Linear Gaps Between Degrees for the
Polynomial Calculus Modulo Distinct Primes
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Two important algebraic proof systems are the Null- over F),, our results imply that thevilOD; polynomials
stellensatz system [1] and the polynomial calculus [2] have a linear gap between proof complexity for the
(also called the Gibner system). The Nullstellensatz polynomial calculus ovef}, and overF,. We also obtain
system is a propositional proof system based on Hilbert’s a linear gap for the polynomial calculus over rings and
Nullstellensatz, and the polynomial calculus (PC) is a Z, wherep, ¢ do not have identical prime factors.

proof system which allows derivations of polynomials, Theorem 1 Let F be a £eld of characteristig, and let

is measured in terms of the degree of the polynomials used; en/8, there is no degre@ PC refutation of TS(p)
in the proof. over F.

The modp counting principle can be formulated as a
setMOD;; of constant-degree polynomials expressing the
negation of the counting principle. The Tseitin mpd
principles, TS, (p), are translations of th®1OD; into the
Fourier basis [3].

The present paper gives linear lower bounds on the
degree of polynomial calculus refutations MOD]; over References
£elds of characteristig # p and over ringsz, with ¢, p
relatively prime. These are the £rst linear lower bounds [1] P. Beame, R. Impagliazzo, J. Kiggk, T. Pitassi, and
for the polynomial calculus. As it is well-known to P. Pudbk. Lower bounds on Hilbert's Nullstellensatz
be easy to give constant degree polynomial calculus (and ~ @nd propositional proofs. Proceedings of the London

i i Mathematical Society73:1-26, 1996.
even Nullstellensatz) refutations of tMOD;; polynomials [2] M. Clegg, J. Edmo%ds, and R. Impagliazzo. Using the
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Theorem 2 Let ¢ > 2 be a prime such thay { p and
let F' be a £eld of characteristig. Any PC-refutation of
the MOD; polynomials requires degree Jn, for some
constant§ > 0.
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2Supported in part by international grant INT-9600919/ME-103 from taUt0|09i_eS- In Proceedi_ngs of the 39th Anr.lual IEEE

the NSF (USA) and the BMT (Czech republic) Symposium on Foundations of Computer Scieruages
3Supported in part by NSF grant DMS-9803515 648-652. IEEE Computer Society Press, 1998.

4Supported in part by NSF grant CCR-9734911, Sloan Research
Fellowship BR-3311, and US-Israel BSF grant 97-00188.

5Supported in part by NSF grant CCR-9457783 and US-Israel BSF
grant 95-00238.



