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Abstract

We prove a new switching lemma that works for re-
strictions that set only a small fraction of the variables
and is applicable to DNFs with small conjunctions. We
use this to prove lower bounds for the Res(k) propo-
sitional proof system, an extension of resolution which
works withk-DNFs instead of clauses. We also obtain
an exponential separation between depthd circuits of
bottom fan-ink and depthd circuits of bottom fan-in
k + 1.

Our results for Res(k) are:

1. The 2n to n weak pigeonhole principle requires
exponential size to refute in Res(k), for k ≤√

log n/ log log n.

2. For each constantk, there exists a constantw > k
so that randomw-CNFs require exponential size to
refute in Res(k).

3. For each constantk, there are sets of clauses which
have polynomial size Res(k + 1) refutations, but
which require exponential size Res(k) refutations.

1 Introduction

This is an extended abstract. For a full
version of the paper, please visit the web page
http://www.cs.ucsd.edu/˜nsegerli

This paper studies the complexity of Res(k), a propo-
sitional refutation system that extends resolution by al-
lowing k-DNFs instead of clauses [24]. The complexity
of propositional proof systems has close connections to
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open problems in computational and circuit complexity
(see [15, 23, 27, 7]), as well as implications for the run
times of satis£ability algorithms and automated theorem
provers. Resolution is one of the most studied proof sys-
tems, and is used as the basis for many satis£ability al-
gorithms. Back-tracking algorithms such as DPLL that
branch on a single variable provide tree-like resolution
refutations on unsatis£able formulas. General resolution
proofs correspond to adding a limited form of memoiza-
tion (previously refuted subproblems are saved for reuse
rather than refuted again) to DPLL. Res(k) corresponds
to algorithms that branch on more general conditions:
the value of any function of up tok variables.

The Res(k) systems are also interesting as intermedi-
ates between previously studied proof systems. Resolu-
tion can be thought of as Res(1) and depth-two Frege
can be thought of as Res(n) (wheren is the number
of variables). In this way, the Res(k) systems provide
a transition between resolution and depth-two Frege.
Moreover, statements provable in the theoryT 2

2 (α) (a
fragment of Peano’s arithmetic that allows induction
only onΣb

2 predicates) correspond to propositional state-
ments with quasi-polynomial size Res(polylog(n)) refu-
tations [24]. T 2

2 is the weakest fragment of Peano’s
arithmetic known to be able to use counting arguments
such as the weak pigeonhole principle [25]. On the other
hand, these counting tautologies are known to be hard
for resolution. Thus, there must be a critical range for
k between1 and polylog(n) where these arguments be-
come possible in sub-exponential size. More generally,
we can ask: when does increasingk give the Res(k)
system more power? Is there a reason to want to branch
on more complex functions in satis£ability algorithms?
Does such branching give algorithms better performance
in the average case?

We give partial answers to all of these questions. In
particular we prove:

1. The2n to n weak pigeonhole principle requires size
2Ω(nε) to refute in Res(

√
log n/ log log n). So
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branching on a super-constant number of variables
is necessary for counting arguments such as the
weak pigeonhole principle.

2. For eachk, there exists a constantw > k so
that randomw-CNFs require size2Ω(nε) to refute
in Res(k). Thus, extending DPLL algorithms to
branch on multiple (but a constant number of) vari-
ables, will not make run times sub-exponential on
average.

3. Res(k + 1) has exponential speedup over Res(k):
there are sets of clauses which have polynomial
size Res(k + 1) refutations, but which require size
2Ω(nε) to refute in Res(k). Therefore, increasing
the complexity of branching conditions can give an
exponential speed up.

Our lower bounds are proved using a new kind of
switching lemma. A switching lemma provides condi-
tions under which a OR of small ANDs can be rewrit-
ten as an AND of small ORs after the application of a
random restriction [1, 18, 21, 4]. Our switching lemma
differs from previous switching lemmas in that the ran-
dom restriction is allowed to set a small number of the
variables, even as few asn1−ε out ofn. The trade-off is
that ORs ofextremelysmall ANDs are transformed into
ANDs of modestly small ORs. Therefore, our switch-
ing lemma cannot be iterated to prove lower bounds for
proof systems of depth more than two. However, one
application of our small fan-in switching lemma suf£ces
to prove lower bounds for the Res(k) proof systems, be-
cause each line in such a proof has depth two and fan-in
k.

Our switching lemma also gives an exponential sep-
aration between depthd circuits with bottom fan-ink
from depthd circuits with bottom fan-ink + 1 (for
constantk). This re£nes a result of Hªastad [22], who
showed that for alld there existε, δ > 0 so that there are
functions onn variables, computable with polynomial
size, depthd circuits of bottom fan-innε but which re-
quire exponential size to compute with depthd circuits
of bottom fan-innδ, and later results of Cai, Chen and
Hªastad [13], who showed that for each constantd, there
exist functions computable with polynomial size, depth
d, bottom fan-in2 circuits that require exponential size
to compute with depthd circuits with bottom fan-in1,
and that for each constantk, there exists a function of
n variables computable by depthd circuits of polyno-
mial size and bottom fan-inO(log n) that requires expo-
nential size to compute with depthd circuits of bottom
fan-ink.

Because resolution may be viewed as Res(1), our re-
sults for Res(k) generalize known results for resolution.

The weak pigeonhole principle (for any number of pi-
geons) is known to require an exponential number of
steps to refute in resolution [31, 20, 32, 12, 6, 16, 26,
28, 29], and we generalize these lower bounds for the
case of thecn to n pigeonhole principle. Resolution
refutations of randomly chosen sets of clauses are also
known to require exponential size [14, 6, 5, 9]. We ex-
tend these results to general Res(k) systems, although as
k increases, so does the width of the random CNFs for
which our lower bounds apply.

Our work also extends previous research on the
Res(k) system. The complexity of Res(k) refutations
was £rst studied by Krajı́³cek [24], who was motivated by
the connection between Res(polylog(n)) and the prov-
ability of combinatorial statements in the arithmetic the-
ory T 2

2 (α). Atserias, Bonet and Esteban [3] gave ex-
ponential lower bounds for Res(2) refutations of the
2n to n weak pigeonhole principle and of random 3-
CNFs. They also proved a quasi-polynomial separa-
tion between Res(2) and resolution; this separation was
later strengthened to almost-exponential by Atserias and
Bonet [2]. Esteban, Galesi and Messner [17] showed
that that there is an exponential separation between tree-
like Res(k) and treelike Res(k + 1).

The lower bounds for Res(k) refutations of the weak
pigeonhole principle given by Atserias, Bonet and Este-
ban [3] apply only fork = 2; our lower bound works
for non-constantk, up to

√
log n/ log log n. On the

other hand, Maciel, Pitassi and Woods [25] give quasi-
polynomial size refutations in Res(polylog(n)). There-
fore, among depth two, quasi-polynomial size refuta-
tions of the weak pigeonhole principle, the refutations
the refutations of Maciel, Pitassi and Woods have bot-
tom fan-in that is almost optimal.

Our lower bounds for Res(k) refutations of random
w-CNFs are the £rst such lower bounds for Res(k) with
k ≥ 3. Atserias, Bonet and Esteban [3] gave exponential
lower bounds for random3-CNFs in Res(2). We extend
these results to Res(k), although the widthw increases
with k (it is 4k2 + 2). At present, the Res(k) systems
are the strongest fragments of bounded-depth Frege sys-
tems for which we know there are super-polynomial size
lower bounds for refutations of random sets of clauses.

The separation between Res(k + 1) from Res(k) is
the £rst for k ≥ 3. Earlier work of Atserias and
Bonet [2] gave a2O(2logε n) separation of Res(2) from
Res(1), and our result improves this to2O(nε).

2 De£nitions and Conventions

We will use the notation[k] = {i | 1 ≤ i ≤ k}.
A literal is a variable or its negation. Aterm is a
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constant0 or 1 or a conjunction of literals. Our conven-
tion is that a term is speci£ed as a set of literals, with1
corresponding to the empty set and0 to any literal and
its negation. We say that a termT contains a literall if
l ∈ T , and that a termT contains a variablex if either
x ∈ T or ¬x ∈ T . We will often identify literals with
terms of size one, and will writel instead of{l}. A DNF
is a disjunction of terms, speci£ed as a set of terms. A
k-DNF is a DNF whose terms are each of size at most
k. A clauseis a 1-DNF, i.e. a disjunction of literals.
The width of a clauseC, written w(C), is the number
of literals appearing inC. The width of a set of clauses
is the maximum width of any clause in the set. ACNF
is a conjunction of clauses, speci£ed as a set of clauses.
A k-CNF is a CNF whose clauses are each of width at
mostk. Two termst andt′ areconsistentif there is no
literal l with l ∈ t and¬l ∈ t′.

A restriction ρ is a map from a set of variables to
{0, 1, ∗}. For a formulaF , the restriction ofF by ρ,
F ¹ρ is de£ned as usual, simplifying only when a sub-
expression has become explicitly constant. For any re-
strictionρ, let D(ρ) denote the set of variables to which
ρ assigns the value0 or 1.

Resolution is a refutation system for propositional
logic. The input to a resolution refutation is a setC
of initial clauses; a resolution refutation consists of a
derivation of the empty clause from clauses inC using
only the resolution inference:A∨x ¬x∨B

A∨B . Every line in
a resolution refutation is a clause, i.e., a 1-DNF.

De£nition 2.1 Res(k) is the refutation system whose
lines arek-DNFs and whose inference rules are given
below (A, B are k-DNFs, 1 ≤ j ≤ k, and
l, l1, . . . , lj are literals): Subsumption, A

A∨l , AND-

introduction,A∨l1 ··· A∨lj

A∨∧j
i=1 li

, Cut, A∨∧j
i=1 li B∨∨j

i=1 ¬li
A∨B ,

AND-elimination,A∨∧j
i=1 li

A∨li
.

Let C be a set ofk-DNFs. ARes(k) derivation from
C is a sequence ofk-DNFsF1, . . . , Fm so that eachFi

either belongs toC or follows from the preceding lines by
an application of one of the inference rules. For a set of
k-DNFsC, a Res(k) refutation ofC is a derivation from
C whose £nal line is the empty clause.wR(C) denotes
the minimum width of a resolution refutation ofC, and
sk(C) denotes the minimum size of a Res(k) refutation
of C. If C is satis£able, thenC has no refutation and we
use the convention thatwR(C) andsk(C) are∞.

We do not use the exact de£nition of theRes(k)
system in our arguments; the main property we use is
strong soundness: if F is inferred fromF1, . . . , Fj , and
t1, . . . , tj are mutually consistent terms ofF1, . . . , Fj

respectively, then there is a termt of F implied by

∧j
i=1ti. In other words, any reason whyF1, . . . , Fk are

true implies a reason whyF is true.

Lemma 1 Res(k) is strongly sound.

3 The Switching Lemma

A switching lemma is a guarantee that after the ap-
plication of a randomly chosen restriction, a disjunction
of small ANDs can be represented by a conjunction of
small ORs, thus “switching” an OR into an AND. We
use a slightly stronger variation: after the application of
a random restriction, ak-DNF can be “strongly repre-
sented” by a short decision tree.

De£nition 3.1 A decision treeis a rooted binary tree in
which every internal node is labeled with a variable, the
edges leaving a node correspond to whether the variable
is set to0 or 1, and the leaves are labeled with either0
or 1. Every path from the root to a leaf may be viewed
as a partial assignment. For a decision treeT andv ∈
{0, 1}, we write the set of paths (partial assignments)
that lead from the root to a leaf labeledv as Brv(T ). We
say that a decision treeT strongly representsa DNF F
if for everyπ ∈ Br0(T ), for all t ∈ F , t ¹π= 0 and for
everyπ ∈ Br1(T ), there existst ∈ F , t ¹π= 1. The
representation height ofF , h(F ), is the minimum height
of a decision tree strongly representingF .

Notice that the function computed by a decision tree
of heighth can also be computed by both anh-CNF and
anh-DNF.

Our switching lemma will exploit a trade-off based
on the minimum size of a set of variables that meets each
term of ak-DNF. When this quantity is small, we can
build a decision tree by querying these variables and re-
cursing on the(k−1)-DNFs created. When this quantity
is large, the DNF has many disjoint terms and is likely
to be satis£ed by a random restriction.

De£nition 3.2 Let F be a DNF, and letS be a set of
variables. If every term ofF contains a variable fromS,
then we say thatS is a cover ofF . Thecovering number
of F , c(F ), is the minimum cardinality of a cover ofF .

For example, the3-DNF xyz∨¬x∨yw has covering
number two.

First, we give a general condition on the distributions
of partial assignments for which our switching lemma
holds, namely that the distribution almost always satis-
£esk-DNFs with large cover number. Later, we will
show that this condition holds for the distributions used
in our applications.
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Theorem 2 Let k ≥ 1, let s0, . . . , sk−1 andp1, . . . , pk

be sequences of positive numbers, and letD be a
distribution on partial assignments so that for every
i ≤ k and everyi-DNF G, if c(G) > si−1, then
Prρ∈D [G ¹ρ 6= 1] ≤ pi. Then for everyk-DNF F :

Prρ∈D

[
h(F ¹ρ) >

∑k−1

i=0
si

]
≤

∑k

i=1
2(∑ k−1

j=i sj)pi

Proof: We proceed by induction onk. First consider
k = 1. If c(F ) ≤ s0, then at mosts0 variables ap-
pear inF . We can construct a height≤ s0 decision
tree that strongly representsF ¹ρ by querying all of the
variables ofF ¹ρ. On the other hand, ifc(F ) > s0

then Prρ∈D [F ¹ρ 6= 1] ≤ p1. Therefore,h(F ¹ρ) is non-

zero with probability at mostp1 = p12
∑ k−1

j=1 sj (because
k = 1).

For the induction step, assume that the theorem
holds for all k-DNFs, and let F be a (k + 1)-
DNF. If c(F ) > sk, then by the conditions of the
lemma, Prρ∈D [F ¹ρ 6= 1] ≤ pk+1. Becausepk+1 ≤∑k+1

i=1 2
∑ k

j=i sj pi, we have thath(F ¹ρ) is non-zero

with probability at most
∑k+1

i=1 2
∑ k

j=i sj pi.
Consider the case whenc(F ) ≤ sk. Let S be a cover

of F of size at mostsk. Let π be any assignment to the
variables inS. Because each term ofF contains at least
one variable fromS, F ¹π is a k-DNF, By combining
the induction hypothesis with the union bound, we have
that

Prρ∈D

[
∃π ∈ {0, 1}S

h((F ¹π) ¹ρ) >
∑k−1

i=0
si

]

≤ 2sk(
∑k

i=1
2(∑ k−1

j=i sj)pi) <
∑k+1

i=1
2(∑ k

j=i sj)pi

In the event that∀π ∈ {0, 1}S , h((F ¹π) ¹ρ) ≤∑k−1
i=0 si, we construct a decision tree forF ¹ρ as fol-

lows. First, query all variables inS unset byρ, and then
underneath each branch,β, simulate a decision tree of
minimum height strongly representing(F ¹β) ¹ρ. No-
tice that for each such branchβ, there is a unique as-
signmentπ to the variables ofS so thatπ agrees with
β on S \ D(ρ) andπ agrees withρ on D(ρ). In partic-
ular, (F ¹β) ¹ρ= (F ¹π) ¹ρ. Therefore,h((F ¹β) ¹ρ

) = h((F ¹π) ¹ρ), and the height of the resulting deci-
sion tree is at mostsk + maxπ∈{0,1}S h((F ¹π) ¹ρ) ≤∑k

i=0 si.
In the full paper, we show that the decision tree con-

structed above strongly representsF ¹ρ.

In this abstract, we will always use the switching
lemma in the following form:

Corollary 3 Let k ≥ 1, d > 0, 1 ≥ δ > 0, 1 ≥
γ > 0, s, and letD be a distribution on partial assign-
ments so that for everyk-DNF G, Prρ∈D [G ¹ρ 6= 1] ≤
d2−δ(c(G))γ

. Then for everyk-DNF F :

Prρ∈D [h(F ¹ρ) > 2s] ≤ dk2−δ′sγ′

whereδ′ = 2(δ/4)k andγ′ = γk.

The proof of corollary 3 appears in the full version.
The idea is to apply theorem 2 withsi = (δ/4)i(sγi

),
andpi = d2−4si .

3.1 Switching with Small Restrictions

In this subsection, we show that small, uniform re-
strictions meet the conditions of the switching lemma.
Using corollary 3,k-DNFs can then be converted into
decision trees –using restrictions that set only a polyno-
mially small fraction of the bits. We include it here for
comparison with previous switching lemmas, and later it
will be used to prove the lower bound on Res(k) refuta-
tions of random CNFs. More complicated distributions
will be used for our other results.

De£nition 3.3 Let n > 0 and p ∈ [0, 1]. De£neDp

to be the family of random restrictions which arises by
assigning variables∗ with probability 1 − p, and0, 1
each with probabilityp

2 .

Lemma 4 Let k ≥ 1, G be ank-DNF, andρ be chosen

fromDp. Then Pr[G ¹ρ 6= 1] ≤ e−
c(G)pk

k2k .

Proof: Because every covering set ofG has size at
leastc(G), there is a set of variable-disjoint terms of
size at leastc(G)/k (such a set can be found by greed-
ily choosing a maximal set of disjoint terms). Each of
these variable-disjoint terms is satis£ed with indepen-
dent probability at least(p/2)k. Therefore,

Prρ∈Dp
[G ¹ρ 6= 1] ≤

(
1 − (

p
2

)k
) c(G)

k ≤ e−( p
2 )

k c(G)
k =

e−
c(G)pk

k2k

Corollary 5 Let k ≥ 1 be given. For allβ > 0, there
existsγ > 0 so that for anyk-DNF F , c > 0, w > 0,
p > βn−1/(ck2), Prρ∈Dp

[h(F ¹ρ) > w] ≤ 2−γwn−1/c

.

Proof:
Combining lemma 4 with corollary 3, withp =

βn−1/ck2
, d = 1, γ = 1, s = w/2 and

δ = pk

k2k = βkn−1/ck

k2k , shows that for everyk-

DNF F : Prρ∈Dp
[h(F ¹ρ) > w] ≤ k2−2(w/2)(δk/4k) =
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k2−w(βk2
n−1/c)/4kkk2k2

. Becausek andβ are £xed, we
may choose the constantγ as necessary.

The interesting case for corollary 5 is forc to be a
small constant and forw to be at leastnδ+c for some
δ > 0.

4 An Application to Circuit Bottom Fan-in

Our £rst application of the switching lemma is an
exponential size separation between depthd circuits of
bottom fan-ink and depthd circuits of bottom fan-in
k + 1.

All circuits are organized into alternating layers of
AND and OR gates, with connections appearing only
between adjacent levels. NOT gates may have only vari-
ables as their inputs. The output gate is said to be at
level one, the gates feeding into the output gate are said
to be at level two and so forth. The depth of a circuit is
the maximum depth of an AND or OR gate in the cir-
cuit. The size of a circuit is the number of AND and
OR gates appearing in it. Thebottom fan-inof a depth
d circuit is the maximum number of inputs of a gate at
level d. For more detail on the basics of constant depth
circuits, consult the survey by Boppana and Sipser [11].

4.1 The Functions

De£nition 4.1 [30, 11] Let integersd and m1, . . . md

be given, and let there be variablesxi1,...,id
for 1 ≤

ij ≤ mj .

fm1,...md

d =
∧

i1≤m1

∨
i2≤m2

· · ·
⊙

id≤md

xi1,...,id

Where
⊙

=
∨

if d is even, and
⊙

=
∧

if d is odd.
The Sipser functionfm

d is fm1,...md

d with m1 =√
m/logm, m2 = · · · = md−1 = m and md =√
dm log m/2.
The modi£ed Sipser functiongm,k

d is fm1,...md,k
d+1 ,

with m1 =
√

m/logm, m2 = · · · = md−1 = m, and
md = 4

√
dm log m/2.

Notice that the functionfm
d depends onmd−1

√
d/2

many variables and it can be computed by a circuit of
depthd and size linear in the number of variables. How-
ever, it is impossible to reduce the bottom fan-in dramat-
ically without increasing the size or the depth. More-
over, an OR of depthd small bottom fan-in circuits also
requires exponential size to computefm

d .

Theorem 6 [22] For all d ≥ 1, there existsεd > 0
so that if a depthd, bottom fan-ink circuit with an AND

gate at the output and at mostS gates in levels1 through
d − 1 computesfm

d , then eitherk ≥ mεd or S ≥ 2mεd .
For all d ≥ 1, there existsβd > 0 so that if a depth

d+1, bottom fan-ink circuit with an OR gate at the out-
put and at mostS gates in levels1 throughd computes
fm

d , then eitherS ≥ 2mβd or k ≥ mβd .

The modi£ed Sipser functiongm,k+1
d is used to ob-

tain the exponential separation between depthd + 1,
bottom fan-ink + 1 and depthd + 1, bottom fan-ink
circuits. Notice that the functiongm,k

d has4md−1
√

d/2
many blocks and4kmd−1

√
d/2 many variables. More-

over, it can be computed by a circuit of depthd + 1,
bottom fan-ink and size linear in the number of vari-
ables. For eachi1, . . . id, we say that the variables
xi1,...id,1, . . . xi1,...id,k come fromblock(i1, . . . id). The
idea is that these variables occur in the same bottom
level conjunction ofgm,k

d .

4.2 The Lower Bounds

We will show that depthd + 1 circuits with bottom
fan-ink require exponential size to computegm,k+1

d . In
light of theorem 6, it suf£ces to consider only circuits
with an AND gate at the output level. Furthermore, in
this extended abstract, we will consider only the case
whend is even. This ensures that all gates at depthd
are OR gates. The case for oddd is dual and we simply
invert the random restriction used; for more details see
the full paper. Each gate at depthd computes ak-DNF,
and we will apply a random restrictions which almost
certainly collapse all of thek-DNFs to narrow CNFs
and thus collapse the circuits to depthd circuits with
small bottom fan-in. On the other hand, the random re-
strictions will probably leavegm,k+1

d containingfm
d as a

sub-function, and thus we obtain a contradiction to the-
orem 6.

De£nition 4.2 Let m, d and k be given. Setm1 =√
m/logm, m2 = · · · = md−1 = m and md =

4
√

dm log m/2.
LetBm,k+1

d,0 be the random distribution on partial as-
signments given by the following experiment: for each
i1 ≤ m1, . . . , id ≤ md, with independent probability
probability 1

2 either setxi1,...,id,j = ∗, for all j ∈ [k+1],
or uniformly choose a0/1 assignment to{xi1,...,id,j |
j ∈ [k + 1]} which sets at least one of the variables to
0.

The following lemma is proved in a manner similar
to lemma 4. The only major difference is that we use
“block disjointness”, rather than variable disjointness,
to obtain independence between the events of satisfying
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terms. TermsT1 andT2 are block disjoint no variable of
T1 comes from the same block as some variable ofT2.
See the full version for the details of the proof.

Lemma 7 Let k ≥ 1 be given. There exists a constant
γk > 0 so that for everyk-DNF F :

Prρ∈Bm,k+1
d,0

[F ¹ρ 6= 1] ≤ 2−γkc(F )

Lemma 8 Let k ≥ 1 be given. There exists a constant
εk so that for alld, for all w suf£ciently large with re-
spect tok, and for every depthd + 1, bottom fan-ink
circuit C of sizeS ≤ 2εkw, when byρ is chosen from
Bm,k+1

d,0 , with probability at least3/4 , C ¹ρ is is equiv-
alent to a depthd, bottom fan-inw circuit with at most
S gates in levels1 throughd − 1.

Proof:
We will solve for the particular values ofεk andw

after going through the calculations.
For each OR gateg at depthd, we letFg denote the

k-DNF computed by the sub-circuit atg.
Suppose that there is a partial assignmentρ ∈ Bm,k

d,0

so that for each depthd gateg of C, h(Fg ¹ρ) < w.
For eachg at depthd, let Tg be the shortest decision
tree representingFg ¹ρ. We can computeC ¹ρ with a
depthd, bottom fan-inw circuit with at mostS gates in
levels1 throughd−1 by starting withC, replacing each
level d gateg the conjunction of the negated branches
of Br0(Tg) and then merging these conjuncts with the
AND gate at depthd − 1 to whichg sends its output.

We now show that forρ chosen according to the dis-
tributionBm,k

d,0 , with probability at least3/4, every depth
d gateg of C hash(Fg ¹ρ) < w.

Let g be a depthd gate of the circuit. By combining
lemma 7 with corollary 3, settingd = 1, γ = 1 s = w/2
andδ = γk shows that

Prρ∈Bm,k
d,0

[h(Fg) > w] ≤ k2−wγk
k /4k

Because there are at mostS = 2εkw many gates at
depthd, by the union bound, there exists a gate with
h(Fg) > w with probability at most2w(εk−γk

k /4k)+log k.
We simply takeεk suf£ciently small so that this proba-
bility is less than1/4.

Theorem 9 For all k ≥ 1, d ≥ 1, there existsεk, εd > 0
so that for everym suf£ciently large, every sizeS, depth
d+1 bottom fan-ink circuit for gm,k+1

d hasS ≥ 2εkmεd .

Proof: We will have to takem suf£ciently large to apply
theorem 6 and lemma 8, and large enough for an appli-
cation of the Chernoff bounds. Setw = mεd (with εd

from theorem 6) andS = 2εkw (with εk from lemma 8).

Suppose, for the sake of contradiction, thatC is a size
S, depthd, bottom fan-ink circuit computinggm,k+1

d .

Fix an OR gate at depthd in gm,k+1
d . Whenρ is

chosen from the distributionBm,k+1
d,0 , the expected num-

ber of blocks underneath this gate that are left unset is
2
√

dm log m/2. By the Chernoff bounds, with prob-

ability at moste−
√

dm log m/2/4 are there fewer than√
dm log m/2 blocks left unset byρ underneath this

gate.
Because there aremd−3/2/

√
log m many depthd

gates ingm,k+1
d , by the union bound, the probability that

there exists a depthd gate underneath which there are
fewer than

√
dm log m/2 many blocks unset is at most

(md−3/2/
√

log m)e−
√

dm log m/2/4. This tends to0 as
m tends to in£nity.

On the other hand, by lemma 8, with probability at
least3/4 , C ¹ρ is is equivalent to a depthd, bottom
fan-inw circuit with at mostS gates in levels1 through
d − 1.

Therefore we may chooseρ ∈ Bm,k+1
0,d so that un-

derneath each depthd gate ofgm,k+1
d there are at least√

dm log m/2 many blocks unset byρ, and C ¹ρ is
equivalent to a depthd, bottom fan-inw circuit with≤ S
gates in levels1, . . . d − 1.

BecauseC ¹ρ computesgm,k+1
d ¹ρ, a restriction of

it computesfm
d : set some blocks to0 and collapse the

other blocks to a single variable. This gives a depthd
circuit with ≤ S gates in levels1, . . . d − 1, and bottom
fan-in w that computesfm

d , a contradiction to theorem
6.

5 Lower Bounds for Res(k) Refutations

We give three size lower bounds for Res(k) refuta-
tions of sets of clauses: lower bounds for random, con-
stant width CNFs, lower bounds for thecn to n weak
pigeonhole principle and lower bounds that give an ex-
ponential speedup of Res(k + 1) over Res(k). We can-
not give much of the proofs for these results because of
space considerations. We give more details for the lower
bounds for random CNFs, and outline the other results.

All of our lower bounds use the fact that when the
lines of a Res(k) refutation can be strongly represented
by short decision trees, the refutation can be converted
into a narrow resolution refutation.

Theorem 10 Let C be a set of clauses of width≤ h. If
C has a Res(k) refutation so that for each lineF of the
refutation,h(F ) ≤ h, thenwR(C) ≤ kh .
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Proof: We will use the short decision trees to construct
a narrow refutation ofC in resolution augmented with
subsumption inferences: wheneverA ⊆ B, A

B . These
new inferences simplify our proof, but they may be re-
moved from the resolution refutation without increasing
the size or the width.

For each initial clauseC ∈ C, we letTC be the de-
cision tree that queries the (at mosth) variables inC,
stopping with a1 if the clause becomes satis£ed and
stopping with a0 if the clause becomes falsi£ed. For
the other lines,F , let TF be a shortest decision tree that
strongly representsF .

For any partial assignmentπ let Cπ be the clause of
width ≤ h that contains the negation of every literal in
π, i.e., the clause that says that branchπ was not taken.

We construct a resolution proof of width≤ kh by
deriving Cπ for each lineF of the refutation and each
π ∈ Br0(TF ).

Notice that forπ ∈ Br0(T∅), Cπ = ∅, and for each
C ∈ C, for the uniqueπ ∈ Br0(TC), Cπ = C.

Let F be a line of the refutation that is inferred from
the previously derived formulasF1, . . . , Fj , j ≤ k. As-
sume we have derived allCπ ∈ Br0(TFi

) for 1 ≤ i ≤ j.
To guide the derivation of{Cπ | π ∈ Br0(TF )}, we

construct a decision tree that represents the the conjunc-
tion of F1, . . . Fj . The tree (call itT ) begins by simulat-
ing, TF1 and outputting0 on any0-branch ofTF1 . On
any1-branch, it then simulatesTF2 , etc. If allj branches
are1, T outputs1; otherwiseT outputs0. The height of
T is at mostjh ≤ kh, so the width of any suchCπ, with
π ∈ Br(T ) is at mostkh.

Every σ ∈ Br0(T ) contains someπ ∈⋃j
i=1 Br0(TFi

). Therefore,{Cσ | σ ∈ Br0(T )} can
be derived from the previously derived clauses by sub-
sumption inferences.

On the other hand, ifσ ∈ Br1(T ), there existsπ1 ∈
Br1(TF1), . . . , πj ∈ Br1(TFj

) so thatπ1 ∪ · · · ∪πj = σ.
Because the decision treesTF1 , . . . TFj

strongly repre-
sent thek-DNFs F1, . . . , Fj , there exist termst1 ∈
F1, . . . , tj ∈ Fj so that

∧j
i=1 ti is satis£ed byσ. By

strong soundness of Res(k), there existst ∈ F so thatσ
satis£est.

Let σ ∈ Br0(TF ) be given. BecauseTF strongly rep-
resentsF , σ sets all terms ofF to 0. So by the preceding
paragraph, for allπ ∈ Br(T ), if π is consistent withσ,
thenπ ∈ Br0(T ).

We now begin the derivation of Br0(TF ). Let σ ∈
Br0(TF ) be given. For each nodev in T , let πv be the
path (viewed as a partial assignment) from the root to
v. Bottom-up from leaves to root, we inductively derive
Cπv

∨ Cσ, for eachv so thatπv is consistent withσ.
When we reach the root, we will have derivedCσ.

If v is a leaf, thenπv ∈ Br0(T ) (because it is consis-
tent withσ), and it has already been derived.

If v is labeled with a variable that appears inσ, call
it x, then there is a childu of v with πu = πv ∪ {x}.
Therefore,Cπv

∨ Cσ = Cπu
∨ Cσ. By induction, the

clauseCπu
∨ Cσ has already been derived.

If v is labeled with a variablex that does not appear
in σ, then for both of the children ofv, call themv1, v2,
the pathsπv1 and πv2 are consistent withσ. More-
over, Cπv1

∨ Cσ = x ∨ Cπv
∨ Cσ andCπv2

∨ Cσ =
¬x∨Cπv

∨Cσ. Resolving these two previously derived
clauses gives usCπv

∨ Cσ.

We will use this theorem after we apply a random re-
striction which simultaneously collapses every line of a
Res(k) refutation to a short decision tree. Hence, we can
use a width lower bound for resolution proofs of a re-
stricted tautology to give a size lower bound for Res(k)
proofs of the original tautology.

Corollary 11 Let C be a set of clauses of width≤ h,
let Γ be a Res(k) refutation ofC, and letρ be a partial
assignment so that for every lineF of Γ, h(F ¹ρ) ≤ h.
ThenwR(C ¹ρ) ≤ kh.

5.1 Lower Bounds for Random CNFs

De£nition 5.1 Let n, ∆ andw be given. The distribu-
tionFn,∆

w is de£ned by choosing∆ · n many clauses in-
dependently, with repetitions, from the set of all

(
n
w

)
2w

clauses of widthw.

Theorem 12 For anyε ∈ (1/3, 1/2], there existsδ > 0,
so that forn suf£ciently large and for∆ = n

1
2−ε,

PrF∈Fn,∆
4k2+2

[
sk(F ) ≤ 2nδ

]
= o(1).

The reason that our proof does not give lower bounds
for refutations of random3-CNFs in Res(k) is that on
one hand, we want our random restrictions to have a
good chance of satisfying a £xedk-term (so we can ap-
ply the switching lemma), but on the other hand, the re-
strictions should have little probability of falsifying any
of the initial clauses (this would make the restricted set
of clauses trivial to refute). Because satisfying ak-term
is equivalent to falsifying ak-clause, we can only work
with initial clauses width far larger thank.

A set of clauses that, with constant probability, re-
quires high width to refute after random restriction is
calledrobust. Recall the distributionDp from de£nition
3.3.

De£nition 5.2 LetF be a CNF in variablesx1, . . . xn.
We say that F is (p, r) robust if

Prρ∈Dp
[wR(F ¹ρ) ≥ r] ≥ 1/2.
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It turns out that a randomw-CNF is almost surely
robust whenw is suf£ciently large compared top (the
probability of £xing a bit to either0 or 1). The proof ap-
pears in the full version. The idea is to show that when
we consider the joint distribution onw-CNFsF and ran-
dom restrictionsρ, with high probability,F ¹ρ is implied
by (contains) a random3-CNF. We then apply the width
bounds for the resolution refutations of random3-CNFs
[9].

Lemma 13 There exists a constantc so that for any
constantsw and t, with w ≥ 2t + 2, for everyn suf£-
ciently large, and everyε ∈ [0, 1/2], if we set∆ = n

1
2−ε

then the following inequality holds:

PrF∈Fn,∆
w

[
F is not

(
n−1/t, cn · ∆− 2

1−ε

)
-robust

]
= o(1)

We now prove the size lower bound. We set bits with
probabilityn−1/2k2

so we can collapsek-DNFs but still
have that most4k2+2 CNFs are robust. For eachk ≥ 1,
let γk be the constant of corollary 5 (withβ = 1).

Lemma 14 Let n, r, w, and k be given. For suf£-
ciently largen, if F is a (n−1/2k2

, r)-robust w-CNF,
thensk(F ) ≥ 2(γk(r−1)/k

√
n)−2.

Proof: Suppose thatΓ is a Res(k) refutation ofF of size
at most2(γk(r−1)/k

√
n)−2.

By corollary 5, withp = n−1/2k2
, c = 2, w = (r −

1)/k, we have that for every lineF of Γ,

Prρ∈Dp
[h(F ¹ρ) > (r − 1)/k] ≤ 2−γk(r−1)/k

√
n

By the union bound we have

Prρ∈Dp
[∃F ∈ Γ h(F ¹ρ) > (r − 1)/k]

≤ |Γ|2−γk(r−1)/k
√

n

≤ 2(γk(r−1)/k
√

n)−22−γk(r−1)/k
√

n =
1
4

BecauseF is (p, r)-robust, with probability at least
1/2 over choices ofρ, wR(F ¹ρ) ≥ r. Therefore, we
may chooseρ ∈ Dp so thatwR(F ¹ρ) ≥ r and for all
F ∈ Γ, h(F ¹ρ) ≤ (r − 1)/k. This is a contradiction
because by corollary 11 there should be a widthr − 1
resolution refutation ofF ¹ρ.

Combining lemmas 13 and 14 witht = 2k2, w =
4k2+2 andr = cn ·∆− 2

1−ε shows that a random(4k2+
2)-CNF almost surely requires exponential size to refute
in Res(k).

Corollary 15 There exists a constantc so that for every
k, for everyn suf£ciently large andε ∈ [0, 1/2], if we
set∆ = n

1
2−ε, then the following inequality holds.

PrF∈Fn,∆
4k2+2

[
sk(F ) ≤ 2γk(cn·∆− 2

1−ε −1)/k
√

n

]
= o(1)

This gives an exponential lower bound only when
∆2/(1−ε) is substantially less than

√
n. Because∆ =

n
1
2−ε, ∆2/(1−ε) = (n(1−2ε)/2)

2/(1−ε)
= n1−(ε/(1−ε)).

Solving for ε shows that for anyε > 1/3, there exists
γ > 0 so that∆2/(1−ε) < n

1
2−γ

Theorem 16 For anyε ∈ (1/3, 1/2], there existsδ > 0,
so that forn suf£ciently large and for∆ = n

1
2−ε,

PrF∈Fn,∆
4k2+2

[
sk(F ) ≤ 2nδ

]
= o(1)

5.2 Lower Bounds for the Weak Pigeonhole
Principle

De£nition 5.3 The m to n pigeonhole principle,
PHPm

n , is the following set of clauses: (1) For each
i ∈ [m],

∨
j∈[n] xi,j . (2) For eachi, i′ ∈ [m] with i 6= i′,

¬xi,j ∨ ¬xi′,j .

Theorem 17 For c > 1, there existsε > 0 so that for
all n suf£ciently large, ifk ≤ √

log n/ log log n, then
every Res(k) refutation ofPHP cn

n has size at least2nε

.

The general idea of the proof of Theorem 17 is as fol-
lows: Suppose there are small Res(k) refutations of
the pigeonhole principles. Then, by applying random
restrictions we obtain low width resolution refutations
of restricted pigeonhole principles. This can be shown
to be impossible, using the well-known lower bounds
on the width of resolution refutations of the pigeonhole
principle. See the full version for more details.

5.3 Separation Between Res(k) and Res(k + 1)

In the full version of this paper, we show that for each
constantk, there is anεk > 0, such that there is a fam-
ily of unsatis£able CNFs which have polynomial size
Res(k + 1) refutations but which require size2nεk to re-
fute in Res(k). The unsatis£able clauses are a variation
of the graph ordering tautologies of [19, 10].
De£nition 5.4 Let G be an undirected graph. For each
vertexu of G, let N(u) denote the set of neighbors ofu
in G. For each ordered pair of vertices(u, v) ∈ V (G)2,
with u 6= v, let there be a propositional variableXu,v.

Thegraph ordering principle forG, GOP (G), is the
following set of clauses: (1) The relationX is transi-
tive: for all u, v, w ∈ V (G), Xu,v ∧ Xv,w → Xu,w (2)
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The relationX is anti-symmetric: for allu, v ∈ V (G)
with u 6= v, ¬Xu,v ∨ ¬Xv,u (3) There is no locallyX-
minimal element: for everyu ∈ V (G),

∨
v∈N(u) Xv,u.

Thek-fold graph ordering principle ofG, GOP k(G),
is obtained by replacing each variableXu,v by a con-
junction ofk variables,X1

u,v, . . . , Xk
u,v, and then using

the distributive rule and DeMorgan’s law to express this
as a set of clauses.

Notice that for a graphG on n vertices with maxi-
mum degreed ≥ 3, the principleGOP (G) has widthd
and the principleGOP k(G) has sizeO(n3kd).

It is easily shown that, for any graphG, the princi-
pleGOP (G) has polynomial size resolution refutations.
Furthermore, these refutations can be transformed into
Res(k + 1) refutations ofGOP k+1(G). On the other
hand:

Theorem 18 Let k be given. There exist constantsc >
0 and εk > 0, and a family of graphsG on n vertices
(for n suf£ciently large) with maximum degreec log n
so that Res(k) refutations ofGOP k+1(G) require size
at least2O(nεk ).

The proof of theorem 18 uses a random restriction
that collapses a small Res(k) refutation into a narrow
resolution refutation. Then, using a width bound for res-
olution refutations of the graph ordering principle, we
show that no small Res(k) refutation can exist. The
width bound for resolution refutations of the graph or-
dering principle is a generalization of lower bounds of
Bonet and Galesi [10], but applies to randomly chosen,
sparse graphs that satisfy a certain expansion-like prop-
erty. See the full version for more details.

6 Conclusions and Open Problems

Switching with small restrictions seems to be a
promising technique for analyzing the power of bot-
tom fan-in in proof and circuit complexity. Our results
could not have been obtained by switching with larger
restrictions. For example, the lower bounds for random
w-CNFs could not be proved using restrictions that set
a constant fraction of the variables because some ini-
tial clause is falsi£ed with high probability. Also, this
method is relatively easy to apply because you do not
have to reprove the switching lemma for every lower
bound, but only check that the restrictions in question
are likely to satisfyk-DNFs with high cover number.

However, switching with small restrictions still suf-
fers from the limitations of random restriction method.
In particular, it seems ineffective against random3-
CNFs and very weak pigeonhole principles. The only

techniques for understanding the refutation complexity
of such CNFs seem speci£c to resolution [9, 8, 28, 29].
Understanding the refutation complexity of these princi-
ples in Res(k) is a necessary step before understanding
them in more powerful systems, and the Res(k) systems
might be simple enough for the development of new
techniques.

With this in mind, we suggest the following open
problems as particularly relevant: (1) Do random3-
CNFs almost surely require exponential size refutations
in Res(k) for all k? (2) Does there exist a family of3-
CNFs that require exponential size to refute in Res(k)
but have (quasi-) polynomial size proofs in Res(k + 1)?
(3) Do Res(2) refutations ofPHPm

n require size expo-
nential inn for all m? (3) Do there exist polynomial
size depth-two Frege refutationsPHP 2n

n ? (4) Let0 <
ε ≤ 1/2. Do there exist sub-exponential size refutations
for PHPn+n1−ε

n in Res(polylog(n))? or even in depth-
two Frege? (5) Does there exist a family of CNFs that
require exponential size refutations in Res(polylog(n))
but have (quasi-) polynomial size depth-two Frege refu-
tations? (6) For givenε < δ ≤ 1, does there exist a
family of CNFs that require exponential size refutations
in Res(nε) but have (quasi-) polynomial size Res(nδ)
refutations?
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