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ABSTRACT OF THE DISSERTATION

Semi-invariant Forms
by

Anne V. Shepler

Doctor of Philosophy in Mathematics
University of California San Diego, 1999

Professor Peter Doyle, Chair

Let G be a finite group of complex n x n unitary matrices generated by reflections acting
on C". Let R be the ring of invariant polynomials, and x be a multiplicative character
of G. Consider the R-module of y-invariant differential forms and the R-module of
x-invariants in the exterior algebra of derivations. We define a natural multiplication
on these modules using ideas from arrangements of hyperplanes. We show that this
multiplication gives each module the structure of an exterior algebra. We also define a
multiarrangement associated to x, and formulate the relationship between y-invariants
and logarithmic forms. We introduce a new method of computing basic derivations and
the generating y-invariants and give explicit constructions for the exceptional irreducible

reflection groups.
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Chapter 1

Introduction

1.1 Layperson’s

If you hold two mirrors together at a right angle and then place a key in front
of the mirrors, you will see four keys — one real, three images. As you angle the mirrors
closer together, you see more and more keys. Mathematicians like to place infinitely tall
and wide mirrors in a space and examine how imagines bounce from mirror to mirror and
end up in new locations. They fix some plane to act as a mirror, and then reflect vectors
about that plane. This is accomplished on paper with a well-chosen matrix: when you
apply the matrix to a vector, you get a new vector which is the image upon reflecting
through the given plane. We are not really interested in the physics of reflecting light or
mirrors. Rather, we would like to know how rearranging a space with reflections affects
properties like length, volume, orientation (right changes to left!), etc. The distance
between two points doesn’t change after a series of reflections. What other functions
on the space are unaffected? Mathematical objects are called invariant when they are
unaffected, and called semi-invariant when they are almost unaffected — they change

by a constant. Semi-invariants are the subject of this thesis.



1.2 Mathematician’s

The present inquiry on semi-invariants arose from some questions about dynam-
ical systems. In 1989, P. Doyle and C. McMullen [5] solved the fifth degree polynomial
using a highly symmetrical dynamical system which preserved the Galois group As. In
1997, S. Crass and P. Doyle [4] tackled the sixth degree polynomial by again finding a
dynamical system with special symmetry — this time Ag symmetry. Each dynamical
system was formed by iterating a map that was equivariant under the projective ac-
tion of a reflection group. Such maps correspond naturally to semi-invariant differential
forms. Because almost nothing was known about these forms, constructing the necessary

dynamical systems was a difficult step in both cases.

This thesis introduces a general theory of semi-invariants. Specifically, we show
that for any finite unitary reflection group G and multiplicative character y of G, the
module of y-invariant differential forms has a natural multiplication which turns the
module into an exterior algebra. This exterior algebra structure allows us to understand
completely the forms that give rise to highly symmetrical dynamical systems, and gives
us tools to compute these forms explicitly. We extend these results to vector fields (or
derivations), observe some applications to logarithmic forms, and show new techniques
for computing semi-invariants. We also give constructions for the exceptional irreducible

reflection groups.

The theory presented here builds on work by R. Stanley, who characterized the
module of y-invariant polynomials in 1977 [17]. It also builds on more recent work by
P. Orlik, K. Saito, L. Solomon, H. Terao and others on invariant derivations and the

theory of hyperplane arrangements (see [9], Chapter 6).



Chapter 2

Central Question

Before we can ask the central question motivating this thesis, we need to estab-
lish some terminology. We define reflection groups, differential forms, derivation forms,
some particular group actions, and semi-invariance. We then pose the questions that

will drive our discussions.

2.1 Reflection Groups

Begin with a complex vector space V := C". A unitary n X n matrix is a
reflection if its fixed point set is a hyperplane of V, i.e., an (n — 1)-dimensional space. A
reflection matrix is characterized by the fact that n — 1 of its eigenvalues are 1 (corre-
sponding to the fixed hyperplane) and the remaining eigenvalue is a non-trivial root of
unity. If the non-trivial eigenvalue is a k-th root of unity, then we say that the reflec-
tion is k-fold. A reflection group is a finite group of matrices generated by reflections.
They are often called finite reflection groups, finite pseudo-reflection groups, or u.g.g.r.

(unitary groups generated by reflections).

Why must a reflection be a unitary matrix? Any finite group of complex n X n
matrices is congruent to a group of unitary matrices. A unitary space comes equipped
with a hermitian form, which allows us to talk about perpendicular objects. We wish a

reflection matrix to behave as a mirror: a real reflection sends a vector perpendicular



to a fixed hyperplane to its negative. A complex reflection multiplies the perpendicular

vector by a root of unity.

Reflection groups are called real reflection groups, or Coxeter groups, when
their matrices are real. Coxeter groups are generated by orthogonal reflections with
determinant —1. The symmetry group of a regular complex polytope, called a Shephard
group, is also a reflection group. In 1954, G. Shephard and J. Todd [11] published
a paper that proved many fundamental properties of reflection groups: Finite unitary
reflection groups. They extended results about real reflection groups to general (complex)
reflection groups, collected information about the groups, and proved important new
properties. Every reflection group is either irreducible or the direct product of irreducible
components, each of which is itself a reflection group. Shephard and Todd list the thirty-
seven irreducible reflection groups. Three of the groups on the list are infinite families.

The remaining thirty-four are in dimensions 2 through 8.

2.2 Forms
Now some notation: Let S := Clzy, ... ,x,] be the ring of polynomials on V" and
F :=C(x1,... ,z,) be the field of rational functions. Denote the module of differential
p-forms on V' by
Q= P Sdwy A nda,
1<i1 <...<ip<n
o~ S N V™
0
Let Oz; := and let
ox;
TP = D Sow AN,
1< j1<er<Gp<n
~ SN V.

We agree that Q° = Y% = S. Let

Q::EBQP

p>0

r::@rf’.

p>0

and



Although the elements of T could be viewed as differential forms on V*, we reserve the

term differential form for elements of 2. Note that the set of vector fields on V is

0
1_ ) . L.
T_{% klaxi.kzes}.

We identify T! with the set of derivations on V, C-linear maps 0 : S — S satisfying
O(kh) = kO(h) + 6(k)h
for all k, h € S. We call elements of Y? derivation p-forms, or just derivation forms.

It is convenient to define 7P as the set of ordered multi-indices of {1,...,n} of
length p:
P ={I={L,...I,}:1<L <...<I,<n}.
Note that Z° is the empty set. For a multi-index I, let I¢ denote the (ordered) com-
plementary index. Let dz; := dxj, A--- Adxp, and dzy := Oz A--- A Oxy,. Then we
can write any element of QP as 3 ; 7, hy dzy and any element of Y? as )~ ; 7, kj 0z ;.
Denote the volume form on V by vol :=dz; A--- ANdzy. If 4 and v are in Q or T, we

write 4 = v if u = ¢ v for some ¢ in C*.

It is helpful to define a matrix of coefficients for forms. For £1,...,08, in YT!

(or in Q'), write each S; as

=1 =1

and let M (81, ... ,[n) be the matrix {ﬁ](-i)}, so that B A---AB, =det M Ox1 A...AOxp,
(or det M wol).

2.3 Group Actions

Let G be a reflection group. The group G not only acts on the space V', but
also on S, P, and YP. The action on S is defined by gf := fog ! for f € S, g € G. The
correspondence between x; and dx; = % extends anti-linearly to degree one polynomials

by

0 (i Cﬂi) = z”: ¢; 0x;



where ¢; € C. We define an action on dz; and Oz; by
gdz; :=d(gz;) and goz;:= 0(gz;).
For a multi-index I = {I1,... ,I,}, define
gdxy := gdry A--- Agdry,

and

g0zy == goxp, N--- A gozy,.

Extend the action to QP and Y? by

g Z hr dry := Z ghr gdz;

Ielr Ielr

and

2.4 Remarks

Let W be any finite dimensional vector space over C. The dual space W* is

anti-linearly isomorphic to W by * : w ~ @' (conjugate transpose). Whenever a linear

transformation L acts on W by a matrix [, there is an induced action L* on W* given

by L*(u)w = u(Lw). If we use * to define a dual basis, then the transformation L* is

given by the inverse transpose of the matrix /. Hence, one defines the matrix [* = (I*)~!.

Since our group is unitary, g* = g, and the group action we have defined on dz; is the

traditional one. In other words, the group respects the identification of V' and V* under

the * map. We have given the action in terms of the anti-linear map 9 in order to

exploit this fact. We will extend 0 to a map taking polynomials to differential operators

in Chapter 9.

2.5 Semi-invariants

Let x be a multiplicative character of G, i.e. a homomorphism from G to C.

For each g in G, x(g) is a root of unity since g has finite order. We say that 8 in Q or



T is x-invariant if 3 satisfies
98 =x(9)B
for all g € G. Without reference to a particular x, we say that g is semi-invariant.

Define the G-modules of semi-invariants

(TP)X:= {0 eXP : g8 =x(g) 0 forall g e G},
()= {weQ : gw=x(g9) wfiorall ge G},

and

™ = @ ()X,

0<p

o = P @)

0<p

Denote the trivial character of G by x,, i.e. xo(g) = 1 for each g € G. Elements of QX°
and YXe are called invariant. We will usually use a more traditional notation for the

modules of invariants:

(@ = (),
(TME = (YP)xe,
Qf = QX
TG = TX,

2.6 The Question

Our discussions are motivated by a central question: What is the set of semi-
invariant forms? How can semi-invariants be computed? Specifically, does the set exhibit

any striking algebraic structure?



Chapter 3

Invariant Theory

The best known semi-invariants are those that are invariant: forms g that
satisfy g8 = [ for all g in G. A rich theory of invariants for reflection groups has
developed around a powerful theorem by G. Shephard, J. Todd, and C. Chevalley [1]
(V.5.3, Theorem 3) describing the set of invariant polynomials. We recall this theorem
and a theorem by L. Solomon [14] describing the set of invariant forms. We also obtain

an immediate application to semi-invariants from these results.

3.1 Invariants

Let R be the set of invariant polynomials. The celebrated theorem about in-

variant polynomials is

Theorem 1. There exist n homogeneous polynomials, fi,... , fn, with R = C[f1,..., fa]

The degrees of the f; are uniquely determined.

We call the polynomials in the above theorem basic invariants, and call R the
ring of invariants. Basic invariants have been constructed for all 37 of the irreducible

reflection groups.

Notice that (YP)X and (2P)X are modules over R. In 1963, L. Solomon [14]
showed that the R-module of invariant differential forms, Q¢, has the beautiful structure

of an exterior algebra:



Theorem 2. The module QY is generated over R as an exterior algebra by the df;, i.e.,

(QP)Y is generated over R by the forms df;, A --- A dfi,, where 1 <iy,... iy <n.

3.2 Application to Semi-invariants

Given any G-module N, we can define N¢ := {n € N : g(n) =n Vg € G}. We

state a well-known proposition about G-modules; for proof, see Lemma 6.45 of [9].

Proposition 3. If M is a G-module of dimension r over C, then the R-module (S®M)%
is free of rank r (over R).

Corollary 4. The R-modules (QP)X and (YP)X are both free of rank (Z)

Proof: We follow an idea from Solomon [15]. Let Z be a one-dimensional G-module with
generator z defined by gz = x~'(g)z forallg € G. Let M = A’ V* ® Z, and let G act
on M by g(a®0b) = ga® gb. Then M is a G-module of dimension (Z) By Proposition 3,
the R-module (S ® M) is free of rank (g)

The map w — w ® z is a natural R-module isomorphism between the module
of x-invariant forms in O ~ S ® AP V* and the module of invariants in (S ® M), i.e.,

(QP)X ~ (S ® M)Y. Hence ()X has dimension (Z) Similarly, (Y?)X has dimension
n
(p)' O

The idea behind these two results is essentially this: since AP V* is generated
by (Z) elements, (P)X is also generated by (Z) elements. But the dimension of AP V*
is (g) because it is generated by wedging p of the z; € V* together at a time — it’s
an exterior algebra. The last result may provoke a suspicion: could there exist some
analogue of the x; in QX7 Could there exist forms that are combined together p at a

time to generate (QP)X?7



Chapter 4

Arrangements of Hyperplanes

Reflection groups are often studied using results from arrangements of hyper-
planes. One important result completely describes semi-invariant polynomials. In this
chapter, we explain the connection between reflection groups and hyperplane arrange-
ments, and give the fundamental result on semi-invariant polynomials. We will often
follow notation from the wonderful text Arrangements of Hyperplanes [9], which should

be consulted as a general reference.

Consider a n-dimensional vector space W over a field K. A hyperplane in W is
a (n — 1)-dimensional affine subspace of W. A hyperplane arrangement is a finite set of
hyperplanes. For each hyperplane H in a hyperplane arrangement A, let ay be a linear

polynomial on W whose kernel is H. We call

QA) =[] en

HeA

the defining polynomial of A. The polynomial Q(.A) is uniquely defined up to a nonzero

scalar multiple.

4.1 Reflection Arrangements

We now consider the arrangement defined by our reflection group G. Each

reflection in our group fixes a hyperplane in C*. Fix A as the collection of all such

10
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hyperplanes. Notice that the group G permutes the hyperplanes in A. For each H € A,
define ap € S by ker(ayg) = H. Then the polynomial

Q:=Q) =[] an

HeA

defines the hyperplane arrangement A.

4.2 Stanley Polynomials

By Corollary 4, there exists a single polynomial that generates the entire set
of x-invariant polynomials over R (the dimension of (2°)X is (§)). R. Stanley showed
that this fundamental polynomial can be written in terms of the linear forms oy that
define the hyperplanes in A. We raise each linear form ajp to some power determined
by the character x. Specifically, fix some H € A, and let G be the set of all elements
in G that fix H pointwise. There exists a one-dimensional subspace Ly stable under
Gpg with V = H & Ly by Maschke’s theorem. The subgroup Gy is cyclic. Let sy be
a generator of Gy and let o(sy) be the order of sy. Note that det(sg) is a primitive
o(sg)-th root of unity. Define ay(x) as the least integer satisfying 0 < ay(x) < o(sg)
and x(sg) = det(sg)~*#X). Let

QX — H a‘;{H(X).

HeA

The polynomial @, is uniquely determined up to a nonzero scalar multiple by the group
G. We call Qy the Stanley polynomial for x because R. Stanley [17] proved that every

X-invariant polynomial is a product of @, and an invariant polynomial:

Proposition 5 (Stanley).
(Q°)X = RQ,.

Since vol is (det™!)-invariant, the following proposition follows immediately.

Proposition 6 (Stanley).

(Q2")X = R Qy-det vol.



12

Recall that x, is the trivial character, and note that ,, = 1. An important
one-dimensional character is the det™' character defined by x(g) := det™'(g). Note
that when G is a Coxeter group, the det ! character and the det character are identical
since the reflections all have determinant —1. The polynomial () defining the reflection

arrangement is (det~!)-invariant, and in fact,

Qoo = [[ an =@

HeA
R. Steinberg [18] proved
Proposition 7. Given basic invariants fi,..., fn for G,
Quet = H a%sﬂ)—l
HeA

is the determinant of the Jacobian matrix {%f]} up to a nonzero scalar multiple.
(3



Chapter 5

Basic Derivations

The det ! character of our reflection group plays a primary role. It is often the
only nontrivial multiplicative character, and as we saw in Chapter 4, the corresponding
hyperplane arrangement is defined by @) .,~1. Forms that are (det™!)-invariant have been
studied in the context of Coxeter groups (see [16], for example), where they are called
anti-invariant. We will also call them anti-invariant, although of course the group doesn’t
always multiply these forms by —1 (the det and det™! characters often differ in complex
groups). We will prove the main result on semi-invariants in Chapter 6 by exploiting the
existence of some very special 1-forms that are (det™!)-invariant. We construct these

forms now using a result about invariant derivations called Saito’s Criterion.

5.1 Saito’s Criterion

Let A’ be an arbitrary arrangement in C" defined by @Q'. Define the module of
A'-derivations by

D@Q):={peT: 9(Q)eQs).

If D(Q') is a free module over S, then A’ is called a free arrangement. The following

criterion was shown by K. Saito [10] in 1981:

Theorem 8 (Saito’s Criterion). Derivations ¢1, ..., ¢, generate D(A') over S if
and only if det M (¢, ... ,¢p) = Q.

13
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H. Terao [19] showed a special relationship between invariant derivations and

A-derivations for reflection arrangements in 1987:

Theorem 9.

D(A) ~ S®r (THC.

Corollary 4 states that (Y1) is free of rank n over R. Hence, D(A) is free over
S by the above theorem, and the reflection arrangement A is a free arrangement. Saito’s

Criterion has the following corollary (see [9], Corollary 6.61).

Corollary 10. There exist n homogeneous invariant derivations ¢1,... , ¢, that gener-
ate (Y1)E over R and whose coefficient matriz M (¢py, ... ,¢n) has determinant
Q = Qde‘f1 :

We call the ¢; in the last theorem basic derivations. For Coxeter Groups, one

may choose the ¢; from the exterior derivatives of the basic invariants: ¢; = ) j gﬂf L0z
J

5.2 Correspondence between Semi-invariants

We explain how to dualize an invariant derivation into an anti-invariant differen-
tial form: For I € ZP, define o(I) (= £1) by dzy Adxre = o(I)vol. Let ¥ : YP — QPP
be the unique S-linear map satisfying k 0zy — ko(I)dzr for k € S and I € ZP. The

map ¥ is an module-isomorphism. In fact, U takes y-invariants to (x -det !)-invariants:

Proposition 11. The map ¥ induces a R-module isomorphism:
(YP)X ~ (Qn_p)x'det_l.

Proof: For any matrix A, let A;- denote the entry in the 't row and the j*® column, and
let Ag ; denote the submatrix of A consisting of rows K1,... , K, and columns I,... , I,
for K,I € IP. Jacobi’s theorem on the minors of the adjugate (1834) gives us a formula

for the minors of A in terms of the complementary minors of A* = (A?) "1

det(A% ;) = det(A™") o(K)o(I) det(Axe,re).
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Suppose that A = ¢g~! € G. Then as A = A*,

U(gozg) = U (ZAZKI Ox; N+ A ZA?”B%)

= U ( > det(Ak ;) am)

Ie1lr
= > det(A% ) o(I) dare
Iezr
= > det(A™) o(K)o(I)o(I) det(Age se) dare
Iezr
= Y det(A ") o(K) det(Age,re) dpe
Iezr

= det(A™Y) o(K) (ZAf(fdxi A-e A ZAfﬁ—pdmi>
= det(g) o(K) g(drge)

= det(g) g (o(K) drke)

= det(g) g(¥(0zKk)).

Thus, g(¥(0)) = (det g) ' ¥(gh) = (det g) ! x(g) ¥(g) for any 6 in YTX. O

Although we showed the proposition directly from Jacobi’s theorem on the
minors of the adjugate, it is really just an application of some familiar facts about A’ V
and AP V*. The modules TP and QP are natural S-duals of each other. The map ® is
better known as the Hodge-Star operator: we can define ¥ () as the form w that satisfies
w(a) = (OAa)(0x1 A-+-ANdzy,)~ ' € C for each o in Y P. The proposition then follows
from the fact that w(a) = (gw)(ge) and g(dz1 A --- A Oxy,) = detg Oz A -+ A Oz,

5.3 Basic Anti-invariant Forms

We now construct differential 1-forms from the basic derivations using the map
W. We are particularly eager to know the implication of Saito’s Criterion for our con-

structed 1-forms, and find the coefficient matrix explicitly.

Recall that we named our basic derivations ¢; and det M (¢1,... ,¢,) = Q. De-
fine p; := (—1)" " U(py A-- AP A~ ‘A¢yp). Since each ¢; is invariant, ¢1 A- - AP A Ay,
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is also invariant, and hence p; € (21)9” . Wedging corresponds to taking subdeter-
minants and o({1,...,7,...,n}) = n — j. Hence, the ij'"® entry of M(u1,... ,u,) is
just (—1)(»=9+(=J) = (—1)"*+J times the subdeterminant of M (1, ... ,$,) obtained by
deleting the i*" row and the 5*" column. Thus, M(p1,... ,un) = QM*(¢1,... ,¢n), and

det M (g1, ... pm) = Q" det M~ Y(y,... ,¢dn)
— Qn Qfl
— Qn_l.

Hence,

pi Ao Apy = det M(pq,... ,pupn) vol
= Q" ! vol.

We call the p; basic anti-invariant forms. We will see in the next chapter that these

forms deserve the name.



Chapter 6

Exterior Algebra

In this chapter, we prove that semi-invariants enjoy a special freedom. We show
that the modules QX and YX are free over R on exactly n generators. This result will
completely explain the structure of the set of semi-invariants. We restrict our attention
to X in this chapter and give similar results for TX in the next. Throughout this chapter,
we will use the word form to mean differential form. Most of the results here will appear

in [12].

6.1 y-wedging

The first step in understanding the structure of 2X is to define a multiplication.
Observe that QX is not closed under the exterior product! We will use the next lemma,
to show that (), divides the exterior product of any two y-invariant forms, which will
allow us to define a multiplication. The lemma unwinds the definitions of @}, and the
group action in a helpful coordinate system. Recall that

QX — H Oé(;[H(X)

HeA

and that sy is a reflection in G of maximal order that fixes H pointwise.

17
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Lemma 12. Suppose that p is a x-invariant p-form. Fiz o hyperplane H € A and let

a =ag(x). Choose coordinates in which ©1 = ag and sy is diagonal, and write

u= Z,u[ d:L‘h/\---/\dJ?[p
Ie1r

in these coordinates. Then 2% ' divides 1 whenever IT = 1 and x§ divides iy whenever
1 1

I #1, for each I ={I,... ,I,} € I?.

Proof: Let s = sg. In the given coordinates,

1

where p is the determinant of s. The group element s acts by s 'dz; = d(z; o s). Hence
s~ 'dx; = dx; whenever i # 1, and s~'dz; = p dz;.
Let I = {6, I5,....,I,} € IP. If I, =1, then
s~y dzp, A A drp) = (s7tur) s~z Ao A s_ldxlp
= (puros) p dzy A---Ndxg,.
If I #1, then

s Y drp, A--- Ndzrr,) = (s tur) stz Ao A sfldac[p

= (uros) drp A--- Ndzxg,.

But p is y-invariant, so p® p = det(s)® p = x~'(s) p = s~ 'u. Thus if I; = 1, then
p® pur = p prosand p® ! ur = pros. Hence :Jc‘f*l divides p1; whenever I1 = 1. Similarly,

if I #1, p® pur = pr o s and x{ divides pj.

O

Lemma 13. Q, divides the exterior product of any two x-invariant differential forms.

Proof: Let i be a x-invariant p-form and w be a x-invariant g-form. We show that each

a‘}f(X) divides p Aw. Fix H € A and let s = sy and a = ag(x). Assume that a # 0.
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Choose the coordinates from Lemma 12 in which ag = ;. Write

no= Z 753 dI[I/\"'/\dI[p,
IcTP
w = Z wy drg N---Ndzxy,, and
JeTq
pAw = Z 'ydeKlf\---/\dpr+q
KeTpt+a

in these coordinates. Then Lemma 12 implies that z{ divides p; whenever I; # 1 and

x| divides wy whenever J; # 1.

For I € 7P and J € 79, the polynomial pj wy is divisible by z{ given that not
both I; and J; are 1. Each g is either zero or a sum of terms of the form +uj w; where
the multi-indices I and J are disjoint. Hence, z{ divides each yx and thus y A w. So
(x)

p A\ w is divisible by of; = a(;IH . Since H was arbitrary, @, divides pu A w.

O

Lemma 13 prompts us to define the following multiplication in 2X: For differ-

ential forms 4 and w, define the x-wedge of u and w as

pwAw
Qx

If 4 and w are x-invariant forms, p A w is again x-invariant, and thus, Lemma 13 implies

UAw:=

Corollary 14. The R-module QX is closed under x-wedging.

6.2 Criterion

When Solomon showed that Q¢ is generated over R by the df; as an exterior
algebra (Theorem 2), he used the fact that the df; wedge to Quvol. We follow ideas in

Solomon’s original proof to give a condition for n 1-forms to generate QX.

Proposition 15 (Criterion). Let wy,... ,w, be x-invariant 1-forms. The forms

wr A+ Awp,, for I € IP and p > 0, generate QX over R if and only if

wi A A wp = Qy.det vOL.
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Proof: If the forms wy, A --- A wy, generate QX, then they certainly generate (2")X and

thus wy A -+ A wy = Qy.det vol (recall Proposition 6).

Now assume that w) A -+ Awp = Qy.qes vol. The p-forms wr, A--- Awp,, I € 1P,

are x-invariant by Corollary 14.

We first argue that the forms wy, A --- A wy, generate QX over the field F =
Clz1,... ,@p). Since wy A -+ Awp #0, w1 A-+- Awp # 0, and the forms wy, A --- Awr,,

I € 7P, are linearly independent over F'. If not, there exist rational functions r; with

0= Z TTWr, /\---/\wlp.
IeZr

Fix J € ZP and J¢ € Z"P. Then

0 = (Z ’f'[&)[l/\---/\(,cJ[p> /\w!]f/\---/\w!]fhp

Ie1p

= Fxrjwi A Awp,

and r; must be zero. Thus the forms wy, A--- Awp,, I € IP, are also linearly independent
over F', and thus span the (Z)—dimensional space
P (V)= F dop, A--- Ny,
Ie1r
Choose an arbitrary y-invariant p-form p. Then there exist rational functions

t; € F with

n = Ztlwllk...kwlp'
Ie1r

Fix J € ZP and its complementary index J¢. We will show that ¢; € R.

By Corollary 14, the n-form (wse A -+ A wJTchp) A p is x-invariant. Thus by
Proposition 6, there exists a polynomial f € R with

(wjf A---Auu;_p) Ap = fo-det'UOl-
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On the other hand,

(UJJfA ---Aw];:hp> A

= (WJfA---AWJ;_p)A Zt]whk---kaqp
Ie1r

= (Qiﬁn) (wji:/\---/\w!];:kp) A Z tr wr, /\"'/\Lc)]p
Iezr

:( )lc—n) ity A Awy
= xtjwi A Awy

= % tJ Qx-det vol.

Thus f Qy.det =t Qy.det, and hence, t; € R. Since J was arbitrary, p is in the R-span
of {wr, A+~ Awp,, I € TP}

6.3 Criterion Satisfied

Now that we have a criterion for a set of 1-forms to generate X, we wonder if
there exist any forms that satisfy the criterion. In the case xy = det !, we have already
constructed such forms. In Chapter 5, we built (det !)-invariant 1-forms, jy,... , fin,
whose exterior product is Q"' vol. We called the p; basic anti-invariant forms because

they satisfy the criterion in Proposition 15:

Ak A = QU A Ay
_ Ql—n Qn—l vol
= 1 wol

Qdmf1 -det vol.

The case xy = det ! is not just an example. We will use the basic anti-invariant forms

to satisfy the criterion in Proposition 15 for arbitrary y.
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We first write Qy.qer in terms of @y. Recall that
QX — H a‘;{H(X)‘

HeA
Fix H € A with ay(x) # 0. The exponent ay(x - det) is the least nonnegative integer
satisfying

det(sgr) T = (x - det)(sm)
= x(su) det(sm)
= det(sy) "X det(sy)

= det(sH)_(aH(X)_l)_
Hence apy(x - det) = apy(x) — 1. Now fix H € A with ag(x) = 0. Then

det(sp) "4 X4t = (y . det)(sp)
= x(sg) det(sg)
= det(sp)
= det(sH)*(o(sH)fl).

Hence, ap(x - det) = o(sy) — 1. Then

. ap(x-det)
Qx-det = H Apr

HeA

— H O/;IH(X)*I H Q%SH)*l’
HeA HeA
x(sm)#1 x(su)=1

a fact we use to prove the next theorem.

Theorem 16. If wi,... ,w, generate (Q')X over R, then
w1 A A wp = Qy.det vOl.

Proof: By Corollary 14, wy A --- A wy, is a x-invariant n-form. Then by Proposition 6,
there exists a polynomial f € R with

w1 A Awp = f Qy.des vOL.
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We will show that f is a nonzero constant.

First, we show that f is nonzero. Suppose to the contrary that wi A--- Aw, = 0.
Let M be the coefficient matrix M(wq,... ,wy,), i.6. w1 A -+ Aw, = det M vol. Then
det M = 0, and one row of M is a linear combination of the other rows over F' =

C(z1,... ,xy). Multiplying by a least common multiple yields a relation over S:

n
E S; Wy = 0.
=1

After applying a group element g, multiplying by x '(g), and then averaging over G, we

get a relation over R:

0 = > > x '9) 9si gwi

gelG =1
n
= Y > x7N9) gsi x(9) wi
1=1 gel@
n
-5 (Se) w
1=1 \geqG

This contradicts the fact that (Q)X is free over R with basis w,... ,w,. Thus, f is

nonzero.

We show that f is constant by showing that f divides two polynomials that
are relatively prime. We find these two polynomials by writing two particular sets

of y-invariant 1-forms in terms of the generators wi,... ,w,. Notice that det M =

I Qy-det (Qx)n_l, since

f Qydet v0l = wi A -+ Awp = (QX)I_n Wi A ANwy = (QX)I_n det M wvol.

The first set of 1-forms is Qydfi,...,Qydf,. Since each df; is invariant, each
Qy df; is x-invariant and hence a combination of wi,... ,w, over R. There exists some

matrix of coefficients, IV, with entries in S, such that

Qxdfi A -+ AN Qydf, = det M det N vol

= f Qy-det (Qx)n_1 det N vol.
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But

Qydfr N NQydfn = (Qx)n Q et vol

by Proposition 7. Hence,
f Qx-det det N = QX Qdet

and since det N € S, f divides Qy Qqes (Qx.det)_l.

The second set of 1-forms is Qy.det pi1,- - , @y-det 4n, Where the p; are basic
anti-invariant forms. BEach Qy.qe; pti is x-invariant (since each p; is (det™')-invariant),
and thus an R-combination of wy, ... ,w,. There exists a matrix of coefficients, N’, with

coefficients in S, such that

Qx-det 11 A -+ A Qydet pin, = det M det N’ vol

= f Qy-det (QX)T“1 det N vol.
But,
Qxdet 1 A+ A Qyedet fin = (Qydet)” (Qer—1)" " vol.
Hence,

f Qx-det (Qx)n_l det N' = (Qx-det)n (Qdetfl)n_l'

Then since det N’ € S, the polynomial

(Qx-det)n (Qdetfl)n_l (Qx-det)_1 (Qx)l_n = (Qx-dethetfl)n_l (Qx)l_n

is divisible by f. We show that the two polynomials

Qx Qdet (Qx-det)_l and (Qx-dethetfl)n_l (Qx)l_n
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have no common factors by writing them both in terms of the a;. We expand factors:

QX — H aﬂll_IH (x) ’

HeA
x(sm)#1
Q _ H ao(sH)—l H ao(sH)—l
det H H )
HeA HeA
x(sm)#1 x(sm)=1
-1 -1
Qrdet = H a‘;{H(X) H Q%SH) :
HeA HeA
x(sm)#1 x(su)=1
Quet-1 = H ap H ag .
HecA HeA
x(sm)#1 x(sm)=1

The first polynomial, Qy Qqet (Qx.det)*l, simplifies to

H a%sH) .
HeA
x(sm)#1

The factor (Qy.det Qdet—l)n_l in the second polynomial simplifies to

n—1

H a%H(X) H o/;}SH) :
HecA HeA
x(sm)#1 x(su)=1

and hence the second polynomial, (Qy.det Qdet_l)”*1 (Qx)lfn, is just

n—1
HecA
x(sm)=1
Since f divides both polynomials, f must be constant. Thus, w1, ... ,w, satisfy

the criterion of Proposition 15.

O

Corollary 17. There exist n x-invariant 1-forms that freely generate QX over R via

x-wedging. Thus QX is isomorphic to an exterior algebra:
P
(@)% = Q" A@hHx.

R
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Proof: The generators of ()X satisfy Proposition 15 by Theorem 16, and hence generate
X, We saw in the proof of Theorem 16 that the forms wy, A --- A wy, are independent

over F' and hence also independent over R. Thus, QX is freely generated. O

We call the generators from Corollary 17 the basic x-invariant forms, or for

brevity, basic x-forms.



Chapter 7

Results Also Hold for TX

We showed in the last chapter that QX has the structure of an exterior alge-
bra, and as such is freely generated by n 1-forms. We expect analogous results for TX
since y-invariant derivation forms correspond to (x - det™!)-invariant differential forms
(Proposition 11). We define the y-wedge of § and  in TX as

ONp
Qx

The proofs of the following results are completely analogous to those in the last chapter,

except for two slight changes due to the different group action. We therefore omit the
proofs.
The first slight change occurs in the next lemma: notice that whenever I} = 1,

:1:‘1”1 divides 07 instead of :1:‘11*1 as in the version for QX.

Lemma 18. Suppose that 0 is a x-invariant derivation p-form. Fiz a hyperplane H € A

and let a = ag(x). Choose coordinates in which x1 = ag and sy is diagonal, and write

w= ZQ[ &L‘]l/\---/\aI[p

Iezp

in these coordinates. Then m‘f“ divides 01 whenever I} =1 and z{ divides 07 whenever

Ilsél,fOT‘I:{Il,... ,I,,}EIP.

Lemma 19. If 0 and 8 are in X, then @), divides 0 N\ 3.

27
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Proposition 20. The R-module TX is closed under x-wedging.

The other slight change occurs below in the criterion for n derivations to gen-
erate YX via y-wedging: they must y-wedge to Q
Qy-det dx1 A -+ ANdxy. The change from @y .ger to Q

x-det 1 oxy A -+ N\ Ox, instead of

X-det—1 occurs since dx1 A ... ANdx,

is (det~!)-invariant while dz; A - -- A 0z, is det-invariant.
Corollary 21. Forms 0y,... ,0, € (Y1)X satisfy

01A---A9niQX,detqaml/\---/\an
if and only if they generate TX over R via x-wedging.

Corollary 22. There exist n x-invariant derivation 1-forms that freely generate YX over

R via x-wedging. Thus YX is isomorphic to an exterior algebra:

(TP = @y A (rhx.



Chapter 8

Logarithmic Forms

We now discuss a few applications of the previous ideas to logarithmic forms.
Some of these applications will appear in [12]. We have previously only considered
differential forms with polynomial coefficients, but now consider differential forms with
rational functions as coefficients. The S-module of logarithmic p-forms with poles along

A (see also [9], p. 124) is defined as

cw e QP and w A dag € ag QP! forallHE.A}.

et™

G. Ziegler [20] extends this definition to multiarrangements of hyperplanes, hyperplane
arrangements in which each hyperplane is given a positive integer multiplicity. We
apply his definitions to our context of reflection groups and semi-invariants: Let A, be
the multiarrangement consisting of each hyperplane H € A counted with multiplicity
am(x), i.e., the multiarrangement defined by Q,. We define (as in [20]) the module of
logarithmic p-forms of A,:

OP(Ay) = {Qi tw € 9 and w A dagr € o QP for all H € A} :
X
Let
QAy) = @Qp(Ax)-

p>0

We first observe that any y-invariant form can be turned into a logarithmic form

of A, by merely dividing by @y, and then show that (A, ) is closed under wedging:

29
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Proposition 23.
Qy' QX C Q(A,).

Proof: Choose w in (2”)X and fix H € A. Choose coordinates from Lemma 12 such that

™) divides w; whenever 1 ¢ I. Then

1 =g, w =Y jeppwrdrn A--- Adxp,, and o
dag = dzq, and
wAdog =wANdr, = Z wr Ndzy.
11¢1
Thus w A day is divisible by m?H(X) and w A day € af) ) Qrtl As H was arbitrary,

& € Q4.

Proposition 24. Q(A,) is closed under the exterior product.

Proof: Let w/Q, and p/Q, be in Q(Ay). Fix H in A and let ay(x) = a. Choose
coordinates such that xy = «ap, and write w = Zleﬂ, wrdzy N --- ANdrp, and p =
ZJqu pydzy A---Adzy, in these coordinates. Since w Adry = wAdayg € af Q) = 219,
wr is divisible by z¢ as long as 1 ¢ I. Similarly, p s is divisible by z{ whenever 1 & J. As
in the proof of Lemma 13, it follows that @), divides w A u. Whenever 1 ¢ I and 1 & J,

:13%“ divides wrpy, and thus
w Al

Qx

is also divisible by z{. Hence af; divides (1/Qy)w A u A dagr, and as H was arbitrary,

(w/Qx) A (1/Qx) is in Q(Ay).

A dz

O

A strong relationship holds between y-invariants and logarithmic forms when
x = det !, Recall that A = Agjei-1 and Q = Qge—1- We recall a few facts from
Arrangements of Hyperplanes: The S-modules D(A) and Q(A) are dual by an interior
product ([9], Theorem 4.75). This duality and Saito’s Criterion imply two propositions
([9], Proposition 4.80, Proposition 4.81):

Proposition 25. Rational forms ny,... ,n, freely generate Q'(A) over S if and only if
mA-An, =Q ! vol.
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Proposition 26. If rational forms ny,... ,n, freely generate Q'(A) over S, then the
rational p-forms nr, A--- Ang,, 1 € IP, freely generate QP(A) over S.

Combining this with our previous results, we realize that the 1-forms that

generate Qdet™" over R (the basic anti-invariant forms) also generate Q(A) over S:

Corollary 27.
1 _
OP(A) = — S @p ()%

Q
Proof: If 1, ... , jup, are basic anti-invariant forms, then g A--- A, = Q™! vol. Hence
by Propositions 25 and 26, QP(A) is freely generated by Q™ 'pr, A-+- A Q 'y,
Ielr, O

The above corollary is shown with a different argument in [13].



Chapter 9

Constructing Generators

Corollary 17 guarantees that all y-invariant forms can be computed from the
basic x-forms. But how does one find the basic x-forms? We construct basic x-forms
using a new method called knocking. In Chapter 10, we will use knocking to give explicit
constructions of the basic y-forms for the irreducible reflection groups. Essentially, we
switch dz; (or x;) and % everywhere possible in a form, bar the complex scalars, and
let the resulting operator act on polynomials. We use this idea in two ways: We first
construct basic derivations from basic invariants, and then construct basic y-forms from
basic derivations and Stanley polynomials. Although basic derivations for the irreducible
reflection groups have been computed in [6] and [8], this method seems easier, and the

construction of basic x-forms is new.

9.1 Operators

In Chapter 2, we defined 9 (> | ciz;) = >0, G %, where ¢; € C. For each
f = f(z1,...,z,) € S, we obtain a differential operator f(0zi,...,0x,) by replacing
each x; by a%i in f and replacing multiplication of x; by composition of partial derivatives.

Further extend 0 to polynomials of arbitrary degree: For each f € S, define

af = f_(axla' s aaxn)a

32
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where f is the polynomial obtained by replacing each complex coefficient in f with its

complex conjugate.

How does the group act on the set of f?7 In Chapter 2, we defined the group

action on 2 and T to commute with d and 9. Define a group action on the set of

operators df (f € S) by gof :=09(g f).

Lemma 28. For any polynomials f, P € S and g € G, (90f)P = g(0f(g ' P)). Hence,
9(0fP) = 9(g f)(g P).

Proof: We use the chain rule and the fact that g is unitary. Since 0 is anti-linear, it
suffices to consider a monomial f = i’ ...zl where @ € C. Denote the matrix g by
{aé-} and the matrix g~ ! by {b;} Then aé- = l_)g since g1 = g* (g is unitary). For ease
with notation, we implicitly sum over any subscript of z other than 1,2,... . n in the

following calculation:

g9 (0f(g'P))
=g ((fy W(Pog))

. . . . oP
_ ~ bl try J1 Jr
= glaat...aft ... all . alm og
Oxi, ...0x;, ... 0xj ...0zj,

= aaf...a) ... a)...alm T ‘8{36% o
. . . . oP
- ab}l'“b}””' R oz, ...0x;, ... 0zj ...0x;,
= a(b}l...bzlrl... N axt .t le...ij”>P
= dgNHr
= g(ofP).
Hence also, g(0fP) = 9(g f)(g P). O

9.2 Basic xy-Forms

We now introduce a construction of differential 1-forms from derivations and

polynomials that behaves well with respect to semi-invariance. The idea is to replace
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each Oz; with dz; and each z; with dz;, bar the complex scalars, and then apply the
resulting operator to a polynomial. We will eventually use this construction to combine
invariant derivations and Stanley polynomials. For a derivation 7 = I, t' Ox; and

polynomial P, define the differential 1-form
n .
TOP = Z Ot'P dz;,
i=1

read 7 knock P. We call 7, ot' dz; a lowering operator, as it lowers degree.

Proposition 29. Let 7 be a y-invariant derivation, and P be a x-invariant polynomial.

Then 7 ® P is a (x - ¥~ ')-invariant differential 1-form.

Proof: Again, let g = {ag.} and g~! = {b;}, and note that ag. = Bf Since T is t-invariant

and 0 is anti-linear,

Plg)T = g7
= Z gti 8(3:2-09*1)

= th"a Zb§'$j
i J
= thiZB;iaxj
J

i

= thi Z agaacj
i

J

and

o) ' =3 dl gt ()
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Then by Lemma 28 and the anti-linearity of 0,
g(r®@P) = Z g(0t'P) gdz;

3

= Z d(gt')(g P) gdz;

= xl9) > gt bj da;
2y
= xl9) > 0(b; gt)P da;
2y
= x(9) Z d(a] gt')P dz;.
But by Equation # above, '
x(g) Y el gt)P dej = x(g) Y Olg) )P da;

i7j

We use the next corollary to construct basic y-forms.

Corollary 30. Let 0 be a basic derivation. Then 0 © Qy is a x-invariant differential

1-form.

9.3 Basic Derivations

The last theorem gave a method to construct a semi-invariant 1-form from a
derivation and a polynomial. Now let’s do the reverse and construct a semi-invariant
derivation from a differential 1-form and a polynomial. We replace each dz; with 0z; and
each z; with Oz;, bar the complex coefficients, and let the operator act on a polynomial:

For a 1-form v =", v'dz; and a polynomial P, define the derivation
n .
voP = Z ov'P Oz,
i=1

read v co-knock P. Again, we call 7" | Ov' Ox; a lowering operator.
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Proposition 31. Let v be a Y-invariant differential 1-form, and P be a x-invariant

polynomial. Then v O P is a (x - ¢~ ')-invariant derivation.

1

Proof: Again, let g = {aé.} and g~ ' = {b;} and note that a§. = l_)g Since v is t-invariant

and 0 is anti-linear,
Plg)v = gv
S (S
i J
and
=2 bgv'
i
Then by Lemma 28 and the anti-linearity of 0,

gveP) = > g(O'P)goz;

i

— Z (gv*)(gP) gd(z; 09 ")

= x(9) > dgv")P o > bz
i j

= x(9) Y_ 9(gv")P b 0z,
i

= Z ( bi' gv')P Ox;
= Z O(Y(g) v!)P Oz,

= x(9) 1/) Z ol p 0z

J

= x(9) ¥~ (9) TOP.

We use the next corollary to construct basic derivations.

Corollary 32. Let f; and f; be basic invariants. Then df;O f; is an invariant derivation.
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9.4 Remarks

The fact that knocking preserves semi-invariance is not surprising. Recall the
« map from Chapter 2, x : W — W* = x(W), defined on any finite-dimensional complex
vector space W. This map respects tensor products and also symmetric and exterior
tensor powers: (W @ W)* ~ W* W*, S(W @ W)* ~ S(W* W*), (W AW)* ~
W* A W*. Hence it respects the symmetric and exterior tensor powers on V, V* V**
and V***_ The * map also obviously respects the isomorphisms e; > dx; (V ~ V**) and

x; > dr; (V* =~ V**) (where e; is a basis vector of V' dual to ;).

Knocking can be viewed as an application of the x map: pass the x map through
symmetric and exterior powers to create an operator. But g € G also preserves symmetric
and exterior powers (by definition of the group actions), and can be “passed through”
to individual v € V and v* € V*. We remarked in Chapter 2 that G respects the
correspondence V <> V* given by *. Hence, we expect the group to preserve knocking.
Since the * map is anti-linear, 1y~ (g) pulls out of a v-invariant lowering operator when

g acts.



Chapter 10

In Practice

Now that we have a developed a theory of semi-invariants, how to we apply the
theory in practice? Chapters 6 and 7 showed that one can build all semi-invariants from
a few fundamental forms, and Chapter 9 gave a new method (knocking) for constructing
these fundamental forms. We show here how these ideas are used to compute semi-
invariants explicitly. Specifically, we show how to find all the semi-invariants for the
exceptional irreducible reflection groups. We make some remarks about the irreducible
reflection groups and display a reduced form of the Hilbert Series of x-invariants for
each of the exceptional groups. We give explicit constructions of the basic y-forms and
basic derivations for the two-dimensional exceptional groups using the constructions from
Chapter 9. We indicate the basic y-forms for the higher dimensional exceptional groups

as well.

10.1 Irreducible Reflection Groups

We remarked in Chapter 1 that every reflection group is either irreducible or
the direct product of irreducible components, each of which is itself a reflection group.
We thus focus on semi-invariants of the irreducible reflection groups. The irreducible
reflection groups consist of three infinite families and thirty-four ezceptional groups.
Shephard and Todd gave each group a serial number: the infinite families are numbered

1 through 3 and the exceptional groups are numbered 4 through 37. The exceptional
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groups range in dimension from 2 to 8 and are labeled G4 through Gs7.

Groups G4 through G2 are two-dimensional and fall into three categories. For
any reflection group, we can mod out by the set of scalar matrices to obtain a projective
group. Each projective group corresponding to a two-dimensional exceptional group is
either the tetrahedral group (size 12), octahedral group (size 24), or icosahedral group
(size 60). With an abuse of terminology, we also call the corresponding reflection group
tetrahedral, octahedral, or icosahedral. We focus here on the two-dimensional excep-
tional groups for several reasons. Most of the exceptional groups are two-dimensional.
These groups lend themselves well to presentation — in fact, all of the semi-invariant
forms (including basic invariants) for all nineteen of the two-dimensional exceptional
groups can be computed from just three polynomials! Most of the two-dimensional
groups have many multiplicative characters and thus a wealth of semi-invariants. The
two-dimensional group Gi9 has thirty multiplicative characters, more than any other

exceptional group!

In contrast, the higher dimensional exceptional groups, Ga3 through Gs7, are
lacking in multiplicative characters. The trivial and the det™" characters are usually the
only multiplicative characters. Only four groups have more: Gos, Gag, Gag, and G3o.
We showed in Chapter 5 how to construct basic anti-invariants from basic derivations,
and basic derivations have been computed for the exceptional groups in [6] and [§].
Hence, the basic y-forms for almost all of these groups are easy to find. The basic x-
forms for the remaining four groups, Gos, Gag, Gog, and G392, can also be computed in a

straightforward way — we indicate how in Section 10.3.

Unlike the two-dimensional groups, the projective groups corresponding to
groups Goz through G37 are unique with one exception: both Ga5 and Gog are lifts
of the Hessian group of order 216. The group Go4 is the lift of Klein’s group of order
168. Group Ga7 is called the Valentineer group and its projective group is isomorphic
to the alternating group Ag (see S. Crass’s work ([4], [2], and [3]) on this group and the
highly symmetrical dynamical systems built from its semi-invariants). Groups G35, Gsg,

and G37 are better known as the Coxeter groups Eg, E7, and Eg.

Recall that we labeled basic invariants f; and basic derivations ¢;. The degrees
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of the df; are called the ezponents of the reflection group, and the degrees of the ¢; are
called the coexponents of the group. When a group is a Shephard or Coxeter group,
the degree of df; (exponent) plus the degree of ¢,_; (coexponent) is always the degree
of fn,. Any group that displays this numerology is called a duality group. Most of
the exceptional groups are duality groups, and one may ask “why do duality groups
exhibit such numerology, and why don’t other reflection groups?” This question in
part motivated this thesis, and certainly motivated the constructions in the last chapter
and calculations presented here. There are seven nonduality groups in dimension 2,
G7,G11,G12,G13,G15,G19 and Gag, and only one higher dimensional nonduality group,
G31. In the next sections, we explore the influence of duality on constructing basic

x-forms.

We invite the reader to peruse Table 10.5, which indicates the Hilbert series of
x-invariant differential forms for all of the irreducible reflection groups (excepting the
infinite families). We have multiplied each series by (1 — z%)...(1 — z%), where d; is
the degree of f;, to obtain a polynomial called the reduced Hilbert series that ignores the
contribution of the basic invariants. Corollary 17 implies that the quotient is indeed a
polynomial, and that this polynomial factors. The coefficient of z'y’ is the dimension
over R of the space of j-forms of homogeneous polynomial degree i. The symbol »
indicates a nonduality group. Nolan Wallach suggested factoring the polynomials with
negative exponents, which prompted the idea to knock Stanley polynomials and basic
derivations together. The Hilbert series were computed from character tables using a

version of Molien’s theorem and the software GAP and Mathematica.

10.2 Two-dimensional Groups

We now restrict our attention to the two-dimensional exceptional groups. We
compute basic derivations for the duality groups with a simple formula: ¢; = df,_; © fy.
The numerology of a duality group suggests this formula, but perhaps the formula in
some sense also sheds light on the numerology. Each basic x-form of a duality group is
either df; @, or ¢; ® Q. With nonduality groups, these constructions may give zero for

some 7. We then substitute f,f; (for some ) for f,. (This is also the case with G3;, the
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nonduality group in dimension 4.)

For each group G4 through Gas, we list the serial number, size, degrees of basic
invariants (exponents + 1), degrees of basic derivations (coexponents), and degrees of the
Stanley polynomials in Table 10.1. We indicate each nonduality group with the symbol
» (as before) throughout our tables. The reader should compare results for duality

groups and nonduality groups.

Klein [7] explored the invariant theory for the projective tetrahedral, octahe-
dral, and icosahedral groups in detail. There are three important invariant polynomials
for each projective group, f,h, and t. Up to a scalar, the polynomial A is the Hessian
of f and the polynomial ¢ is the Jacobian of f and h. Table 10.2 gives f,h, and ¢ for
the tetrahedral, octahedral, and icosahedral groups explicitly. Any invariant of the cor-
responding reflection group can be written as a product of the f, h, and ¢. In Table 10.3,
we give the basic invariants in terms of f,h, and ¢ and give the basic derivations in
terms of co-knocking f,, with df;. We write each Stanley polynomial as a product of the
f,h, and ¢ in Table 10.4. The Stanley polynomials were found by examining the effect
of group generators using Mathematica. Table 10.4 gives the basic x-forms in terms of
knocking Stanley polynomials with basic derivations (we omit the trivial character). Us-
ing these tables, the reader can compute any semi-invariant form for a two-dimensional

exceptional group from the appropriate polynomial f alone!

10.3 Higher Dimensional Groups and Tables

The basic y-forms for the rest of the exceptional groups follow the same pat-
terns. We have computed the basic derivations and basic y-forms for the groups Gas,
Gog, Gog, and G32. The other higher dimensional groups carry only the trivial and det™!
multiplicative characters. Hence, their semi-invariants can be constructed from the ba-
sic derivations computed in [6] and [8]. We have also computed basic derivations and
basic x-forms for the nonduality group G3;. We indicate the results here, but forego the

explicit calculations.

As with the two-dimensional groups, basic derivations for the duality groups
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can be computed with the simple formula: ¢; = df, ; © f,. Again, each basic y-form
of a duality group is either df; Q, or ¢; ® Q. The reduced Hilbert series in Table 10.5
indicates how to choose df; Qy or ¢; ® Q. Each factor (1 + z%) in the reduced series
corresponds to df; (), where d is the degree of df; (exponent). Each factor (1 4 2~°y)
corresponds to ¢; ® Q,, where e is the degree of ¢; (coexponent). Again, with our
nonduality group G31, the construction ¢; = df,,—; © f, gives zero for one i. We then

substitute f2 for f,,.

The following tables can be used to construct the semi-invariant forms of all

the exceptional groups.
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Table 10.1: Degrees

Tetrahedral Groups

Group | Size | Exponents +1 Coexponents Stanley Polynomials
deg f; deg ¢; deg Qi
4 24 4,6 1,3 8,4
5 72 6,12 1,7 12,12,4,16,4,8,8,8
6 48 4,12 1,9 6,10,14,4,8
> 7 144 12,12 1,13 6,18,18,12,12,22,10, 10, 16,4, 4,14, 14, 14, 8, 8,8
Octohedral Groups
Group | Size | Exponents +1 Coexponents Stanley Polynomials
deg f; deg ¢; deg Qi
8 96 8,12 1,5 12,6,18
9 192 8,24 1,17 12,12, 24, 30, 6, 18,18
10 288 12,24 1,13 12,18, 6,26, 14,20, 8, 34,22, 28, 16
> 11 576 24,24 1,25 12,12, 24,30, 6, 18, 18, 38, 14, 26, 26, 20, 20, 32, 8, 46, 22,
34,34, 28,28, 40,16
| 12 48 6,8 1,11 12
»| 13 96 8,12 1,17 18,6, 12
14 144 6,24 1,19 12,20, 8,28, 16
> 15 288 12,24 1,25 6,18,12,22, 34,28, 16, 14, 26, 20, 8
Icosahedral Groups
Group | Size | Exponents +1 Coexponents Stanley Polynomials
deg f; deg ¢; deg Qi
16 600 20, 30 1,11 36,12,48,24
17 | 1200 20, 60 1,41 30,78, 66,54, 42, 48, 36, 24, 12
18 1800 30,60 1,31 24, 48,12, 36, 20, 44, 68, 32, 56,40, 64, 88, 52, 76
> 19 | 3600 60,60 1,61 30,78, 66, 54, 42, 48, 36, 24, 12, 50, 98, 86, 74, 62, 20, 68,
56,44, 32, 70,118,106, 94, 82, 40, 88, 76, 64, 52
20 360 12,30 1,19 40,20
21 720 12,60 1,49 30, 70, 40, 50, 20
> 22 240 12,20 1,29 30




Table 10.2: Klein’s Invariants

Tetrahedral Groups

x} + 2iv3rird + o}

r} — 2iv/3rird +

ry22 (2] — 23)

Octohedral Groups

ry22 (2] — 23)

o8 + 14zizd + 28

7% — 332823 — 33x1af + xi2

Icosahedral Groups

r122(210 + 11225 — 210)

230 — 22821°x5 + 494210210 + 228z x5 + 220

230 + 52222525 — 1000522°21° — 1000521°23° — 52227235 + 23°
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Table 10.3: Basic Invariants and Derivations

Tetrahedral Groups

Group | Size | Exponents +1 Basic Inv. Coexponents Basic Der.
deg f; fi deg ¢; bi
4 24 4,6 f t 1,3 df2 © fo»  df1 O f2
5 72 6,12 t  fff 1,7 df2 © fo  df1 O f2
6 48 4,12 tt f 1,9 df2 © f2  dfi O fo
> 7 144 12,12 frr 1,13 df2 © fo df1 © f2
Octohedral Groups
Group | Size | Exponents +1 Basic Inv. Coexponents Basic Der.
deg f; fi deg ¢; bi
8 96 8,12 h t 1,5 df2 © f2 dfi © fo
9 192 8,24 h tt 1,17 df2 0 f2  dfi © fo
10 288 12,24 t  hhh 1,13 df20 fa  df1 O f2
> 11 576 24,24 hhh  tt 1,25 df2 © fo  df1 © f2
> 12 48 6,8 f h 1,11 df2 © fo df1 © f2
»| 13 96 8,12 hoff 1,17 df2© f2 df1 O f3
14 144 6,24 f tt 1,19 df2 © fo df1 © f2
> 15 288 12,24 frf 1,25 df2 © f2  df2 © f3
Icosahedral Groups
Group | Size | Exponents +1 Basic Inv. Coexponents Basic Der.
deg fi fi deg i bi
16 600 20,30 h t 1,11 df2 0 f2  dfi © fo
17 1200 20, 60 h tt 1,41 df20 fa  df1 O f2
18 1800 30,60 t  hhh 1,31 df2 © f2 dfi © fo
> 19 | 3600 60, 60 hhh 1,61 dfi © f2  df1 © f3
20 360 12,30 f t 1,19 df2 © fa df1 O f2
21 720 12,60 f tt 1,49 df20 fa  df1 O f2
> 22 240 12,20 f h 1,29 df2 © fo df1 © f2
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Table 10.4: Basic x-forms

Tetrahedral Groups

Group | Character | Stanley Poly. @ | Degree Basic x-forms Degrees
Gy: X1 hh 8 $1 © Qx $2 © Qx 7,5
X2 h 4 $1 © Qx $2 © Qx 3,1
Gs: X1 fhh 12 1 © Qx $2 © Qx 11,5
X2 frh 12 1 © Qx $2 © Qx 11,5
X3 f 4 1 © Qx df1Qx 3,9
X4 frhh 16 91 © Qy $2 © Qx 15,9
X5 h 4 $1 © Qx df1Qx 3,9
X6 hh 8 1 © Qx df1Qx 7,13
X7 fr 8 1 © Qx df1Qx 7,13
X8 fh 8 $1 © Qx $2 © Qx 71
Ge: X1 t 6 1 © Qx df1Qx 5,9
X2 ht 10 $1 0 Qy 2 © Qyx 9,1
X3 hht 14 $1 0 Qy B2 © Qy 13,5
X4 h 4 1 © Qx $2 © Qx 3,7
X5 hh 8 $1 © Qy P2 © Qx 7,11
» Gr: X1 t 6 01 0 Qy df1Qx 5,17
X2 frht 18 1 © Qx $2 © Qx 17,5
X3 fhht 18 $1© Qy $2 © Qx 17,5
X4 frh 12 P1@Qx  P20@ f2Qx 11,11
X5 fhh 12 P1@Qx  P$20© f2Qx 11,11
X6 ffhht 22 1 © Qx $2 © Qx 21,9
X7 It 10 P1@Qx  P20@ f2Qx 9,9
X8 ht 10 $1@Qx 20 [2Qx 9,9
X9 frhh 16 $10©Qy  $20 f2Qy | 15,15
X10 ! 4 $1 © Qx df2Qx 3,15
X11 h 4 01 © Qy df2Qy 3,15
X12 fht 14 $1 © Qy P2 © Qx 13,1
X13 hht 14 01 0 Qy 02 © f2Qy 13,13
X14 It 14 P1@Qx  P20@ f2Qx 13,13
X15 fh 8 PLOQy P20 f2Qx T
X16 If 8 $1 © Qx df2Qyx 7,19
X17 hh 8 ?1 © Qy df2Qy 7,19
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Table 10.4: Continued

Octohedral Groups

Group | Character | Stanley Poly. @ | Degree Basic x-forms Degrees

Gg: X1 rf 12 P1OQx P20 Qy 11,7
X2 f 6 P1OQx P20 Qy 5,1
X3 frr 8 P10Qx  P20Qx | 17,13

Gg: X1 rf 12 1 © Qx df1Qx 11,19
X2 t 12 $1 0 Qx df1Qx 11,19
X3 frt 24 $10Qx 20 Qx 23,7
X4 frrt 30 $10Qx  P20@Qx | 29,13
X5 f 6 1 © Qx df1Qx 5,13
X6 s 18 1 © Qx df1Qx 17,25
X7 It 18 P1OQx P20 Qy 17,1

G10: X1 rf 12 1 © Qx df1Qx 11,23
X2 i 18 1 © Qy df1Qy 17,29
X3 f 6 $1 © Qy df1Qy 5,17
X4 Tfrrh 26 $10Qx  P2@Qx | 25,13
X5 fh 14 P1OQx P20 Qx 13,1
X6 fIh 20 $10Qx  $20Qx 19,7
X7 h 8 1 © Qx df1Qx 7,19
X8 fffhh 34 Pr1OQx  P20Qx | 33,21
X9 fhh 22 ¢1 © Qy P2 © Qy 21,9
X10 ffhh 28 $10Qx  $20@Qx | 27,15
X11 hh 16 91 © Qy df1Qy 15,27
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Table 10.4: Continued

Octohedral Groups (cont.)

Group | Character | Stanley Poly. @, | Degree Basic x-forms Degrees
» Gi1: X1 t 12 610 Qy df1Qy 11,35
X2 ff 12 ¢1 © Qy df2Qy 11,35

X3 frt 24 $1© Qy $2 © f2Qx 23,23

X4 frrt 30 P1O@Qxy P20 f2Qx | 29,29

X5 f 6 $1 @ Qx df2Qy 5,29

X6 Irf 18 $1© Qy df2Qy 17,41

X7 It 18 $1© Qy $2 © f2Qx 17,17

X8 frrnt 38 $1© Qy $2 © Qx 37,13

X9 fh 14 $1© Qy $2 © f2Qx 13,13

X10 ik 26 $1© Qy $2 © f2Qx 25,25

X11 fht 26 P1 © Qy P2 © Qy 25,1

X12 frh 20 $1© Qy $2 © f2Qx 19,19

X13 ht 20 $1© Qy $2 © f2Qx 19,19

X14 ffht 32 $1 © Qx b2 © Qx 31,7

X15 h 8 01 © Qy df2Qy 7,31

X16 fffhht 46 $1© Qy $2 © Qx 45,21

X17 fhh 22 $1 © Qy 2 © f2Qy 21,21

X18 fffhh 34 91 ©Qy $2 © f2Qx 33,33

X19 fhht 34 01 © Qy $2 © Qy 33,9

X20 hht 28 ¢1 © Qy b2 © f2Qy 27,27

X21 frhh 28 $1© Qy $2 © f2Qx 27,27

X22 ffhht 40 $1© Qy 2 © Qx 39,15

X23 hh 16 ¢1 © Qy df2Qy 15,39

Pcen| t 12 | 10Qy $20Qy | 11,1

> Gia: X1 It 18 10 Qx $2 © Qx 17,1

X2 f 6 1 © Qy $2 © Qx 5,13

X3 t 12 ¢1 @ Qx b2 © Qy 11,7

G1a: X1 ¢ 12 b1 Qy df1Qy 11,17

X2 ht 20 b1 Qy b2 © Qy 19,1

X3 h 8 $1© Qy df1Qx 7,13

X4 hht 28 01 © Qy $2 © Qy 27,9

X5 hh 16 ¢1 © Qy df1Qy 15,21
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Table 10.4: Continued

Octohedral Groups (cont.)

Group | Character | Stanley Poly. Qy | Degree Basic x-forms Degrees
» Gi5: X1 ! 6 $1© Qx df2Qx 5,29
X2 ft 18 $10Qx P20 f2Qx 17,17
X3 ¢ 12 610 Qy df1Qx 11,23
4 hhf 22 | $10Q  $20LQy | 21,21
x5 fhht 34 $1 0 Qy P2 © Qy 33,9
X6 hht 28 P1OQx 20 N1Qx | 27,15
X7 hh 16 1 © Qy df1Qx 15,27
X8 fh 14 $10Qx P20 f2Qx 13,13
X9 fht 26 P1OQy P20 f1Qx 25,1
X10 ht 20 1 © Qy $2 © Qy 19,7
X11 h 8 01 © Qy df1Qy 7,19
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Table 10.4: Continued

Icosahedral Groups

Group | Character | Stanley Poly. @ | Degree Basic x-forms Degrees
Gie: X1 Fff 36 PrLOQy P2@©Qy | 35,25
X2 f 12 P1OQx P20 Qx 11,1
X3 Ifrf 48 P1OQy P20 Qy 37,47
X4 If 24 P1OQy P20 Qy 23,13
Gi7: X1 t 30 $1 0 Qy df1Qy 29,49
X2 Trfre 78 P1OQy P20 Qy 77,37
X3 Trft 66 $P10Qy P20 Qy 65,25
X4 Irt 54 P1OQy P20 Qy 53,13
X5 ft 42 PLOQy P20 Qy 41,1
X6 Tfrf 48 b1 0 Qy df1Qy 47,67
X7 Fff 36 610 Qy df1Qy 35,55
X8 If 24 1 © Qy df1Qy 23,43
X9 ! 12 610 Qy df1Qy 11,31
G1s: X1 ff 24 PL1OQy  P20©Qy | 23,53
X2 fref 48 Pr1OQx  P2@Qy | 47,77
X3 ! 12 P1OQy 20 Qy 11,41
X4 Trf 36 Pr1OQx  P2@Qy | 35,65
X5 h 20 P1OQx p20Qy | 19,49
X6 ffh 44 P1OQy  P20Qy | 43,13
X7 frffh 68 Pr1OQx  P2@Qy | 67,37
X8 fh 32 PLOQy P20 Qy 31,1
X9 Fffh 56 $P10Qy P20 Qy 55,25
X10 hh 40 01 © Qy $2 © Qy 39,69
X11 ffhh 64 Pr1OQx  P2@Qy | 63,33
X12 FITfhh 88 p1©Qy  d20Qy | 87,57
X13 fhh 52 P1OQx p20Qy | 51,21
X14 Tffhh 76 P1OQy P20 Qy 75,45




Table 10.4: Continued

Icosahedral Groups (cont.)

Group | Character | Stanley Poly. Q, | Degree Basic x-forms Degrees

» Gio: X1 t 30 $1 © Qy df1Qx 29,89
X2 fIfft 78 P1OQy  $20 f2Qx | T7,TT
X3 frre 66 $10©Qx P20 f2Qx | 65,65
X4 frt 54 P OQxy  $2© f2Qx | 53,53
X5 ft 42 PLOQy 20 f2Qy | 41,41
X6 TIff 48 1 © Qy df2Qx 47,107
X7 s 36 $1© Qx df2Qx 35,95
X8 Ir 24 1 © Qy df2Qx 23,83
X9 f 12 1 © Qy df2Qx 11,71
X10 ht 50 P1 © Qy P2 @ f2Qy 49, 49
X11 FIfrnt 98 1 © Qy b2 © Qy 97,37
X12 fffht 86 $1 © Qx $2 @ Qx 85,25
X13 ffht 74 01 © Qy 02 © Qy 73,13
X14 fht 62 1 © Qy b2 © Qy 61,1
X15 h 20 1 © Qy df2Qx 19,79
X16 fIffh 68 P1OQx  $20 faQx | 67,67
X17 fIfh 56 $1©Qy 20 f2Qx | 55,55
X18 frh 44 PLOQyx P20 f2Qx | 43,43
X19 Ih 32 P10Qy 20 f2Qy 31,31
X20 hht 70 $1O©Qy 20 f2Qx | 69,69
X21 Ffffhht 118 1 © Qy B2 ® Qy 117,57
X22 fffhht 106 1 © Qy P2 © Qx 105,45
X23 ffhht 94 1 © Qy b2 © Qy 93,33
X24 fhht 82 1 © Qy B2 ® Qy 81,21
X25 hh 40 1 © Qy df2Qx 39,99
X26 FIffhh 88 $1©Qy 20 f2Qx | 87,87
X27 fIfhh 76 PLOQyxy P20 f2Qx | 75,75
X28 ffhh 64 P1OQx 20 faQx | 63,63
X29 fhh 52 $1©Qy 20 f2Qx | 51,51
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Table 10.4: Continued

Icosahedral Groups (cont.)
Group | Character | Stanley Poly. @ | Degree Basic x-forms Degrees
G2o0: X1 hh 40 $1OQy  P20Qy | 39,21
X2 h 20 ¢1 © Qy 02 © Qx 19,1
G21: X1 ¢ 30 $1© Qy df1Qy 29,41
X2 hht 70 $10©Qx P20 Qx 69,21
X3 hh 40 #1 © Qy df1Qy 39,51
X4 ht 50 P1@Qx P20 Qx 49,1
Xs h 20 $1© Qx df1Qy 19,31

bGo:| w ! | 3 [s00 woea | 21 |




Table 10.5: Reduced Hilbert Series
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Table 10.5: Continued

Gs Xo (I+a"y)(1+a'y)
x1 zP(1+z y)(L+20y)

x2 z°(1+z 'y)(1+z"y)
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Table 10.5: Continued

> Gn Xo (1 +2%y) (1 + 2*%y)
x1 a1+ y)(1+2y)
xz a4zt )(1+x2‘°’y)
X3 x24(1+1‘ )14z ty)
xa 1+ ly)(1+zly)
xs (1427 'y)(1+2%y)
xe ' f(l+z7ly)(1+ $23y)
xr a1+ Y1+ y)
xs 1+ ly)(1+2 )
xo (1 +z7ly)(1+27y)
x10 %1 +z7 )1 +z7y)
xin w1+ y) (1427 y)
xi2 0(l+z 'y (1 +z"ty)
xiz 0(l+z 'y +2""y)
xia 2 (1+a7 y)(1+27%y)
x5 #t(1+z7 y)(1+2>y)
xie «(l+z 'y)(1+z *y)
xir 2 (l+z 'y +2"ty)
xis ' (l+z 'y +27"y)
xio 1+ y)(1+27%y)
x20 1+ y)(1+2ty)
xo1 (142 'y +27ty)
x22 (L4277 'y)(1+ 27 %y)
x2s @ C(1+z7'y)(1+2y)

» Gi2 X0 1+ %) (1 +2z"y)

X1 (L+z7y) (1 +2"y)
> Gis X0 (1+27y)(1+2'ty)
x1 e ¥(l+z ty) 1+ y)
xz 2®(14+2 'y)(1+27y)
xs zl(1+z7'y)(1+a"y)

Gia X0 (1+ w‘sy)(l +2%y)
x1 2P (1+a7y)(1+2%y)
X2 $20(1+$ 1 )(1+$—19 )
xs =(1+z 'y)(1+2%y)
xa B +27y)(1 +27 %)
xs e ®(1+a7y)(1+2%y)
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Table 10.5: Continued

(1+2'y)(1+2y)
®(1+ 27 y)(1 4+ 2™y)

—1

1+z"%y)(1+2°%)
30

~
0o

14+z )14z Yy

66 1 +z71y

54

(
( )
( )
( )
( )
P(1+az7ly)
( )
( )
( )
( )

'
0o

Yy
l+aty )
1427 'y)(1+2")

)
)

oW
O

14+ 7)1 + 2%

8 8 8 8 8 8 8 8 8
-
M



Table 10.5: Continued

W
o
—
+
8
|
-
<
—
+
8
M
©
<

1+ y)(1+z 3y

o7

-1

—1
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Table 10.5: Continued

Gao vo o (L+a'y)(1+a®y)
xi (1 +z7'y)(1+27 )
x2 #(L+z 'y)(L+2 )
G vo o (L+aty)(1+a™y)
x1 1 +z'y)(1+ay)
X2 =1 +z7'y) (1427 )
X3 x40(1+x L )(1+a:11y)
xa (1 +z7'y)(1+2""%y)
xs =01 +z 'y)(1+a'y)
> Ga xo o (L+atly)(1+aiy)
x1 1 +z 7y (1 +27%)
Gas Xo (L+zy)(1 +2°y)(1 + 2%y)
x1 #P(l4+z 'y 1+ (1 +2"%)
Gaa X0 (L4 2%y)(1 +2°y) (1 + z"%y)
xi @ (l+z ly)(L+z )1+ y)
Gas X0 1+ 2%y (1 +2%y) (1 +z'y)
x1 =P +z 'y)(l+z 'y 1 +27y)
x: z(1+z7'y)(1+z7y) (1 +277y)
Ga6 Xo (1+2%y)(L+ 2ty (1 +2'y)
Xaer-1 @ (L4271 + 27 y)(L+ 27 Py)
Xdet x33(1+x‘1y)(1+x‘7 )1+ 27 "%y)
Xdet (427 y)(L+2 Ty)(1+2%y)
Xder L4z ly)(L+aT )(1+1‘5y)
Xaez e (1+z7'y)(1+2°y)(1+a''y)
Gar Xo (1+2°y) (1 + 2" y) (1 +2>)
x1 (1 +z7'y) 1+ 27 y)(1+27Py)
Gazs X0 (L+ay)(1+2°y)(1+ 2 y)(1+2'y)
xi 1 +z 'y +2 YA +z Y1+ y)
x: zP(1+z7'y)(1+27y) (A +z'y)(1+2°)
xs (1 +z7y)A+27%y) (1 +2'y)(1 +2°y)
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Table 10.5: Continued

G2 Xo 1+ 2%y (1 +2"y)(1+z'y) (1 + 2"y)

xi 1 +zy)A 4+ A+ Py) (1 +27Ty)
Gso X0 (1+zy) (1 +2"y) (1 +2"y)(1 +2%y)

xi 21 +z ')+ y) L+ 2 Py) (1 + 27 Py)
> Gs1 Xo (1+2"y)(1+ ' y)(1+2%y) (1 4+ 2*y)

xi 21 +z )L+ Py) L+ 2 Ty) 1+ Py)
Gs2 Xo (L+z"y) (1 + 2" 7y) (14 2%y) (1 + 2%y)

xi =00 +z YA+ YA+ Py)(1+2y)

x: 1 +z 'Y+ Ty A+ Py) (1 +27 %)
Gas X0 (1+2%y)(1+2°y) (1 +2°y) 1+ 2" y) (1 +2'Ty)

x1 2P+ )1+ YA+ %)L+ 27 Py (1 + 27 Fy)
Gsa X0 (I+2’y) L+ y) 1+ Ty)(1+2y) (1 + 2>y) (1 + 2''y)
xi #A+a y)A+2 By A+ Py A+ Py)(L+ 2 y) (1 +2Ty)
Gas X0 1+zy) (1 +2'y) 1+ 2°y) (1 +27y) (1 +2°y) (1 + z''y)
xi 1 +z YA+ YA+ YL+ Ty A +2 5y (L+z " y)

G36
Xo (I+zy)(Q+2°y) 1+ 27y)(L+ 2"y (L + 2" y) 1+ 2y) (1 +2'Ty)
x1 2P0+ YA+ A+ 27 YL+ 270+ )L+ 27 Py)(L+ 27 Ty)
G37
xo  (+zy(+zyI+ay)(1+2"y) A +2Ty) 1+ 21+ 27y) (1 4+ 27)
x1 2204z YA+ YA+ My A+ Py A+ Ty A+ Py A+ Py 1+ Py)
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