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Feasibly Constructive Proof Systems

A constructive proof system is one in which
proofs of existence contain, or imply the exis-
tence of, algorithms for finding the object which
isprovedtoexist. Forafeasiblyconstructivesys-
tem, the algorithm will be feasible, not merely
effective.

Ie., ifVxdyA(x,y) is provable then there should
beanalgorithmtofind y asafunction of «x.

Effective versus Feasible:

“Effective” means ‘recursive” - Church's the-
Sis.

“Feasible” means “Computable with a reason-
ableamount of timeorspaceresources” .

The usual mathematical model for feasible is
“polynomial-time computable’.



PRELIMINARIES:
COMPUTATIONAL COMPLEXITY

Def’'n: Pisthesetofpolynomialtimerecogniz-
able functions. F'P istheset of polynomial time
computable functions.

Functions and predicates are arithmetic. poly-
nomial time means in terms of the length |x| of
the input . (Instead of having functions and
predicates operateonstrings of characters.)

x| = [logx(xz 4+ 1)|] = thelength of the binary
representation of x

Z| = |xz1], |z2], ..., |TK]



Cobham (1964) defined FP as the closure of
some base functionsunder compostion and lim-
itediteration on notation.

Base Functions: 0, S (successor), L%xj , 2 - x,

1 ife <y
<y = — 7
r=Y { O otherwise

_ ifx >0
ChOZCG(CU,yaZ) — { z otherwise

Def’'n: Let g beapolynomial. fisdefined from
g and h by limited iteration on notation with
space bound q iff

f(Z,0) = g(&)
f(&y) = @y f(@& [5y])

provided |£ (%, )| < q(|, ly|) forall Z, y.



Def’'n: NP istheset of non-deterministic poly-
nomial time computable predicates. Co-NP is
theset of complements of NP predicates.

Def’'n: If WV isasetof predicates, PB3(W) isthe
set of predicates A expressible as

7€ Ae (3y<2PlYB(z y)

forsomepolynomialpandsome B € V.
PBY (W) is defined similarly with universal poly-
nomially bounded quantification.

Now, NP = PB3(P) and co-NP = PBY(P).

Def’'n: If W is a set of predicates, PV (resp.,
FPV)is the set of predicates (resp., functions)
polynomial time recognizable with oracles for a
finite number of predicatesin V.



Polynomial Time “Hierarchy’ :

[y = FP
Al =P

>, = PBI(AY)
N, = PBV(AY)

Al = P =P
[1b., = FPY = FP™%
JANA 115
I =5
A3 U3
co-NP = N} > = NP
P=AY [} = FP

Open Question: Isthis hierarchy proper?



The Equational Theory PV

(Cook, 1975) PV - “Polynomially Verifiable”

e an equational theory analogous to PRA ex-
cept for polynomial timecomputability.

e based on dyadic representation of integers
asstringsofO'sand 1’s.

e base functions include <, Cond, concate-
nation and iterated concatenation and two
successor functions sy and so:

si+1(z) =2z +1

e additional function symbols definable by
limited iteration; thisgivesall FP functions.



e alengthinductionrule (forequations A):
A(0) A1) (Vz)(A(z) D A(s1(=z)) A A(s2(x)))

(Vo) A(z)

e Statman showed that the full induction (for
equations) holds:

AO)NA() A Vz)(A(z) D A(x+ 1))
D (Va)A(x)

e Bounded Arithmetic will present more ap-
propriate induction axioms for polynomial
time/hierarchy complexity

e PV candefineprecisely thepolynomial time
functions; equations express precisely the
polynomial time predicates.

e Connections between PV and polynomial
Size extended Frege proofs



Language of Bounded Arithmetic

First-order language for N with function sym-
bols 0, S, +, -, |32/, |z|, # and relation symbol
<, where

vty = 2/l

The # (pronounced ‘“smash”) function allows
us to express 24(l@) for ¢ any polynomial with
positive integer coefficients.

Def’'n: A bounded quantifier is a quantifier of
the form (Qx < t) with ¢t a term. A sharply
bounded quantifierisone ofthe form (Qx < |t]).
(Vx) and (dx) are unbounded quantifiers. A
bounded formula is one with no unbounded
quantifiers.



A hierarchy of classes 5%, MY of bounded for-
mulas is defined by counting alternations of
bounded quantifiers, ignoring sharply bounded
quantifiers. (Analogous to defining the arith-
metic hierarchy by counting unbounded quanti-
ifiers, ignoring bounded quantifiers.)

>% = MY isthe set of formulas with only sharply
bounded quantifiers.

If A € =% then (Vz < |t|)Aand (3z < t)Aarein
2 and (Vo <t)AisinM) ;.

Dually, if A € MY then (3z < |¢[)Aand (Vz < t)A
arein My and (3z < t)Aisin X} _ ;.
Connectives A, V, —, D are treated in the usual
manner.

Thm: Fixk > 1. Apredicate Q isin X iffthere
isa 3% formula which definesit.

Pf: (Stockmeyer-Wrathall, 1976),
(Kent-Hodgson, 1982)
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Reasons the # function and sharply bounded
quantifiersare natural choices:

e 7# has theright growth rate for polynomial
time computation.

e the above theorem defines the >, 1 classes
of the polynomial hierarchy syntactically
(without use of computation),

e Quantifier Exchange Principle:

(Vx < |a])(Fy < b)A(z,y) <
- (Fy < Qa4+ 1)#(4(2b+ 1)2))(Vz < |a])
[A(z, B(x + 1,y)) AB(z+ 1,y) < b]

e Ed Nelsonintroduced # for defining substi-
tution syntactically. Wilkie-Paris have used
Q1 (“z'°97 jstotal”) similarly.
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Induction Axioms for Bounded Arithmetic

ThelINDaxiomsaretheusualinduction axioms.
The PIND and LIND axioms are “polynomial”
and “length” inductionaxiomsthatareintended
to be feasibly effective forms of induction.

>P-IND: For A € ¥,

AO) AN (Vx)(A(z) D A(x+ 1)) D (Vo)A(x)

>?-PIND: For A e 59,

A(0) A (Vz)(A(|32]) D A(z)) D (Vz)A(x)

>P-LIND: For A € 59,

A(0) A (V) (A(z) D A(z 4+ 1)) D (Vo)A(|z|)

>?-LIND and =-PIND typically are equivalent
and are (strictly?) weaker than Z¢-IND.
Exponentiationisnot provably totalin Bounded
Arithmetic.
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T heories of Bounded Arithmetic

Def’n: T} isthefirst-ordertheorywithlanguage
0,8, 4, -, |3z], |z|, # and < and axioms:

(1) A finite set, BASIC, of (universal closures
of) open axioms defining simple properties
ofthefunctionandrelationsymbols. BASIC
properly contains Robinson’s () since it has
to be used with weaker induction axioms.

(2) The Z%-IND axioms.

T2_1 has noinduction axioms.
T isthe union of the T%'s.

T» is equivalent to IAg + 21 (Parikh, Wilkie-

Paris) except for differences in the nonlogical
language.

13



Def’n: S, is the first-order theory with lan-
quageO, S, +, -, [z, |z|, # and < and axioms:

(1) TheBASIC axioms, and

(2) The X!-PIND axioms.

52_1 — T2_1 hasnoinduction axioms.
Soistheunion ofthe S4's.

Thm: (Buss, 1985). Let: > 1.
TS - Sb
and
Ss =Tyt
So Sy, =1T5.

Open: Aretheinclusions proper?

S3CTy CS5CT5C -
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Def’'n: Let f:N* — N. fis Z%-definableby a
theory Riffthereisaformula A(Z,y) € Z?anda
termtsothat

(1) Forall@ € N*, A(R, f(R)) istrue.
(2) R+ (V@) (Jy < t)A(Z, y)
(3) R+ (VZ,y,2)(A(Z,y) NA(Z,2) Dy = z2)

Def'n: Let @ C N. Q@ is Al-definable by a
theory R iff there is a X%-formula A and M-
formula B that define () so that A and B are
provably equivalent in R. A formulais Al w.r.t
R iff it is provably equivalent to a X%- and to a
nt-formula.

Bootstrapping Thm: Every polynomial time
functionis 4 -definable by S and every polyno-
mial time predicateis AY-definable by S3.
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Thm: Any % -definablefunctionor A% -definable
predicate of S% may beintroduced into the non-
logical language and used freely in induction ax-
iloms.

Pf: If f is =4 -defined by R:
RE (Vz)(3ly < (@) Af(Z,y).
An atomicformula ¢o(f(3)) isequivalentto both

(Fy < r(8)(Af(S y) A e(y))

and

(Vy < r(8))(Ar(5,9) D ¢(y))

Thusany Z-formulainvolving f isequivalentto
one not involving f by tranforming atomic sub-
formulas as above (and by removing f from the
quantifierbounds). O
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Main Theorems for S

Theorem: (Buss, 1985) Leti > 1. Let A be
a >b-formula. Suppose S5 F (VZ)(Jy) A(Z,y).
Then thereisa Z¢-formula B and a function f €
[1” and aterm ¢ so that

(1) S+ (VZ y)(B(&,y) D A(Z,y)).
(2) S5+ (v&)(3'y)B(Z,y).
(3) S4 (VZ)(3y < t)B(F,y). [Parikh]

(4) Foralln, N = B(n, f(17)).

Conversely: If f € [1¥ then there is a formula
B € Z?andatermtsothat(2), (3)and (4) hold.

17



Corollary: (i > 1) The Xt-definable functions
of S4 are precisely the functionsin [17.

Torestateintermsof predicates:

Theorem: (i > 1). Suppose A(Z) € =% and
B(#) € Ntand S, - A « B. Then thereis a
predicate Q € A sothat, forall 77,

Q() & N = A(7) & N = B(#i)

Conversely, if @ € Al thenthereare A and B so
thattheabove holds.

So, the A,’L?—definable predicates of Sg are pre-
cisely the A’-predicates.

Specialcasewhen: = 1:If Aisaformulawhichis
S3-provablyin NPnco-NPthen A definesa poly-
nomial time predicate (provably in S1). Being
provablyin NP N co-NP means provably equiva-
lenttoa >%-andtoa M4-formula.
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The Sequent Calculus

To prove the Main Theorem, we shall formalize
S% in Gentzen's sequent calculus.

A, V,, D,V,darethelogical symbols.

—> iIsthesequent connective.

Def’'n: Asequentisoftheform

A1,Ap,...,An—B1,Bo,..., By

where the A;'s and B;'s are formulas. Its in-
tended meaningis

(AfNA>A---NAR) D(B1 V- -V Bg)

Greek letters I, A, ... are used to denote finite
sequences of formulas separated by commas
(“cedents”).

19



An LK-proofis a tree of sequents: the leaves or
initial sequents must be of the form A— A; the
root, or endsequent, is what is proved; and the
valid inferences are:

[—AA AT —A
-A, T —A [— A, —A

r—A, A r—A,B

r—A AAB
A T—A B,I—A
ANB T—A ANB T—A

AT—A B, I—A

AV B, IT—A
r—A, A r—A,B
r—A AV B r—A AVDB

r—A, A B,r—A
ADB,IT—A

AT—A, B
r—A ADB

20



A(b),T—A F— A, A(t)

(x)A(x), T— A r—A, (dz)A(x)
A, F—A r— A, A(b)
(Vx)A(x), T—A T—A, (Vz)A(x)

In the quantifier inferences the free variable b is
called the eigenvariable and must not appear in
thelower sequent.

[— A [[— A

AT —A [— A A
A B TNM—A r—A, A B, A
B AN—A r—A, B AN

A A T—A T—A A A
AT—A r—A, A

—A. A A T1T—A
Cut: ’ ’

M N—A,A

21



Theorem: (Gentzen)

o LKiscomplete.

o LKwithoutthe Cutinferenceiscomplete.

So if P is an LK-proof of  — A then there is
a cut-free proof P* of T—A. There is an ef-
fective (but not feasible) procedureto obtain P*
from P.

Because there are no cuts in P*, every formula
appearing in P* will be a subformula (in a wide
sense)ofaformulainT— A. Thisgivesabound
on the logical complexity of formulas needed to
provel — A.

22



ToformulatesequentcalculussystemsofBounded
Arithmetic, weenlarge LK as follows:

(1) Allowequality axiomsand BASIC axioms as
initial sequents. An initial sequent will con-
tainonly atomic formulas.

(2) Addinferencesfor bounded quantifiers
(thevariable boccursonly asindicated):

b<s Ab),T—A
(dx < s)A(z),—A

T— A, A(t)
t<s,T—A, (Jz <s)A(x)

A(t),T—A
t<s, (Vo <s)A(xz),l—A

b< s, FT—A, A(D)
—A, (Ve < s)A(x)

23



(3) Allowinductioninferences: (for A € Zg)

Ab),T—A, AL+ 1)
A(0),T—A,A(t)

>b-IND

A(A6]), T— A, A(b)
A(0),T—A, A1)

>b-PIND

S% and T4 may be formulated assequent calculus
systems with BASIC axioms as initial sequents
and with Z¢-PIND and Z?-IND inference rules,
respectively. With side formulas, the induction
inferences are equivalent to the induction ax-
ioms.
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Def’'n: Acutinference
—AA A, TT—A

M, N—A,A
is free unless A is the direct descendant either
of a formulain aninitial sequent or of a principal
formula ofaninductioninference.

Free-Cut Elimination Theorem
(essentially dueto Gentzen and Takeuti):

If Pisan Sg—proof (or Tg—proof) then thereis a
proof P* in the same theory with the same end-
sequent which contains no free cuts.

In a free-cut free proof, every formula will be a
subformula (in awidesense) of aninduction for-
mula, of a formula in an axiom or of a formulain
the conclusion. (Thewidesense allowstermsto
change.)

In S% and T4, cut formulas may be restricted to
be Z%-formulas.

25



To prove the Main Theorem

Step 1: Startwith an S4-proof P of
— (Jy)A(C,y).
By free-cut elimination, there is an S% proof P*

of — (Jy < t)A(c,y) such that every formulain
P*isa xb-formula.

Step 2: Given the proof P* we will extract an
algorithm to compute a function f(¢) such that
A(7t, f(n)) istrueforalln. Thefunction f will be
in [1? and will be =¢-defined by S%. Furthermore,
SL will prove (VZ) A(Z, f(&)).

P* can be thought of as a program plus a proof
thatitiscorrect.

Proofof Step 2 follows...

26



T he Withess Predicate

Def’'n: Let B(@) be a Z-formula with all free

variables indicated. Then Witness%a’(w,a) is a
formula defined inductively:

(1) IfBex? ;und ; then
Witness%a(w, a) < B(a)

(2) If B = C Vv Dthen

Witness%‘i(w, a)s Witnessga(ﬁ.(ﬁl, w),d)
vWitnessy)' (B(2,w), @)

(3) If B = C A D then

Witness%a(w, a)s Witnessga(ﬁ'(}, w),d)
AWitnessp'(8(2,w), @)

(4) If B = (= < t)C(a,x) then

Witnessy'(w, @) < B(1,w) <t

/\Witnessic’gég,b)(ﬁ(z w), @, B(1,w))

27



(5) If B = (Vz < |t|)C(a, z) then
Witnessgi(w, a) &

(V& < |t|)vvftnessg%§7b)(ﬁ(a; +1,w),3d,z)

(6) If B = —C use prenex operations to push
the negationsigninside.

Lemma: Let B € Y.

(1) Forsometermtpg, S% proves

B(d) « (Fw < tB)Witnessga(w, a)
(2) Witnessi® € AP (= Pifi=1)

(3) Witness%a is A? with respect to S5.

Pf: Induction on complexity of B.
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T he Main Lemma

Lemma: Suppose S5 = T—A where I and
A contain only Xt-formulas. Let ¢ be the free
variablesin " and A. Then, thereisa function f
such that

(1) fisX’-defined by S%
(2) S5 proves

Witness%(r(w,(?) D Witness@A(f(w,é),g)

(3) fell! (=FPifi=1)

Proof is by induction on the number of infer-
encesin a free-cut free Sé—proofof [ — A.

29



As an example of one case of the proof of the
main lemma, suppose that P is a free-cut free
proofandendswith theinference

B(|3a])— B(a)
B(0)—B(1)

By the induction hypothesis, there is a function
g sothat

(1) gisx’-defined by S
o . p _ . .
(2) gisinlly (=FPifi=1)
(3) SL I Witness®© (w,a,c) D
2 B(|5a))
1,a,C

D WitneSSé(a)(g(w,a, c),a,cC).

(4) Sb+ (Va,d)[g(w,a,c) <tp(a,d)]

30



Now define f by limited iteration as

f(w,0,8) = g(w,0,7)
f(w,a,8 = g(f(w,|3a),®,a,?d)

so f(w,a,c) < tg(a, ) andthefollowing hold:

(1) fell? (=FPifi=1)
Pf. Since f is defined by limited iteration
from g

(2) Sg can Zi?—define f andprovethat f satisfies
theabove conditions

(3) Sh+ Witnessjé‘z’g,g)(w,a, &) D

» Witness%cz’ig) (f(w,a,d),a,c).

Pf: Since Witness®%¢ . is a =0-formula, S
B(a,c) 7 2
can prove this by Z?-PIND directly from the

induction hypothesis.

Q.E.D. MainLemma
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Proofof Main Theorem from Main Lemma

Suppose S, + (V&) (3y)A(Z,y). By a theorem
of Parikh, there is a term t so that S% proves
— (Jy < t)A(c,y). Bythe Main Lemma,

Sk - Witness%qu) L(9(),

for some > ?-defined function g. Define

B(c,y) tobe y = (1, 4(c))

Since g is Z?-defined by S%, B is a Z¢-formula
and by the properties of Witness,

Sh + (VZ,y) (B(&,y) D A(Z,y))

Finally, define f(&) = 8(1,g(c)).
Q.E.D. Main Theorem
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Other Axioms for Bounded Arithmetic

Let W be a set of formulas. The axioms below
areschemeswhere A € V:

W-MIN: (Minimization)

(Fz)A(z) D (Fz)[A(z) A (Vy < 2)(=A(y))]

W-LMIN: (Length minimization)

(32)A(z) D A(0)V(Iz)[A(@)A(Vy < |52]) (—A(y))]

V-replacement:

(Ve < [t))(Fy < s) Az, y) <
< (Fw < S¢Bd(t,s)) (Vo < |t])
(A(z, B(Sz,w)) A B(Sz,w) <s)

strong V-replacement:

(Fw < SqBd(t,s)) (Vo < |t])

[((By < 5)A(z,y) <
— Az, B(Sx,w) N B(Sz,w) < s]
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Fori > 1, relativeto S3:

b b b b
S0-IND < N-IND < Z2-MIN & Al -IND
Y

S-PIND < M’-PIND < SU-LIND < NY-LIND

)

>b-LMIN « strong >Z!-replacement

|k )
b b b
>0 L -IND (£b, NNt )-PIND
b b
b, -MIN & MNP-MIN
Z,i?+1-replacement = >0-PIND = >?-replacement
41 ,
S5 b> T
ZZ'—I—l
Sé"’l ~ TS + Z§+1—replacement
B(xiy1)
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Thm: (Buss, 1985)

S5+ Z0-PIND - AY-IND.

Hence S, D T4 1.

Pf: Suppose A is A? w.rt. S5, Assume
(Vz)(A(z) D A(z + 1)) and argueinside S%.
Let B(x, z) betheformula

(Vw <z)(Vy < z+ 1)(A(w ~y) D A(w)).

So B isequivalenttoa I‘Ig?-formula. Now by def-
inition of B, (Vx,2)(B(x, |32]) D B(z,2)) and
hence by MY-PIND on B(z, z) w.r.t z,

(Vx)(B(x,0) D B(xz,x)).

Bytheassumption, (Vx)B(xz,0); hence (Vx)B(x,x),
fromwhence

(Vz)(A(0) D A(x))
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Conservation Results

Thm: (Buss, 1987) Leti > 1.
S%"'l IS conservative over Tg with respect
to Z§?+1-formulas, and hence with respect to

VHZ§’+1—sentences.

Pf: (Idea). Fixi > 1landlet Zbe PV or T4 ! as
appropriate. First show that every [1P-function
is definable in Z in an appropriate sense. For
1 = 1, thereis a function symbol for every poly-
nomial time function; for: > 1, we show that
every [1P-function can be “Q;-defined” — this
is stronger than “>?-defined”. Second, prove a
stronger version of the Main Lemma above; in
essence, we partially formalize the Main Lemma
in Z and prove that the witnessing function f is
defined appropriatelyin Z. Namely, we prove:

Lemma: If S5 - Awith A € 0 then Z I- A.
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Witnessing T heorem for T21

Defn: [Papadimitriou] A Polynomial Local Search
(PLS), problem is specified by polynomial time
functions F, N, c:

(1) c(s,x) isa cost function,

(2) N(s,z) is a neighborhood function, such
thatforall ss.t. F'(x,s)

c(N(s,z),z) <c(s,x)

(3) {s : F(s,x)} isthesolution space for input
x,and F'(0, z) always holds, and such that, if
F(s,x),then |s| < p(]z|) for papolynomial.

Asolutiontothe PLS problemisa (multivalued)
function f,s.t., forall x,

c(N(f(2),s),s) = c(f(z),z).
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Thm [Buss-Krajicek’'94] Suppose T3 proves
(Vz)(Fy) A(z,y) where A € 8. Then thereis
a PLS function f(xz) = y and a polynomial time
function 7w such that

T3 b (Vo) A(z, 7o f(z)).

Furthermore, every PLS function (and every
function 7 o f)is =4 -definable by 73 .

Corollary Thesameholdsfor S% by conservativ-
ity of S5 over T4

Proof-idea: A free-cut free T -proof can be
transformed intoa PLS problem. O
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The KPT Witnhessing Theorem

Thm [Krajicek-Pudlak-Takeuti,91]

Suppose A € Z?—I—Q and Té - (Vx)(3y)(Vz)A(z,y, z).
Thentherek > 0 andfunctions f;(x, 21, ..., z;_1)
sothat

(1) Each f;is =b

2 1-defined by T%.

(2) T4 proves

(Vx)[(V21)[A(z, f1(2),21) V
(V2o) [A(z, fo(x, 21),22) V
(V23)[A(z, f3(x, 21,22),23) V- -
(Vzp)[Alz, fi(z, 21, -5 2—1), z1)] - - ]1]-

This is called a “nocounterexample interpreta-
tion” ; andis a special form of a generalized Her-
brand’stheorem (see [Buss'95]).
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Thm [KPT'91; Buss'97,Zambella’97] If T4 =
Sg"l, then the polynomial time hierarchy col-
lapses, provably in Tg. In fact, in this case, Tg
proves that every Zg predicateis (a) equivalent
to a Boolean combination of Zg—predicates and
(b)isin =4 /poly.

Proof-idea For simplicity, assume: = 0. Sup-
pose TS(PV) = S%. Let © represent a vector
of Boolean formula @ = (p1,...,¢n). Then
TS(PV) proves

V(3 < n)(IHwi, ..., wy))
[(V5 < £)(w,satisfies p;)
N = nory,yqisunsatisfiable” ]

The formula in [---] isin M%, so the KPT wit-
nessing theorem can be applied toget £ > O
and polynomial time functions fq, ..., fr sothat
TS(PV) proves (setting n = k) that given
v1,--.,pE Satisfied by wq,...wg, that one of
fi(®,w1,...,w;_1) produces a witness to o;.
[Notethat f; hasall ¢;'sasinput.]
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Let PreAdvice(a, (¢p+1,---,%E)) Mmean that for
all p1,...,0y < a (not nec. satisfiable), that
fi(®,w1,...,w;_1) satisfies ¢; for some j < £.

Let Advice(a, (@o+1,---,¢E)) meanthat PreAdvice
holds, and that 7 is the minimum possible value
forwhich thereissuch PreAdvice.

Claim: TY(PV) proves, that if ¢, < a and
if Advice(a, (¢p41,---,%%)), then ¢, is satisfi-
able if and only if for all ¢q1,...,pp_1, satis-
fied by wq,...,wy_q1, thereis 57 < £ such that
fi(®,w,...,w;_1) satisfies ¢;.

Pf. If the latter condition is true, then the
only way for (yy, ..., ¢r) to not be “preadvice”,
(which it isn’t, by def’'n of “advice’) is for gy
to besatisfied by f,(@, w) forsome p1,...,pp_1,
We,...,Wp_1. U

41



Note that this means that the NP complete
property ofsatisfiabilityisin coNP relativetothe
polynomial size advice, (pp_1,..., VL) -

The above shows that T9(PV) would prove
NP C coNP/poly. From this, Karp-Lipton style
methodscanshowthat TS(PV) provesthepoly-
nomial time hierarchy collapses.

In fact it can be shown that TS(PV) proves
that every polynomial time hierarchy predicate
is equivalent to Boolean combination of 3
predicates. The proofidea is that the property
PreAdvice isin coN P and therefore, property

PAlen(£) = I(pp+1,- - -, pg) PreAdvice(a, (g))
isa =5-property. Q.E.D.

Similar methodswork forz > 1.
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Lengthsof Propositional Proofs

Def’'n: Propositional Formulasare formed with
logical connectives A, Vv, — and D, variables
p1, P2, ..., and parentheses.

Cook’'sThm: P = NP iffthereisapolynomial
timealgorithm fordeterminingifa propositional
formulaisvalid.

Def'n: A Frege (F) proof system is a usual
proof system for propositional logic with a finite
set of axiom schemes and with only the modus
ponensrule. Fissound and complete.

Open: Doesevery tautology have a polynomial
size F-proof? If so, then NP=co-NP.

Pf. The set of tautologies is co-NP complete
and having a polynomial size F-proofis an NP
property.
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Def’'n: Theextended Frege (eF) proof system
isa Frege proofsystem plusthe extension rule:

Extension Rule: whenever q is a variable which
hasnotbeenusedintheproofsofaranddoesnot
appearinthefinallineoftheprooforin e thenwe
may infer

q < p.
This allows us to use ¢ as abbreviation for .
By iterating uses of extension rule the extension

rule can apparently make proofs logarithmically
smaller by reducing the formula size.

(Tseiltin, 1968) first used the extension rule, for
resolution proofs. Also, (Statman, 1977) and
(Cook, Reckhow, 1979).

Thm: (Reckhow, 1976) The choice of axiom
schemas or of logical language does not affect
the lengths of F- or eF-proofs by more than a
polynomial amount.
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Def’'n: A propositional proof system is a poly-
nomial time function f with range equal to the
set of all valid formulas.

An (extended) Fregeproofsystemcanbeviewed
as a propositional proof system by letting f(w)
equal thelast line of w if w is a valid (e)F-proof.
Similarly, any theory (e.g. set theory) can be
viewed as a propositional proof system.

Thm: (Cook, 1975)
NP=coNP iffthereisa proofsystem f forwhich
tautologies have polynomial size proofs.

Suchaproofsystem f, ifitexists, iscalled super.
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Def’'n: Let S and T be proof systems (with the
same propositionallanguage). S simulates T iff
thereisapolynomial psothat forany T'-proof of
Size n thereisan S-proof of thesame formula of
size < p(n). S p-simulates T iff the S-proofis
obtainableasan FP function of the T-proof.

Open: Does F simulate eF7?

Thisisrelated to the question of whether Bool-
ean circuits have equivalent polynomial size for-
mulas. By (Ladner, 1975) and (Buss, 1987) this
isa non-uniform version of

“DoesP=ALOGTIME?"

Open: Is there a maximal proof system which
simulates all other propositional proofsystems?

(Krajicek, Pudlak, 1989): If NEXP=co-NEXP
then *Yes".
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Def'n: The propositional pigeon hole principle
PHP, istheformula

AV »pijD \ V' @i Apm.j)
0<i<n 0<j<n 0<i<m<n 0<j<n
states that n + 1 pigeons can’t fit singly into n
holes. p; j Means “pigeoniisinhole " .

Thm: (Cook-Reckhow, 1979) There are poly-
nomial size eF-proofsof PHPF,,.

Thm: (Buss, 1987) There are polynomial size
F-proofsof PHP,,.

Thm: (Haken, 1985) The shortest resolution
proofsof PH P, are of exponential size.

Cook and Reckhow had proposed PHP,, as an
example for showing that F could not simulate
eF .

Problem: Find a combinatorial principle that
might separate F from eF.
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Proofthat PH P, haspolysize e -proofs

Conceptual Version - (by contradiction)
Given f: [n] [n — 1]
define f.: [k] [k — 1]

as fn(i) = f(4),

v | Fea1@ if fro1(2) <k
iy = { I e

Fork =1, f1:[1] - [0] — contradiction.

eF-proof: Uses qu for “f.(4) = 5"

quHpZJ
K+l o k4l o ktl
¢ = TV @ST A GTT )

Thenprovefork =n,n—1,...,1that a4 .'scode
a one-to-one function from [k] to [k — 1]. For
k= 1,wehave “f; istotaland one-to-one’:

1 1 1 1
a6.0Na1i,0N (960N 4q1,0)
whichisimpossible. O
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TheFirst Translation
S5 and Polysize eF Proofs

Part of Cook’s motivation for the introduction
ofthefeasibly constructive proofsystem PV was
that there is an intimate translation between
PV-proofsand polynomial size eF-proofs.

(Cook, 1975) showed that if A(x) is a polyno-
mial time equation provablein PV, then thereis
a family of tautologies| A" such that

(1) [A]" is a polynomial size propositional for-
mula,

(2) |A]" saysthat A(z) istruewhenever |z| < n,

(3) [A]" haspolynomial size eF-proofs.

Generalizations have been proved by (Dowd,
1985) and (Krajicek, Pudlak, 1988).
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Weshall provetheversion of Cook’'stheorem for
S3 and M4-formulas A. (see Buss, 1988).

Def’'n: Let¢(ad) beaterm. The bounding poly-
nomialoftisapolynomial ¢:(77) such that

(VZ) (|t(2)| < gr(max{|Z|})).
Theinductivedefinitionis:

go(n)=1

go(n)=n foraavariable
as)(n)=qt(n) + 1
gs+¢(n)=qs(n) + qi(n)

¢s-t(n)=qs(n) + q:(n)

gs#t(n)=gqs(n) - q(n) + 1

qw(n):q%tJ (n) = qi(n)

Def'n: Let A(a@) be a bounded formula. The
bounding polynomial of A isa polynomial g4(a)
so thatif |a;| < n forall a; in @, then A(Q) refers
only tonumbersoflength < g4(n).
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q 4 isinductively defined by:

(1) ds<t — 4s=t — (s + qt
(2) g-a=2qa
(3) 94AB = 94AvB = 94A>B =94 + 4B

(4) 9(Qu<t)a = at(n) + qa(n + g¢(n))

Next we define |t ],,, to be a vector of polynomial
size formulas that define (compute) the term ¢
for values of length < m. For thisitis useful to
think of formulasasbeing circuits of fanout 1.

Let |+, be a polynomial size, fanout 1 circuit

which accepts 2m binary inputs and outputs m

binary signals; |+],,, computes the bitwise sum

of two m-bit integers (and discards any over-
: : : 1

flow). Likewisedefine |- |, | # .| [57] ]m, etc.
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Def’'n: Lett(d) beatermand m > ¢(n). [t]) is
avectorofm propositional formulasdefining the
lower m bits of the value of t(a) when |a;| < n.

For b a freevariablein t, a propositional variable
v? represents the i-th bit of b'svalue.

(1) [0]7, is a sequence of m false formulas (for
examplep A —p).

(2) Forbavariable, [b]], isasequenceof m — n

false formulas followed by v2 _,...,v3.

(3) [s+tly, is [+ (sl [t]y) (the formulas
corresponding to the circuit for addition ap-

plied totheoutputsof|s],, and[t] ).

(4) Andsimilarly for other cases.

Notethat |t isa polynomialsize formula (in m
andn).
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Next: for A € N4 define a propositional formula
[Aly, form > ga(n).

If B is formula, we assign new ‘existential’ vari-
ables €2 and new ‘universal’ variables u? to B
(7 > 0). Different occurences of B will generally
get assigned different such variables.

Def’'n: EQ. isacircuit forequality:

1

EQm(B,d)is N\ (o < a1)
k=0

LEw(p, ) isacircuit for <:

EQmp, ) Vv (Qi/\_'pi/\ A (qri<—>pz'))

0<i<m 1<j<m
Def’'n: A is in negation-implication normal
form (NINF) iff all negation signs are applied to
atomic subformulas and there are no implica-
tionsin A.
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Def’'n: Assume A € MY and A isin NINF and
m > qa(n). Define[ A]], inductively by:

(1)
(2)

(8) [

Notethat |t| < m (by ourassumptlon onm).

ls = tlp, is EQm (sl [t])
ls <tlyis LEm(slm, [ t]n)
(3) [
4) [
(5) [
6) [
(7) [

—Al is— A" for Aatomic.
AN B is[ Al ANBly,
Av BIis| Al VBT,

Bz < ) A(z) [islz < t A A(x) [ ({el /oF}]

(Vo < )A(x) [ is[—z <tV A(z) [ ({ud/oF iz

(Va < |t])A(z)])), is /\ [Hc < |t| v A(k) [,

(9) [(3z < [t A(2)[ is kl_o k< [t A AR,
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Prop: The formula [A]>, is equivalent to A in
that A(@) istrue (|a;| < n)iffforall truth assign-
ments to the universal variablesin [ A" thereis
an assignment to the existential variables which
satisfies| A . O

We can extend the definition of [A] in the obvi-
ousway to formulasnotin NINF.

Def’'n: An eF-proof of [A] is defined like an
ordinary eF-proof except now we additionally
allow the existential variables (but not the other
variables) in | A" to be defined by the extension
rule (each existential variable may be defined
onlyonce).

Theorem: (essentially Cook, 1975).

If A € N4 and S3 - (VZ) A(F) thenthereare poly-
nomial size (in n) eF-proofs of [A]S’A(n). These
eF-proofsareobtainablein polynomial time.
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Proof: of Cook’'stheorem. If T — A isprovable
in S3, we prove the theorem for

=V Al

By free-cut elimination it will suffice to do it for
r c =% and A c N%. We proceed by induction
on the number of inferences in a free-cut free
proof.

Case (1): Alogicalaxiom B— B. Obviously

"BV B| = - B|V|B]

hasa polynomial size eF-proof.

Case (2): ABASIC axiom. Forexample,

(z4+y)+z=z+ (y+2)]5,

has straightforward polynomial size F-proofs
using techniques of (Buss, 1987).
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Case (3) Theproofendswith a contraction:

r—A,B,B

—A,B
Recall that all three B's are assigned different
existential and universal variables. The induc-
tion hypothesis says there are polynomial size
eJF -proofsof

|-r'vAvBYVvB].

Modify these proofs by (1) identifying the uni-
versal variables for different B's; (2) at the end
of the proof use extension to define

¢! — (IBI(&) Aej) v (HIBI@) A€
where &’ are the existential variables for the
lower B and the others are the existential vari-
ables fortheupper B's; and (3) thenextend to a
proof of

SrlvialvBIE).
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Case (4) Theproofendswith a Cut:

—A,B B, M—A
L M— AN
By free cut elimination, B € ¥%: so B has exis-
tential variables €and =B hasuniversal variables

. By induction hypothesis, there are polyno-
mial size eF-proofsof

[=rivIA]vIBI(€)

and
SN[ VIAIV[=B|(#)
Thepolynomial size eF-proofof
[-Fv-MNVvVAVA|

consists of the first proof above followed by the
second proof except with the gi'schanged to €'s
followed by a (simulated) cut.

Case (5) For Z4%-PIND inferences, iterate the
construction for Cut and contractions.
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Case (6) Ifthe proofends with:

r—A, A(t)
t<s,T—A,(Jz <s)A(x)

Let € be the existential variables for (Jx < s)A.
Thedesired e -proof contains:

(a) Extension: € « [t].

(b) Theprooffromtheinduction hypothesisof

I-FTVAVAQ®R)]

(c) A further derivation of

[ t<sV-ITVAV({#E<sAA®))]

(d) A derivation of

—t<sV-ITVAV (3x <s)A(xz)|

by changingsome t|'stoe’s. O
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Corollariesto Cook’s Theorem
Thm's A-Caredueto (Cook, 1975)—for PV

Thm A: Let G O F be a propositional proof
system. If S3 - Con(G) then eF p-simulates G.

Thm B:If S3 FNP=coNP then eF issuper.

Thm C: eF has polynomial size proofs of the
propositional formulas Congr(n) which assert
thatthereisno eF-proofofp A =poflength < n.

Thm D: (Buss, 1989) F has polynomial size
proofsoftheself-consistency formulas Con x(n).
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Pf of Thm A from Thm C: (Idea) Suppose
there is a G proof P of a tautology ¢. A poly-
nomial size eF proof of ¢ is constructed as fol-
lows: Let p’bethefreevariablesin o(p). Reason
inside e. First show that if - then thereisan
F-proof Py of ~p(p) where p'denotes a vector of
T'sand L's: thetruth valuesof p. By substitut-
ing p for p in P and combining this with Py, we
construct a G-proof P, of a contradiction. This
proof hassize polynomialin | P| since P; hassize
polynomialin |p| < |P|.

By Thm C there is a polynomial size eF-
proof of Cong(|P>|) so the assumption that —¢
iIsimpossible;i.e., pistrue. O

Pfof Thm C: S3 I- Con(eF). D

Pfof Thm D: The F-self-consistency proof is
a “brute-force” proof that truth is preserved by
axioms and modus ponens using the fact that
the Boolean formula value problemisin ALOG-
TIME. O
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Def’'n: A substitution Frege sF proof system is
a Frege proofsystem plusthesubstitution rule:

¥(p)
Y(p)

for ¢, ¢ arbitrary formulas, all occurences of p
substituted for.

Thm: (Cook, Reckhow, 1979), (Dowd, 1985),
(Krajicek, Pudlak, 1989)
sF and eF p-simulateeach other.

Pf: sF p-simulates eF is not hard to show di-

rectly. eF p-simulates sF since S3 = Con(sF).
O
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Constant Depth Frege Proofs

Let propositional formulas use connectives A
and V with negations only on variables. The
depth of a formula is the maximum number
of blocks (alternations) of A’s and V's on any
branch of the formula, viewed as a tree.

The depth of a Frege proof is the maximum
depth of formulasoccuring in the proof.

Completeness Thm: Constant-depth Frege
systems are complete (for constant depth tau-

tologies.

Proof: By thecut-elimination theorem. O
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TheSecond Translation
IAg/S>and constantdepth

(Paris-Wilkie'85) developedthefollowingtrans-
lation between provabilityin IAg (or IAg+£21)
and thelengthsof constant depth Frege proofs.

First, we shall work with IAg(«a, f) or Sx>(a, f)
where « and/or f are allowed to be new pred-
icate or function symbols (resp.) which may
be used in induction axioms. We translate
closed (=variable-free) arithmetic formulas A
into propositional formulas A™: thisis defined
inductively as follows.

(1) (a(¥))™™ is ¢q;, whereiisthenumericvalue
of thevariable-freeterm .

(2) (f(t) =)™ is p;;, whereiandjarethe
numericvaluesoftands. WIlog, f occursonlyin
this context.
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(3) Forother atomic formulas,

P(t)"W is defined to be either the constant T or
the constant L.

(4) Boolean connectives are translated without
any change. E.g., (AN B)"Wis AW A BPW |

value(t)

(5) [(Vz <A@ is N [ADIY.

1=0
value(t)

(6) [Gz < )A@)]™is W [A@]I™.

1=0
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Thm: (essentially Paris-Wilkie'85)

Suppose IAg(«a, f) proves (Vz)A(xz). Thenthe
formulas {A(n)W : n > 0} are tautologies
and havepolynomialsize, constant-depth Frege
proofs.

Pf-idea: Givena IAg(a, f) proof P(x) of A(x)
and given n > 0O, replace x everywhere with n,
to get a proof P(n) of A(n). W.l.o.g., P(x) is
free-cut free, sohasonly bounded formulas. Re-
place every formula B in P(n) with its transla-
tion BPW . Thus every sequent T— A in P(n)
becomes a propositional sequent MW" — AW,

(a) Size of new formulas. A simple size analysis
givesthatthereisaconstant csuchthatforevery
formula A € P(n), the formula A" as at most
n® many symbols. Thisissince every term t(n)
isbounded by n€ and there are finitely many for-
mulas Ain P(n).
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(b) Sizeofpropositional proofsof W — APWis
likewise bounded by nd for some constant d. To
prove this, consider how the propositional proof
isobtained fromtheproof P(n): thegeneralidea
istowork fromthebottom ofthe proofupwards,
always considering sequentsin P(n) with values
assigned to all the free variables.

(b.i) A3d <:rightinferencein P(n):

T — A, B(s) _
s<t,T—A,(Jz <t)B(x)

If s <t,thepropositional translation of thisis:

|—PW_> APW’ B(S)PW

Viright’s

t
|—PW_> APW’ \X/ B(Z)PW

1=0

t
T, |—PW_> APW’ \x/ B(Z)PW
1=0
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(b.ii) AV <:rightinferencein P(n):

a<t,Nl— A, B(a)
T— A, (Vz <t)B(x)

has propositional translation:

. t
{T, |—PW_> APW,B(Z)PW}Z-:O

. A:right'’s
|—PW_> APW’ /X\ B(Z)PW
1=0

(b.iii) Ainductioninferencein P(n)

L, B(a)—™ B(a+1),A
L, B(0O)— B(t), A

has propositional translation

. : t—1
(TP, B(i)™ — B(i 4+ 1)™, APV} G
rPW, B(O)PW_> B(t)PW, APW

Cuts
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Otherinferencesarehandled similarly. Sincethe
proof P(n) has constant size, and since the val-
ues of terms are < n%, for some constant «, the
Sizeboundisproved. O

When Q1 isused the function z — z'°9% jstotal,
thegrowth rateisalittlelarger:

Thm: (essentially Paris-Wilkie'85)
SupposeIAg(a, f)+21 proves (Vz)A(x). Then
the formulas {A(n)"™™ : n > 0} are tautologies
and havequasi-polynomialsize, constant-depth
Frege proofs.

Pf: Verysimilarargument works.
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For Sg and T§ wegetthefollowingimprovement:

First, at the cost of adding a finite set polyno-
mialtimefunctionssuchasthe Godel 3 function,
we may assume that every formula in %(a, f)
or I‘Ié’(a, f) consistsofexactly ¢« bounded quanti-
fiers, then asharply bounded quantifer and then
a Boolean combination of atomic formulas of
theform a(t) or f(t) = sorwhichdonotuse aor
f. [Basically, becauseofthequantifierexchange
property and by contracting like quantifiers.]

With this convention, thenif A € Z%or A € n?
thenthetranslation A”W isadepth i+ 1 proposi-
tionalformulawherethebottomdepth haspoly-
logarithmic fanin.
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Thm: Suppose T4 - T— A, sequent of =2 U MY
formulas. Then thesequents MW — AW have
polynomial size propositional sequent calculus
proofsofdepth:+ 1 inwhich every formula has
polylogarithmic fanin at the bottom level.

Furthermore, there is a constant ¢ such that
every sequent in the propositional proof has at
most ¢ formulas.

If every formula in the Tg—proof IS in I‘Iﬁ?, then
every formula in the propositional proofs starts
with a (topmost) block of A’s.

Proof: Asabove. O

72



Bounded Arithmetic
and

Propositional Proofs

PartIII:
Natural Proofsand
Interpolation Theorems

Samuel R. Buss
Department of Mathematics
University of California, San Diego
La Jolla, CA92093-0112, USA

73



Interpolation Thm for Propositional Logic
(Craig,1957) gavestrongerversionforfirstlogic.

Thm: Let A(p,q) and B(p,7) be propositional
formulas involving only the indicated variables.
Suppose

A(p,q) D B(p,T)
isa tautology. Thenthereisa propositional for-

mula C(p) using only the common variables, so
that

ADC and C OB
are tautologies.

Pf: Since A(p,q) = B(p,7); if we have already
assigned truth values to p = pq,...,p, then
it iIs not possible to extend this to a truth as-
signment on p, ¢, 7 such that both A(p,¢) and
-B(p,7) hold.......
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LetTq,...,™ bethetruthassignmentstopy,...,px
for which it is possible to make A(p,q) true by
furtherassignment of truth valuesto q.

Let C'(p) say that one of r1,...,m holds for p,
i.e.,

=\

1=1

(pgi) N pgi) ZANPAY pf?)
where

(z) _ D; If’TZ(p]) =True
P, —p; Otherwise

Thenclearly, A(p,q) = C(p).
Also, by the comment from the previous slide,
C(p) = B(p,7). O

Notethat C'(p) may beexponentially largerthan
A(p, ) and B(p, 7).
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Example: Let py,...,pr codethe binary repre-
sentationofa k-bitinteger P.

Let A(p, q) be aformula which is satisfiable iff P
iscomposite (e.g. g codestwointegers > 1 with
product P).

Let B(p,7) beaformulawhich issatisfiable iff P
isprime (i.e., ¥ codesa Pratt-primality witness).

Pisprime < 3IrB(p,Tr)
& —37A(P, 7).

and A(p,q) D —~B(p,7) isatautology.

Y Pong

An interpolant C'(p) must express “p codes a
composite’ .

Open: Is primality expressible by a polynomial
Sizeformula?
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Generalizing thisexample gives:

Thm: (Mundici'83-84) Ifthereisa polyonomial
upperboundonthecircuitsizeofinterpolantsin
propositional logic, then

N P/poly N coN P/poly = P/poly

Pf: Let 37A(p, ¢) express an N P/poly property
R(p) and VrB(p, ) express R(p) in coN P/poly
form. Then

3GA(P, §) = VrB(p,T),
whichisequivalentto
A(p,q) D B(p,T)

being atautology. Let C(p) beapolynomialsize
interpolants.t.,

A(p,q) D C(p) and C(p) D B(p,7)
aretautologies. Thus
37A(p, @) = C(p) = VrB(p, 1),

I.e., R(p) & C(p) and R(p) hasapolynomialsize
circuit, so R(p) isin P/poly. O
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Defn: Let PK bethepropositional fragment of
the Gentzen sequent calculus. Size of a proof
|P|isthe number of stepsin P. |P|g,, is used for
non-treelikeproofs. V(A) denotestheset offree
variablesin A. For C'aformula, |C|isthenumber
of A'sand Vv'sin C.

Thm: Let P beacut-free PK proofof A— B,
where V(A) C {p,q} and V(B) C {p,q}. Then
thereisaninterpolant C such that

(1) AD CandC D Barevalid,

(2) V(C) € {p},

(3)1C] < [Pland |Clgag < |Pldag-

I.e., tree-like cut-free proofs have interpolants
of polynomial formula size, and general cut-free
proofs have interpolants of polynomial circuit
Size.

Remark: The theorem also holds for proofs
which have cuts only on formulas D such that
V(D) C {p,7}or V(D) C {p, 7}
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Pf: We prove by induction on the number of in-
ferencesin P aslightly more general statement:

Claim: If Pisa proofofl{,To—A1,A> and
if V(Ir1, A1) € {p,q} and V(I'2, Az) C {p,7},
thenthereisaninterpolant C' sothat
(H)IM1—A1,Cand C,I',— A5 arevalid,

(2) V(C) € {p} and

(3) Thepolynomial size bounds hold too.

Base Case: Initial sequent.

If the initial sequent if g;—>¢q;, take C to be L
since

¢;—¢q;,L and 1—

arevalid.
Forinitial sequent r;—r;, take C'tobe T.

For aninitial sequent p,—p;, C will be either T,
L, p; or (—p;) dependingon how the p;'s aresplit
intol{,IM>, A1, A>s.
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Induction Step: Thereareanumberofcases, de-

pending on the type of the last inference in the
proof.

(1) Forlastinferencean Vright

r— A, A B
r—A,AVDB

theinterpolant for the upper sequent still works
for thelower sequent,i.e., use C such that

(a) |_1—>A1,A,B,Caﬂd C,T>o—A>,
or
(b) [{—A1,Cand C, |_2_>A2,A,B,

dependingon if AV Bisin Aq or A»s (respec-
tively).
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(2) Forlastinferencean A:right:

r—AA T—A.B
r— A, AAB

(2.a)If A A Bisin A1, apply the induction hy-
pothesis twice to have interpolants C 4 and Cp
sothat

11— A,A,Cy Cp,[o—A5
1—A,B,Cp Cp,o—A>
arevalid. Now thederivations
11— A7,A4,Cy —A],B,Cp

|_1—>AI,A,CA\/CB |_1—>A1_,B,CA\/CB
|_1—>AI,A/\B,CA\/CB

and
Cp,lTo— Ay Cpg,Ia— Ay
CpVCp,[To— A>

show (C4 VvV Cp) isaninterpolant.
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(2b)If A A Bisin A5 applying the induction hy-
pothesistwicegives C'y and C'g sothat

[[1—Aq,Cy CpTo—A5 A

1—A4A4,Cp Cp,o—A5,B

are valid. Now the following derivations show
(C4 AN Cpg)isaninterpolant:

CA) I_2_>A57A CBar2_>AgaB
CA/\CB,FQ—>A5,A CA/\CB,FQ_>A5,B
CuACp To— A, AN B

11— 4,04 71— 2A4,Cp
11— A1,C4ANCp

T he other cases are similar and the size bounds
on C areimmediate. O
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Interpolation Theorems for Resolution

Defns: A literalis a propositional variable p ora
negated variable —p.

pis—p,and (—p) isp.

A clauseis a set of literals; its intended meaning
isthedisjunction ofits members.

A set of clausesrepresentsthe conjunction ofits
members. Thusasetofclauses “is” aformulain
conjunctive normal form.

Resolution Inference: CYU{pr} DU{p}
CubD

Weassumew.l.o.g.p,p € Candp,p & D.

A resolution refutation of a set ' of clauses is a
derivation of the empty clause ) from I by reso-
lution inferences.

Thm: Resolution is refutation-complete (and
sound).
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Interpolation TheoremLet {A1(p,q),...,Ar(p,q)}
and {B1(p,7),...,By(p,7)} be a sets of clauses,
sothattheirunion I isinconsistent. Then there

isa formula C(p) such that for any truth assign-
ment 7, domain(t) D {p, ¢, 7},

() If7(C(p)) = False, then

7(A;(p, 7)) = False, forsomei.
(2)If7(C(p)) = True, then

T(B;(p, §)) = False, forsomej.
Pf: From I unsatisfiable, we have

A1(P, @), -, A (P, @) — = B1(p,7), ..., 7 Be(p, T)

isvalid. Thusthereisaninterpolant C(p) such
that

Al(ﬁ) q—)a RN Ak(ﬁa q_’)_>c(ﬁ)
and
C(p)—-B1(p,7),...,By(p,7)
arevalid. O
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Thm (Krajitek'9?) Let {A;(F, @)}, U{B;(®, )}
have a refutation R of n resolution inferencesj.
Then an interpolant, C(p), can be chosed with
O(n) symbolsindagrepresentation.

If Ristree-like, then C'(p) isa formulawith O(n)
symbols.

Pf: [Pudlak] Weview Rasadagorasatree, each
node corresponding to an inference and labeled
with the clause inferred at that inference. For
each clause F in R, define Cg(p) asfollows:

(1) For E = A,(p,q),ahypothesis,
set Cp = 1 (False).

(2) For E = Bj(ﬁ, q), a hypothesis,
set Cp = T (True).

(3) Foraninference f'Yia; GU{q}
FUG

setCrue = Crufey ¥ Coua)-
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(4) Foraninference FUliriy GU{Tj}
FUG

set Crua = Cpufr) N Caulr;)-

(5) Foraninference FUipi} GU{pi}
FUG

set Cruc = (Pi A Crugp) V (Pi A Caugp)) -

Lemma For all clauses F € R, Cp(p) satisfies
the following condition:

If risatruthassignmentand r(F) = False, then

(a)ifr(Cp) = False, then

7(A;(p,q)) = Falseforsomei
(b)ifr(Cr) = True, then

7(B;(p, 7)) = Falseforsome j

Pfoflemmaisbyinductiononthedef'nof Cp.

Q.E.D.Lemmaand Theorem.
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Resolution with limited extension

“Extension’ = introduction of variables that
representcomplex propositional formulas. When
Aisaformula, o4 istheextensionvariablefor A:
For p avariable, op isjust p.
Forother A, 0 4 isa new variable.

Defn: When A is a formula, LE(A) is a set of
clauses which define the meanings of the exten-
sionsvariables forall subformulasof A; to wit:

(1) LE(p) =10

(2) LE(~A) = LE(A)U{{0-a,04},{0-4,54} }
Y R e

(3) LE(ANB) = LE(A)ULE(B)
U{ :[O'A/\Ey oA, iGAAE, oB}, joAAB@, OB} }
TANBOCTA  OANBOOB  OANOBDOAAB
(4) LE(AVB)=LE(A)ULE(B)
U{ {7z, zAVB};, {oB, zA\/B:t, {o4, o, TAVB) }
TAD0OAVB  OBDOOAVB  TAVBOOAVOR
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Defn: Let Abeasetofformulas. Then
LE(A)is UAEA{LE(A)}.

LE(p,q) = U{LE(A) :V(A) C{p,q}}-
LE(p,7) = U{LE(A) : V(A) C{p,7}}.

Thm: Letl bethesetofclauses

{A;(P, @)} U{B;(p,7)}; ULE(D,q) U LE(p,T)
andsupposel hasarefutation R of n resolution
inferences.

Then there is an interpolant C'(p) for the sets
{A;(D, @)} and {B,;(p, 7)}; of circuitsize O(n).

Pf: Let C(p) betheinterpolant for

{A:(P,q) }; U LE(P, q)
and
{B;(®,7)}; ULE(p,T)

given by theearlierinterpolation theorem.
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Claim: C(p) isthedesiredinterpolant.

Pf: Any truth assignment 7 with domain {p, ¢}
can beuniquely extended to satisfy LE(p, q).

Suppose 7(C(p)) = False. Extend T so as to
satisfy LE(p,q). By choice of C(p), 7 makes a
clause from {A;(p,q)}; U LE(p,q) false, hence
makesoneofthe A;’'sfalse.

A similar argument shows that if 7(C(p)) =
True, then 7 falsifiessome B;(p, 7).

Q.E.D.Claimand Theorem. O
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Natural Proofs (Razborov-Rudich’'94)

Defn: RepresentaBooleanfunction f,(z1,...,xn)
by itstruth table (thishassize N = 2™).

C = {Ch}n is quasipolynomial-time natural
against P/poly iffeach C), isaset of truth tables

of n-ary Boolean functions, and the following
hold:

Constructivity: “f, € Cp7" is decidable in
TIME2009 NNy /h01y . and
Largeness: |Cp| > 27" . 22" forsomec > 0, and

Usefulness: If f,, € C), for all n, then the family
{fn}n isnotin P/poly (i.e., does not have poly-
nomial size circuits).

Motivation ‘Constructive’ proofs that NP ¢
P/poly ought to give (quasi)polynomial time
property which isnatural against P/poly.

Remark: Note that ‘quasipolynomial time’, is
measured as a function of the size of the truth
tableof f,.
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T he Strong Pseudo-Random Number
Generator (SPRNG) Conjecture

Defn: Let G, : {0,1}" — {0,1}?" be a
pseudo-random number generator. The hard-
ness, H(Gy), of G, istheleast S > 0 such that,
forsomecircuit C ofsize S,

1
n T pr— —_— 7)) = >_
Probh [OGu@) =11~ Prob [C@)=1]|> ¢

SPRNG Conjecture There are pseudorandom
number generators G,, computed by polyno-
mial size circuits, with hardness H(G,) > 2™,
forsomee > 0.

Thm: (Razborov-Rudich) If the SPRNG con-
jecture is true, then there are no properties
which are quasipolynomial time/poly natural
against P/poly.

Pf: omitted.
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Split Bounded Arithmetic T heories

Let o and B benew unary predicatesymbols.

%(Oé, B) and Tg(a, B) aredefined asusual, allow-
ing induction on Z%(a, B)-formulas.

Let =% («) denote all bounded formulas in the
language of So plus a.. Define:

S50 = Ul (@), 25 (8))

where Zli(X) indicates the closure of X under
A, V, sharply bounded quantification and exis-
tential bounded quantification, where N4 (X) is
defined similarly and

21 (X) = Z3(NY(X))
and ﬂ 1(X) issimilarly defined.

Defn: Split versions of S% and T4

BASIC + S¥b-PIND
BASIC + SZ-IND

SS%
ST
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Supposesuperpolynomiallowerboundsare prov-
ablein S5(a) as follows.

Let N > 0andn = |N|=IogN. (n = |x|).

Also suppose t(n) = n¥(1) (a superpolynomial
lower bound), andthat S(N, z) isa X% _-formula.

Let LB(t, S, o) bethestatement

—[a codesacircuitofsize < t(n)s.t.
(Ve € {0,1}")(a(x) =1 « S(N,x))]

(1) Thefreevariablesof LB(t,S,a) are N and «.

(2) By “«a encodes a ciruit” we mean that o en-
codes gate types and gate connections in some
straightforward manner, plus, a mayencodethe
full truth tabledescription of the functions com-
puted by every gatein thecircuit!
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Thm: If S3(a) - LB(t, S, a), then
SS3+ SLB(t, S, a, )
where SLB(t, S, o, 3) is

—[acodesacircuitofsize< t(n)/2 — 1 and
B codesacircuitofsize<t(n)/2 — 1s.t.

Vz € {0,1}"((a® B)(z) =1 < S(N,z))]

Pf: If -SLB(t, S, o, 3), then thecircuit o/

)

o 5
satisfies =L B(t,S,«). O
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By rephrasing SLB(t, S, «, 3), we let v be a new
predicatesymboland we havethatif

SS3+ SLB(t, S, a,8),
then
SS3+-CC(t/2—1,v,a)V-CC(t/2—1,5®~, B)
where CC(t,T(x), o) states:

[ codes a circuit of size < t(n) s.t.
Vr € {0,1}"(a(z) = 1 « T(x))]

or, insequent form, SS5(a) proves
CC(t/2—-1,7,a),CC(t/2-1,SD~,B)—

Since CC is a 4 formula, this sequent is also
provable in ST3 by VX 4-conservativity. (By the
same proof that shows S% IS conservative over
i)

2
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Thm: (Razborov'95) If SS3 + SLB(t, S, ,3)
for some t = n¥(1) and § € X%, then the
SPRNG conjectureisfalse.

Corollary: If the SPRNG conjecture holds,
then S% does not prove superpolynomial lower
bounds on circuit size for any bounded formula

(i.e., for any polynomial time hierarchy predi-
cate).

Pf: (rest ofslides) Weshall prove that, if

STs + CC(t,v,a),CC(t,S & ~,8)—,

thentherearequasipolynomialsizecircuitswhich
are naturalagainst P/poly.

First Step: Convert the ST proof and the se-
quentintoaconstant-depth propositional proof.
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To convert to propositional logic

Usevariables g forthevaluesof «, i.e,

q; denotes o

Likewise use variables 7 for the values of 3(x)
and variables p'forthevaluesof v(x).

By expanding the language to include the g
function and using SI‘I?-IND and applying free
cut-elimination, we may assume that every for-
mulain the ST3 proofis of the form

(Vy <)@z < [P'DC-)

where (- --) is a Boolean combination of X2 («)
formulas and M2 (B) formulas and of formulas

().

When translated into propositional logic by the
Paris-Wilkie translation, thisbecomes

-0 0(1)
NV Eij
i=0 ;=0
whereeach E; ;is (1) &p; or (2) involvesonly p, ¢
or (3) involvesonly p, 7.
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Fixing N and f(x) = S(N,a), we obtain a
propositional sequent calculus proof of:

N Ai (D, d), N\ B;(p,7)—
1 J
where:

(1) {A;(p,q)}; is a set of clauses stating that ¢
codes a circuit of size t computing the function
~ with graph given by p.

(2) {B;(p,q)}; is a set of clauses stating that
codes a circuit of size t computing the function
v f.

(3) f doesnothaveacircuitofsize2t + 1

(4) Each formulain the proofisaconjunction of
disjunctionsofformulasinvolvingjust p, gorjust
p, 7 (asonlastslide).

(5) Each sequent has only ¢ many formulas, c a
constantindependent of V.

(6) Theproofhasonly on?M ma ny symbols.
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Second Step: Removethe \\'sfromtheproofas
follows.

(a) Given asequent

qC//

p1 Dy q1

mEl,ia“w MEC/J:_) MFL?;,..., ch”,i

i=1 i=1 i=1 i=1
replaceitwiththeqy -go----- q.n Sequents

E171, E172’ cee El,p17 E2,1, ceey EC’,pC/_>
—>F1,7;1, Fl,z'Qa N

T Ct

Sinceeach ¢q; = on%M gng o = O(1), this still

only 2”0(1)) many sequents.

(b) Build a new proof of allthese sequents. The
hardest case of making this a valid new proof, is

p
thecaseofacuton )\ F;. Forthis,aninference
i=1

p p
— A, \ F;, /M F,I —A
1=1 1=1

[— A
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isreplaced by p cuts;i.e., by

*— A* Fy Fy,Fo, ..., Fp, *— A*

I‘*—>A*,F2 FQ,F3,...,Fp, [*— A*
[ —> A*, F3 F3,..., Fp, [*— A*

~= A

At the end of the second step, we have a treelike
sequent calculus proof of

Al(ﬁ,q),...,Ak(ﬁ,i},Bl(ﬁ,F},.--Bg(ﬁ;f’\)%

such that every formula in in the proof is a dis-
junction of formulas which either involve just p
and gorinvolvejust pandr.
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Third Step: Convert to aresolution with limited
extension refutation.

Eachsequentintheproofobtainedinthesecond
step hasthe form

\/ Elza---a \/ Eu7,7_>

1=

\/ Flza---y \/ sz(A)

1= 1=

1=

whereeach E, ;, I, ;involvesonly {p, ¢} or {p, r}.

Associate with sequent (A), the following set
(B) of clauses:

{BL iy, By, (B)

{_'F1,17 }7 {ﬂFl,Qa }7 ey {_'Fv,qm }}

Now (B)isnotreallyapropersetofclauses, since
clauses aresupposed to contain literals (not for-
mulas).
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Soinstead of using (B), we introduce extension
variablestoformthefollowingset (C) ofclauses:

{{O-El,Z =1 " { Euz}l—l’ (C)

{oom 1 b {0 oo {0apy g 3

If sequent (A) is T— A, then the set (C) of
clauses is denoted (T— A)LE | It is important
that all the extension variables used in (C) are
from LE(p,q) and LE(p,T).

Lemma: If [ — A is derived in m lines of the
sequent calculus proof constructed in Step (2)
above, then

(Fr—A)"" ULE(p, 9 U LE(p, 7)
hasaresolution refutation (not necessarily tree-
like) of O(m?) resolution inferences.

Proof: by induction on m. — splitsinto cases

depending onthelastinference of the proof.
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Case(1)I—AisA—A.
IfA=\A,;, then

{oay:-- o {o-ar b {oma,}} ULE(A)

hasaresolution refutation of O(u) inferences.

Case(2): Suppose A = \/ A; involves only p, .
i

Then {o4} and {o4,,...,04,} Can be derived
from each other (in the presence of LE(A)).
Thereforeitisnotimportant how weexpress for-
mulasasdisjunctionswhen thereisa choice.

Case (3): A:left and Vv:right inferences involve
only fomulas that use just p, g or just p, r; these
arethereforestraightforward (the A:rightisalit-
tle harderthanthe v:left case).

Case (4): An Vv:leftinferencecan be:

\i/Ei,I‘—>A >/Fj,r—>A

V{E; Fj}ij, T — A
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Case (4) cont'd: Theinduction hypothesesgive
refutations Ry and Ry:

(r—a)ttE )
{og;}i Ry

LE(B, §) =0
LE(p,T) )

and

N

(r—2a)ke
{oF}; R

LEG. D = 0
LE(p,T)

Combinethese as:

(r—a)te )
: : R’ \
2?5%25{0Fj i , 1, {or}; .
2 (Fr—A) K
LE(p,T) ) LE(#,d) == ()
LE(p, ™) |

where R is like Ry but uses {og }; U {oF;}; in
placeof {op };.

Remark: Note the refutation is not tree-like
since {aFj}j may be used multipletimesin R».
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Caseb: Lastinferenceiscut:
r— A \/A \/AZ,I‘—>A

I_—>A

The induction hypotheses give refutations R4
and Ro:

(r—a)le ‘
{UﬁAl}w"v{GﬁAu} Ity

LE(p,q) = 0
Lﬁxpﬂﬁ y

~~

and
(r—a)te \
{JAl’” oA b R
AR L =2 ()
LE(p,q)
LE(p,T) )

Combine these as below, with R’l equal to Ry
minusany usesof {o_4.}'s:

LE(ﬁa (T) {JAl’ oo JAu} \
LE(p,) (F—n)LE | B2
LE(p,q)
LE(ﬁ? 77) /

Q.E.D. Lemma.
105



Fromthe Lemma & Interpolation Thm:
Thereisacircuit C(p) ofsize 2n%M gch that
(L) IFC(p) = 0,then {A,;(P, q)}; isunsatisfiable
(2)IfC(p) = 1, then {B;(p, q)}; isunsatisfiable
Note the size of C(5) is 2009 MM \which is
quasipolynomialin N = 2™,

In case (1), when C(p) = 0, the function ~v(x)
does not have a circuit of size t = n« (1)

In case (2), when C(p) = 1, the function

(v @ f)(x) does not have a circuit of size t =
nw(1)

(Recall f(x) does not have a circuit of size
2t+1.)

Defn: Let

L —c@)vere .

where @ fispo @ f(0),...pnN_1 D f(N —1).
(Each f(7) isOor 1, of course.)
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Claim: Undertheaboveassumptions, C*(p) isa
quasipolynomial time property against P/poly.

Pf: Therearethreethingstoshow:
(1) “Constructivity”
C* hascircuits of size 2(l10g N

(2) “Largeness” Forall ~,

either C*(v) or C*(v & f) holds (since either
—=C'(v) holds,or C((v®f)®f) holds). Therefore,
C*(v) holdsfor atleast halfofthe~v's.

(3) “Usefulness” We must show that if C*(v)
holds, then v does not have a polynomial size
Circuit.

(3.2) If =C(p), i.e.,, C(p) = 0, then v = p'does
not havea circuit ofsize t, by choiceof C.
Bb)IfCpa f),ie., C(p® f) = 1, then
P f)®f = p (= ~) likewise does not have
acircuitofsizet.

)Oh) since C does.

Q.E.D. Razborov’s Theorem!!

The proof presented above is essentially a sim-
plification of Razborov's proof, due to Krajicek.
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