW (V)] = 0.

As in [G90; p. 53], we shall realize X on the path space W of the Kuznetsov process.

More precisely,
Q:={weW:a(w)=0,Y,+(w) exists in £} U{[A]},

and X is the restriction of Y; to Q if ¢t > 0, Xo(w) := Yy (w) for w € Q. The o-algebras
generated by X are Fy := 0{Xs:0 < s <t} and F° := o{Xs: s > 0}. For a proof of
the following result, the strong Markov property of Y, see [G90; (6.15)]. The filtration

(G™)ier is obtained by augmenting (G?);cr with the Q,, null sets in the usual way.
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(2.4) Proposition. Let T be a (G;")-stopping time. Then Q,, restricted to GJ' N{Y;} €

E} is a o-finite measure and
Qun[Fo07|GP] =PYT[F],  Qp-a.e. on{Yj € E},

for all F' € pF°.

We shall also require the following form of the section theorem. Define
I :={(t,w) e Rx W :Y,"(w) € E};

evidently I'* is (G7, )-optional.

(2.5) Proposition. Let (Hy)icr and (Ky)ier be positive (G]™)-optional processes. If
Qn(Hr; Yy € E) = Qu(Kr; Y7 € E)

for all (G}"")-stopping times T', then H1p~ and K1p« are Q,,-indistinguishable.

See [FG91] for a proof of (2.5).

Certain results from [F87] will be crucial for our development. We recall some defini-
tions from [F87] and give precise references to the results we shall need. As in [F87; (3.3)]
we define ¢ := E(lﬂam[), the co-predictable projection of 17, 51, and then A := {¢ > 0}.
One readily checks using the argument in [F87; (3.6)], that A C A*, modulo Z™, the class
of Q-evanescent processes. See page 436 of [F87] . It follows that the process Y defined

in [F87; (3.8)] is related to Y* defined above in (2.3) as follows:

— Y (w), if (t,w) € A,
YW”_{A, if (t,w) & A.

In particular, A = {(t,w) : Y{(w) € E}. Many of the definitions and results in [F87]
involve Y and A. We shall need the extensions of these results in which Y and A are
replaced by Y* and A*. The keys to these extensions are the strong Markov property
(2.4) and the section theorem (2.5). Using them in place of (3.10) and (3.16)(b) in [F87],
the results we require are proved with only minor modifications of the arguments given in
[F87]. In general, we shall use the corresponding result with Y* and A* without special
mention.

An arbitrary subset A C E is m-exceptional provided A is contained in a Borel m-
polar subset B C E with p(B) = 0, where m = n + pU is Riesz decomposition of m into

its harmonic and potential parts. It is known that B € £ is m-polar (resp. m-exceptional)
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if and only if {(t,w) : Yy(w) € E} (resp. {(t,w) : Y;*(w) € E}) is Q,,-evanescent. See
[FG91]. The collection of m-exceptional sets is denoted by A (m). A property that holds
off an m-polar set is said to hold m-quasi-everywhere or just quasi-everywhere if m is
understood; in symbols m-q.e. or just g.e.

Another key ingredient in what follows is a Ray-Knight compactification E of Ex. See
[Sh88; §17-18] or [GT75]. Since this is a Ray-Knight compactification of Ea, A is regarded
as an ordinary trap in the definition of E. Thus U4(A,-) = ea and U%(z, ({A})) =
¢ 'P%[e~ %] for x € E,q > 0. In particular E is a compact metric space in which Ex sits
as a dense Borel subset, since F is Lusinian. The topology Ea inherits as a subspace of
E is the Ray topology of Ea. Relative to this topology, t — X; is right continuous (rc)
on [0, 00 and has left limits in E on ]0, 00| (denoted by X7, ¢ > 0), almost surely. We
emphasize that X; € Ea for t > 0 while X]_ € E for t > 0. Of course since X is rc in the
(original) topology of the Lusin space F, t — X;(w) can have at most a countable number
of discontinuities in the original topology. In particular the left limit X;_, in the original
topology, exists in E for all but a countable number of ¢, the exceptional t-set depending
on w. For the relationship between X;  and X;_ see [Sh88; §46]. Using (2.4) one checks
that Q,,-a.s., t — Y; is Ray rc (i.e., right continuous in the Ray topology) on ]a, co| and
has Ray left limits in F on all of R. Since m € Exc is arbitrary, we may re-define W to

incorporate this behavior. Therefore in the remainder of the paper we shall suppose that:

(2.6) Definition. W consists of all maps w : R — Ea which are E-valued on a non-empty
open interval |a(w), B(w)[, take the value A outside this interval and are such that

(i) w is rc on Ja(w), oo[ in the topology of Ea;

(ii) w is Ray rc on Ja(w), oo and has left limits, Y;" (w) € E on R.

Note that if w € W (b), then t — Y,;*(w) is right continuous on R, in both the original
topology of F and in the Ray topology.

(2.7) Remark. Since X is Borel right process in the Ray topology, one may define
W (b) analogously to W (b) when E is given the Ray topology. In this case (iii) of (2.2) is
automatically satisfied and so W7 (b) is characterized by (i), (ii) and (iv) of (2.2) with Y,
replaced by Y, := £1£ Y; where the limit is taken in the Ray topology. The decomposition

m = n + 7 into harmonic and potential parts depends only on the resolvent and so just as
in the discussion below (2.3), Q,,, (W (b)AW" (b)) = 0.

In general, we adhere to the usual convention that a function, f, defined on F is
extended to A by declaring f(A) = 0 unless explicitly stated otherwise, the construction

of E being such an exception. We also write X (t) for X; and Y (¢) for Y; when convenient.
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Similarly, X (t,w) = X;(w), etc.

3. The Moderate Markov Dual Process.

Because of the time-symmetry of the Markov Property, the process (Y, Q) is a
Markov process with respect to the reverse filtration ggt = o{Ys;s > t},t € R. Unlike
the situation in “forward” time, this process need not be_a strong Markov process, but it is
a moderate Markov process. In making this precise we follow [F87]. However our notation
differs slightly from that used there; in particular we use Y* in place of Y, as explained in
section 2.

Let G be the Q,, completion of G°, and let GZ, denote the o-algebra generated by
G2, and the Q,, null sets in . The Co—predictable_a—algebra P° of subsets of R x W is
defined by

(3.1) P°:=0{Z e B(R)xG°: Zis (G2,) adapted, t — Z; is rc and Z; = 0 on [3, col}.

The Q,,,-co-predictable o-algebra P™ consists of sets which differ from a co-predictable
set by a Q,,-evanescent set. One checks that Y* € 730; see [G99; p. 106]. A map
T:W — [—00,00] is a co-stopping time (resp. m-co-stopping time) provided {T" > t} € G2,
(resp. {T' >t} € GZ,) for each t € R. A map T : W — [—o0, 00] is co-predictable (resg).
m-co-predictable) I;rovided 1]—co,r[ € P (resp. 737”) Clearly a co-predictable (resp.
m-co-predictable) T' is a co-stopping time (resp. m-co-stopping time). Associated with a
co-predictable (resp. m-co-predictable) T' is the o-algebra GS ;. (resp. GZ'p) generated by
sets of the form T'N {T < t} with T' € G2, (resp. G7%), t € R. In the sequel we shall just
make statements in the unaugmented Ca;e and leavg the obvious extension to the reader.

Of course co-predictable means predictable “with time reversed”. In order to make
this precise define w(t) := w(—t) for w € W and W= {w : w € W}. Define, for t € R, the
coordinate maps Y (@) := @(t) and the o-algebras G° := o{Y¥;; t € R}, G? := o{Y,; s < t}.
Define the reversal operator r : W — W by rw(t) := w(t). Then r=1: W — W is given
by r~l@w(t) = @w(—t). Observe that r is an isomorphism between (W,G°) and (W, G°)
with the property that r(G%,) = G°, and r1GP = G2 _,. One readily checks that 7" is co-
predictable if and only if T:= Torlis (G? )—predic_table, in which case G = r_lé%_.
This enables one to translate statements about predictable times into the corresponding
statements about co-predictable times and conversely. For example, since Y* € 730, if T
is co-predictable and we set Y = A on {| T |= oo}, then Y} € G .. The corresponding
statement in the predictable case is [DMT75; IV-67]. (The reader is cautioned that in the
1978 English translation of [DMT75], the statement of this result contains an unfortunate
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misprint.) Similarly 7" is a co-stopping time if and only if T:=—-Torlisa (é\f ) stopping
time. Define G2 to consist of all I' € G° such that I'N{T >t} € G, for all t € R. Then
Gr = r_lgA%.

We are now prepared to describe the moderate Markov process X associated with X

and m € Exc. Define

(3.2) Q:={8=0}U{[A]} CW;
(3.3) X (@)=Y @), t>0, 5 e
(3.4) FPi=0{Xs; 0< s <t}, F°=0{X,; s> 0},
and fort € R
5 _Jw(t+s), s<0,
(3.5) Orw(s) = {A, s> 0
and
(3.6) 0, =0_,.

Note that ét({t < B} C Q and that )A(Sogt = )?S-l-t for s > 0, ¢t > 0. In [F87], 0, is
denoted by 7;. It is proved in the Appendix of [F87] that there exists a Borel measurable
family {P”, z € Ea} of probability measures on (Q, 7°) under which {X;,¢ > 0} has the
moderate Markov property (MMP);

(3.7) P[Foby | Fr_] = PXO(F) on {T < oo,

for an (]?t)—predictable time 7" and F' € p}A" , where F is the intersection over all finite 7
of the P# completion of F° and 7, is the usual augmentation of }A"to in F. (].?’A is unit
mass at {[A]}.) The relationship between Q,, and (P®) is expressed as follows: For each
co-predictable T, G € pQA;T and F' € pﬁ,

(3.8) Qu[Fobr-G;—00 < T < ] = Qu[PY D[F]-G; -0 < T < 4.

The family {1396} is uniquely determined modulo m-exceptional sets by (3.7) and (3.8).
Note that F° = G° |5 and ¢ = (—a) V0. Clearly X is left continuous on ]0,([ in
both the original and Ray topologies and has Ray right limits in £ on [0,00[. In fact,

on QN W(b), X is left continuous on ]0, co[. However it is important to note that X is
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(]?to )-predictable because Y* is co-predictable. See the discussion following Lemma 2.9 in
[G90).
The moderate Markov dual semigroup (P, ¢ > 0) and resolvent (U4, ¢ > 0) are defined
by
Pof(x) = P*[foX)) = P*[feXpit < (]

. o0 ~ ~ (¢ ~
Ulf(x) = / e""'P,f(x)dt = P* / e foX,dt,
0 0

with the usual convention f(A) = 0. If f, g € p€* one has the duality relationships

(3.9) (P.f.9) = (f. Prg) and (Uf, g) = (f,U’g),

where (f,g) = [ fg dm whenever the integral makes sense. Of course P,(z,-) and U%(z, -)
depend on m and are uniquely determined modulo A/ (m). In what follows we shall usually
omit the hat “7” where it is obviously required. For example we shall write 1396[ foXy] in
place of P[foX,] and P” Jo" et fo Xy dt for pe Is° e~ fo X, dt.

Since X is a right process P¥(( > 0) = 1 for all x € E. But this may fail for the
moderate Markov process X. Indeed, l?”(C = 0) = 1 is possible, but the set of such x is

m-polar according to the next result.
(3.10) Lemma. Define N := {z € E: P*(( =0) = 1}. Then N is m-polar.

Proof. Observe that N = {z : U%1(z) = 0} for some, and hence every, ¢ > 0. Let
o(z) := P?(¢ = 0). For each z € E

Ulp(z) = P* / e~ "PXW (¢ = 0) dt
0
= f’m/o e_qtl{gzt} dt = 0.

Hence 0 = qmﬁqu T m(p) as ¢ — oo. But 15 < o, s0 m(ﬁ) = 0. Therefore l3m(Xt €
N) = mP,(N) < m(N) =0 for t > 0. In other words P™"[U91 o X; = 0] = 0 for each
t>0. But t — U910X; is left continuous on 10, oo[, almost surely; see, for example, [G99;
(2.6)] and the paragraph immediately following it. Consequently P™(U91 o X, = 0 for
some t > 0) = 0. Combining this with (3.8) we find that {Y € N} is Q,,-evanescent, and

so N is m-polar. [

Remark. It is not the case that N is m~exceptional, in general, as the following example
shows. Let X be translation to the right at unit speed on [0, 00 and let m = ¢oU. Then
PY(¢ = 0) = 1 and {0} is m-polar but not m-exceptional.
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4. h-Transforms.

We now fix a version of the moderate Markov kernels {f’x, x € Ea} and the corre-
sponding semigroup (P, t > 0). Let S denote the class of excessive functions (for X) and
S(m) the class of h € S such that h is Borel measurable and h < oo, m-a.e. If h € S(m),
& := h-m is o-finite and if f € p€&,

EP,f = (h, Pif) = (P, f)1&(f)ast |0

Thus & € E/b?c, the class of excessive measures relative to (]3t) It is known and relatively
easy to check that if £ € Exc and £ < m, then £ = h-m with h € S(m). See, for example,
[GS84; §6].

If h € S(m), define Ej := {0 < h < oo} € £. Recall that the h-transform semigroup
(P!, t > 0) is defined on E}, by

(4.1) Pl f(z) := h(z) ' Py(hf)(x), =z € Ej,

and for definiteness set P/ (z,-) = 0 for # € E \ E},. However for our purposes the precise
value on E'\ E}, is not particularly relevant. We refer the reader to the excellent discussion
of h-transforms in Chapter 11 of the recent book [CW 05]. If h € S(m), £ = h-m is
carried by Ej and

EPMf=mP,(fh) T&(f) ast | 0.

Hence, using a self-explanatory notation, £ € Exc”. Associated with the pair (¢, Pl*) there
exists a Kuznetsov measure on (W, G°) that we denote by Q" . The finite-dimensional

distributions of Q”, are given by

Qﬁn(ytl € diUl, s 7Yv1-fn S dxn)

(4.2)
= m(dx1)Pry—t,(x1,dxs) ... Pr, ¢ (Tn_1,2n)h(xs),

for —oo < t] <ty < ... < t, < oo. This also is the Kuznetsov measure associated with
the stationary entrance law m and stationary exit law h. See [K73].

The following proposition extends a familiar result on h-transforms to the current
situation. Using the pattern of notation in section 3, (G™) is the filtration obtained by
augmenting (G°) by all Q" null sets in the Q" completion G°. Note that G C GI™.

(4.3) Proposition. Let T' be a (G]*) stopping time. Then for I' € GJ?,
(4.4) Q' TN{-c0<T < B} =Qu[heYr;TN{—00<T<p}.

11



Proof. Decomposing m = m. + mg into its conservative and dissipative components it
suffices to prove (4.3) in the two cases separately. Also it suffices to suppose that T is a
(G;) stopping time and that I' € G7.. It is easy to see that (4.4) is valid if T'=1¢ € R by

n

noting that it holds for I' = (\ {Y}, € B;}, ty <--- <t, <t, B; € £. For the general case
j=1
let a(k,n) := k27" and define T, := a(k,n) on I'(k,n) := {a(k—1,n) < T < a(k,n)}, n >
1, k=0,£1,...and T,, ;=T on {| T |= o0}. Then T}, || T on {—oc0 < T < 3} and
QL (IT; —co<T < B)=T1im» QT NT(k,n); a(k,n) < B)
k

:T hranZ an(l“, Tn = a(k7n) < ﬁ>
k

Since I' € G%, {a(k —1,n) <T}N (T N{T < a(k,n)}) € Ga(kny and so for each n and k

using (4.4) for the constant time a(n, k),

Qu(T; T = a(k,n) < B) = Qu(Tho Yogrn); To = alk,n) < B).
Therefore setting Y4, = A for convenience
(4.5) Q[ —co <T < ] =1 lim Qun[hoYr,;T].

Now suppose that m is dissipative. Then according to the argument leading to [G90;
(2.14)] there exist a Borel absorbing set, A, carrying m and an increasing sequence (U f)
of potentials with fr > 0 and Ufx T h on A. Therefore g := T lim U f}, is excessive and
g = h, m-a.e. Hence {g # h} is m-polar and U fi, T h except on an m-polar set. This in turn
implies that if T' is a (G7) stopping time, then U f;, o Y7 T ho Y7, Q,,-a.e. Consequently,

QunlhoYr ;T =1 klingo Q. [U froYr, ;1.

AlsoI' € G} C Q%n since T' < T,, and so

Qn(UfkoYr,;T)=Qn (/ fx OYtdt;F) :
Tn
Therefore each of these Q,, integrals increases with both n and k. Hence
Q' (I'N{-cc<T <)) = limli}gan (/ fro Ytdt;F>
n T,
= hlgn Qm[Ufk: © YT7 F] = Qm[hOYT; F]?
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establishing (4.4) for m € Dis.

It remains to prove (4.4) for m € Con. Suppose m € Con. Then Q,,-a.e., & = —0
and [ = oco. Also it follows from [G90; (2.9)] or [G90; (2.15)] that Q,,-a.e., t — hoY} is
constant on R. Let H := sgp hoY;. Then {t: hoY; < H} is Q,,-evanescent and H < 0o,

Q..-a.e., since h < 0o, m-a.e. It now follows from (4.5) that
Q) (CN{—00 <T < f}) = Qu(H;T) = Qu(ho Yr:T),

establishing (4.4) for m € Con. [

One may use the results of section 3 for £ = h-m, P! and Q”, to obtain a moderate
Markov family (II*, # € Ea) depending on h and m for which the analogs of (3.7) and
(3.8) hold. But for what follows we shall need the fact that it is not necessary to introduce
a new kernel; the kernel P? from section 3 suffices for all h € S (m). This will be made
precise in Theorem 4.9. However we shall need some preliminaries before coming to its

statement. Because Q”, is o-finite and stationary it is immediate that for each t € R,

(4.6) Qn(a=1)=0=Qp(8=1).
In particular Q" (Y #Y;) < Q! (o =t) = 0.
(4.7) Lemma. IfF € p}A"O, G e pggt andt € R, then

Q' [Fob,-G; t< B =QL[PYO(F).-G; t<pf
=QLPYI(F) -Gyt <p

Proof. The second equality follows immediately because Q! (Y;* # Y;) = 0. To see the

first equality fix t € R. Suppose F' € pFp, t <wuy < -+ < up, and G = [] g; o Y, where
i=1
gi € p€. Then, using (3.8) for the second equality below,

QL [Fob, -G; t<fl=Qu[Fob - G-hoY, ]
= Q[P O(F)-G - hoY,, ] = QL[PY O(F) -Gl

Let 0 < g <1, g € £ with m(gh) < co. Fix F € pb]-A"O, and for G € pbGs, define

w(G) = Q" [FobgoY; -G
v(@G) = Q[P (F)goY; -Gl

13



Then p and v are finite measures on F° which agree on G of the form G = [] g;0Y,, and

=1
hence for all G € bpGs,. Finally let g T 1 through a sequence (gr) with 0 < g < 1 and
m(hgy) < oo for each k to complete the proof of (4.7). 0O

Before coming to the main result of this section we need to introduce a convenient
metric on (AZ, following the appendix of [F87|. Since E is Lusin there exists a totally
bounded metric d, say bounded by 1, on E compatible with the topology of E and this is
extended to Fa by setting d(z, A) = 2 for x € E and d(A, A) = 0. Next, define a metric

pon Q= {w:pf(w)=0}U{A]} by

Note that € consists of functions from R to FE A that are right continuous except at @ < 0
and are constantly equal to A on [0,00[. Thus the elements of Q may be thought of as
functions on | — oo, 0] and this is convenient at times. Clearly p is a metric on Q bounded
by 2 and the topology induced by p is the topology of convergence in measure relative to
n(dt) := e'dt on | — 00,0[. The next lemma contains the properties of the metric space
(€, p) that we shall need.

(4.8) Lemma.
(i) (Q, p) is separable.
(ii) If B(Q) denotes the Borel o-algebra associated with the metric space (0, p), then
B(Q) = F°.
(iii) There exists a countable class C(p) of p-uniformly continuous functions from )
to [0,1], closed under finite products, such that F° = B(Q) = o[C(p)].

Proof. Property (i) is easily checked. For example let D be a countable dense subset of
Ea with A € D and let D be the D-valued elements of Q) that are constant on each dyadic
interval I, == [(k —1)27", k27", 1 <n < N, —N <k <0, N > 1. Then D is easily
seen to be dense in €. For (ii) let Ea be the compact completion of (Ea,d), and fix
f € pC(EA). Then f is bounded and d-uniformly continuous on Ea. For w € (AZ, set for
n>1,te€]—o00,0],

t+1/n
Gt (W) = ne_t/ e’ fow(s) ds.
t

Note that ¢, f(w) — fow(t) as n — oo provided t # a(w). If wy — w in Q, then
fowr — fow in n measure, and S0 ¢y, ¢, f(Wr) — Ppn ¢, r(w) by the bounded convergence

theorem. Therefore ¢, ; ¢ is continuous on Q, and hence B(ﬁ) measurable. Since A is
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isolated in Ea, f:=1on Ex \ {A} and f(A) = 0 is uniformly continuous on Ex. Then
Pr(w) = ffoo e*f ow(s) ds is continuous on ) for ¢t < 0. But {a >t} = {¢; = 0} and

~ ~

so a € B(£2). Combining these observations, 1{,-¢ f o Y; is B(£2) measurable and since
o=ty foY: = 1{a:t}f(AL it follows thatAf oY |5 is B()) measurable for ¢ < 0 and
f € C(Ea). Consequently F° = G° |5 C B(Q).

For the opposite inclusion suppose that G C €2 is open. Then there exists an increasing
sequence (G,) of open sets with G,, € G,, C G,4y1 C G with G,, T G. Let f,(w) :=
[np(w, G, )] A1 and note that f, T 1g. If w’ € G is fixed, w — p(w,w’) is F° measurable,

and since @2 is open, if D is a countable dense subset of ﬁ, then
w— p(w,G,) = inf{p(w,w’) : w' € DNG,}

is F° measurable. Therefore G € F° and this establishes (i).
For (iii) let (G,,) be a countable base for the topology of (). For each n, there exists a
sequence (F), ;) of p-uniformly continuous functions such that 0 < F, ; 1 1g, as kK — oc.

Then the closure under finite products of {F}, x; n > 1, k > 1} has the required properties.
a

We now come to the main result of this section.

(4.9) Theorem. . Let T be Q" co-predictable, F € pF*, G € Gl Then

Q" [Fobr:GN{—oco<T < B} =QL[PY D(F);GN{-0<T < A

Note that {Y;: € E} C {—oc0o < a <T < f}.

Proof. As usual it suffices to consider T' co-predictable, G € bpGS . and F' € p]? °. There
exists a sequence (7},) of co-predictable times each of which takes dyadic rational values
such that T, > T on {T < oo} and T,, | T, Q" -a.e. See [DM; IV.77] for the corresponding

result for predictable times. Let D denote the set of dyadic rationals. For each n

QI [Fobr -G;T, < f] = ZQZ[FO@S-G;TR =s < f].
seD
For the moment fix n and suppose that G € bpGSr . If p > n, then T, < T, and
Geglr C Q;Tp. Hence GN{T, = s} € G2 [DM; IV-56]. Bringing in Lemma 4.7 we
find that for p > n

QLIFolr,-GiT,<pl =Y QLP(F) G T,=s5<f]
(4.10) s€D
= QP (F) -G T, < ).
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We now adapt the argument in the appendix of [F87|. Let g € p€, g > 0 with m(gh) < co.
Write (4.10) with G replaced by goY;-Glyr, <4} € pbGS, and F' € C(p) (defined (4.8)(iii)).
For each w € W, t — f,w is rc as a map from | — oo, 3(w)] to Q. Thus letting p — oo the

left side of (4.10), with the above replacement, approaches
an[F ofr-G-go Yilir,<ty; T < B

for F' € C(p), G € pbG=r, , g as above and t € R. It follows from (3.8) that ¢t —
Ly = ].?’Y*(t)(F) is a Q,, version of the co-predictable projection of the rc process t —
L oo,p(t)F o 0;,, F € C(p). Consequently Z is rc on | — 0o, 8], Qm-a.e.. See Theorem 47
and the footnote on p. 120 of [DMB80]. Moreover Z is (G5) adapted since F' € C(p). Now
let (W, G2, GR) denote the usual right continuous completion of (W, G2, G°) with respect

to the o-finite measure Q := Q,,, + Q" . According to [DM75; IV-33], Z; := limsup Z, is
sllt
(GR) progressive. For t € R define

I:={(s,w):s<t<pBw), Zs(w)# Zs(w)},

and let I'; be the projection of I' on W. Then I'; € Q? and Q,,(I'}) =0. fOo< f <1
with m(hf) < oo then from (4.3),

Q. (e~ foYy) = Qu(lu(fh) oY) =0,

and hence Q" (T';) = 0. Combining this with the same argument in which Z is replaced

by Z, := ligrili?st, we see that s +— Z, istc on | — oo < t[, t < 3, Q" -a.e., and since

t € R is arbitrary Z is rc on | — 0o, 8], QP -a.e. Consequently the right side of (4.10) with
G replaced by G - g(Y;) 1{7, <y and F € C(p) approaches

QL [PY IN(F).goY, -G;T, <t,T < f
as p — oo. Hence

Q" [FobrgoY, - G;T, <t, T < 8] = Q" [PY DF]. g0V, - G; T, < t,T < f]

for F € C(p), G € bpG>T,, g as before, and t € R. Using the defining property of C(p),
the above is then seen to hold for all F' € p]?o. Finally let g T 1 through a sequence and
then t T 0o to complete the proof of (4.9), since T,, < oo on {T' < g}. [
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5. Ray-Knight Compactification for X.

In this section we are going to establish the existence of a Ray-Knight compactification
for the dual process X. We would like to apply Theorems 8.30 and 8.45 in [CWO05] to
obtain such a compactification. However the hypotheses of those theorems are not quite
satisfied. The first issue is that hypothesis (MMP) on p. 272 of [CWO05] assumes that
t — )A(t has right limits on [0,00[. This is easily overcome by looking at X in its Ray
topology. Recall from section 2 that E is a Ray-Knight compactification of Ea for X, and
as pointed out in section 3, X is left continuous on ]0, oo with right limits in E on [0, oo
in the Ray topology of X. It is not difficult to see that this suffices for the construction.
The second issue is that the key separation Theorem 8.45 requires that the resolvent be
“compatible” [CWO05; Def. 8.48], and ((7 7) need not be compatible. Chung and Walsh
show (in [CWO05; Lem. 8.49]) that under their hypotheses the assumption of compatibility
entails no essential loss of generality. But the proof uses the fact that X has right limits
in E, whereas in our situation these right limits are only known to exist in £. However it
turns out that the proof of Theorem 8.45 goes through under our hypotheses with some
minor modifications. Since this is the key technical fact for the construction and involves a
beautiful argument due originally to Walsh [W71], we shall give it here for the convenience
of the reader. In addition the argument is somewhat simpler in the present situation. In

the remainder of this section topological statements refer to the Ray topology (2.6).

Remark. If it is known a priori that X has right limits in £ in the original topology then
one may use the original topology rather than the Ray topology in the construction of this

section. For example this will be the case if X has left limits in £ in the original topology.

Recall that C'(E) denotes the set of continuous functions on E. The set of provisional

co-branch points Eo C F is defined as follows:
(5.1) E\EO ={reFE: qﬁqf(x) — f(z) as ¢ — oo for all f € C(E)}.

Since C(E) maybe replaced by a countable dense subset of C'(E) without altering Bo,
E\ By and By are Borel subsets of E. Of course, in (5.1) we may replace C(E) by
C.(E) := C(E) | since U4(z,-) is a measure on E for z € E.

(5.2) Proposition. A necessary and sufficient condition that x € E\ By is that P*(Xo, =

z) = 1. Of course Xy, exists in E.

Proof. If f € C(E), then f o X, — fo X}H as t — 0. Therefore if z € F
a0f(@) =B [ e f(Xuyy) dt — BPLf 0 Xoo)
0
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as ¢ — oo, which establishes (5.2) since this holds for all f € C(E). O

It is evident that the resolvent (ﬁ %:q > 0) separates the points of E \ Bo. Hence if
D(E) denotes the restrictions to E of a countable dense subset of C(E), {U'f : f € D(E)}
is a countable set of 1-co-potentials separating the points of E\fﬁ’o such that ¢t — ﬁlfo)?t is
left continuous on |0, co[ a.s. Recall that f € p€ is g-co-supermedian provided pﬁ praf < f
for all p > 0. We say that f is co-regular provided t +— f o X, is left continuous on 10, o0
a.s. A co-potential, ﬁqf, q >0, fe€p€is coregular.

(5.3) Theorem. (Walsh) There exists a countable family, H of bounded co-regular 1-co-

supermedian Borel functions on E separating the points of E.
For the proof we need a lemma whose proof we lift from [CWO05].
(5.4) Lemma. Almost surely {t: X, € éo} has Lebesgue measure zero.

Proof. Fix x € E. Almost surely 1?”, X has at most a countable number of discontinuities,
and so by the Fubini theorem, for Lebesgue a.e. t, X is continuous at t, P?.a.s.. Fix such
at>0and f € C(E). Then using the bounded convergence theorem for conditional

expectations, P*-a.s.

f o X; = lim P*

n/ e_nSfOXt+s ds | ft
0
=lmP[nU" f o X, | Fy] = limnU" f o X,.

Letting f run through a countable dense subset of C(E), it follows that )?t € E\ §0,
Pras. [

Proof of (5.8) Suppose G C E is open. Note that {Tg < t} is the union of {X, € G}
over all rationals r, 0 < r < t. Hence Te € F° and so ].?"(e_TG) € £. (Recall the one hat
convention from section 3.) Define ¢g(z) = P*(e=7¢) if z € E\ (By N G) and é¢(z) = 1
if € ByNG. Since By € E, ¢c € £. Now (5.4) implies that ﬁq(~,§0) =0 on FE, and
this in turn implies that qU 1¢g < ].?"(e_TG) < ¢q; hence ¢g is 1-co-supermedian. Also
if z € G\ By, then l?”[limtlo X, = z] = 1, and so ¢g(z) = P*(¢~7¢) = 1. Therefore
og=1onG. If Aeé&, let ﬁA =inf{t > 0: )A(t € A} denote the début of A. Note that
Dgoby = Tgo; on {X,; & G}. Therefore, if T is an (F;) predictable time,

(5.5) P*lexp(—Dg o 07)|Fr_] = ¢¢(Xr) on {Xr &€ G}.

But if X; € G, Dgofr =0, so (5.5) also holds on {X7 € G}. Now suppose F C E
is closed and choose open sets G,, with G,, D @nﬂ D F and N G,, = F. Define vp =
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| lim¢g, . Then ¢ is a Borel 1-co-supermedian function since it is the decreasing limit
n

of a sequence of such functions. Also if z € §0 NE C EO NGy, each ¢¢g, (x) =1 and so
Ypr(x) = 1. On the other hand if z € E\Eg N F, then for some n, x € E '\ By NG, and
so ¥p(z) < P¥lexp(—Tg, )]. Moreover if T is (F;) predictable, then from (5.5)

(5.6) Ypo Xy = li1£n].3x[exp(—DGn 0 0r) | Fr_] = P®[exp(—Dy o 07) | Fr_]

since X being left continuous implies that ﬁGn T ZA)F
To check that ¥ is co-regular, let (7;,) be an increasing sequence of uniformly bounded
(F,)-predictable times with limit 7. Then using (5.6)

lim f’m[@DF o X7, ] =lim f’m[exp(—DF o0r,)]

= P”[exp(—Dr o 07)] = P*[ypr 0 X7].

Hence by [DM80; VI-49], g o X is P*-a.s. left continuous and so Y is co-regular.

If z and y are distinct points in E and Ul(z,-) # U'(y, -), then the set {U'f; f €
D(E)} is a countable set of 1-co-potentials separating = and y. If U'(z,-) = U'(y,-), the
resolvent equation shows that U4(z,-) = U9(y,-) for all ¢ > 0. Therefore either z € By
ory € EO, say T € EO. Let G be a countable base of open sets for the (Ray) topology of
E. By (5.2), P*(Xo4 = 2) < 1, and so there exists G € G with # € G, y & G such that
with positive pe probability )A(t ¢ G for 0 < t < e for some € > 0 depending on &; that
is P*(Tg > 0) > 0. Then g(z) := P?(e~7¢) < 1. But g is 1-co-excessive. Thus there
exists (fn) C p€ with ﬁlfn 1 g, and since ﬁlfn(x) = ﬁlfn(y), g(y) = g(x) < 1. Now
z € GN By, 50 ¢g(x) =1 while y € E\ GN By, so ¢ay) = g(y) < 1. If H € G with
x € HC H C G, then ¢7(z) =1 > ¢77(y). Therefore

(5.7) H:={Yg HeGu{U'f: fe D(E)}

is a family with the desired properties. U

Remark. The reason that we could avoid passing to a quotient space and using Lebesgue
penetration times as in [CWO05] is that there they are considering a moderate Markov
process under a fixed law, P, whereas we consider a family {].33”, x € Ean} and X is

moderate Markov under each 1?”, x € Fa.

Armed with this separation theorem (5.3) we may now appeal to Theorem 8.30 in
[CWO05] to obtain:
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(5.8) Theorem. There exists a Ray-Knight compactification E of FEA and a Ray process
X = ((Xt)t>0, P,z € E) on E such that for each x € Ea the law of (X,_);~ under P*

is the same as the law of (X;);~o under PZ.

As in the construction of E in section 2, A is regarded as an ordinary trap in this
construction. Therefore in applying Theorem 8.30 in [CWO05] we need a family separating
FEA and so in Theorem 5.3 we are considering Eo C Ea. In particular A € Ex \ EO since
U1f(A) = f(A) for ¢ > 0.

Remark. Theorem 5.8 implies that in the topology of E , the right-limit XH exists in £
for each t>0, f’x—a s., for all x € Ea. Moreover, for each x € Ea the E-valued processes
(Xy4,P?) and (X, P ) are equivalent. In particular, (X, P?) is a right continuous strong

Markov process.

We refer the reader to Chapter 8 of [CWO05] for the properties of the Ray process X
and their relationship to X. For the convenience of the reader and ease of reference we
list a few of the basic properties we shall need. We employ a self-explanatory notation.

(12}

Objects relative to X are designated by a above the corresponding symbol.

(5.9) Py(z,-) = Py(x,-) and U4(z,-) = Ud(z, ") for all z € Ea, t >0, and ¢ > 0.
(5.10) U%(x,-) is carried by E for all z € E \ {A}.

(5.11) X is left continuous on ]0, co[ with right limits in £ on [0, oo| in the (Ray) topology
of E, P?-as. for all x € EA.

(5.12) If Cy(E) denotes the bounded co-Ray continuous functions on E, then
UCy(E) C Cy(E) for all ¢ > 0.

There are now three, generally distinct, topologies on E; the original topology and the
topologies E inherits from F and E. But the three topological Borel o-algebras on E are
the same and E is Borel in E and in E. We shall call the topology E inherits from E (resp.
E) the Ray (resp. co-Ray) topology on E. The Ray topology on E as defined in [G75]
maybe characterized as the weakest topology 7 on E satisfying UYCy(E) C Cy(FE, T) and
UlCy(E,T) C Cy(E, 1) for each ¢ > 0 where Cy(E), resp. Cp(E, T), denotes the bounded
continuous functions on E in the original, resp. 7, topology. See [G75; (15.3)]. The
dependence of the co-Ray topology on the choice of the separating family H of (5.3) seems
to be an open question. We shall fix a family H as in (5.3) and call the resulting topology
the co-Ray topology.

Define B C E by

(5.13) E\B:={z e E:qUif(z) — f(z) as ¢ — oo for all f € C(E)}
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and call B the set of co-branch points. Note the difference between B and By (defined in
(5.1)). Arguing exactly as for By we obtain

(5.14) Proposition. BefandzcE \ B if and only if 1390()?5; = x) = 1 where )?51
denotes the right limit at 0 in E. Almost surely {t : X’t € E} has Lebesgue measure zero.

It is easy to give an example in which §0 is a proper subset of B. We do not know if

it is possible for Btobea proper subset of EO.

Let D denote the set of non-branch points for the Ray process X of (5.8). It is well-
known that D is absorbing for X and so one may restrict X to D. Then the restricted
process, XD is a Borel right process on the Lusin space D. Since E \ B C D and the
resolvents agree on E and do not charge E, one may apply the known results for the
potential theory of X D to obtain results about X. For example if £ € Exc and 13 (E) =0,
then & € Exc. Hence &= uﬁ + p where p € Har and (4 is a measure on D. Here Exc and
Har refer to the excessive and harmonic measures for the Borel right process X (15) But
p < & so pis carried by E \ E, and it follows that p is harmonic for X. Note, however,
that we cannot assert that p is carried by E'\ B , and so the result is not satisfactory. This

will be improved in section 7.

6. Entrance Laws and the Extension of (4.9).

As in section 4 let h € S(m) and & := h-m. Since £ € E/baz(m), ¢ has a unique
decomposition & = &; + &, where £ € I?R/(m) and &, € P/’a(m) using the obvious notation.
Since both , and &; are absolutely continuous with respect to m, there exist h, and h; in
S(m) such that £, = hpym and & = h;m. It is immediate that m-a.e., P;h; = h;, Pihy | 0
as t — oo and h = h; + hy,. Let S,(m) (resp. S;(m)) denote the set of h € S(m) such that
Pih | 0, m-a.e. ast — oo (resp. Psh = h, m-a.e. for each t). Each h € §(m) may be
decomposed as h = hy, + h;, m-a.e., and this decomposition is unique modulo m null sets.
Of course two excessive functions which agree m-a.e. agree off an m-exceptional set. The

elements of S,,(m) (resp. S;(m)) are called m-purely excessive (resp. m-invariant).

(6.1) Proposition. Suppose h € S(m). Then h € S,(m) (resp. S;(m)) if and only if
QL (3 = 00) = 0 (resp. Q},(B < 00) = 0). Moreover Qu = QP |(p<o0) and QUi =

P l{p=cc}- In particular &,(f) = QL [f o Yo; B < oo] and &(f) = QL [f(Yo) : B = o0
Finally, h, = h-P/"(¢ < 00) and h; = h-P/"(¢ = ), m-q.e.
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Proof. Let f > 0 with m(fh) < oco. Then using Lemma 4.7 for the fourth equality below,
(Ph, f) = m(hP,f) = Q" [Pif o Yy; o <0< f3]
=Q P YO(foX); a<0<fl=Ql[foY_y; a<0<f
=QlfoYy a<t<gl

Letting ¢ — oo establishes the first assertion in (6.1). The second follows from the first
because Q" = QZ{’ +QPi. Since 3 = (o6 on {Y, € E}, the assertions in the last sentence
of (6.1) follow from those in the third sentence. [

We come now to one of the main results of this section. For its statement we need a
definition that is not standard but is convenient for what follows. Recall that a measure is

Y-finite provided that it is a countable sum of finite measures — called s-finite in [G90].

(6.2) Definition. A loose entrance law, 7, for (P;) is a family (7, t > 0) of S-finite

measures on (F, &) such that vy 4 = ﬁtﬁs for s, t > 0.
If each 7 is o-finite in the above definition then ¥ is an entrance law for (ﬁt)

Remark. If v is a loose entrance law for (]3t), then ¢ — v;(f) is Borel measurable for
f € pE.

We remind the reader that the Fubini theorem is valid for Y-finite measures.

(6.3) Theorem. Let h € S(m). Then

Di(f) =QLlfoYy ;; 0<B<1], t>0,f€pE,

defines the unique loose entrance law for (P,) such that & := hym = fooo vy dt. Moreover
D, is o-finite for Lebesgue a.e. t and each v, is o-finite on E\ N, where N := {z : P*(¢ =

0) =1} is m-polar.

Proof. Let f € p€. Since 3 is a co-stopping time, it is G ; measurable. See [DMT75; 56a).
Now (3 —t is co-predictable and {0 < 3 <1} € G245 C G245 ;. Therefore from (4.9),

DL (f) = QLf oYy, o 0<B<1]=Di(f).

Also,
| mna= [ Qhireviio<s<ya
0 0

- [ Qe o<s<ia
:/OO Ql[foYy 0<B+t<1, B<oo]dt=m(hyf)
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where foY; = 0if t > [ is used for the second equality and (6.1) for the last equality.
Clearly each 7y is Y-finite and if f > 0 with m(h,f) < oo, [;~ D¢(f) dt = m(h,f) < oo

which implies that 7; is o-finite for Lebesgue a.e. t. Moreover
U f :/ Us(f) ds <m(hyf) < 0.
t

Since {Uf > 0} = E\ N, 7 is o-finite on E\ N for each ¢ > 0, and by (3.10), N is
m-polar.

It remains to show that v is unique. Suppose i = (fi¢, t > 0) is an arbitrary loose
entrance law for (13t) such that & = hym = [ iy dt. Let f >0 with £(f) < co. Then for

q >0,
—qt ~ _ —qt ~ D
/0 e q/t us(f)dsdt—/o e 9 /0 s Py f dsdt
= [ e ai= €0y,
0
But also, - . - .
—qt ~ _ ~ —qt
| [y asae= [ [ e s
— g / (1= ")y (f) ds
— g Ve - / e 7i,(/) ds]
Therefore
(6.4) / =151, (f) ds = £() — q€ 0,

the subtractions being justified since {(f) < oo implies that all the terms involved are
finite. Since (6.4) also holds for Us(f), we obtain :(f) = v¢(f) for Lebesgue a.e. t from
the uniqueness theorem for Laplace transforms. But £ is countably generated, so j; = v
for a.e. t. If for some fixed t > 0, u; = ; then the entrance law property implies that

its = Ug for all s > t. Consequently ji; = v for all ¢ > 0, completing the proof of (6.3). 0O

Remark. It is known under very general conditions that a purely excessive measure
may be represented uniquely as the integral of an entrance law. See, for example, [J87].
However with one exception all proofs known to us of both the existence and the uniqueness
use the “uniqueness of charges”; that is, if V is the potential kernel of the underlying
semigroup and g, v measures such that uV = vV o-finite, then p = v. The one exception

is the existence proof in [FM86]; uniqueness is not discussed there. Our existence proof is
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dual to that of [FM86]. It is easy to construct examples of processes X of the type under
consideration for which the uniqueness of charges does not hold. Nevertheless Theorem 6.3
gives the existence and the uniqueness of such a representation as the integral of a loose
entrance law for ¢ € P/’E"(m) Note that the uniqueness argument is valid under minimal

hypotheses.
The next result may be viewed as an extension of (6.3) from E to W.

(6.5) Theorem. Let h € S(m). Then there exists a unique o-finite measure Q, on
(W, G°) carried by {8 = 0} such that:
(i) Q[0(05,8)] = [ ®(w,t)Q,(dw)dt for ® € p(G° x B(R));
(ii) [7,0:Qu di = Qul;
(iii) Qu(Xe, € doy,..., Xy, € dvyn) = Dy, (dw1) Pry—y, (w1, d22) ... Py, (21, dzy)

~

for 0 < ty < ...t,, where v = (v, t > 0) is the loose entrance law defined in
(6.3).

Proof. Since foo; = (3 —t, 95 ooy = éﬁ. Therefore the o; invariance of Q" implies that

Q%[q)(éﬁvﬁ)] = Q%[é(éﬁvﬁ - t)]

for t € R. Consequently the measure A\(®) := Q" [®(fs,3)] on W x R is translation
invariant along R and is clearly Y-finite. Hence there exists a unique Y-finite measure QV
on (W, G°) such that

QM%%ﬁHZ/Mwwﬁﬁﬂmﬁ

for ® € p(G° x B(R)). See [G90; (8.23)], for example. In particular if F' € p(G°), then
(6.6) Q.(F)=Q"[Fols 0<g<1].

Noting that (o 95 = 0 if 8 € R one sees that QV is carried by {# = 0} C ﬁ, and for
fepsE t>N0,

Qulf o X =QLlf oYy ;s 0<B <1 =0(f)
where 7, is defined in (6.3). Fix f € p& with f > 0 and m(fh,) < oo, define F' :=
fooo fo)?t dt. Now Q,, is clearly X-finite, which justifies the interchange of integrals in

computing

~

Q.(F) = /OO vi(f)dt =m(fhy) < oo.
0
Since F > 0 on O\ {[A]} = {8 = 0}, Q, is o-finite.

24



For F € pG°,

/00 O’tQV(F> dt:/oo Q,,(Foat) dt:/oo an[FoatOég; 0<pB<1]dt.

Recall that k; denotes the killing operator defined on W by (kww)(s) = w(s) if s < t
and (kyw)(s) = A if s > t. One verifies that éﬁ = koog and okg = k_;o,. Thus
O’tég = k_t084+. Hence, using B —t = oo, for the third equality below,

/ O'tQ,/(F> dt = QZ,L / F[k_t(0'5+t)] dt, 0< ﬁ < 1:|

— o0 L/ — OO

=Qn _/Oo Flkg_i(0y)] dt; 0 < B < 1}

LS — OO

= QL / [Fokgooy; O<ﬁ<1} dt

LS — OO

=Ql / Fokg; 0<B+t<1} dt

LS — OO

= Q) [Fekg; B€R]=Q[F; B€R],

since F' € pG°, implying that Fokg = F on {# € R} and . This establishes (6.5)(ii) in
view of (6.1). If 0 < t; <...<tp, f; €pE, 1 <j<mn, then

QI 5% = Qi [TL5ovi s 0<p<1]
J=1

_j::l

- Q?n flOYE—tl <H fjo)?tj—tl)oéﬂ—tﬁ 0<p< 1}
L =2

= Q?n flOYE—tlf’Y*(ﬁ_tl) (H fjo)?tj—tl); 0<pB< 1}

j=2
— / v, (dz)f1(z)P® (H fjo)?tj_tl)
j=2

where the third equality follows from (4.8) since 3 — 1 is co-predictable and 8 € G245, .
Using the fact that ()?t, t > 0) is Markov with transition function P, under ].3””, this
establishes (6.5)(iii). 0

(6.7) Remarks. It is evident that (6.5)(iii) is equivalent to the statement that under
Q.. ()?t, t > 0) is Markov with semigroup (]3,5) and one dimensional distributions 7y, t > 0.

We are now going to obtain a substitute for (4.9) when 7' = (3, in analogy with (2.4).
Recall the Ray-Knight compactification E of Ex and the discussion following (5.8). If
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be & with 0 <b <1, define W(b) by the following conditions:

(6.8)(7) B€Rand Yg" € E,

(6.8) (i) ﬁbOYg_l/n — ﬁboYﬁ‘f as n — oo.

We remind the reader that Y3” denotes the left limit of ¢ — Y; at § in the co-Ray topology.
Observe that at_lwa)) = W(b) for t € R. Define

©9 v = (Y B B and w € VO

Note that {8 > t} € G2, and that {# > t} € G2, , where G2,  := NG, =
m5<tggs. Define the left germ field at § by

Glp ={G €G:GN{B >t} €GS, forallt € R},

and if h € S(m) let g%n_ be the usual augmentation of GS 5 by all Q" -null sets.

(6.10) Theorem. Let h € S(m) and fix b as above such that m(bh,) < co. If G € Qién_
and F € p]?, then

(6.11) Q" [Fobs; GNW ()] = QLIPY O(F); GnW (b))

Proof. Since Qi (3 < oo) = 0, it suffices to prove (6.11) for h,; in the remainder of the
proof we assume that i € Sp(m). As usual it suffices the establish (6.11) for G € G2 5 and
F € bpF°. Also observe that W(b) = {Ygéé € E} € G245 . From (6.5), Q= Jx 0. Q, dt

—

and Q,, is carried by {3 = 0} C Q). Define Wy(b) := W(b)N{8 =0} and ' := GN {3 = 0}.
Then both Wo(b) and I' are in G2_ ‘ﬁ = ]?§+ and I'N Wg(b) =I'n W(b) We shall begin
by showing

(6.12) Qu[Fobo; T N Wo(b)] = Q, [PV O[FT W ()]

Now YO# =Y = )A(SQ € F on Wo(b), and so defining X, := )A(SQ on Wo(b), (6.12)

becomes
(6.13) Q,[Fafo; D N W (b)) = Q, [PXOFLT ()]
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From the definition (6.9) of Y#, YO# =AonQ \ W(b) Therefore, using Fatou’s lemma,

Qu[UbeYy"] = Qu[UbeYy”; W (b)] < liminf Q, [TboY_1 4]

= likm inf Vl/kﬁb < m(hb) < o0,

by the choice of b. In particular ﬁboYO# < 00, Qy—a.e. If 0 < f € b€, define a finite
measure on F° = G2 5 by Qf (H) = QV[H : (fﬁb)oYO#;I‘ N Wo(b)], H € F°, and note
that Q is carried by QN W(b) since Yo# =AonQ)\ W(b) If ¢ > 0 and g € Cy(E),
where C,(E) is defined in (5.12), then using (6.7) and the fact that T' € .7?8+ C Af/k for
all k € N,

| emalgeR d= tim [ QI (g% peBi) de
(6.14) 0 —oJ1/k

= lim e_Q/ka(ﬁQQOXl/k) = Qf(ﬁngX'o),

k—o0

where the last equality comes from the bounded convergence theorem and the fact that
Qf—a.e., )Afl/k — )?0 on Wo(b). Hence for ¢ > 0

/ e_thf(gO)A(t) dt :/ e_thf[ﬁth)A(o] dt.

0 0

Moreover P,g(z) = P*[goX] is left continuous on ]0, o[ by (5.11). Also it follows from (6.6)
that t — gOJA(t is left continuous on |0, 0o, Q,,—a.e., and so Q7-a.e. Therefore Qf[go)A(t] =
Qf [ﬁtgo)?o] for all t > 0, first for g € éb(E) and then by a monotone class argument for
all g € p€. Putting back the definition of Q7 in terms of Ql,, if g € p€.

Q. [go X (fUDb)oXo; T N Wo(b)] = Qu[PigeXo(fUb)oXo; T N Wy (b)]

first for f € pb€ and then by monotone convergence for f € p€. Recall {ﬁ b=0}= N =
{f’(C =0) = 1}. Taking f = (ﬁb)_l we find that (AQV[QOX};F N /Wo(b)] = Qy[ﬁthX'g;F N
Wg(b)] since on {X’o € N} both goX, and P,goX, vanish for all ¢ > 0. Note also that
(AQV is o-finite on .7?8 = U(X'O), since Qy[ﬁbo}?o < o0). QV is carried by {8 = 0}, so that
(=-a>0, Q,as. Now (6.13) and hence (6.12) follow by a standard argument using
(6.7).

Recalling that h € S,(m), and using (6.5)(ii),

(6.15) Qg[Foéﬂ;Gmmb)]:/ Qu[Folgooy; 07 H(GNW ()] dt.
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But G500, = 05 and o; "W (b) = W (b). Since G € G%5_,
o 'GN{B>s} =0, (GN{B>s—t}) €0, G2, =G,

for s € R. Therefore at_lG € G245_. Thus, since § =0, Qy—a.e., and onat = Yﬂ#, the
right hand side of (6.15) reduces to

[ Q[P @y 6 n o] = Qi [P O FRen W),

in view of (6.12). This completes the proof of Theorem 6.10. [

(6.16) Remark. Note that (6.13) holds for any I' € .7-A"§+. Combining this with (6.7),
it follows that if Q, is carried by Wo(b), then (X, : ¢ > 0) under Q, is Markov with
semigroup (]3,5), where of course Xy = )A({):fr € FE, Q,,—a.s.

7. Potentials.

Recall the definition (5.13) of E, the set of co-branch points, and note that N cC E,
where N := {z € E: P*(¢ = 0) = 1} is the set of points in E from which X branches
to A with probability one. Also N C EO, the set of provisional co-branch points defined
n (5.1). Obviously the resolvent (%) separates the points of E \ (BN By). Therefore the

following uniqueness result is proved exactly as [G90; Thm. 2.12].

(7.1) Proposition. Let  and v be measures on E which do not charge BN By, and let
q > 0. If,uﬁq and vU? are o-finite and uﬁq = 1/[7‘1, then p = v.

Before coming to the main result of this section, we need to develop some preliminary
results. Recall the definition of W(b) from (6.8) and, as in section 6, let Wg(b) = W(b) N

{6 =0}.

(7.2) Lemma. Let h € Sp(m) and £ := h-m. Choose 0 < b <1 with m(hb) < co. Then:
(i) QI is carried by W(b) if and only if (AQV is carried by /Wo(b), where (AQV is defined
in (6.5).
(i) Xo € E\ B, Q,-a.e. on Wo(b) and Yﬁ# € E\ B, Q" -a.e. on /W(b)
Proof. The first assertion is immediate since Q”, = [ o (AQV dt and (AQV is carried by {8 = 0}.
For the second let g € 5’b(E), 0 < f <1, and let Q/ be as in the proof (6.10). Then from

the definition of Q' in terms of Q, and the fact that Y = X, on /Wo(b), (6.14) implies
that

~

Q. l / e~ go X, dt(fUb)oXo; Wo(b)|= Qu[U%Xo(fUb)oXo; Wo(b)].
0
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But X; — Xo = Y§" on Wg(b) as t — 0, and so multiplying by ¢ and letting ¢ — oo, we

obtain using the bounded convergence theorem
QulgoXo(fTb)oXo: Wo(b)] = Qulim g0 Xo(FTb)oXo: Wo(b))-

Since f € £ with 0 < f <1 is arbitrary and Wg(b) € .7?8+, lim qﬁqgo)A(O = go)A(O, Q,,—a.e.
q—>OO

on Wo(b> N {ﬁbO)A(O > 0}. But goXo and UboX, vanish Q,-a.e. on {ﬁbo}?o =0} = {)A(o €
N}. This establishes the first assertion in (ii). Finally using the relation between Q" and

Q. one has
Qulvf e B Wb = [ QL% e B, Woh) de =0,
R
completing the proof of (7.2). 0
Remark. Since Q, is carried by {3 = 0}, Q,[Wo(b) AW (b)] = 0.

The next lemma is, perhaps, of some independent interest. Define )?04— = )A(STF € E,
see (5.14) for notation. Note that on Wo(b), Xor =Xy € E.

(7.3) Lemma. Ifz € E\ B and f € p€, then for ¢ > 0

A~

pw[ / e—qtfoxtdufo+]:ﬁqfoxo+, B _as.
0

Proof. By monotone convergence it suffices to prove this for ¢ > 0 and f € pb€. In view
of (5.14), Xo4 € E\ B, P*-a.s. Let T € Foi and f € Cy(E), see (5.12) for notation. Then

p* { / e fo X, dt; r] = lim e~ 1P foX, 15001 k; T dt
0 =X J1/k

= lim e FPT[U foX 3 T) = PP[U foXoy; T,
Now a familiar monotone class argument shows that the extreme members of this last
display are equal for f in p€ or b€. [
We come now to the main result of this section.
(7.4) Theorem. Let h € S(m) and suppose that m(h,b) < co. Define a measure p on E
by
(7.5) u(f) = QulfeY]: 0<B<LW®O)  fepe.
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Then u(ﬁ) = 0, p is o-finite and ,uﬁ < hp,m. Moreover p is the unique measure not
charging B such that uU = h-m if and only if Q" is carried by /W(b)

Proof. Since 8 € R on W (b), (6.1) implies that u(f) = Qu[foYF; 0 < 8 <1, W(b)].
Thus we shall assume that h = h, for the remainder of this first paragraph of the proof.
By (7.2)(ii), u(B) = 0. Using the relationship between Q" and Q, in (6.5 ii) and the
invariance of Yﬁ# and W(b), one finds

/ QulfeYy; 0<B—t <1, W(b) dt
= Q,[foYF, W(b)] = Q,[foXo, W(D)],

since Qu[8 # 0] = 0, and Xo = Yo# on W(b) N{B = 0}. Therefore using (6.16) for the

second equality
WO = [ QPSR WO di = [ QuifeXiodos Wb di
0 0
= [ Qs W) dt = QilreYa: W) < Q%] = (- m)(h).

where the third equality follows because Qy(ﬁ #0)=0. If f >0 with m(hf) < oo, this
shows that y is o-finite since Uf > 0 on E\ N D E\ B.
Returning to the case of general h € S(m) we see that /ﬂ? < hpm and that ,uﬁ =h-m
if Q" is carried by W(b) Since p doesn’t charge B it is the unique such measure according
o (7.1). It remains to prove the converse; that is, if h-m = uﬁ for some measure p not
charging E, then Q" is carried by W(b) But uﬁ = h - m forces pu to be o-finite and
h € S,(m). Define [i; := uP, for t > 0. Clearly 7i; is a loose entrance law for (ISt), and
OOO iy dt = ,uﬁ = h-m. Consequently 1y = vy for ¢ > 0 by the uniqueness assertion in
Theorem 6.3. It is now evident that ()?t, t > 0) has the same law under Q,, as it has

under P*. Since u(B) =0, Xop = X§" ek, Pt-a.s. Moreover
p / boX,ds = pUb = m(hb) < oo
0

and this suffices to justify the use of Hunt’s lemma (Th. 9.4.8 of [C01]) to conclude that

oo

0o, ) = B [ / bo)?sds’]?l/k]ef’“ [ / bo;?sdsjﬁo+]
1/k 0

as k — 0o. Now (7.3) implies that ﬁbo)?l/k — ﬁbo)?O_H ].?’”—a.s., and so Qy—a.e. Conse-
quently Q,, is carried by Wg(b). This in turn implies that QP is carried by W(b) in view
of (7.2), completing the proof of Theorem 7.4. 0O
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(7.6) Remark. The proof actually shows that {)A(t;t > 0} has the same law under Q. as
it does under ].3”, when 7, = uﬁt for t > 0.

We are now going to describe the decomposition of £ € E/]x\c(m) into potential and
harmonic pieces. We need several definitions which are appropriate modifications of the

corresponding concepts in the strong Markov case. See, for example, [G90].

(7.7) Definition. Let &, n € E/)X\c(m) Then & strongly dominates n provided &€ = n + ~
with v € E/Qz(m)

(7.8) Definition. Let £ € EX\C(m) Then & is an m-co-potential (in symbols & € f/’(;(m))
provided &€ = puU with p not charging B, and & is m-co-harmonic (in symbols § € ﬁa?r(m))

provided & strongly dominates no non-zero m-co-potential.

Remark. We remind the reader that the semigroup (P;) relative to which & € EX\C(m) is
excessive depends on m. Also if £ € P/’o\t(m), then the p not charging B with & = pU is
uniquely determined by (7.1), and is given by (7.5).

(7.9) Theorem. Let € € E/)x\c(m); that is, £ = h-m with h € S(m). Let 0 < b <1 with
m(hb) < co. Then & € ﬁo\t(m), resp. ﬁ&"(m), if and only if Q" is carried by W(b), resp.
W(b)c. Finally £ has a unique decomposition £ = n+m withn € ﬁa?r(m), ™ E P/’(R(m) and
m = pU where u(f) = QP [foYF;0 < B < 1 W(b)).
Proof. Clearly Theorem 7.4 implies that £ € f/’&(m) if and only if Q" is carried by W(b)
Next suppose that Qf’n(/W(b)) =0and £ = n+ 7 with n € E}?C(m) and ™ € P/’O\t(m).
Then n = gm and ® = pm with g, p € S(m). Therefore Q" = QI + QP,. Hence
an(W(b)) = 0. But Q?, is carried by W(b) since m € P/’(R(m), and so QP = 0. Thus
m = 0; that is, £ € ﬁ&(m).

For the converse suppose at first that £ € E/)X\c(m) is arbitrary, £ = h-m with h € S(m).

Define measures m and n on E by

(7.10) m(f) = QuLfYo: W) a(f) = Qh[foYo: W(b)°].
Clearly 7 < € = h-m and so m < m. If ¢ > 0, then since W (b) N {0 < 8} € G=¢ one has

Wﬁtf = Q%[ﬁtfoy(ﬁ W(b)v 0< B] = an[on_t; W(b)7 0< ﬁ]
= QL [foYo; W(b), t <] <n(f).

Therefore 7 € Exc(m), so we have 7 = p - m with p € S(m). Then for each t €
R, Q& (foY;) = 7(f) = QI [foY;; W(b)] Now using the simple Markov property (4.7)
it follows that QP, and QP (- ,/W(b)) have the same finite dimensional distributions and
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hence QP, = Q" (- ,W(b)) A similar argument shows that n € Ex\c(m), son = g-m with
g € S(m), and then QY, = Q" (- ;/W(b)c). From what has already been established we
find © € ﬁ&(m), n e P/I;(m) and £ =n+m. If € € P/Ig“(m), then m = 0 showing that
Q%(W(b)) = 0. In the general case we have the existence of the decomposition £ = w + 7
and, in the light of (7.5), 7 = uU with 1 as claimed.

It remains to prove the uniqueness of this decomposition. Suppose & = 7' + 7/’ is

another such decomposition. Then using the obvious notation
QL = QL (W) = Qb (WD) + QL. W (D).

But /' = ¢ -m € ﬁa&(m) implies that Qg; is carried by W(b)c. Therefore QP,
= Q¥ (- ,W(b)) = Q¥ since QP, is carried by W(b) Hence m = #’ which forces n = n/'.
0

We shall say that an excessive function h is the m-potential of a measure p provided
h-m e P/’(R(m) with & -m = pU, where pu(B) = 0. We write h = U(y) in this case and,
of course, p is unique. Similarly h is m-harmonic provided h - m € ﬁa&(m). With these
definitions we may translate Theorem 7.9 into results about excessive functions. These

results should be compared with those available in the weak duality context, as found in
section 7 of [GG84] and in sections 13.11 and 13.12 of [CWO05].

(7.11) Corollary. Ifu € S(m), then uw may be decomposed uniquely as v = p + h where
p = U(u) is an m-potential and h is m-harmonic. Here uniqueness is up to m-polars. If
0 < b <1 and m(ub) < oo, and

[={0<(<00: X € B,UboX¢ 1, — UboX"},

then the decomposition u = p + h of u into m-potential and m-harmonic parts is given by
p = uP*/*(T') and h = uP*/*(I'°). Moreover u is an m-potential (resp. m-harmonic) if
and only if P*/*[T'] =1 (resp. P*/*[I'*] = 1), m-a.e. on {u > 0}. Finally, p = U(u), where

p() =ttt [ @ X 0 {C < 6 ()

(7.12)
— limg / u(w) P/ foXE =0 T m(da)

qToo E
Proof. First note that T' € F° and that T N {¢ > t} = 6, 'T. Therefore z — P*/*(T) is
excessive for (P*) and so there exists p € S with p = uP*/*(T') on {u < co}; see [CWO05;

11.17]. Since p < u, m-a.e., we have p € S(m). Similarly, there exists h € S(m) with
h = uP*/*[I°] on {u < oo}.
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By Theorem 7.9, the potential part of & := um is uﬁ, where from (7.5)

u(f) = QL (foYs : {0 < B < 1} N W (b)),

since Yﬁ# =Y4" on /W(b) From the second display in the proof of (7.4)

uU(f) = Qi (foYo: W(0)).
But for each t € R, W(b) =60;'T on {a <t < B}. Thus

pU(f) = QL [foYo; 05 'T]
= Q, [FeYoPY O/ (]| = m(p)):

that is, ,uﬁ = pm. It follows that p = U(u) is the potential part of u. From (7.9), u = p+g,
where g is m-harmonic. But v = p + h, and since u < oo, m-a.e., one has g = h, m-a.e.,
hence m-~q.e. It remains to prove (7.12). To this end define N(dt) := 1p fo X" e¢(dt), where
f € bp€ is fixed, and note that NV is an HRM on 2 as defined in section 8 of [G90]. Using
the fact that 6; 'T = W(b) on {a < t < B}, one readily checks that the extension N* of N
to W defined in [G90; (8.18)] is given by N*(dt) = 1VT/(b)onﬁci eg(dt). Let 1/15\, denote the
characteristic measure of N relative to the u-transform of X and £ = um € Exc". Using
Theorem (8.21) of [G90] with ¢ = 1jg 1, gives

vi (1) = QulfoYs™; W(b) N {0 < B < 1}] = u(f).

But from [G90; (8.9)] one also has
(0 =time ! [ u(@)P /X T (C < Y mido)
E

~ limg / w(z) P/ [ fo X =16, T) m(dx),
E

qToo

which establishes (7.12). 0

8. Co-balayage and Walsh’s Interior Réduite.

In [FMS86]| the authors introduced a balayage operation associated with a stationary
stopping time. This is also discussed in section 7 of [G90]. We are going to define a
co-balayage operation associated with a class of stationary co-stopping times. Applying
this to a specific stationary co-stopping time will lead to a generalization of the interior
réduite discussed in section 13.12 of [CWO05].
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Let Q be a finite (or o- finite) measure on (W, G°) and let ngt be the “co-filtration”
obtained by augmenting (ggt) by all Q null sets in G2, the Q-completion of G°. Define
g%, = nggt where the intersection is over all finite measures on Q on G°. G%,, G/, etc.

are defined similarly.

(8.1) Definition. A universal co-stopping time S is a map S : W — [—00, 00| such that
{§>t} e ,C’;;t for each t € R.. If, in addition, t+ Scoy = S, then S is a stationary universal
co-stopping time. The class of such times is denoted by S(G%,).

Remarks. Since {S > t} = U,{S > t + 1} one may replace G%, by g%, and obtain
the same class of universal co-stopping times. Recall the definition of killing operators on
W, kaw(s) = w(s) if s < t and kyw(s) = A if s > ¢.

We now define the co-balayage, ﬁsé ,of ¢ =h-m € ETx\c(m) on S a stationary universal

co-stopping time,

(8.2) Rs¢(f) = Rs(h-m)(f) == QM [foYs; S > t] = Q[ foYioks].

Clearly Rg€ does not depend on the choice of ¢ in (8.2) and Rg€ is a measure with Rg¢ < €,
in particular ﬁgf < m. Also

Rs&(Pof) = QU [PfoYo: S > 0] = Qh[foY_y; S > 0]
= QP [foY0; S > t] 1 Rs&(f)

as t | 0. Therefore Rg¢ € Exc(m) and so Rg(h-m) = psh - m with pgh € S(m) where
psh < h q.e.. Of course, pgh is only determined q.e. Moreover, ps(g + h) = psg + psh
q.e. if g,h € S(m).

(8.3) Proposition. With the above notation QPs"(F) = Q! [Foks : S > o] for F € pGg.

Proof. Suppose I' = [] f;oY;,, wheret; < --- <t,and f; € p€ for j > 1. Then Fokg = F
j=1
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n—1 Y
or 0 according as t,, < S or t, > S. Writing G := ] fjoX;, ¢, we compute
j=1

QP [Foks; S > o] = QL[] fioYs,: tn < S
j=1

= Q) [faoY:, PY (@it < 5]
_ / Re(h - m)(dz) fa(2)P*(G)

= (fapsh, P*(@))
= (fnpsh, ﬁtn—tn_lfn—l e 'ﬁtg—tlfl)
= (f1, Pro—t, f2* Prp—t,_, (fupsh))
= Q" (F).
Thus QPs" and ksQP[-;S > a] have the same finite dimensional distributions and both

vanish on {[A]}. Hence they agree since a Kuznetsov measure is uniquely determined by
its finite dimensional distributions and the fact that it does not charge {[A]}. [

Remark. If F([A]) = 0, then QPsh[F] = Q! [Fokg].
Proposition 8.3 and the next result are analogous to (7.5) in [G90].

(8.4) Proposition. Let S € S(G%,) and suppose that S < 3. If ¢ = h-m € Ex\c(m),
then
(i) (Rs€)p(f) = Ql[f¥0:0 < S < 00| = [ DF (f)dt, where D (f) =
Qy[foYs ;;0< S <1].
(ii) The potential part of ng equals ,usﬁ where pus(f) = QL [foYE; 0 < S <
1, k3'W(b)).
Proof. Since foks = BAS = S under the hypothesis, (i) follows from (6.1), (6.3) and (8.3)
and (ii) from (7.9) and (8.3). [0

We are now going to consider a specific example. Let A € £ and define (sup ¢ = —o0
by convention)
(8.5) Sa:=sup{t: Y, € A} =sup{t > a: Y, " € A}.
Note that Sa < 3, Sa > a on {S4 > —oo}, and that Y, = YV,**" = A if t < a. Clearly
t 4+ Spoor = S4. Since A € £, A is Borel in E. See (5.8) for notation. Therefore
{(s,w):s>t, Y (w) € A} € Bsy ® G2,
where Bs; denotes the Borel o-algebra of |t,00[. But {S4 > t} is the projection of this

set on W and so {S4 > t} € G%,. See III-82b of [DM75]. Therefore Sy € S(G%,). If
E=h-me EX\C(m) we write §A§ = ESAS and pah = pg, h.
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(8.6) Proposition. Let Ty := inf{t > 0 : X;7 € A}. Then using the above notation
pah =P /" (T; < o00) m-q.e.

Proof. First note that on {Yy € E}, {Sa > 0} = {S400y > 0} = {1,260y < oo}. Therefore
if f e p€&

Ra(h-m)(f) = Qb [foYo; Sa > 0]
= Q" [foYoPY O/ (T < 00)] = m[hfP/M(T < o0)).

But Ra(h-m)(f) = m(fpah) and since this holds for all f € pE, pah = AP /M(T < o),
m-a.e. One checks easily that P/ "(Ty < 00) is h-excessive and so there exists a unique
excessive function ua with ug = hP/"(T; < o) on {h < c0}. [CWO05; Prop. 11.7].
Now h < oo, m-a.e., hence pah = ua, m-a.e., and then m-q.e.; in particular psh =

hP /" (T < o0) m-q.e. since {h = oo} is m-polar. 0

Remarks. What has been proved so far for S, is also valid if we replace Y, in the
definition of S4 by Y , which exists in E, or if Y has left limits in F in the original
topology by Y;_. When comparing our results with those in section 13.12 of [CW05], one
should note that it is assumed there that X and X are in strong duality with respect to
m, although branch points are allowed. Hence X and Y have left limits in the original
topology. In particular if we use Y;_ in the definition of S, it follows from (8.6) that pah
defined above agrees with pah as defined in [CWO05].

Recall the Ray compactification E and the Ray process X of Theorem 5.8. We change
the notation slightly and let X denote the restriction of this Ray process to its set of non-
branch points D—this was denoted by XD in the last paragraph of section 5. Then X
is a Borel right process in the co-Ray topology, taking values in D. In what follows it is
important to note that (i) £\ B C D, and (ii) if y is a measure on E \ B then the laws
of (X; : t > 0) under P* and of (X;_ : ¢ > 0) under P# are the same. Of course, X,_
denotes the limit limit taken in the co-Ray topology. Since m(B) =0, if £ € EX\C(m) then
¢ e E/];:c, as was pointed out at the end of section 5.

Although ﬁ(;(m) need not be a solid subcone of E/)x\c(m), the next result shows that
Ra¢ € P/’(R(m) if&=h-me P/’(R(m), under a mild condition on A. This generalizes
[CWO05; Prop. 13.62]. To state this result we need to introduce some notation. If A € £
with A C E'\ B , define A to be the fine closure of A in D relative to the Borel right process
X. For t > 0 define )?;r = X’f_’;, which exists in D, P®-a.s. for z € E \ B. Note that
(X;" : ¢t > 0) under P* has the same law as (X, : t > 0) under P* provided p is carried by
E\ B. Moreover, for such p, if D4 := inf{t > 0: X, € A} and ﬁz = inf{t > 0: X;" € A},
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then the joint law of (EX, (X, : t > 0)) under P* is the same as that of (ﬁj{, ()A(;r :t>0))

under P#. These facts will be used freely in the remainder of this section.

(8.7) Proposition. Suppose £ =h-m = ulU € f/’(}(m) and A € € with A C E\ B. Then
Ra& = paU € f/’(;(m), where

(8.8) pa=pPy =PH(Xy €)= P“(Xg+ € ).

D4 )

Moreover, 4 is carried by the union of A and the points that are regular for A with

respect to X. In particular, p 4 is carried by A.

Proof. Since p is carried by E \ E, the assertions in the last sentence of (8.7) are clear;
in particular, 114 is carried by E \ B. Since the resolvent kernels U%(z,-) and U%(z, ) are
equal for ¢ > 0 and z € E\ B and E is Lusin, it follows that {¢ : Py(z,-) # P,(z,-)} is at
most countable for each x € FE '\ B. Therefore for fepE,

Al (f) =tim [ paBi(f)dt = lim / waBros ()t
n - Jo

nJi/n

Using the strong Markov property of X under P* for the second equality,

HAJBtH/n(f) = 15”[131:Jr1/nJc°)~(Z)'A] - iBM[ijZBA'Ft-Fl/n]’

and consequently

paU(f) = lim P* / foX,dt

n Da+1/n
= i:")u . fOXt dt = i:\)H /\ fOXt dt.
Dy D}
Since h -m € ﬁ&(m), h € Sy(m) and v, = 1P, is the unique loose entrance law with

,uﬁ = fooo Updt. Thus from (6.5), Qb = fO'tQth. But p is carried by E \ é, and so
(X, : t > 0) has the same law under P* and Q, when X, := )?5_1 according to (7.6).
This implies that the joint law of ()?t,f)j) is the same under P* and Q,,. Therefore
,uAﬁ(f) =Q, fl%} foX,dt. But Qy(ﬁ #0) =0 and so Q.-a.c.,

D =inf{t >0: X}f € A} = —sup{t <0; Y € A} = —54.

Hence
Sa

palU(f)=Q, [ foYidt = / Q. [foYy; Sa > t]dt

= Q" [foYo: Sa > 0] = Ra(h-m)(f),
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because S4 —t = Sac0;. As noted before p 4 is carried by ACE \ B and so ]%A(h -m) €
Pot(m). [

Proposition (8.7) describes Ra& when ¢ € f’\o/t(m). The next result describes R4¢&
when ¢ € }/Ia(m). In its statement, L denotes the energy functional of the Borel right

process X.

(8.9) Proposition. Let A € £ with AC E\ B and € = h - m, where h € 8(m).
(i) If m € Con, let ¢ := P*(T; < 00). Then ¢(z) is either 0 or 1 for m-a.e. x, and
pah=¢-h.
(ii) If m € Dis and £ = h - m € Har(m), then

Ra&(f) = L(h-m, PaUf),

where Pyg := P*(goX and T(A) := inf{t > 0: X, € A}.

T(A)>
Proof. (i) Fix m € Con. Theorem 2.16 in [G90] asserts that P*[h(X;) # h(X() for some
t > 0] = 0 for m-a.e. x. In particular, P.h(x) = h(x) for all ¢ > 0, for m-a.e. x. But this
implies that P"1 = 1, m-a.e. Consequently, P*/?({ = co0) = 1, m-a.e. Therefore

pah =h-PMTy < o0) =P (heX ;i Ty < o0) = ho.

Set T := T, for notational convenience. Since T' is an exact terminal time, we have for

t > 0 and m-a.e. x,
d(z) =P (T <o00)=P*(T <t) + P*(t < T < 0)
= PU(T < t) + P*(3(X);t < T).

Let t — oo above and use the fact that ¢ is excessive (so that P*[¢(X}) # ¢(Xo) for some
t > 0] = 0 for m-a.e. ) to obtain ¢ = ¢ + ¢(1 — ¢), which proves (i).

(ii) For each z € Ex, Theorem 5.8 implies that (X, : ¢ > 0) under P* and (X;_ : t > 0)
under P? have that same law. Of course limits involving X refer to the co-Ray topology of
E. If, as in section 7, )?0 = )?81 and also 5(:0_ = X’O, then this assertion extends to ¢t = 0.
It was pointed out at the end of section 5 that £ € Exc. Let Qg and Y be the Kuznetsov
measure and process corresponding to ¢ and the semigroup (P;) of X. Thus (Y;) is right
continuous with values in D and left limits Y;_ in E for & < t < B . Topological statements
about Y refer to the co-Ray topology of E. Since ¢ is carried by E, in fact by E \ B, (Yﬁ)
under Q”, has the same law as (Y;*) under Q. But &€ = h-m € Har(m) and so Y7 is
equivalent to Y*, under Q" , which has the same law as Z*_ = Y,_ under Qg. Also

Sa=sup{t>a: YT € A} = —inf{t < —a: Y, € A}.
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Hence S, under Q" and —74 under Qg have the same law, where 74 := inf{t : 17} € A}
because the processes (Y(”t) , Q") and (?},Qg) are identical in law. But for each ¢,
Q! (Y™ #Y,;) = 0. Consequently,

Ra(h-m)(f) = Q& (foYo; 4 > 0)
(8.10) = QI (foYy"; 84 > 0)
= Qe (foYo; Ta < 0) = RAE(S),

where R4¢ is the balayage of € on A relative to the Kuznetsov process (Y Qg) see [G90;
(7.3), (7.9)].

Since m € Dis, there exists an increasing sequence (U f,,) of potentials with U f,, T h,
m-a.e. Define n,, := f,m. Then n, is carried by E \ B C D and

U f =0,0f = (fa, Uf) = (Ufn, f) 1 m(hf) = £(f).

Hence ¢ € Dis. Therefore [G90; (4.12)] implies that Ra&(f) = L(&, PAUf). O

Remark. The proof of (8.9)(ii) does not require m € Dis. It suffices that h-m € ﬁ;r(m)
and that there exists an increasing sequence (1,U) C f/’(;(m) with 7,0 1 k- m.

Propositions (8.7) and (8.9) combine to yield the following description of R4¢ when

m is dissipative.

(8.11) Theorem. Let A € € with A C E\ B, m € Dis, and h € S(m). Let uU + 1 be
the Riesz decomposition of £ := h - m into its co-potential and co-harmonic parts. Then,
for f € p&,

(8.12) RAE(f) = pP D(A)Uf-l—L(n,PAUf)—sup{V D(A)Ufzyfjéf}.

Proof. The first equality in (8.12) is an immediate corollary of (8.7) and (8.9). For the
SecoEd let u : D(A)Uf D(A)Uf, since A C E\B. Now D(A) is an exact terminal time
for X whose exact regularization is Ta. It is easy to check that u is strongly supermedian
with excessive regularization w := ﬁAﬁ f; that is, ]Stu Twast| 0. The second equality in

(8.12) now follows from Theorem (4.7) of [FG03]. O

We next list some properties of the map £ — EAﬁ from E/)x\c(m) to E/)x\c(m), for A € €.
Recall that if A € £ with A C E'\ B then A denotes the fine closure of A in D relative to
X. It was noted earlier that R4¢ < ¢ and EA(E +n) = Ru€ + Ranfor &,n € Ex\c(m)
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(8.13) Proposition. Let m € Dis, A € £ with ACE \ B.
(i) If ¢&,m € E/)x\c(m) with € <n, then Ra& < Ran.
(ii) If € }/Iaﬁ(m), then there is a sequence (ju,U) C f/’(;(m) with p,U 1 €, and for
any such sequence we have ]?{A(,unﬁ) T RAC.
(iii) For any m € Exc, £ € E/]X\c(m), and A,B € £ with A C B, we have EAJ?{Bé’ =
RpRa& = Ra€ < RpE.

Proof. Assertion (i) is an immediate consequence of the second expression for §A§ in
(8.12). For (ii), as in the last paragraph of the proof of (8.9), there exists a sequence
(1) C ﬁ&(m) with p,U T €. If (u,U) is any such sequence, it follows from (i) that
Ra(pnU) increases and lim, Rs(unU) < Ra&. If f € p&, then Ra(punU)(f) = pin(w),
with v = ]SB(A)[}JC’ according to (8.7). Now un(u) T a < Ra&(f) = L(£,7w) where
u = P,Uf is the X-excessive regularization of u as before. But L(¢,w) =1 lim, pu, (@)
because pnU = pu,U T €. However U < u, S0 fn(u) > pn (@) which forces a > L(£, ),
establishing (ii). For (iii), A C B implies S4 < Sp and so from the definition (8.2),
RA& < Rgt. Also, kg, oks, = ks,oks, = ks,. Hence the remaining assertions in (i)
follow from (8.3). [

The next result is a direct generalization of Theorem 13.65 in [CWO05]. For its state-
ment we need some notation. If p is a measure on E, let Supp(u,cr) denote the co-Ray
support of p and for A € £, define M(A) to be the set of measures ;1 on E such that
Supp(p, cr) is compact (in the co-Ray topology) and contained in A.

(8.14) Theorem. Suppose m € Dis, h-m € EX\C(m), Ae& and AcC E\ B. Then

(8.15) Ra(h-m) = sup{ulU € f/’(}(m) : puU <h-m,pue M(A)}.

Proof. Suppose uﬁ € ﬁ&(m), uﬁ <h-mand p € M(A). Let K = Supp (p,cr) C A C
E\ B. Then from (8.13) and (8.7),

o~

Ra(h-m) > Ra(u0)

A~ o~

R (uU) = pxU

v

where px = ,u]SB( K" But K is co-Ray compact and carries p. Therefore px = p and
uwU = uglU < Ra(h-m). Thus Ra(h-m) dominates the supremum in (8.15). For the
reverse inequality, we shall first show that there exists an increasing sequence (K,,) of
co-Ray compact subsets of A with Rg (h-m) 1 Ra(h-m). A theorem of Dellacherie

(see [GT75; (12.15)]) implies that there is an increasing sequence (K,,) of co-Ray compact
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subsets of A with TK,L | Ty, Pé-a.s., where € = h-m as usual. It follows that TK, | Ta,
Qg—a.e., where the notation is as in the proof of (8.9)(ii). Thus, by (8.10),

R, &(f) = Qe[foYo: 7k, < 0]
1 QelfoYo; Ta < 0] = RAE().

Now let pﬁ + 1 be the decomposition of ¢ into its co-potential part pﬁ and its co-
harmonic part 7. From (8.13) there exists a sequence (uzU) C Pot(m) increasing to 1 with
ﬁKn(ukﬁ) 7 EK,J% Let A\ := p+ pg. Then EKn(Akﬁ) = ,un,kﬁ, where fi, == g NB(Kn)
and supp(fin. i, cr) C K,, C A. Hence iy, € M(A). Now p, xU = Rk, (pU) + Rk, (11:U)

increases with both n and k, and
limlilzgn Mn,kﬁ = lim ﬁKné = §A§.

Therefore p,, , € M(A), and Hn,nﬁ 1 EA{', completing the proof of (8.14). [

Concluding Remarks. In comparing the results in this section to those in section 13.12
of [CWO05], one should note that it is assumed there that X and X are right continuous
strong Markov process in strong duality although they allow both X and X to have branch
points. Moreover most of their deeper results such as 13.59, 13.62 and 13.65 depend on
the hypothesis (ﬁ) on page 371. This is not made explicit but their proofs use 13.50.
Under (gl?) one may use the original topology in defining the co-Ray compactification E
as remarked at the end of the first paragraph of section 5. But then (15.1) and (15.3) of
[GT75] imply that the co-Ray topology agrees with the original topology. Therefore those
results are corollaries of the results in this section.
It seems that in 13.65 of [CWO5] it is necessary to suppose that A C E \ B.

References
[BG68] Blumenthal, R.M. and Getoor, R.K.: Markov Processes and Potential Theory.
Academic Press, New York, 1968.

[CO1] Chung, K.L.: A Course in Probability Theory (3'% ed.). Academic Press, New
York, 2001.

[CW05] Chung, K.L. and Walsh, J.B.: Markov processes, Brownian motion, and time
symmetry, (2°¢ edition). Springer, New York, 2005.

[DM75] Dellacherie, C. and Meyer, P.-A.: Probabilités et Potentiel. Chapitres I a IV.
Hermann, Paris, 1975.

[DM80] Dellacherie, C. and Meyer, P.-A.: Probabilités et Potentiel. Chapitres V a VIII.
Hermann, Paris, 1980. Théorie des martingales.

41



[DMS87]

[DMMY2]

[FMS6]

[F87]

[FG91]

[FG03]

[G75]

[G90]
[G99]

[GG84]
[GS84]
787)
K73]

[Shss]
(W71

Dellacherie, C. and Meyer, P.-A.: Probabilités et Potentiel. Chapitres XII-XVI.
Hermann, Paris, 1987. Théorie du potentiel associée a une résolvante. Théorie des
processus de Markov.

Dellacherie, C., Meyer, P.-A. and Maisonneuve, B.: Probabilités et Potentiel.
Chapitres XVII-XXIV. Hermann, Paris, 1992. Processus de Markov (fin), Com-
pléments de calcul stochastique.

Fitzsimmons, P. J. and Maisonneuve, B.: Excessive measures and Markov pro-
cesses with random birth and death. Probab. Theory Relat. Fields T2 (1986)
319-336.

Fitzsimmons, P.J.: Homogeneous random measures and a weak order for the
excessive measures of a Markov process. Trans. Amer. Math. Soc. 303 (1987)
431-478.

Fitzsimmons, P.J. and Getoor, R.K.: A fine domination principle for excessive
measures. Math. Z. 207 (1991) 137-151.

Fitzsimmons, P.J. and Getoor, R.K.: Homogeneous random measures and strong-
ly supermedian kernels of a Markov process, Electron. J. Probab. 8 (2003), no.
10, 55 pp.

Getoor, R.K.: Markov processes: Ray processes and right processes. Lecture Notes
in Mathematics, 440. Springer-Verlag, Berlin-New York, 1975.

Getoor, R.K.: Ezxcessive Measures. Birkhauser, Boston, 1990.

Getoor, R.K.: Measure perturbations of Markovian semigroups. Potential Anal.
11 (1999) 101-133.

Getoor, R.K. and Glover, J.: Riesz decompositions in Markov process theory.
Trans. Amer. Math. Soc. 285 (1984) 107-132.

Getoor, R.K. and Sharpe, M.J.: Naturality, standardness, and weak duality for
Markov processes. Z. Wahrsch. verw. Gebiete 67 (1984) 1-62.

Janssen, K.: Representation of excessive measures. In Seminar on Stochastic Pro-
cesses, 1986, pp. 85-105. Birkhauser, 1987.

Kuznetsov, S.E.: Construction of Markov processes with random times of birth
and death, Theory Probab. Appl. 18 (1973) 571-575.

Sharpe, M.: General Theory of Markov Processes. Academic Press, Boston, 1988.

Walsh, J.B.: Two footnotes to a theorem of Ray. In Séminaire de Probabilités, V
pp- 283-289. Lecture Notes in Math. 191, Springer, Berlin, 1971.

42



