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Abstract

This paper presents a new proof of the characterization of the provably recursive
functions of the fragments I3, of Peano arithmetic. The proof method also
characterizes the Xj-definable functions of IY, and of theories axiomatized by
transfinite induction on ordinals. The proofs are completely proof-theoretic and
use the method of witness functions and witness oracles.

Similar methods also yield a new proof of Parson’s theorem on the conservativity
of the X,41-induction rule over the X,-induction axioms. A new proof of the
conservativity of BY, 1 over I3, is given.

The proof methods provide new analogies between Peano arithmetic and
bounded arithmetic.

1 Introduction

The witness function method has been used with great success to characterize some classes
of the provably total functions of various fragments of bounded arithmetic [2, 4, 18, 23,
16, 17, 5, 6, 1, 7, 8]. In this paper, it is shown that the witness function method can
be applied to the fragments I35, of Peano arithmetic to characterize the functions which
are provably recursive in these fragments. This characterization of provably recursive
functions has already been performed by a variety of methods; including: via Gentzen’s
assignment of ordinals to proofs [9, 27], with the Gédel Dialectica interpretation [12, 13],
and by model-theoretic methods (see [20, 15, 26]). The advantage of the methods in this
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paper is, firstly, that they provide a simple, elegant and purely proof-theoretic method
of characterizing the provably total functions of I¥,, and, secondly, that they unify the
proof methods used for fragments of Peano arithmetic and for bounded arithmetic.

The witness function method is related to the classical proof-theoretic methods of
Kleene’s recursive realizability, Godel’s Dialectica interpretation and the Kreisel no-
counterexample interpretation; however, the witness function method does not require
the use of functionals of higher type. We feel that the witness function method provides
an advantage over the other methods in that it leads to a more direct and intuitive
understanding of many formal systems. The classical methods are somewhat more general
but are also more cumbersome and more difficult to understand (consider the difficulty
of comprehending the Dialectica interpretation or no-counterexample interpretation of a
formula with more than three alternations of quantifiers, for instance). On the other hand,
the more direct and intuitive witness function method has been extremely valuable for the
understanding of why the provably total functions of a theory are what they are and also
for the formulation of new theories for desired classes of computational complexity and,
conversely, for the formulation of conjectures about the provably total functions of extant
theories. The main support for our favorable opinion of the witness function method
is, firstly, its successes for bounded arithmetic and, secondly, the results of this paper
showing its applicability to Peano arithmetic.

While checking references for this paper, the author read Mints [19] for the first
time — it turns out that Mints’s proof that the provably recursive functions of I¥; are
precisely the primitive recursive functions is based on what is essentially the witness
function method. This theorem of Mints is, in essence, Theorem 9 below. Mints’s use
of the witness function method predates its independent development by this author for
applications to bounded arithmetic. The present paper expands the applicability of the
witness function method to all of Peano arithmetic.

The outline of this paper is as follows: section 2 develops the necessary background
material on Peano arithmetic, the subtheories IY,,, transfinite induction axioms, least
ordinal principle axioms, the sequent calculus and the correct notion of free-cut free proof
for transfinite induction/least number principle axioms. In section 3, the central notions
of the witness function method and witness oracles are developed and the 3, -definable
functions of I3, and IAg + T1(wpy,I1,) are characterized. This includes the definition
of a-primitive recursive (in ¥j) functions and normal forms for such functions. Then
the provably recursive (i.e., ¥;-defined) functions of /Y, are characterized by proving a
conservation theorem for T (wy,, I1,,) over TI (w11, 11,-1). Section 4 outlines a proof of
Parson’s theorem on the conservativity of the II,,.1-induction rule over the X, -induction
axiom. Section 5 contains a proof of the II,.;-conservativity of BX, ., over I%,.
Section 6 concludes with a discussion of the analogies between the methods of this paper
and the methods used for bounded arithmetic.



2 Preliminaries

2.1 Arithmetic and Ordinals

Peano arithmetic (PA) is formulated? in the language 0, S, +, - and <. It has induction
axioms

A(0) A (Vo) (A(z) — A(S(x))) — (Vz)A(2)

for all formulas A, plus it has a finite base set of axioms, namely, Robinson’s theory ) of
seven axioms defining 0, S, + and - and, in addition, the axiom

(Vo) (Vy)(z <y < (F2)(x + 2 =y))

which defines <. A bounded quantifier is of the form (Jx < t) or (Vo < t) where ¢ is
any term not involving z. The usual quantifiers, (Vz) and (3z), are called unbounded
quantifiers. The Ag-formulas, or bounded formulas, are the formulas in which every
quantifier is bounded. The classes >, and II,, of formulas are defined by induction on n,
so that Xy = Il = Ag and so that X, is the set of formulas of the form (3%)B where
B € 1I,, and so that II,,;; is defined dually. The theory I, is defined to be the theory
in the language of Peano arithmetic with the same eight non-induction axioms as PA and
with induction axioms for all formulas A € ¥, .

The collection axioms provide an alternative way to define fragments of Peano
arithmetic. A collection axiom is of the form

(Vo <8)(Fy)Az,y) — (F2) (Ve <1)(Fy < 2)A(z,y).

We let BY.,, denote the set of collection axioms for all A € ¥,,; BII, is defined similarly.
It is well-known that IAg + BY,.1 F I¥, and I¥, F BY,. It is also well-known
that IAg + BX,, 1 is II,,;1-conservative over I3, and we shall reprove this in section 5
below. An important feature of the collection axioms is that it provides a ‘quantifier
exchange’ principle that allows moving bounded quantifiers inside the scope of unbounded
quantifiers. The classes ¥,, and II,, can be generalized to classes X and I1¢ by allowing
bounded quantifiers to appear anywhere in the formula (instead of only in the Ay matrix)
but counting only the alternations of unbounded quantifiers. For example, the hypothesis
and conclusion of the collection axiom above are X¢-formulas if A € ¥,,. The theory
IAy + BY,,, and hence I3, can prove that every Y.¢-formula is equivalent to a X,-
formula.

Remark: Some authors include function symbols for all primitive recursive functions in
the language of PA. We do not adopt this convention; however, as is well-known, every
primitive recursive function is provably recursive (X;-definable, see below) in I¥; and
hence the theories IY,,, for n > 1 are not significantly affected by the addition of symbols

20ur formulation of PA is similar to the usual one in [21] except that it has different non-induction
axioms and has < instead of <. It is easily seen that our definition of 1Y, and PA is equivalent to
the usual one apart from the inessential replacement of < by <.



for primitive recursive functions. Thus the theorems and proofs of this paper also apply
to theories with symbols for primitive recursive functions.

Definition Let T be a subtheory of PA and f : N* — N. The function f is ¥;-definable
in 7" iff there is a formula A(zy,...,zg,y) € X; such that

(1) T+ (vZ)(3y)A(Z,y), and

(2) {(ri,m):N E A(ri,m)} is the graph of f, i.e., A(77,m) holds iff f(7) = m for all

integers 17, m.
The function f is provably recursive in T iff f is ¥;-definable in T'.

The intuitive idea of ‘provably recursive’ is that the theory T should prove that
some Turing machine M, which computes f, halts on all appropriate inputs. Since
A(Z,y) can be taken to be a ¥;-formula expressing “there is a w which codes a halting
M -computation with input Z and output y”, it is clear that any function which is provably
recursive in this intuitive sense is also >; -definable. Conversely, if f is Y;-definable in T,
then there is Turing machine M which computes f, provably in T". Namely, M performs
a brute-force search for values of y and the unboundedly existentially quantified variables
of A. Thus ‘X;-definable’ coincides with the intuitive notion of ‘provably recursive’.

One reason that the provably recursive functions of 1" are of particular significance is
that if f is provably recursive in T, then T" may conservatively extended by adding f as
a new function symbol with f(7) = y <> A(Z,y) as a new axiom. If T is a fragment I,
then f may be used freely in induction formulas (without affecting quantifier complexity).
Similarly, if T can prove that a II;-formula and a >;-formula are equivalent then 7" can
conservatively extended by adding a new predicate symbol with arguments including the
free variables of the two formulas and adding a new axiom defining the predicate symbol
to be equivalent to the formulas. The new predicate may also be used freely in induction
formulas. Such new predicates are called A; -defined predicates of T .

Recall that I¥; (and even IA() can formalize many metamathematical notions; of
particular importance are the sequence coding functions (zo, ..., zx), ((zo, ..., Zk))i = ;,
and Len({xg,...,xx)) =k+ 1.

The ordinals are set-theoretically defined to be those sets which are transitive and
well-founded by a. We write < for the ordering of ordinals, so @ < 3 means o € 3.
It is well-known how to define ordinal addition, multiplication and exponentiation. The
Cantor normal form for an ordinal « is the unique expression

a = W FWw?ng+- W e,

where 41 > 9 = -+ > 7, are ordinals and n4,...,n, are positive integers (i.e., nonzero,
finite ordinals). Here w is the first infinite ordinal; we let wy = 1, w; = w and, generally,
wWpi1 = w**. Thus w, is a stack of n w’s. The limit of w, as n — w is called ¢y; hence
€o is the least ordinal such that ¢ = w®. For a < ¢), the Cantor normal form can



be extended so that the exponents ; are also written in Cantor normal form, and with
exponents in the latter Cantor normal forms also in Cantor normal form, etc. (eventually
the process must stop). For example,

w“’wo‘gww% 4+ W0
is a Cantor normal form; usually this is expressed more succinctly as w441, In
this paper, we shall always use ordinals < ¢y and by Cantor normal form always means
the extended version with exponents also in Cantor normal form. ¢y is its own Cantor
normal form.

By using Godel numbering, integers can encode Cantor normal forms and this can
be intensionally formalized® in I¥;; with care, these can even be formalized in IA,. In
particular, A, can define the relation IsOrdinal(x) expressing that x is the Godel number
of an ordinal, the relation x < y, and the functions for ordinal addition, multiplication
and exponentiation. To avoid excessive notation, we use the same notation for actual
and for metamathematical operations; for example, w + 1 also denotes its own Godel
number. However, there will occasionally be situations where context is not sufficient to
distinguish between ordinals and their Godel numbers: this occurs when n may be either
an integer or a finite ordinal; to resolve ambiguity, we write "n' for the Godel number of
the ordinal n and we write n for the integer n. To improve readability, we use «, 3,7, . ..
and p,o,T,... as variables that range over Godel numbers of ordinals. For example, the
formula (Vo < §)(---) abbreviates the first-order formula

IsOrdinal(B) A (V) (IsOrdinal(x) Nx < 3 — --+).

Note that Vo < [ corresponds to an unbounded quantifier unless ( is known to code a
finite ordinal.

Transfinite induction on ordinals may be used to provide alternate axiomatizations for
fragments of Peano arithmetic:

Definition Let ¥ be a set of formulas and let x < ¢y. Then TI(k, V) is the set of axioms

(Vy < ®)[(VE < 7)A(B) = A(Y)] — A(r) (1)

where A is a formula in W, possibly with other free variables as parameters.
The least ordinal principle axioms LOP(k, W) are

A(r) = (37 S R)[A(Y) A (VB < 7)(-A(B))] (2)

where A € ¥ and A may have parameter variables. For a fixed formula A, the
axioms (1) and (2) are called TI(k, A) and LOP(k, A), respectively.

TI(< k, V) is the theory U, -, T1(p, V).

LOP(< k, V) is the theory U, <, LOP(p1, V).

3‘Intensionally formalized’ means that I¥; can prove simple syntactic facts about ordinal encodings
and about operations on encoded ordinals.




A slight variation on the least ordinal principle and transfinite induction axioms is

TI*(k,0): (Vv < 0)[(VB < 7)AB) — A(y)] — (Vy < K)A(9)

LOP™(k, W) (3y < 8)A(7) = 3y < 6)[A(y) A (V8 < 7)(-A(B))].

For W one of the classes %, or II,,, TI*(x, ¥) is equivalent to TI(x, ¥) since the former
obviously implies the latter and since T1*(x, A) may be inferred from TI(x, B) where
B(a) is A(a) V (a = 7" N A(%')), where 4/ is a new variable acting as a parameter.
Similarly, LOP™ and LOP are equivalent for ¥ one of the classes 3, or II,,.

This paper is concerned primarily with the axioms TI(< wy,, 2,) and LOP(< wp, 2,)
where m > 2 and n > 0. The next two propositions give equivalences among such axioms
(see [26] for generalizations of these propositions).

Proposition 1 Let m > 2 andn > 0.
(a) TAg+ TI(< wp, X)) = IAg+ LOP(< wp, I1,,)

(b)
(¢) IAg+ LOP(< wi, I1) = IAg + LOP(< wp, Sns1)
d)

(

Proof (a) and (b) are trivial since TI(x, A) and LOP(k,—A) are logically equivalent
(essentially, contrapositives). For (c), if A € ¥,,; then A(p) must be (37)B(p,y) where
B € 1I,,. Now, LOP(k, A) follows from LOP*(w-k+w, C) where C(p) is the II,-formula
expressing

]Ao + T](-< W s Hn) = ]Ao + LOP({ Wi s En)

IAO + T[(-< W, En) = IA(] + TI(-< W, Hn+1>

“p encodes an ordinal w - k + (), with ¥ integers, such that B(k, %) holds.”

Also, if K < wy,, then w - Kk +w < wy,; so (c) is proved. Finally, (d) follows immediately

from (a), (b) and (c). O

It is important to note that Proposition 1 holds for n = 0; it is easy to see that
the proof of (c) is valid for n = 0 since C is is a Ap-formula if B is. This has as
consequence that IAg + TI(< wp, Xo) isequivalent to IAg + T1(< wy, I1;) and since TA
can express every primitive recursive predicate as a II; formula, it follows that transfinite
(< wp) induction on Ay-formulas implies the same amount of transfinite induction on
primitive recursive predicates. In addition, relative to IAg, TI(< wpn, o) is equivalent
to LOP(< wy,, ¥o), which in turn is equivalent to LOP(< w,y,, ). Since every primitive
recursive predicate can be expressed as a 3 -formula, it follows that transfinite (< w,,)
induction on Ap-formulas implies the < w,, least ordinal principle for primitive recursive
predicates. We shall, in section 3, frequently informally argue that various complicated
metamathematical constructions can be formalized in theories TAg 4+ TI(< Wy, Xp-1);
since m > 2 always holds, these theories can prove the usual induction and least number
principles for primitive recursive predicates, which is sufficient for formalizing all the
metamathematical constructions in section 3.



Proposition 2 Letn > 1.

IS, = I0I, = IAy+ TIw, ) = IA + TI(w,1I,)
]Ao + LOP({ wa, Zn)

]A() + T](‘< W9, En—l)

Proof It is clear that I3, = A+ TI(w,Y,) and by standard techniques these are
equivalent to ITI,, and IA¢+ TI(w,I1,). In light of Proposition 1, it suffices to show that
LOP(< wo,3,) follows from IAg+ Tl(w,I1,,). To accomplish this, we show, by induction
on k, that LOP(< w*,%,) follows from the latter theory. For k = 1 this is proved by
the kind of reasoning used to prove Proposition 1(a),(b). To show LOP(< w**! %,); let
A(a) € 3, let ap < W and reason informally with the assumptions TI(w,II,) and
LOP(= Wk, 3,): further set C(a) to be the formula (3i)A(w-a+1), so C(a) € ¥,,. Now
assume A(ag) holds; since ay = w - ag + #; for some a; < w* and some finite i1, C(ay)
holds also. By LOP(< w* ¥,), there is a least ay such that C(as) holds and now by
TI(w,11,), there is a least iy such that A(w - ay +i3). Clearly a = w - g + is is the least
ordinal such that A(«) holds. O

2.2 Arithmetic and the Sequent Calculus

This section describes how the sequent calculus and free cut elimination are applied to
the fragments of arithmetic defined above. The reader is presumed to be familiar with the
sequent calculus (refer to [27] or Chapter 4 of [2] for the necessary background material).
We shall assume the language of first-order logic contains symbols =, A, V, —, 3 and
V; this leads to a large number of rules of inference but we shall omit most cases from our
proofs in any event. It will be assumed that bounded quantifiers are part of the syntax of
first-order logic with the sequent calculus containing the four appropriate rules of inference
for bounded quantifiers.* See [2] for the full definition of the sequent calculus LKB with
bounded quantifier rules of inference.

To formalize the proof theory of arithmetic with the sequent calculus, it is customary
to use special induction inferences in place of induction axioms. An induction inference is

of the form
I') A(a)— A(Sa), A
[ A(0)—A(t), A

where ¢ may be any term, a is a free variable called the eigenvariable and a must not

appear in the lower sequent. The induction inference for A is equivalent to the induction
axiom for A, because the side formulas I' and A are allowed. Thus IY, is formalized
in the sequent calculus with a finite set of axiom schemes plus the induction inferences
for ) formulas. The finite set of axiom schemes for I3 consists of the following initial

4This assumption is not absolutely necessary and the reader may prefer to think of the bounded
quantifiers as abbreviations — in this case the proofs by induction on the number of inferences in a
free-cut free proof must be slightly modified.



sequents:

Sr=St—r=t —r-0=0

St=0— —r-(St)y=r-t+r
—r+0=r —r=0,(3z <r)(Sz=r)
—r+St=5(r+1) r<t— 3z <t)(r+z=t)

r+s=t—r<t

where 7, s and t are allowed to be any terms. Of course the usual logical initial sequents
A— A with A atomic and the initial sequents for equality are also allowed. It is important
for us that every initial sequent consists of only Ay formulas.

The theory IAg + TI(< wp, X,) is formalized in the sequent calculus with the same
initial sequents, with induction inferences for Ag-formulas and for transfinite induction,
with the LOP(< wy,, I1,,) inferences defined below.

Let 7 be a closed term with value the Godel number of an ordinal and let B(«) be a
formula; the LOP(7, B) inference is

a < 7,B(a),l—A, (38 < a)B(3)
B(r),—A

LOP(t,B) :

where « is an eigenvariable and may occur only as indicated. It is not hard to see that
the inference rule LOP(T, B) is equivalent to the axiom form of LOP(7, B): to derive the
inference rule from the axiom, recall that the axiom LOP(r, B) is

B(r)—(Ba < 7)[B(a) A (V6 < a)(=B(B))], (3)

and use the derivation

a =<1, B(a),I—A, (36 < a)B(p)
(3) (Ba < 7)(B(a) A (VB < a)(=B(3))),T—A
B(r),—A

where the double horizontal line indicates omitted inferences. Conversely, to see that the
LOP(r, B) follows from the inference rule, use

a 37, Bl@) =3y S 7)[B() A (V6 <) (=B(B))], (38 < a) B(H)
B(r)—= (3 < 7)[B(y) A (V8 < 7)(=B(0))]

where the upper sequent is, of course, provable in 1A.

The LOP(< wy,, V) inferences are the set of inferences LOP(7, B) for 7 < w,, and
B € V. The principal formula of an LOP inference is the formula B(7) in the lower
sequent; the auwxiliary formulas are the three formulas in the upper sequent other than I’
and A. An important property of the LOP(< wy,, 1, _1) inferences is that the principal
formula and the auxiliary formulas are all in 3,,.°

5This is the reason we use LOP inferences instead of T inferences. The TI(,%,_1) inferences

would be
a1 (V8 <a)B(B),I—A, B(a)
'—A B(T)

where B € ¥,,_1 and « is an eigenvariable. These inferences contain a II,, auxiliary formula.




Below we shall extensively study the theory IAg+ TI(< wp,, 3,_1), which is equiva-
lent to IAg + LOP(< wp, I1,_1) and is henceforth is to be formalized in the sequent cal-
culus with initial sequents given above, the I Ag-induction rule and the LOP(< wy,, I1,,_1)
inference rule. This theory enjoys the important property of free-cut elimination. We
say that a cut in a sequent calculus proof is free unless one of its cut formulas is a direct
descendent of a formula in an axiom (initial sequent) or of a principal formula of an
IAy inference or of a principal formula of an LOP(< w,,,I1,_1) inference. The free-cut
elimination theorem implies that if /Ag + LOP(< w,y,,I1,_1) proves a sequent then there
is a proof (in the same theory and of the same sequent) which contains no free cuts. Such
a proof is called free-cut free. This free-cut elimination theorem is proved by a elementary
triple induction argument (equivalently, induction to w?) by the same argument used for
the cut elimination theorem for first-order logic. In particular, the free-cut elimination
theorem can be proved in 133;.

A formula A is a subformula of B in the wide sense if A can be obtained from some
subformula C' of B by substituting freely terms for variables in C'. In a free-cut free
proof, each formula A is either (1) a direct descendent of a formula in an axiom or of a
principal formula of an IAy or LOP inference, or (2) a subformula in the wide sense of
such a formula, or (3) a subformula in the wide sense of an auxiliary formula of an ITA
inference or an LOP inference, or (4) a subformula in the wide sense of a formula in the
endsequent of the proof. This is because each formula in the proof has a (not necessarily
direct) descendent which is a cut formula (so (1) or (2) applies), or which is an auxiliary
formula of an induction or LOP inference (so (3) applies), or which is in the endsequent
(so (4) applies).

The above gives the following important proposition:

Proposition 3 (n > 1) Let T be a theory 1%, or 1A+ TI(< wpn, Xn_1). Suppose
I'— A is a consequence of T and every formula in I' and A is in X,,. Then there is a
T -proof of I' — A in which every formula is in %, .

3 Definable Functions of Y,

3.1 Witness Functions and Ordinal Primitive Recursion

A witness oracle for an existential property (3x)A(z, Z) is an oracle which when queried
with values for Z responds either with a value for  such that A(x, Z) or with the statement
that there is no such value for z. If A is a decidable predicate then a witness oracle for A
is clearly equivalent to an oracle for the function
Usa(7) = { 1+ (ux)A(z,2)  if (EIx)A(x,Z)
v 0 otherwise

where (pz)A(x,Zz) is the least value for = such that A(z,Z) holds. The advantage of
viewing a witness oracle as a function is that it allows the definition of being primitive
recursive relative to a witness oracle:



Definition Let n > 1. The set of functions which are primitive recursive in 32, is defined
inductively by:

(1) The constant function 0, the successor function S(x) = = + 1, and the projection
functions 7*(z1,...,x,) = x; are primitive recursive in %,,.

(2) The set of functions primitive recursive in 3, is closed under composition.

(3) If g : N¥ — N and h : N¥2 — N are primitive recursive in ¥, then so is the
function f defined by

f(0.2) = ¢(2)
fim+1,2) = h(m,Zz, f(m,?2)).

(4) If A(2) is a formula (3z)B(z,Z) where B € II,_; then U, is primitive recursive
in >,.

The set of functions primitive recursive in g is just the set of primitive recursive functions,
and is defined, as usual, by (1), (2) and (3).

It is important for the definition of primitive recursive in ¥, that the functions Uy are
included instead of just the characteristic functions of A. For example, if n = 1, these
two functions are Turing equivalent; however, for primitive recursive processes these are
not equivalent since even if (3x)B is guaranteed to be true and if B is primitive recursive,
a primitive recursive process can not find a value for x making B true without knowing
(at least implicitly) an upper bound on the least value for z.

A primitive recursive in ¥, function may ask any (usual) query to a II, or a %,
oracle. This is because, for example, if A(2) € X,,, then A is equivalent to a formula
(3z)B where B € II,,_; and a witness oracle U(z,)p can be used to determine if A(2) is
true.

Definition Let a be (the Gédel number of) an ordinal. The set of a-primitive recursive
functions is defined inductively by the closure properties of (1), (2) and (3) above and by

(5) If g: N¥ = N, h: N*! - N and s : N* — N are a-primitive recursive then so is
the function f defined by

h(B,Z, [(k(B,2),2)) if k(B,2) < B«
9(0,7) otherwise

where k(f3,2) < f < o means that § and k(f3, 2) are the Godel numbers of ordinals
obeying the inequalities.

A function is said to be < a-primitive recursive iff it is y-primitive recursive for some
v <.



Combining the notions of witness oracles and ordinal primitive recursion gives:

Definition Let n > 0 and « be (the Gédel number of) an ordinal. The set of functions
which are a-primitive recursive in Y, is defined inductively by the closure properties of
(1)-(5) above (omitting (4) if n = 0).

A function is said to be < a-primitive recursive in ¥, iff it is vy-primitive recursive
in ¥, for some v < «.

It is well-known, and not too hard to show, that a function is primitive recursive in %, iff
it is w-primitive recursive and iff it is < w*-primitive recursive in >, .

3.2 Normal Forms for Ordinal Primitive Recursive Functions

This section presents three normal forms for the definitions of < w,,-primitive recursive
functions. These are called the zeroth, first and second normal forms and will be helpful
for the proofs of the characterization of provably total functions of various fragments of
Peano arithmetic.

Recall that that the set of functions < w,,-primitive recursive in ¥, is, by definition,
the smallest set of functions satisfying the closure properties (1)-(5): the Zeroth Normal
Form Theorem states that the closure (3) under primitive recursion may be dropped at
the expense of adding more base functions.

Theorem 4 (Zeroth Normal Form). Let m > 2 and n > 0. The functions < w,, -
primitive recursive in 3, can be inductively defined by

(0.1) Ewvery primitive recursive function is < wp, -primitive recursive in %, .
(0.2) The set of functions < wy, -primitive recursive in %, is closed under composition.

(0.3) If n > 1 and A(2) is (Jx)B(x,Z) where B € 11,1, then Ua is < wy, -primitive
TECUTSIVE 1N 2y, .

(0.4) If kg < wm and if g: N¥ — N, h: N¥! = N and k : N* — N are < w,, -primitive
recursive in Y, then so is the function f defined by

o B2 f(R(B,2),2)) ifr(3,2) < Bk
16,2) = { 9(0,2) otherwise. "

Proof The fact that < w,,-primitive recursive in ¥,, functions satisfy conditions (0,1)-
(0.4) is obvious. The idea for the other direction is quite simple; namely, that w-primitive
recursion may be used to simulate ordinary primitive recursion. For example, if f is
defined by primitive recursion from ¢ and h by

f0,2) = ¢(Z
fm+1,2) = h(m,?Z f(m,?2))

~>



then f can also be defined via w-primitive recursion as follows. For n € N, let "n" denote
the Godel number of the finite ordinal n. Define

L g(2) if o =707
Fla,?2) = { H(a, Z, F(Pred(a), ?)) otherwise

where
a—1 if o is (the Godel number of)
Pred(a) = a successor ordinal
o otherwise
and

H(a, Zw) = h(m,Z,w) ifa="m+1"withm eN
7 N arbitrary otherwise.

Now Pred is primitive recursive and H is definable by composition from h and primitive
recursive functions; furthermore, f(m,2) = F("m™, 2). Thus f is defined from g and h
and some primitive recursive functions using composition and w-primitive recursion. O

Note that the proof of Theorem 4 shows that (0.1) could be weakened to include only the
usual base functions (1) and a few specific primitive recursive functions for manipulating
Godel numbers of finite ordinals.

Theorem 5 (First Normal Form). Let m > 2 and n > 0. The set of functions
< W, -primitive recursive in X, s the smallest set of functions satisfying the four conditions

(1.1)-(1.4):
(1.1)-(1.3): same as (0.1)-(0.3).

(1.4) If ko < wy, and if g and k are unary functions which are < w,, -primitive recursive
in X, then so is the function f defined by

fla) = { f(k(a)) if k(o) < a <X Ko

g(a) otherwise.

In (1.4), we say that f is defined by parameter-free kq-primitive recursion from g and k.

Proof For this proof only, let F denote the smallest set of functions which satisfies
the closure conditions of (1.1)-(1.4). Obviously, the Zeroth Normal Form implies that
every function in F is < w,,-primitive recursive in ¥,. To show that F contains every
function < w,,-primitive recursive in >, , it will suffice to show that F is closed under
the < wy,-primitive recursion of (0.4). For this, suppose f is defined by

L [ RBEIB D) B <B<n
18.2) = { 9(8, 2) otherwise. ’



To give a definition of f using parameter-free < w,,-primitive recursion, we shall use
ordinals that code the parameters z" and which code a history of the computation of f(3)
with 6 < kKo. In order to code the history of the computation of f, we need ordinals
Bo, B, .., Bs so that By = § and B4 = k(05;,2) < B; and so that k(f5s,2) A Bs; also
we need values ag, ..., a9 so that a; = g(fs, 2) and a; = h(G;, 2, a;41) for all @ < s; it
will follow that f(f,Z2) is equal to ag. We shall code and index this computation by the
following scheme. We use ordinals of the form w? - 8; + (Z, By, ..., 8;_1) to code the first
phase of the computation of f, where (2, 3y,...,;_1) denotes the finite ordinal equal
to the Godel number of the sequence containing the entries z° and the Godel numbers
Bo,...,B3i—1. To code the second phase of the computation we use ordinals of the form
w-i+(Z,0,-..,0i-1,a;). Since Ky < w,, there is an ordinal oy < w1 such that
ko < w?°. Define

_ | F(K(e) if K(a) < a < w2t
Flo) = { G(a) otherwise

where K and G are defined so that

KW 6; +(Z, B, ..., Bic1)) = w? - (0, 2) + (Z, Bo, - .., i)
if i > 0 and k(0;, 2) < G

K(w2 . ﬁz —+ <Z,ﬁo, e ,ﬁi_1>) =W - 7 + <5,ﬁo, ce ,51'—1,9(51‘,5))
where 0 < i € N and k(5;, (2)) £ 5;

K(w : (Z+ 1) + <Z7/607' s >Bi7a>) =w-i+ <27507 s 7ﬁi71ah(ﬁi7§:a)>
fori e N
K("(Z,a)7) ="(Z,a)"
G("(Z,a)") =a
where, in the last two equations, "(Z,a)" denotes the Godel number of the finite
ordinal (Z,a). K and G may be arbitrarily defined for other inputs. Clearly F' is

defined by w?*90-primitive recursion from G and K. And f is definable in terms of F
and ¢ using composition:

o Fw-8+(2) if <k
18,2 = { 9(8,2) otherwisoe

We have used only < w,,-primitive recursion (since w?T? < w,,) and composition to
define f from ¢, h, k and primitive recursive functions. Hence f € F.
Q.E.D. Theorem 5

The final and best normal form for < w,,-primitive recursive in ¥,, functions is not an
inductive definition, but is a true normal form.

Theorem 6 (Second Normal Form)



(a) Let m > 2 and n > 1. A function F(Z) is < wy, -primitive recursive in %, iff there
are a Ko < wWm, a A(Y) of the form (Jz)B(z,y) with B € 1,1, and primitive
recursive functions T, g and k so that F(Z) = f(7(2)) where f(() is defined by

F(&(B,Ua(B))) if 5(8,Ua(B)) = B < ko
1B) = { g(0) otherwise

(b) Let m > 2. A function F(2) is < wy,-primitive recursive iff there are a ko < wy, and
primitive recursive functions T, g and k so that F(2) = f(7(2)) where

f(k(B)) if K(8) < B < ko
18) = { g9(B) otherwise

An important feature of the second normal form theorem is that x is now required to be
primitive recursive, instead of merely < w,,-primitive recursive in ¥, .

Proof We shall prove (a); the proof of (b) is essentially identical. First, every primitive
recursive function can be expressed in the form (a): to prove this, if F' is primitive
recursive, let kg = 0, let 7(2) = T(2)7, let k(5,a) = 0 and g("(2)") = F(Z). The
functions 7 and k are clearly primitive recursive and g is primitive recursive since F' is.
Second, if A(y) is (3x)B(z,y) where B € II,,_1, then the function U, can be expressed
in the form (a) by letting ko = w - 2, letting 7(y) = w + y, letting x(w + y,7) = 7" and
k("7 a) =7 and letting g(™i7) = 4.

Next we show that the set of functions definable in the form (a) is closed under
composition. Suppose Fy and Fy are defined by Fi(v,2) = fi(ni(v,2)) and Fy(2) =
fa(m2(2)) where

fl(’%l<ﬁaU z(ﬁ))) if "ii(ﬁaU 1(/6>> = ﬁ < Ko
G { g:(9) ! othelrwise;4

for © = 1,2. By assumption, 7;, x; and g; are primitive recursive functions. We must
show F'(2) = Fi(F,(2),Z) is also definable in this way. Pick ¢ < w,,_1 to be an ordinal
such that ko1, ko2 < w’. We set F(2) = f(w'*7 -2+ (Z)) and define f(8) as in (a) with
ko = wlt? . 3 and with & defined so that, if § < w?,

(W7 +w-n(2)+(2) () X Koa
7 if 7 (Z) 3{ Ko.2
o 9 _ 71(92(72(2))) 1172 02
Klw +(2) and 71 (g2(72(2))) < Ko
[ w3 otherwise

(W7 w ke (B,Ua,(8)) + (2)
if k2(8,Ua, (B)) < B = Koz

KW +w B+ (2)) = T1(92(0),2)  if not ka(B,Ua,(8)) < B < ko2
and 71 (g2(3), 2) < Ko

[ w3 otherwise




and, if § < ko1, k(6) = k1(5,Ua, (B)). Also define ¢ so that, for all 5 < w7,

g7 24(2)) = gi(nlg(r(2)
9w +w B+ () = gi(n(g(8)))
9(8) = 5(B)

This almost defines f(2) in the desired form (a); however, there is a problem since x(«)
is defined using both Uy, and Uga, (and not using them in correct manner either). To fix
this, we define a new A(y) = (3z)B(x,y) so that x(«) is a primitive recursive function of
only « and Ua(«). For this, suppose A; = (3x)B;(x,y) where B; € I1,,_;. Define B by

Bs(x, 3) fa=w+w-f+m
B(z,a) & Bi(z, ) if a < W't
arbitrary otherwise.

Since By, By € I1,,_1, sois B. That completes the proof that the set of functions definable
in the form (a) are closed under composition.

Finally, we must show that the functions definable in the form (a) are closed under
parameter-free < w,,-primitive recursion. For this, suppose f is defined from functions g
and r, which are defined in form (a), and from an ordinal ky < wy, asin (1.4) and further
suppose that x is defined in the normal form (a) by

H(a) = fl(Tl(CY)) |
f = { HOGULED O U ) <5<

otherwise

where ko1 < wy, and 71, k1 and g; are primitive recursive functions. Pick o¢, o, to be
the least ordinals such that ko < w? and kg; < w?; hence 0p,01 < wy—1. We now
define F(a) = f/(w!'™1790 +Ta7) where f’ will be defined in the second normal form (a)

with primitive recursive functions «’, ¢’ and ordinal x{ where «’ is defined by

wltor. a4 wot if o < Ko
H’(w1+01+0'0 + l‘a—l) —
wltortoo 4, otherwise
(Wt B+ 1 (B) if 7(8) < Ko
KT f+w™) = $ Wt gy (n(B)) if 71(8) & Ko, and g1 (71(3)) < B
[ witortoo otherwise

(W Bk (y,Ug, (7))
if k1(7,Ua, (7)) <7 < Ko

K (W' B4+q) = Wt g () + w
if k1(7,Ua, (7)) Avand gi(y) < 8

( w!Trto0if gy (7, Ua, (7)) Ay and gi(y) £ 5




(provided 7y < ko1), and ¢’ is defined by

g/(w1+a1+ao+ra—|) = «

JWwr - B+y) = B ifB<koandy W

and k) = w!'T1T90 + . Any values of ' and ¢’ left unspecified may be arbitrary. Now,
inspection shows that

F(r(a)) if k() < a < Ko
o otherwise

Fla) = {

and, by construction, F' is definable in form (a). Now the function f is definable by
f(a) = g(F(«)) and since g and F' are expressible in form (a) it follows by the earlier
part of this proof that their composition f is too.

Q.E.D. Theorem 6

One further refinement can be made to the second normal form theorem: instead of
allowing arbitrary U,’s with A € 3, it is possible to allow only a single, fixed, suitably
chosen Uy. Of course, such an A is many-one complete for ¥,,. It is necessary to modify
the ordinal coding methods in the above proof to establish this refinement — the details
are left to the reader.

3.3 Some Definability Theorems

The next theorems characterize the ¥, definable functions of I3, ; their proof will be a
straightforward use of the witness function method.

Theorem 7 Let m > 2 and n > 1. The X,-definable functions of the theory
IAy + TI(< wp, Y1) are precisely the functions which are < w,y,-primitive recursive
m En—l .

Theorem 8 Let n > 1. The %, -definable functions of the theory I3, are precisely the
functions which are primitive recursive in X, _1 .

Theorem 9 The X -definable (provably recursive) functions of 1%, are precisely the
primitive recursive functions.

There are (at least) three prior prooftheoretic proofs of Theorem 9. Parsons [22] gave a
proof based on the Godel Dialectica interpretation, Mints [19] gave a proof which uses
a method very close to the witness function method except presented with a functional
language, and Takeuti [27] gives a proof based on Gentzen-style assignment of ordinals to
proofs.



Proof Theorems &8 and 9 are corollaries of Theorem 7 since I, and
IAy + TI(< wp, Y1) are the same theory. Although, only the proof of Theorem 7
is given below, it should be remarked that the other two theorems can be proved directly
by a similar and easier argument.

The easier half of the proof is to show that every < w,,-primitive recursive in ¥, _;
function is X, -definable in 1A + TI(< wy,, 2,—1). Recall that every primitive recursive
function is Y;-definable in IYJ; so this half of the m = 2 and n = 1 case of Theorem 7
follows. For other values of m and n, suppose F'is < w,,-primitive recursive in 3, ; and
that F' is defined by F(2) = f(7(Z2)) where

{ f(6(B,Ua(B))) if 5(8,Ua(B)) < B < ko

1B) g9(0) otherwise

in accordance with the Second Normal Form, so ¢g, x and 7 are primitive recursive
functions, kg < wy, and A(y) is (3z)B(z,y) where B € II,,_5 (in the simpler case where
n =1, k(B,Ua(B)) is replaced by k() and U, is not used at all). Obviously it will
suffice to show that f is ¥, -definable by IAg + TI(< wp,, Y1)

A sequence of ordinals [y, ..., is an f-computation series if B;11 < Ko, Biy1 =
(G, Ua(B;)) and iy < S, for all 0 < i < k. To metamathematically define an
f-computation series, we use (if n > 1),

“w codes an f-computation series” &

w is a sequence of Godel numbers of ordinals of length £ + 1
and (¥i < k) | ((3y)[B((w)iry) A (% < y)(=B((w)i,))
AWt = k((w)i,y + 1))

V(%) (B((w)i, ) A ()i = w((w),,0)))]

and (Vi < k)((w)i+1 < (w); A (w)i41 < Ko)-

(Recall that if w = (0o, ..., Bk), then (w); = §;.) Since IAg+ TI(< wy,, X,—1) contains
I¥,,, it also contains the collection axiom BY,,. Thus the subformula (Vy' < y)(---) above
is equivalent to a Y, o formula, and by applying prenex operations, the formula “w codes
an f-computation series” is equivalent to a II,, formula. By applying prenex operations
in a different order, and using B, , this formula is also equivalent to a >, -formula. If
n = 1, then instead define

“w codes an f-computation series” &

w is a sequence of Godel numbers of ordinals of length k& + 1
and (Vi < k)(Bir1 = £(6;) < Bi A Bis1 < ko),

so, in this case, it is a primitive recursive property.%

6Tt is possible to strengthen the second normal form theorem to make this a Ag-formula.



The graph of the function f(3) can now be defined by using the fact that y = f(5)
iff y = g(p') where 3’ is the least ordinal such that there is an f-computation series
(B,...,0"). More formally, letting fC'S(w) be the formula “w is an f-computation
series”

y=1(8) & B(8,....00) [y =9(@) A FCSUB, ... DA
A~(R(3, Ua(8)) < 8" A3 < o).

Since fCS(---) is equivalent to a ¥, -formula and since z = U4 (3') can be expressed as a
I1,,_; -formula, the relation y = f(3) is a X, -property, provably in IAg + TI(< Wy, Xn—1)-
The theory also proves

VB Jaleast f's.t. 3B, ..., 00 (fCSUB,...,0)))

since fCS({B)) and by LOP(< wy,,%,) since kg < wy,." Thus TA¢+ TI< W, Xn_1)
can Y,-define the function f as it proves (V(3)(3ly)(y = f(B)) where y = f(3) denotes
the ¥, -formula defining the graph of f. Likewise,

(V2)(3ly)(36)(8 = 7(2) Ay = f(B))

is also provable and X,,-defines the function F'. That completes the first half of the proof
of Theorem 7.

To prove the rest of Theorem 7, assume that IAg+ TI(< wp,X,—1) proves
(Vz)(3ly)A(z,y), with A € ¥, — we must show that z +— y is a < wy,,-primitive
recursive in ¥, _; function. Since IAg + TI(< wp, X,—1) proves (Va)(Jy)A, there must
be a free-cut free proof in the theory IAg 4+ TI(< wp,, X,—1) of the sequent

— (Jy)Ale,y)

where ¢ is a new free variable. Only ¥, formulas can appear in this free-cut free
proof. The general idea of the proof is to show that this free-cut free proof embodies
an algorithm for computing y from c. Indeed, the free-cut free proof can be interpreted
as explicitly containing a < w,,-primitive recursive in 3, ; algorithm. Since the proofs
of the normal form theorems were constructive, the free-cut free proof also contains an
implicit description of a < w,,-primitive recursive in 3, ; algorithm in the second normal
form. Our proof below that an algorithm can be extracted from the free-cut free proof
is quite constructive and can be formalized in IAg + TI(< wy, X,—1) — the upshot is
that there is a < w,,-primitive recursive in ¥, ; function f which is X, -defined by
IA)+ TI(< wp, Xp—1) in the form given by the Second Normal Form Theorem such
that IAg+ TI(< wp,Xn-1) B (Vz)A(x, f(x)). As a corollary to the proof method, if
IAy + TI(< wp, Y1) proves (Vz)(Jy)B(x,y) with B € ¥, then thereisa B*(z,y) € ¥,
such that (Vz)(3ly)B*(z,y) and B*(x,y) — B(x,y) are provable.®

"LOP(< wpn,%,) is a consequence of IAg + TI(< wy,,Y,_1) by Proposition 1.

8This fact is readily proved directly anyway. If B € II,,_; then let B* be the formula B(x,y) A

(Vy' < y)(=B(z,y’)), which is equivalent to a 3, formula by BY., . For general B € Y., incorporate
outermost existential quantifiers of B into the the (Jy) and proceed similarly.




We shall see later that the proof is formalizable, not only in IAg + TI(< wp, Xn_1),
but also in IAg + TI(< w1, Xn—2), provided n > 1.

Rather than just considering the free-cut free proof of — (Jy)A, we more generally
consider proofs of sequents I'— A of ¥, -formulas. Since every principal and auxiliary
formula of a LOP(< wy,,I1,,_1) inference is in 3, and every formula in the endsequent is
in ¥, it follows that every formula in the free-cut free proof is in ¥,,. For convenience,
assume also that the proof is in free variable normal form (so free variables are not reused).

Definition Let i > 1 and A(Z) € %;. If A € II;_; then Wity is defined to be the
formula A. Otherwise, A is uniquely expressible in the form (3yo) - - - (yx) B(Z, ¥) where
B € 1l;_;. Then Wity (w, ) is the formula

B(Z, (w)g, ..., (w)g).
Note that Wit'y € II;_;. If Wit'(w, T) holds, we say w witnesses the truth of A(Z).

Main Lemma 10 (n > 1, m > 2) Suppose 1A¢ + TI(< wp, Xy—1) proves the sequent
Ay, ... Ay By, ..., B, and that each A; and Bj; is in 3, and that ¢ are all the variables
free in the sequent. Then there are functions fi, ..., fr which are < w,, -primitive recursive
in X,_1 and are ¥, -definable in IAg + TI(< wy,, Xn_1) such that IAg + TI(< Wy, Xp1)
proves

Witzl(wl>5)7 SRR Witzk(wk75)_>Wit%1(f1(w’ E)aav SR Witgg(fﬁ(w>5>75)'

Informally, the fi,..., f; will, given witnesses for all of Ay, ..., Ag, produce a witness for
at least one of By,..., By.

The proof of the Main Lemma is by induction on the number of inferences in a free-cut
free proof of the sequent. In the base case, there are zero inferences, so the sequent is
an axiom and consists of Ag-formulas — for these axioms, the lemma is trivial. For
the induction step, the proof splits into cases depending in the final inference of the
proof. Most of the cases are straightforward; for example, if the last inference is an 3:left
inference then the proof ends with

Al, . ,Ak_>Bo<é; S),BQ, ceey Bg
Al, e ,Ak_>(E|ZO)B0(5, Zo), BQ, e ,Bg

where s = s(¢) is a term with free variables from ¢ only and where By is (Jz9)Bp and
is of the form (Jzy)---(3z.)B'(Z,¢) with B’ € II,,_; (possibly r = 0). The induction
hypothesis is that
Wity (wi,¢é),. .., Wit} (wy,C)

HWZt%O(as)(fO(waé’%E)a s 7Wit%g(f€(wvé)7é> (4)
is provable in IAg + TI(< wp,, 2,—1) for appropriate functions fo, fo, ..., fo. If By € ¥, 9
then Wity is just By and Wit is just Bi; and a single 3.:7ight inference applied to (4)
gives

Wity (wy, @), ..., Withy (wy, —With, (fi(#,8),3), ..., Wit} (fo(iF, &), 7) (5)



where f; is arbitrary. Otherwise, let f;(u,€) be defined so that

fi(wW, ) = (s(€),a4,...,a,) where fo(,¢) = (a,...,a,)

if >0, and f(w,?) = (s(c)) if r = 0. Clearly f; is < wy,-primitive recursive in 3,
since fy is and, also clearly, IAg + TI(< wy,, X,—1) proves (5) for this f;.

We leave the rest of the simpler cases to the reader and consider only the two substantial
cases of V:right and LOP(< wy,,I1,_1) as last inference. (Part of the 3:left case is also
substantial, but is very similar to ¥ :right.)

(V :right) Suppose the last inference is

Aty Ay—By(b,), Bs, ..., Be
Ab R JAk_>(vZO)BO<207 8)7 B27 s 7B€

where the free variable b does not occur except as indicated and By is (Vz9)Bo(Z, €). Since
By isin ¥, and has outermost quantifier universal, it must therefore actually be in 1I,,_;
and be of the form (Vz)--- (V2,)B'(%,¢) where B’ € ¥,,_5. Also Wit} and Wit} are
just By and By, respectively. The induction hypothesis is that IAg + TI(< wy,, Xn-1)
proves

Wity (w1,6), ..., Wit} (wg, )
_>B0(b7 8)’ WZt%g(g2(w7 b, é)? é)a SRR Wit%[(gﬁ(u_ja b, 5)7 5)
for functions go, ..., g, which are < w,,-primitive recursive in >, ;. The difficulty is
that these functions take b as an argument, but b is not free in the endsequent so we can
not just set f; = g;. The solution to this difficulty is to let C'(v,¢) be the II,_s-formula

-B'((v)o, ..., (v),,¢€) and use the function Uz, to find a value, if any, for b such that
By(b, €) holds: define

fi(wag) = gz‘(wa (Ung(E) —1)07a-

When B; () is false, Us,c(¢) — 1 codes a sequence (by, . ..,b.) such that =By(bo,...,b;)
and (Us,c(€) — 1)¢ equals by. Thus IAg + TI(< wp, Xp—1) proves

Wit (w1, @), ..., Withy (i, &)— By (&), With, (f2(i5,8),0), ..., With, (fo(i, &), ¢)

and fo,..., fr are < w,,-primitive recursive in 3,,_; since gs, ..., g, are and since (Jv)C
isin ,_1.

LOP(< wp, I1,_1): Suppose the last inference is

« < "107141(0575)7"427 s 7Ak_>Bla ‘e '7B€7 (3/6 = a)Al(ﬁ75)
Ai(ko,C), Az, ..., Apy—DBy,..., By

where A; € 1II,_;, where kg is a closed term with value a Godel number of an
ordinal < w,,, where « is a free variable, which appears only as indicated, and where



(38 < a)A;(B) is an abbreviation for the formula (33)(8 < o A A1(3)). The induction
hypothesis states that 1Ag + TI(< wy, Xn_1) proves
a <X ko, Ai(a, €), Wit (ws, ©), ..., Wity (wy, )
_>Wlt%1 (gl(u_ja «, E)a 8)7 R Wltrél<gg(ﬂ_j, «, 6)7 E)?
gor1 (W, @, €) < e A A1 (9o (W, @, €), €)

for appropriate functions ¢y, ..., ger1. Define
H(B.¢) = { Ko otherwise

H is < w,,-primitive recursive in ¥,,_; since A; € II,,_;. Now define

F(w’ﬁ’a — { F(IU?H(QZ+1(QB757E>78)7E) lf H(gz+1(ﬂ77575)75) = ﬁ < Ro

15} otherwise.

Clearly F is also < w,,-primitive recursive in ¥,,_;. Finally set

fz(w7 5) = gz(w> F(wa Ro, 6)7 E)a
it is easy to check that TAg + TI(< wy,, X,_1) proves

Al(K’O? 5)? WZtZg (w27 E)a SR Wthk (wka E)
_>B1(6)7 Wit%g(f2(wv 5)7 5)7 SR Wit%e(fg(ﬂ_j, 5)7 5)

since F(W, kg, €) gives the ordinal at which g, fails to give a smaller ordinal satisfying A;
and with this ordinal, one of g¢i,..., g, must produce a witness for the corresponding
Bi,...,By.

Q.E.D. Lemma 10 and Theorems 7, 8 and 9

The above proof did not consider the case where the last inference of the proof is an
induction inference: since induction is restricted to Ag-formulas and the witness formula
for a Ag-formula is just the formula itself, that case is completely trivial. However,
I3, is, by Proposition 2 a consequence of Ay + TI(< wy,, ¥,—1) and it must, a priori, be
possible to handle I, induction inferences by the witness function method as above. In
fact, it is quite simple — an I3, -induction inference is handled by primitive recursion in
Yn—1. This leads to a direct proof of Theorems 8 and 9; we leave the details of this direct
proof to the reader.

We have now finished the characterization of the X, -definable functions of
IAy + TI(< wp, Y1) and of IX,,. It remains to characterize the ¥ -definable functions
of these theories when k& < n. (In section 6, we discuss the case kK > n too). The
central result needed for this characterization is that the theory IAg 4+ TI(< wp, Xp_1) 18
I1,,1 1 -conservative over 1A+ TI(< wpi1, Xpn2):



Theorem 11 Let m > 2 andn > 1.
(a) [AO —+ TI<-< Wm En—l) l_ T]('< Wm+1, En_2> .

(b) If INg+ TI(< Wy, Xp_1) = A where A € T4,
then IAg + TI(< wpi1, Xn_2) F A.

Part (a) of this theorem is due to Gentzen [10]; the proof can be found in Lemma 3.4
of [26] or Theorem 12.3 of [27] and is also repeated below. Part (b) extends the
prior result of Schmerl [24] that IAg+ TI(< wp, X,—1) is II,_j-conservative over
IAy + TI(< Wiy, Xn_2); Schmerl’s proof was based on reflection principles. A weaker
version of (b) with II,-conservativity in place of 11,41 -conservativity can be found in [26].

Proof (a) By Proposition 1, it will suffice to show that the theory IAg + TI(< wy,, I1,)
can prove TI(< wyi1,11,.1). Let A(a) € II,.; and let HY P4 be the formula
(VB)[(Vy < B)A(y) — A(B)] and let k < wy,i1. We reason inside 1Ag + TI(< wp, I1,)
to prove A(k) assuming HY P4. Let A*(«) be the formula (Vy < «)A(y); by HY Py,
A*(a) — A*(a+1). Let J(B) be the formula

(Va) (A*(a) = A*(a+w”)) .

Clearly, J € II,,. We shall use transfinite induction on J to prove J(kg) for some fixed
Ko < wp, such that kK < w". Since A*(0) holds trivially, J (ko) implies A*(w"®) which, in
turn implies A(x). Thus it suffices to prove HY P;:

(VO(Vy < B)J(v) = J(B)]

since, using TI(< wp,I1,), this implies J(ko) holds for this particular ko. First note
that J(0) holds by our observation that A*(a) — A*(aw+ 1). Now let 5 be an arbitrary
non-zero ordinal and suppose (Vy < (3)J(5): we must prove J(3). If § is a successor
ordinal, 3 = (' 4 1, it suffices to show J(3') — J(3' + 1), i.e.,

Assume J({#) holds and let o’ be arbitrary such that A*(a) and let 7 < o/ + w1} we

must show A*(y). By consideration of Cantor normal forms, v < o/ 4+ w? - n for some
finite n. From J(3'), it follows that

(Vo) (A*(a) — Aa+ o k)) — (Vo) <A*(a) S A a+w® - (k+ 1)))
holds for all (finite) k. By ordinary II,-induction, this implies that
(Vo) (A*(a) s A*(a+ W k:)>

holds for all finite k. Thus A*(y) holds. Finally, suppose 3 is a limit ordinal and assume
(V6 < 3)J () and assume A*(a). If v < a+w” then v < a+w’® for some § < 3 so A(7)
holds by J(d). Since v was arbitrary, J(3) follows. That completes the proof of (a).

The proof of (b) consists of a partial formalization of the Main Lemma 10 in the theory
IA)+ TI(< w1, Xn—2). First an important lemma is necessary:



Lemma 12 Let m > 2 and n > 2. IAg+ TI(< w1, Xn_2) can X, -define precisely the
< Wy, -primitive recursive in X,_1 functions.

Proof By the just established part (a) of Theorem 11, every X, -definable function
of IAg + TI(< wpy1, Xn_2) is also X, -defined by IAg+ TI(< wp, X,—1) and hence, by
Theorem 7, is < wy,-primitive recursive in 3, ;. To show the converse, suppose F(Z)
is defined from primitive recursive functions ¢, 7, and «, from A(y) = (Jz)B(x) with

B € 1I,_5, and from an ordinal kg < w,, as in the Second Normal From Theorem; so
F(2) = f(7(%)) where

f(r(B,Ua(B))) if K(3,Ua(B)) < B < Ko
f(B) = { g(B) ! otherwise.

Recall the definition of an f-computation series [y, ..., O used in the proof of Theorem 7
to code a partial computation of f. In the proof of Theorem 7, the existence of a
maximal length f-computation series beginning with 3y, = 7(Z) was proved by finding
the least [y such that there exists an f-computation series from 3y to ;. The existence
of Br was proved via LOP(< wy,,,): this was the key step in X,-defining F' in
1Ay + T](—< Wm, Zn—l) .

To ¥,-define f and F in IAg+ TI(< wyi1, Xn_2) requires a more subtle argument.
The basic motivation for this argument is that one could try to minimize the ordinals of
the form

W +wﬁl+,,,+wﬁk—1 +wﬁk )

with fy,..., 0k an f-computation series — but this is too simplistic because of the
presence of the U, function. Instead, we encode partial computations of f by a sequence
of ordinals

50,050,51,041, s 7ﬁk7ak

where [y, ..., 0, isan f-computation series and where each «; < w and encodes the value

Of UA(/Bl) :

Definition Let a be the Godel number of an ordinal < w. Then D(«) is the integer
defined by

0 foa=w
D(a) = {n+1 ifaa="n"

Definition An f-computation ordinal (fCO) is (the Gédel number of) an ordinal of the

form
wwz'ﬁo+ao + ww2~31+a1 + .. _waﬂk_l—l—ak_l + ww2~ﬁk+ak + wwz-ﬁk+ak

(only the final summand is repeated), where
(1) Big1 < Bi < Ko, for 0 <@ <k,

(1) oy K w, for 0<i<k,

(

ZZZ) 5i+1 = li(ﬁi7D(O[Z‘))7 for 0 <1 < k?,



(i) For 0 <i <k,

e if ; ="n", then B(f;,n) and for all m < n, ~B(f5;,m)
o if o, =w, then (Vm)-B(8;,m),

(v) It is not the case that (8, D(ax)) < Bk < Ko-

A psuedo- f -computation ordinal (PfCO) is defined exactly like an f-computation ordinal
except that (v) is omitted and (iv) is replaced by

(') For 0 <i<k,if a; ="n" then B(5;,n).

We write fCO(«, 2) and PfCO(a, 2) for formulas expressing the condition that « is an
fCO or PfCO, respectively, with 5y = 7(Z).

The quantifier complexity of PfCO is easily analyzed since (7)-(#77) are primitive recursive
and (') is II,,_o since B € II,_» and by BII,_5-collection (which is a consequence
of IAg+ TI(< w1, Xn_2) since this theory contains 1%, _1). Thus PfCO is a II,,_»
formula. Letting k; = w0+l wwe have that ky, < wWm+1 and, therefore, if 7(2) < ko and
PfCO(a,?), then a < k1. We henceforth assume w.l.o.g. that 7(Z) < k9. Now, there
exists o such that PfCO(av, Z); namely, w* 7@+ .2 Hence, by LOP(< w1, Hn_2),
there is a minimum ordinal denoted ,;, such that PfCO(aumin,2). We claim that
FCO(amin, Z) also holds. To prove this, suppose

2. 2. 2,
Omin = w¥ Bo+ao S Brt+ak 4+ /Bk+ak;

the only way fCO(aup,) can fail is if condition (iv) or (v) is violated. First suppose (iv)
fails for some value of 7. Then, if a; = w but B(8;, m) holds, then

ww2'ﬂo+0¢0 4+t ww2v@i—1+ai—1 + wwz'ﬁri-m + wa-ﬁi+m (6)
is a psuedo f-computation ordinal < «,,;, violating the choice of «,,;,. Likewise, if

a; = "n7 but B(f;,m) holds with m < n, then the same ordinal (6) is a psuedo
f-computation ordinal < a;,. Hence (iv) must hold. Now suppose (v) fails. Then,

ww2-ﬁo+ao 4+ ww2'ﬁk—1+ak—1 + ww2~ﬁk+ak + wWQ'ﬂk+1+w + ww2~ﬁk+1+w

where fj11 = k(Bk, D(ay)) is a psuedo f-computation ordinal < vy, , which is again a
contradiction. Hence (v) must also hold and «,,;, is an fCO.
Thus IAg + TI(< w1, 2n—2) can define F'(Z) by proving

(V2)(3y) [(EIa){P FCO(a,2) A (Yo/) (! < a — ~PfCO(d/, 2))A
o= Poteo Ly @t Bter g A y = g(ﬁk)}] (7)

PfCO is a II,,_s-formula so the subformula (Vo/)(---) is in II,,_; and the subformula
(Fa)(---) isa X, -formula; thus this is a 3, -definition of F'(2) in IA¢ + TI(< W1, Xn-2)-
Q.E.D. Lemma 12



Lemma 12 stated that the ¥,,-definable functions of TAg + TI(< wy,11, Xn_2) are precisely
the < w,,-primitive recursive in ¥,,_; functions; the lemma was proved using the second
normal form for such functions. However, this use of the second normal form was not
essential for the proof: IAg + TI(< w1, Xn—2) can also prove that the < wy,-primitive
recursive in Y,_; functions are closed under composition and under < w,,-primitive
recursion. These closure properties are proved in IAg + TI(< wyy1, 2pn—2) by formalizing
the proofs of the three normal form theorems. Since the proofs of the normal form theorem
were completely constructive, this formalization is straightforward (and left to the reader).

We are now ready to return to the proof of part (b) of Theorem 11, for which it
suffices to prove that if B(¢) is a X, -formula and IAg+ TI(< wy,, X,—1) proves the
sequent — B(), then so does IAg + TI(< wyi1, pn—2). In fact, more than this is true:
a sequent ['— A of ¥, -formulas is a consequence of IAg + TI(< w,, >,—1) if and only
if it is a consequence of IAg + TI(< wy+1, Xp—2) — this is a corollary of the next lemma.

Main Lemma 13 (n > 2, m > 2) Suppose 1A¢ + TI(< wp, Xy—1) proves the sequent
Ay, . Ay—By,...,B; and that each A; and B; is in ¥, and that ¢ are all the
variables free in the sequent. Then there are functions fi,...,fs which are < w,,-
primitive recursive in X, and are ¥, -definable in IAg+ TI(< w1, Xn_2) such that
IAy + TI(< w1, Xpn_2) proves

Wity (w1, @), ..., Withy (wi, &) — Wit (f1(i5,6),8),. .., With, (fo(i, &), &).

The proof of Lemma 13 is exactly like the proof of Lemma 10 except that now the
definitions of the functions fi,..., fr and the proofs that they produce the correct
witnesses are now carried out in IAg+ TI(< w1, Xp_o) — the reader should refer
back to the earlier proof to verify that it works out as claimed. O

Now suppose Aq,...,A,— B1,..., By is a sequent of X, -formulas which is provable
in IAg+ TI(< wp,X,—1). By the just stated lemma and from the definition of Wit,
IAg + TI(< wy,, Xp—1) proves

Wity (w1,6), ..., Wit} (wy, )= B1(c),. .., B(C)
which, via 3:left inferences gives
Aq(0), ..., Ap(€)— B1(0), ..., Be(0).
Q.E.D. Theorem 11

Theorem 14 Let m > 2 and n > 1 and 1 < k < n — 1. Then
IAg+ TI(< Wiy Y1) B TH< Wik, 2n1-k) and I1Ag + TI(< Wi, 1) 1S conservative
over the theory I1Ag + TI(< Wik, Nn_1-k) with respect to 11, o -consequences.

Proof Apply Theorem 11 k times. O



Corollary 15 Let n > 1. The theory 1Y, contains and is 1lz-conservative over the
theory I1Ag + TI(< wpy1,No) -

Proof Take m = 2; since I3, is equal to IAg+ TI(< wy, ¥,—1) the previous theorem
with £k =n — 1 yields the corollary. O

Now we are ready to prove the theorem characterizing the X;-definable functions of
IAy + TI(< wp, Y1) and of I3, forall 1 < j <n.

Theorem 16 Letm >2 and1 <5< n.

a > en the X, -definable functions o o+ < W,y 2n_1) GTe precise e
If 5 > 1 then the ¥;-d bl t IA 11 b sely th
functions which are < Wy, 4n—j-primitive recursive in X;_ .

(b) (For j = 1.) The X -definable functions (i.e., the provably recursive functions) of
IAy + TI(< wp, Xn_1) are precisely the functions which are < Wy ypn_1-primitive
TECUTSIVE.

Theorem 17 Suppose 1 < j < n. The functions which are ¥;-definable in IX, are
precisely the functions which are < wy_ ;o -primitive recursive in 3;_1 .

Theorem 18 Let n > 1. The provably total functions of I3, are precisely the < wpq -
primitive recursive functions.

Proof The proof of Theorem 16 is phrased for j > 1, but applies equally well to the j =1
case. Suppose F(Z) is ¥;-defined by IAg + TI(< wy,, X,—1) proving (V2)(3ly)A(y, 2)
where A € 3;. By Theorem 14 with k =n — j, IAg+ TI(< Wytn—j, 2j—1) also proves
the II;;;-sentence (VZ)(3ly)A; that is, it also X;-defines f. Hence, by Theorem 7,
F(Z) is < wyqn—j-primitive recursive in ¥;_;. Conversely, every < Wy, +,—;-primitive
recursive in ¥;_; function is X;-definable in IAg+ TI(< wpyin—j,>;—1), and hence
in IAg+ TI(< wy,%,-1), by Theorems 7 and 14. That proves Theorem 16. The-
orems 17 and 18 are corollaries of Theorem 16, since I3, is the same theory as
IA)+ TI(< wy,¥p,-1). O

Theorem 18 immediately implies the well-known fact that the provably total functions
of Peano arithmetic are precisely the < €y-primitive recursive functions.

4 II,1-induction rule versus Y., induction axiom

This section presents a sketch for a proof of Parson’s theorem on the conservativity of a

restricted II,,.1-induction rule over the usual X, -induction axiom — this proof is based

on the witness function method. For reasons of length we omit the details of the proof.
The 11,41 -strict induction rule allows inferences of the form

— A(0) Ab)— A(b+1)
— A1)




where b is the eigenvariable and occurs only as indicated, ¢ is any term and A is in
II,,41. Note that no side formulas are allowed (otherwise it would be equivalent to the
I1,, 41 -induction axiom). The strict induction rule is equivalent to what Parsons calls the
“induction rule” modified only slightly to fit in the framework of the sequent calculus.
By free-cut elimination any sequent of II,, ;-formulas which is provable in 1A, plus the
IL,, .1 -strict induction rule has a proof in which every formula is in 11, .

Notation II,1-IR denotes the theory of arithmetic Ay plus the 11, -strict induction
rule. This system is always presumed to be formalized in the sequent calculus.

It is not too difficult to see that II,,,5-IR proves the ¥,, induction axioms, for all n > 0.
To prove this, if A(b) € ¥,,, use the strict induction rule on the formula

[A(0) A (V) (A(z) — Az +1))] — A(b)
with respect to the variable b.

Theorem 19 (Parsons [22]) Let n > 1. A 11,41 -sentence is a theorem of 1%, iff it is a
consequence of 11,,,1-IR.

Parsons’s proof of Theorem 19 was based on the Gdédel Dialectica interpretation; other
proof-theoretic proofs of Theorem 19 have been given in [19, 25]. The main novelty of our
proof outlined below is that it uses the witness function method directly.

Proof (Outline): The easy direction is that if I3, - A where A € Il,,,1, then II,,,1-IR
also proves A. Since A € 11,41, A is expressible as (VZ)B(Z) where B € ¥,,; it suffices to
show that II,,,-IR F B(¢). By free-cut elimination, there is a I3,,-proof P of B(¢) such
that every formula occuring in P is a Y, -formula. We now can prove by induction on the
number of inferences in this proof that every sequent in P is a consequence of II,,,1-IR.
The only difficult case is the induction inferences, which are of the form

T, A(D)—A(b + 1), A
T, A0)—A(D), A

Letting D(b) be the formula (A T'AA(D))V(\/ A), the upper sequent is logically equivalent
to D(b) — D(b+ 1) and the lower sequent is logically equivalent to D(0) — D(t). And
if 1L, 1-IR proves the upper sequent, then it also proves the lower sequent by use of the
strict induction rule on the formula D(0) — D(b), which, as a Boolean combination of
Y, -formulas is logically equivalent to a II,,,1-formula.

For the hard direction of Theorem 19, we need the next lemma. We let PRA,, be a set
of function symbols for the functions which are primitive recursive in ¥,,. By Theorem §,
each function symbol in PRA,,_; represents a function which is ¥, -definable in I3, —
we may augment the language of I3, with these function symbols, provided we are careful
not to use them in induction formulas. In the next lemma, the notation #; denotes a
vector of variables and ||Z;|| denotes the number (possibly zero) of variables in the vector.



Lemma 20 Suppose A;(Z;,¢) and B;(y;,¢) are X, -formulas, for 1 < ¢ < k and
1<y </, and that 11, 11-IR proves the sequent

(Vfl)Al(fla 6)7 R (ka)Ak<fk7 a_>(v§1)B1<g17 6)7 SRR (vy’f)BZ@j@u 5) (8>

Let fi,..., fr be new function symbols so that f; has arity ||Z;|| + ||c||. Then there are
terms t;(y1, ..., Y, €) in the language PRA, 1 U{f1,..., fe}, for 1 < i < {, such that
13, proves

(VEOWith (f1(#,8),%,8), . .., VEWith, (fuli, &), 7, 0)
—With, (t,1,0), .., With (t, G0, 6. (9)

Theorem 19 follows immediately from Lemma 20 with £ = 0 and ¢ = 1 and from the
fact that every PRA, _1-function is definable in I3,,. For reasons of length, we omit the
proof of Lemma 20: the general idea of the proof is a relatively straightforward use of the
witness function method; however, it requires the development of some deep facts about
primitive recursive (in X,) functions. An important feature of the lemma is that each
term t; may involve all of 71, ..., 7.

A second theorem of Parsons is that Theorem 19 also holds with the addition of the
B>, -collection axiom:

Theorem 21 (Parsons [22]) Let n > 1. The 11,41 -consequences of I1,,1-IR + BY,, are
the same as the 11,1 -consequences of 1%,

Proof (Outline) Recall that BII,_; is equivalent to B, , relative to the base theory IA,.
The BII,_; axioms contain unbounded quantifiers in the scope of bounded quantifiers, so
it is not possible to use free-cut elimination to force a proof in II,,,1-IR + B, to contain
only IT,,1-formulas. We let IT} denote the set of formulas which have n blocks of like
unbounded quantifiers, starting with a block of universal quantifiers, allowing arbitrary
bounded quantifiers to be included in the first block of unbounded quantifiers (see the next
section for a careful definition of the analogous class ¥). Now, temporarily define the set
of 3% formulas to be the formulas which are of one of the following forms: (1) (3y)B(Z)
where B € I} | or (2) (V2 < t)(3y1)B(y1, 2,¢) where B € II,_;. We also define the
IT7 ., formulas to be the formulas which are either II, 1, or ¥} . Since the BII,_; axioms
can be formulated in the form A— A’ with A and A’ both in X7 | the free-cut elimination
theorem implies that if I'—> A is a sequent of II};_ ; -formulas provable in II,,,,-IR+ BII,,,
then this sequent has a proof in which every formula is a II_ ;-formula. The notion of
“witness” can be generalized as follows: if A(¢) is a 3 -formula in one of the above forms;
then, if A is of form (1), Wit%'(w, ¢) is defined just like Wit"(w, ¢) was and, if A is of
form (2) then Wit'{*(w, €) is defined to be the formula

(Vz < )Witfy,, ) 5((w), 2, €).



Lemma 22 Suppose A;(Z;,¢) and B;(y;,¢) are X -formulas, for 1 < ¢ < k and
1 <y </, and that 11,.1-IR + BY., proves the sequent

(Vfl)Al(fh aa ey (ka)Ak(fk’a E) — (V?ﬁ)Bl(gb 6)7 sy (ng)BE(gfv 6)

Let fi,..., fr be new function symbols so that f; has arity ||Z;|| + ||c||. Then there are
terms t;(yy, ..., Y, €) in the language PRA, 1 U {f1,..., fx}, for 1 < i < ¢, such that
1>, proves

(Vo )Wity (f1(Z1,¢), T, 6), ..., VT )Wit] (fe(Z, ©), 7, C)
HWZt*B?(tla?jlaE%7W2t*BZ(t€7g€75> (10)

We omit the proof of the lemma and the rest of Theorem 21.

Finally, it should be remarked that II,,,-IR + BY, does not contain [Y,. This
can be proved by noting that II,,,-IR + I3, is not Il, o-conservative over I, . For
example, with n = 1, let A(k,m) be the Ackermann function so that the functions
fr(m) = A(k,m) are all primitive recursive and so that each primitive recursive function
is eventually dominated by f for sufficiently large k. Let A*(k, m,y) be the graph of the
Ackermann function; it is well-known that A*(k,m,y) is A (for us it is sufficient that it
is 3 ). Now, it is easy to see that I%; proves (Vx)(Jy)A*(0,z,y) and

(Vo) By) A*(b, 2, y) — (V) (Fy) A" (0 + 1, 2, y).

Thus Iy-IR+1%, F (VE)(Vx)(Jy)A*(k, x,y). But the Ackermann function is not primitive
recursive, hence not X;-definable in I3;. Thus II;-IR + I3 is not IIy-conservative over
I and thus not equal to I15-IR and not a subtheory of Ils-IR + By .

To show II,,.1-IR+ BY, ¥ 1Y, for n > 1, use essentially the same argument, but use
‘primitive recursive in ¥, 1’ in place of ‘primitive recursive’ and use a suitable replacement
of the Ackermann function that dominates the functions primitive recursive in >,_;.

5 Conservativity of Collection over Induction

In this section we prove the well-known theorem that the BY, . -collection axioms are
IL,, 1 o-conservative over 13,,. The proof method does not use the witness function method
per se, but it involves an induction on the length of free-cut free proofs similar to the
methods of earlier sections. Earlier proofs of this theorem include Parsons [22] and
Paris-Kirby [21]; see in addition, [3, 25]. The advantage of our proof below is that it gives
a direct and elementary proof-theoretic proof.

Recall that the B>, 1-collection axioms are equivalent to the BII,,-collection axioms.
In the sequent calculus, the BIIL,-collection axioms are of the form

(Vo < a)(Fy) Az, y) — (F2) (Ve < a)(Fy < 2)A(z,y)



where A € II,, and may contain free variables besides z,y. In the above sequent there
are bounded quantifiers outside of unbounded quantifiers so the formulas are not, strictly
speaking, >,.;-formulas. Accordingly, we define a generalized form of ,,;-formulas
that will be allowed to appear in free-cut free proofs.

Definition The class 3, of formulas is defined inductively by
(1) Hn g E:+17
(2) fAe X}, , then (z)A, (3z <t)A and (Vo < t)A arein X, |, where ¢ is any term

not involving x.

If s is a term and A is a ¥, | -formula, then AS* is the formula obtained by bounding
unbounded existential quantifiers in the outermost block of quantifiers of A by the term s;
namely,

Definition Fix n and suppose A € X, .

(1) If A €Tl,, then AS® is A.

(2) If Ais (32)B and A ¢ II,,, then AS* is (3z < 5)B.

(3) If Ais (Qx <t)B then AS® is (Qx < t)(BS).

Let I— A be a sequent Ay,...,Ay—>By,..., B, of ¥} -formulas. Then I'S* is the
formula /k\ A and A is the formula \f/ st. This notation should cause no confusion
since antze:cledents and succedents are alvxjf;;/s clearly distinguished.

If ¢ = c¢,...c, is a vector of free variables, then ¢ < wu abbreviates the formula
g <sA--Nesg<u. (V¢ < wu) and (3¢ < u) abbreviate the corresponding vectors of
bounded quantifiers.

Theorem 23 (n > 1) Suppose T —> A is a sequent of ¥, -formulas that is provable in
IAy+ B, 1. Let ¢ include all the free variables occurring in I'— A. Then

I3, F (Yu) (30) (V¢ < u) (r<" o A<v).

Intuitively, the theorem is saying that given a bound u on the sizes of the free variables
and on the sizes of the witness for the formulas in I', there is a bound v for the values of
a witness for a formula in A.

Theorem 23 immediately implies the main theorem of this section:

Theorem 24 A+ BY,,11 is 1,15 -conservative over 13, .

Recall that IAg + BY,,.1 F IY,,. Before proving Theorem 23, we establish the following
lemma (due to Clote and Héjek).



Lemma 25 (n > 1) Let B(¢,d) € I1,,. Then
IS, b (Yu)(30)(V8 < 0)[(Va) B(@ z) < (Yz < v) B(E,2).
The formula of Lemma 25 is called the ¥, -strong replacement principle.

Proof Let s be the length of the vector ¢. We reason inside I%,. Let C(c,d) be the
Y., -formula —=B(¢,d). Let Num(u,{) be the formula expressing

A(c1,dy, ..., Cod) St Gy ..., G are distinet s-tuples < uw and C(é;, d;) holds
forall 1 <i¢<¢.

Of course, this asserts that there are > ¢ distinct values of ¢ < w for which (3z)C(¢, z)
holds. Now Num is a ¥, -formula and Num(c, (v + 1)® + 1) is clearly false; so by I3,
there is a value £y such that Num/(¢, ¢y) but not Num(c,ly+1). Given é&,dy, ..., Cy,, dg,

witnessing Num(c, {y), let v = max{dy,...,ds}. It follows that
(VE < u) ((31:)0(6, ) < (3 < v)C(@, x))
which is what we needed to prove. O

Proof of Theorem 23: By free-cut elimination, I'— A has a sequent calculus proof P
in which every formula is a 3, | -formula. (Since we allow bounded quantifiers in X -
formulas, it is convenient to work in the sequent calculus LK B with inference rules for
bounded quantifiers [2].) We prove the theorem by induction on the number of inferences
in P. The proof splits into cases depending on the last inference of P. The hardest case,
V :right is saved for last.

Case (1): If P has no inferences and I'— A is an initial sequent, then either I' — A is
a logical, equality or arithmetic axiom, containing only Ag-formulas, and the theorem is
trivial, or I'— A is a BY,, .1 axiom. In the latter case, taking v = u, it is immediate
that 132, proves

(Ve <a)Fy <uw)A(z,y) — (Fz <u)(Ve < a)(3y < 2)A(z,y)

and the theorem holds.

Case(2): Suppose the last inference of P is a structural inference, a propositional inference
or a V:left or V <:left inference. The inference may have either one or two premisses:

II—A I —A; ILL—A
I'—A I'—A

It is easily checked that, in the first case we have that I3, proves I'S* — IIS* and
ASY — ASY and, in the second case we have that I3, proves ['S* — IIS* A TIS“ and
Af” A Af” — ASY_ In the first case, the induction hypothesis states that I3,, proves

(J0)(VE < u) (H<u o A<v>



from which (Jv)(Vé < u)(I'S* — ASY) follows. In the second case, by the induction
hypothesis, 13, proves
(Jv;)(VE < u) (Hf“ — Af”i)

for 4 = 1,2. Taking v = max{v;,v,} and noting that IS, proves v; < v AAS" — AS,
we get that I3, proves (Jv)(Ve < u)(I'S* — ASY).

Case (3): Suppose the final inference of P is an 3 :right inference:

I— B(E.1(@),A
['—(3z)B(c,x), A

We reason inside /Y, as follows: given arbitrary u, there is (by the induction hypothesis)
a v’ such that
(VE < u) <r<u — B (E @) V A@’).

Letting v = max{v’, t(u,...,u)} we have that ¢(¢) < v for all ¢ < u (since the language
has 0, S, + and - as the only function symbols). This v makes the theorem true. The
case where the last inference of P is a 3 <:right is similar.

Case (4): Suppose the last inference of P is an 3 :left:

A(Z,d),T—A
(3x)A(T, z), T—A

where d is the eigenvariable occuring only where indicated. The induction hypothesis is
that 13, proves
(Va) (30)(VE,d < u) <A<“(E, d) ATSH A@).

This is equivalent to
(Var) (30) (V€ < ) ((Eld < W) ASU(E d) AT A@)
which is what we needed to prove.
Case (5): The 3 <:left inference is a little more subtle. If the final inference of P is

d < 1(2), A(?,d),T—A
@z < 1(@)A(G.2),[—A

we reason inside 1Y, as follows. Let u be arbitrary, there is a v’ such that
(V. d < u) (d <HA AAE d) AT - A@’). (11)

Let ' = max{u, t(i)}; by the induction hypothesis, there is a v such that (11) holds with
v/, v in place of u,v’. Now let ¢ < u and suppose (Ix < t)ASU(E, x) ATS*. Clearly, this
implies (I < u')(z <t A ASY ATSY). Taking d to be this =, we have ASY holds.



Case (6): Suppose the last inference of P is a Cut:

F1—>A1,A A,F2—>A2
[, Iy— Ay, Ay

<u

We reason inside I1Y,,. Suppose u is arbitrary and Ff” AT'S". Pick vy, depending only
on u by the induction hypothesis, so that AS" V ASU. Let uy = max{vi,u}. By the
induction hypothesis, there is a v > v; depending only on us so that if AS”* holds, then
A" holds. Now clearly either A or AS” holds. Since v depends only on u, this proves
this case.

Case (7): Suppose the final inference of P is a V :right:

[—B(Gd), A
I'—(Vz)B(c, x), A

Note B € II,, since (Va)B must be a X, -formula. We reason inside I%,. Let u be
arbitrary. By ¥, -strong replacement (Lemma 25) there is a v’ > w such that

(Ve < u) ((vx)B(a z) — (Vo < u)B(Z u’)).
Let v >« be given by the induction hypothesis so that
(Ve d < o) (r@/ ~ B@Ed)V A@). (12)

Now let & < u be arbitrary such that I'S*. We need to show (Vx)B(¢, x) V ASY. Suppose
not, then there is a d < v/ such that —B(¢,d), and by (12), ASY holds, which is a
contradiction.

The case where the final inference of P is a V <:left inference is similar, although

Lemma 25 is not needed.
Q.E.D. Theorem 23

It would be interesting to give a similar proof that I, ,-IR+ BY.,, is II,,,; -conservative
over II,,,1-IR, in place of the more complicated and omitted proof of Theorem 21 above.

6 Analogies between Bounded and Peano Arithmetic

The witness function method has been extensively used characterizing definable functions
of fragments of bounded arithmetic — the work in section 3 above gives an approach
to Peano arithmetic which is very similar to some of the proofs used earlier in bounded
arithmetic.

First, Theorem 8, which characterized the 3,-definable functions of I3, is analogous
to the main theorem of Buss [2] which characterized the Y -definable functions of S&
(which is axiomatized with 2-PIND axioms). In I3, the X,-definable functions



are precisely the functions primitive recursive in ¥, _;; whereas, in SY, the ¢ -definable
functions are precisely the functions polynomial time computable with respect to a (usual)
¥:P _-oracle. It should be noted that a usual ¥ | -oracle is equivalent to a witness oracle
for P | with respect to polynomial time computation, since there is an a-priori bound
on the size of a witness and a witness value may be queried bit-by-bit. The proofs of these
two theorems are analogous as well.

Second, Theorem 11, which stated that [IAg+ TI(< wp,2n_1) is Il4q-
conservative over IAg+ TI(< wpi1,X,-2) is analogous to the result of [4] that
Sy is VXU -conservative over Ty ', To see the analogy more sharply, note
on one hand IAg+ TI(< wp, Y, 1) and TAg+ TI(< wpi1, Xn_2) are equivalent to
IAy + TI(< wp, I1,) and TAg 4+ TI(< wp1,11,-1) (respectively), which are axiomatized
with transfinite induction on II,-formulas up to ordinals < w,, and on II,_; formulas
up to ordinals < w“m™; and on the other hand, S} may be axiomatized by induction
(PIND) on II%-formula up to lengths |z| and 73! may be axiomatized by induction
on II®-formulas up to 2/*I. So both conservation theorems give situations where the
complexity of induction formulas may be reduced by one block of quantifier alternation
in exchange for “exponentiating” the length of induction. Another theorem of this type is
the result of [6] that R% is VX! -conservative over S5 .

Witness oracles have been applied to bounded arithmetic in [18] and in [6]. Another
area of contact between bounded arithmetic and Peano arithmetic may be found in
Kaye [14] who gives a proof that I3, # BY, .1 based on methods used earlier by [18] to
show that if 75! = SJ*! then the polynomial time hierarchy collapses.

We conclude with a partial characterization of the X;-definable functions of I3, when
J>n:

Definition Let A be a formula; w.l.o.g. all negations in A are on atomic formulas. The
counterexample oracles of A are the witness oracles Uz,)-p for (Va)B asubformula of A.

Theorem 26 Let j > n > 1. Suppose IX,, - (Vx)(3ly)A(x,y) where A € ¥;. Then the
function f : x — y, such that (VYx)A(z, f(x)), is primitive recursive in ¥,_1 and in the
counterexample oracles for A.

The same holds for I1Ag+ TI(< Wy, Xp_1) with “primitive recursive” replaced by “<
W, -primative recursive”.

The proof of this theorem is analogous to the proof of Theorems 7 and 8 except that
the V :right cases of the proof now have to accommodate the fact that a V :right quantifier
may be an ancestor of a quantifier in (Jy)A(c,y). Of course a counterexample oracle for
A is exactly what is needed for this case.

Theorem 26 can be extended to partially characterize the E?—deﬁnable functions of
T3~ ! or S§ when j > n; namely,

Theorem 27 (See [18, 23, 16]) Let j > n > 1.



(a) Suppose A € X% and Sy F (Vz)(3'y)A(z,y). Then the function f such that

(Vz)A(x, f(x)) can be computed by a polynomial time Turing machine with an
oracle for X | and with the counterezample oracles of A.

(b) Suppose A € ¥t and Ty~ = (Vo)(3'y)A(z,y). Then the function f such that

(Vx)A(z, f(x)) can be computed by a polynomial time Turing machine which makes
a constant number of queries to an oracle for XF | and to the counterezample oracles

of A.
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