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ABSTRACT OF THE DISSERTATION

Braid Representations and Tensor Categories
by

Imre Tuba

Doctor of Philosophy in Mathematics

University of California San Diego, 2000

Professor Hans Wenzl, Chair

We classify all simple representations of the braid group Bz with dimension d < 5
over any algebraically closed field. In particular, we prove that a simple d-dimensional
representation p : Bg — GL(V) is determined up to isomorphism by the eigenvalues
A1, Ag, ..., Ag of the image of the generators oy and o9 for d = 2,3 and a choice of a
§ = /det p(oy) for d = 4 or a choice of § = {/det p(cy) for d = 5. We also showed
that such representations exist whenever the eigenvalues and ¢ are not zeros of certain
explicitly given rational functions QE?). In this case, we construct the matrices via which
the generators act on V.

We go on to give a necessary and sufficient condition for the unitarizability of
simple representations of B3 on complex vector spaces of dimension d < 5. We show
that a simple representation p : Bs — GL(V) (for dim V' < 5) is unitarizable if and only
if the eigenvalues A1, Ag,...,\q of p(o1) are distinct, satisfy |[A\;| = 1 and uz(-f) > 0 for
2 <1 < d, where the ,ul(f) are functions of the eigenvalues, related to QZ(;Z).

Finally, we describe how these results can be used to compute categorical dimen-

sions of objects in braided tensor categories and give an example of such a computation.

X



Chapter 1

Simple Representations of

Dimension d <5

1.1 Introduction

In this chapter, we will characterize all simple representations of B3 of dimen-
sion d < 5. We will mostly follow the argument presented in [11] with some variations.

Suppose p : B3 — GL(V) is such a simple representation of B3 on the d-
dimensional vector space V over an algebraically closed field F' of any characteristic.
Denote the images of o1 and o2 by A and B. In general, we will talk about V' as a
Bs-module, where B3 acts on V' via p.

Then A and B are invertible d X d matrices with entries in F'. They satisfy
ABA = BAB and

Proposition 1.1.

a) B=(AB)A(AB)™' = (ABA)A(ABA)~" and A= (BA)A(BA)™! =
(ABA)A(ABA)™!.

b) The eigenvalues of A and B are the same.

c) If {a1,a2,...,aq} is a basis of eigenvectors of A, then {by,ba,...,bg} with b; =
(ABA)a; is a basis of eigenvectors of B.

d) (ABA)? = (AB)® = 6 I where § = det(A)%/?. Hence (ABA)~! =45 '(ABA).



e) The map p' : Bz — GL(V) defined by p'(o1) = 6~'/5A and p'(09) = 6~Y/5B s
still a representation of B3 for any choice of the sixth root. It has the property
det(p'(07)) =1 fori=1,2.

Proof: (a) follows from the corresponding relations in Bs. (b) and (c) follow from (a).
Note that A and B generate all of My(F') as p is assumed to be a simple representation.
We know (0102)? is in the center of B3, so (AB)? is in the center of My(F), hence it is a
scalar matrix 6 I. Observe that §¢ = det(§ I) = det(AB)? = det(A)® by (a). This proves
(d). (e) is obvious. O

1.2 A Particularly Nice Example

The key observation, motivated by the following example that will enable us to

compute A and B is that we can assume them to be in a special form.

Example 1.2. Only in this example, we will index the basis starting with 0 and we will
redefine 4 = d —i. So let V be a d + 1-dimensional vector space with {vg,v1,...,v4} as

a basis and \j\; = v # 0 for some fixed y € F'and 0 < < d.
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satisfy ABA = BAB, and hence yield a representation of Bj.



Proof: By direct computation and Lemma 1.3,
d = .
Z k (1
k=0 J J

This shows that AB is lower skew-diagonal, that is (AB);; = 0 for i < j.
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Thus A, B and S satisfy the conditions of Lemma 1.11.

Lemma 1.3. For 0<14,5 <d,
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Now equating coefficients of z7 results in the desired identity. O

1.3 Preliminary Results

Definition 1.4. We will say that A and B are in ordered triangular form if A is up-
per triangular with the Aj, Ao,..., Ay down its diagonal, while B is lower triangular

withAg, A\¢g_1,..., A1 down its diagonal.

We will eventually prove that A and B can be assumed to be in ordered trian-
gular form without any loss of generality. But first, we need a few auxiliary results.

Let A1, A2, ..., Ag be the (not necessarily distinct) eigenvalues of A with corre-
sponding (generalized) eigenvectors ai,as,...,aq. By Proposition 1.1, they are also the

eigenvalues of B corresponding to the (generalized) eigenvectors b; = ABA a;.

Lemma 1.5.
a) p(Bs) = (A, B) = (A, AB) = (B, AB) = (A, ABA) = (B, ABA) = (AB, ABA)

b) If I is any subset of {1,2,...,d}, then W =span{a; |i € I} N span{b; | i € I} is

invariant under p(Bs).

Proof: (a) is an obvious consequence of the analogous statements for Bs. For (b), note

that W is invariant under (A, B). O

Lemma 1.6. Let V' be a simple Bs-module of dimension d > 3 and Vy = span{ai,...,a4-1},
Vo=Vi N (ABA) Vi and V3 = Vi N (AB)Vi N (AB)?Vy. Then Vs is ABA-invariant
and V3 is AB-invariant. Moreover V3 C Vo C V3 CV and codim V) = 1, codim V5 = 2,

and codim V3 = 3.



Proof: The invariance statements are obvious. Note that (ABA)a; = \; (AB)a;, so
(ABA) Vi = (AB)Vy. Hence V3 C Vi N (AB) V) = Va.

Note that codim V5 < 2 as V5 is the intersection of two subspaces of codimension
1. UW = V;, then W = span{by,...,bs_1}. But dimV; = d—1, so V; would be a proper
invariant subspace contradicting simplicity by Lemma 1.5. So V5 C V; and codim V5 = 2.

By the same logic, codim Vi < 3. If Vo = V3, then V5 is a proper subspace
invariant under (ABA, AB) = p(Bs), which contradicts simplicity. Hence V3 C V5, and
codim V3 = 3. O

Proposition 1.7. If V is a simple B3 module of dimension d <5 and W is a proper
subspace of V invariant under A or B then W cannot contain both a; and b; = (ABA) a;.

Proof: If W is a proper A-invariant subspace that contains a; and b;, then (ABA) W is
a proper B-invariant subspace that contains a; = 6 "' ABAb; and b; = ABAa;. So we
may assume without loss of generality that W isB-invariant by replacing it by (ABA) W
if necessary.

Suppose W is B-invariant and does contain both a; and b;. We are free to
reindex the eigenvalues if necessary, so we may assume without loss of generality that
i =1. Let d = dimW. Extend b; to a basis of generalized eigenvectors (by,...,by) of
B on W, then extend to an eigenbasis of V. Let a; = (ABA)~'b; = "'(ABA)b;. Let
Vi =span{bi,...,bg_1} and V3, V3 as in Lemma 1.6.

ap € W C Vi. Hence a1 € Vo = Vi N span{ay,...,a4-1}. As V5 is ABA-
invariant, by = (ABA) a; € V5. In particular Vo # 0.

By Lemma 1.6, dim V5 = d — 2, which immediately leads to contradiction if
d=2.

If d = 3, then dim Vo = 1, so Vo = span{a;} = span{b;}, which contradicts
Lemma 1.5.

Ifd =4, dimV, = 2 and dimV3 = 1. If a; € V3, then V3 = span{a;}, so
V3 is invariant under (A, AB) = p(Bs), which contradicts simplicity. So by € Vo =
span{ai} + V3, that is by = aa; + w for some a € F and w € V3. Then

(AB)b; = AB(aa; +w) = a(ABA) A ta; + (AB)w = A\ *ab; + (AB) w € Va.

Hence V5 is invariant under (ABA, AB) = p(Bs3), which is again a contradiction.



If d = 5, the argument is similar. Now dim Vo = 3 and dim V3 = 2. If a; € V53,
then by = (ABA)a; = M\ (AB)ay € V3 too. Hence V3 = span{ay, b1}, so V3 is invariant
under (AB, ABA) = p(Bj3) contradicting simplicity. Therefore Vo = span{a} + V3 =
span {b;} + V3. Hence by = away + w for some o € F' and w € V3, and

(AB)b; = AB(aa; +w) = a(ABA) A" ay + (AB)w = X\['ab + (AB) w € Va.

Thus V5 = span {b; } + V3 is a proper subspace invariant under (ABA, AB) = p(Bs3).
The statement about an A-invariant subspace follows either by a symmetric
argument, or simply by noting that (ABA) W would then be B-invariant and would still

contain a; and b;. O
Lemma 1.8. If A is diagonalizable, then its eigenvalues are distinct.

Proof: Let A be diagonalizable. If all of the eigenvalues are the same, then A = AT and
hence B = A I. But then any subspace is invariant, so V must be 1-dimensional and the
statement holds.

Suppose not all eigenvalues are distinct. So we may assume without loss of
generality, that Ay = Ay and Ay # A1. Let b be an eigenvector of B that corresponds to
Aq- Let W = span {Ai b|i=0,...,d— 2}. Since the minimal polynomial has at most
degree d — 1, W is A-invariant. Note that W = span {(A —A)ibli=0,...,d— 2}. Let
w; = (A — A1)*b and n such that w, # 0 but wy,4; = 0.

Then it is easy to see that {wg,wy,...,wy,} is a basis for W. Let apwg + ...+
anpwy, = 0. Multiply both sides by (A4 — A\1)™ to get apwy = 0, hence g = 0. Now
proceed by induction to conclude that «; = 0 for all ¢.

It is obvious that A acts as a full Jordan block with respect to this basis, hence
its eigenspace in W for A\; is at most 1-dimensional. Let W' = W + span {ABAb}.
Since ABADb is an eigenvector of A corresponding to Ay, A still cannot have two linearly
independent eigenvectors in W’'. Hence W' is a proper A-invariant subspace of V', which

contains b and ABAb, contradicting Proposition 1.7. O

Proposition 1.9. The minimal polynomial of A (and B) is the characteristic polyno-

mial. In other words, the Jordan form of A consists of full Jordan blocks.



Proof: 1f A is diagonalizable, the statement follows from Lemma 1.8. If not, assume the
minimal polynomial properly divides the characteristic polynomial, hence its degree is
at most d — 1.

Then A has an eigenvalue A and a corresponding generalized eigenvector a such
that (A — X\)%2a =0, and a’ = (A — \)a # 0 is an eigenvector of A. Let b = ABAd',
and W = span {Ai bli=0,...,d— 2}. Clearly, W is a proper A-invariant subspace
of V. By Proposition 1.7, W cannot contain a’. Hence it cannot contain a either. Let
W' = W +span{a'}. Then it is easy to see that a ¢ W', hence W' is a proper A invariant
subspace that contains b and §~'a’ = ABAb. This would contradict Proposition 1.7. [

Lemma 1.10. Let A and B be in ordered triangular form, and C € GLgy(F).
a) If A= CBC™! then C is upper skew-triangular, that is Cij=0fori+j>d+1.
b) If B=CAC™! then C is lower skew-triangular, that is C;j =0 fori+j < d+1.
In particular AB is lower skew-triangular, and BA is upper skew-triangular.

Proof: Let {v1,...,v4} be the standard basis for V = F?, and let V;, = span {v1,...,v,}
and W, = span{vg_pn1,---,vq} for 1 <n < d. We will prove that A = CBC~! implies
C W,, =V, by induction. By the upper-triangular shape of A, v; is an eigenvector of A
with eigenvalue A\; and v, is an eigenvector of B with the same eigenvalue. Also, C~!v;
is an eigenvector of B with eigenvalue A;. We can conclude span {C’ -1 vl} = span {vg},
by Proposition 1.9. This establishes the base case.

Let Apy1 occur k times among Aq,...,A;. By Proposition 1.9, A acts as a
full Jordan block on its generalized eigenspaces. A has k generalized eigenvectors with
eigenvalue A, in Vj,, so they are all in the null space of (A — A\,;1)¥. But A has
k 41 generalized eigenvectors in Vj,;1, so (A — Ay41)¥ vpp1 # 0. An analogous argument
shows that (B — Apy1)*vg_pn # 0, but (B — Aps1)*vg_, = 0. But B also consists of
full Jordan blocks, so any vector with this property must be in span{vg_,}. Clearly,
c! Up41 is such a vector, so span{C’*1 Un+1} = span{vg ,}. We can now use the

inductive hypothesis to conclude
C Vo1 =C 1V, +C L span{vpy 1} = Wy, +span {vg_n} = Wyt

Hence CW,, = V,,. O



From now on, let us denote d + 1 — i by 1.

Lemma 1.11. Let A, B € GLy4(F) such that A and B are in ordered triangular form

with eigenvalues A1, ..., \q € F*. The following are equivalent:

a) There ezists S € GLy(F) skew-diagonal with S*> = I for some v € F* such that
B=SAS"', (AB);j =0 fori+j <d+1 and \; (AB);, = S;;.

b) There exists S € GLq(F) skew-diagonal with S?> = 1 for some v € F* such that
B =SAS"1, (BA)jj; =0 fori+j>d+1 and X\; (BA); = S;.

c) A and B satisfy the braid relation ABA = BAB.
Proof: For (a) < (b), note that BA = S(AB) S~!, hence

_ g1
755

(BA);j = S; (AB)

11

For (b) = (c), we already know AB is lower skew-triangular by (b)) = (a).
Hence A(BA) is upper skew-triangular, and (AB) A is lower skew-triangular, that is
ABA is skew-diagonal. Also (ABA); = \; (BA); = S;;, thus ABA = S. Hence

%)

BAB = S(ABA)S ! =S = ABA.

(¢) = (b) follows by setting S = ABA and noting that S and BA have the
desired properties by Lemma 1.10 and by the upper-triangularity of A. U

1.4 The Matrices

We are now ready to prove that we can always choose a basis of V' which makes

A and B ordered triangular.
Lemma 1.12. The set {ai |1<i< [%] } U {bi |1<i< [%]} is a basis of V.
Proof: If d =2, span{a;} # span{b;}, by Lemma 1.5. Hence

dimspan {ai, b1} > 2.



If d = 3, then b; ¢ span{aj,as}, by Proposition 1.7. Hence
dim {ay,a2,b1} > dim{ay,as} = 2.

Ifd =4, let Vi = {a1,a2}, Vo = Vi + (ABA) V4, V5 = Vi n (ABA)V;. If
Vi = V3, then Vj is invariant under (A, ABA). Hence dim V3 < dimV; and dimV; =
dimV; + dim(ABA) V; — dim V3 = 2dim V; — dim V3 > dimVj = 2.

If dimV, = 3, then dim V3 = 1 and V3 is spanned by some eigenvector w of
ABA. If a; € V5 then V3 = span{a;}, so V3 would be invariant under (A, ABA). Hence
Vi =span{a;,w} and (ABA) Vi = span{by,w}.

Note that V3 C Vi, so (AB) V3 C (AB)V; = (ABA)Vy. If (AB) V3 = V3, then
V3 would be (AB, ABA)-invariant. Hence (ABA)V; = V3 + (AB) Vs.

Similarly, V3 C (ABA) Vi, so (AB)2V; = A(BAB) Vs = AV; C AV; = V;. If
AV3 = (AB)? V3 C V3, then V3 would be (A, ABA)-invariant. Hence Vi = V3+(AB)? V3.

So Vo = Vi + (ABA)V; = V3 + (AB) V3 + (AB)?V3 and is invariant under
(ABA, AB).

If d = 5, we know span {a1, az, b1, by} is 4-dimensional, by the same argument
as in the previous case. Let Vi = span{aj,as,a3}, Vo = Vi + (ABA)V; and V3 =
Vi N (ABA)Vy. If a3 € span{ai,as2,bi,ba}, then by = (ABA)as € span{ai,as,b1,bo}
too. Hence dim V5 = 4 and dim V3 = dimV; + dim(ABA) Vi —dim V5 = 2.

Since V3 C V7, there exists 1 <4 < 3 such that a; € V3. Thus V; = span {a;}+V3
and (ABA) V) =span{b;} + V5.

Like before, V3 C Vi, so (AB)V3 C (AB)Vi = (ABA)V; and (AB)?V; =
A(ABA)V3 = AVs C AV, = Vi. If (AB)V;3 = V; then V3 would be (AB, ABA)-
invariant. Hence (ABA)V; = V3 + (AB) V3. Analogously, if AV3 = (AB)? V3 = V3, then
V3 would be (A, ABA)-invariant. Therefore V; = V3 + (AB)? V3.

Again, Vo = Vi+(ABA) Vi = V3+(AB) V3+(AB)? V3 and is a proper subspace
invariant under (ABA, AB). O

Proposition 1.13. IfV is a simple Bs-module of dimension d <5, then there is a basis

of V that makes A and B ordered triangular.

Proof: If d = 2, then {a1,b;} is a basis of V' by Lemma 1.12 and it is clear that A and

B are ordered triangular with respect to this basis.
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If d =3, let v; = a; and v3 = b;. By Lemma 1.12, {a1,a2,b1} is a basis of
V. By Lemma 1.7, a; ¢ span{by, by}, hence as = aa; + S1b1 + [2by for some «, 51, 5.
Let v = ag — aay. Then span{ai,v2} = span{ay, a2}, so {a1,ve,b1} is still a basis of
V. But ve € span{aj,as} N span{by, by} by construction, so Ave € span{aj,as} and
Buy € span{by, by}, which shows that A and B are ordered triangular with respect to
{v1,v2,v3}.

If d = 4, let vy = a1 and vg = by. We can construct vy similarly as in the
previous case by noting that a; ¢ span {by, b, b3} by Lemma 1.7, so there exists o such
that aga — aa; € span{by, by, b3}. Let v3 = AB vs.

Note that span {aq,v2} = span{aj,as} and by letting ABA act on both sides
we also have span{b;,v3} = span{by;,be}. Hence V = span{vy,vy,v3,v4}. Since
vy € span{ai,az} N span{bi, by, b3} we also have v3 = ABAwvy € span{by,ba} N
span{ai,as,az}. This shows that A and B are ordered triangular with respect to
{v1,v9,v3,v4}.

If d =5, let v1 = a1 and v5 = b;. Now follow the method in the previous case to
construct vy = ag — aa; € span{ay,az} N span{by, by, bs,bg}. Let vy = ABAwvy € vy €
span {by, by} N span{ay,as,as,as}. By Lemma 1.12, a3 = aja; + agag + B1b1 + Pabo.
Let v3 = a3 — a1a; — azaz. Then vy € span{ai,as, a3} N span{by,be,bs}.

Note that span {vy,vs,v3} = span{ai,as,as} and span {vy, vy} = span{ay,as}
by construction of vo and v3. Acting on both sides of the second equality by ABA yields
span{vs,vs} = span{by,bo}. Hence span{vi,...,v5} = span{ai,as,as,bi,be} =V. So

{v1,...,v5} is a basis of V' that makes A and B ordered triangular. O

Actually, we can make A and B look even more special and the computation

simpler without losing generality.

Corollary 1.14. If V is a simple Bs-module of dimension d < 5, then there is a basis
of V that makes A and B ordered triangular and B = SAS™' for S skew-diagonal and
S; = 1.

Proof: Choose a basis {v1,...,vq} such that A and B are ordered triangular. As in the

proof of Lemma 1.11, we know that ABA is skew-diagonal and (ABA)? = 4. If d is odd,

let v = (ABA)[@] [441] and note that 42 = §, otherwise pick v to be any square root
2 ! 2
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of 6. Let S =~"'ABA. Then S? = I, s0 S;S;; = 1. Fori =1,...,[%], let v; = Szv;.

1711

Observe that for this new basis, Sv; = v;. U

From now on, let A, B, and S be as in Corollary 1.14.
Lemma 1.15. If BA is upper skew-triangular, A and B satisfy the braid relation.

Proof: Note S~' = S, so B = SAS. Just like in the proof of Lemma 1.11, if BA =
(SAS)A is upper skew-triangular, AB = A(SAS) is lower skew-triangular and ABA =
A(SAS)A is skew-diagonal. So is BAB = S(ABA)S. Hence

(ABA); = Az(SASA); = Ai(SASA) -
and
(BAB); = (SASAB); = (SASA);B;; = (SASA); ;.

Hence ABA = BAB. O
Lemma 1.16. Let V be a simple Bs-module of dimension d < 5 and {vi,...,v4} a
= for all i,
and A' = DAD™ and B' = DBD™'. Then A" and B' are still ordered triangular and
B'=SA'S™!.

basis as in Corollary 1.14. Let D be a diagonal matriz such that D;; = D

Proof: Note that D corresponds only to a scaling of the basis vectors, so conjugating by
D does not change the triangular shapes and the diagonal entries of A and B. By direct
computation, DS = DS, hence
B'=DBD '=DSAS 'D '=SDAD 'S ' =S5A4'5"".
O
Now we are ready to start computing the representations. By Lemma 1.11,

(BA);j = 0 for i 4 j > d is a necessary condition for ABA = BAB and by Lemma 1.15

it is sufficient too.

Proposition 1.17. Let V be a simple 2-dimensional Bs-module. Then there exists a

basis of V' for which

At Ay O
0 )\2 —>\2 )\1
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Proof: We set 0 = (BA)22 = A%Q 4+ A1 A9, hence A1o = vV —A1 Aa.
Now rescale vy — i‘\—lfvl to obtain A and B in the above form. O

Proposition 1.18. Let V be a simple 3-dimensional Bs-module. Then there exists a

basis of V' for which

AZ
A =M — o -9 A3 0 0
A= 0 )\2 )\3 B = )\3 )\2 0
2
0 0 A3 X M- A

Proof: Note that if Ass3 = 0, then Bg; = 0 and span{v;,v3} would be invariant. So
Agz # 0, and we can let

D = A3
As3

1
and we can replace A by DAD™!, and B by DBD ™' by Lemma 1.16.

Now
A A Agg A3
A= Ao A3 B = A3 A
A3 Az Az M
Hence
0= (BA)2s = A3413 + A3
forces A13 = — X9, and

0= (BA)ss = A3 + A1z Aoz + M\ A3 = A3+ A3 Ajg + A )3
forces Ajg = — A\ — )\%)\gl. O

Proposition 1.19. Let V be a simple 4-dimensional Bs-module and D = —\/A1\1/A2 3.
Then there exists a basis of V' for which

M A1+ D+D? X(1+D+D?) )\
0 A A3(1+ D) A4
0 0 A3 A4
0 0 0 A4
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Aq 0 0 0
- A 0 0

B — 3 3
)\2D_1 —>\2(1 —|—D_1) Ao 0

—)\1D73 )\1(D71 + D2 + Di?’) —>\1(1 + D1 + D72) A1
PT‘OOf.‘ If Ay 75 0, then 0 = (BA)33 = Ay4Aos + A3 Aoy + Ao Asy forces Ay = 0. But

span {v1,v4} would then be invariant. By Lemma 1.16, we can conjugate A and B by

1
MAS}
D= 44394
A4A541
1
to get
)\1 A12 A13 A14 )\4
A A A A A
A— 2 23 4 B 34 3
)\3 A34 >\4 A23 >‘2
A4 Ay Az A M

It follows from

0= (BA)24 = A14A34 + A3\

that A14 # 0 and A3y = —>\3>\4A14_1.

Now
AZ5 + Do)
0= (BA)sg = MAz + Agg® + Mod3 = A3 = —Z?’T“
and
Ao A Ao
0= (BA)ss =Xy <A14+A23 -2 3) — Agy = —Ay+ 222
Ay Ay
Also
142 9y v 1 A9A3
M AT,

A2\ PEIY:
243 A7

-1
A12 = )\2)\4 A14 — >\4A14 )\4Ai’4‘

And finally
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Now rescale v; — Ajq/A\qv; and substitute D = —y/A1\y/A23 to obtain A and
B in the desired form. O

The computation proceeds similarly for d = 5, only the matrix entries turn out

to be more complicated. Therefore we will omit listing the actual matrices.

Proposition 1.20. Let V be a simple 5-dimensional Bs-module and D = v/det A. Then
for each choice of D, there exists a basis of V' for which A and B are in ordered triangular

form and the Bs action is unique up to conjugation.

Proof: Note that Ay5 # 0, otherwise (BA)15 = A\5A415 = 0, which would eventually make
(ABA)15 = 0 and ABA singular.
If A35 = 0, then

0= (BA)3s = AzsAis + Az4Aos + A3A35

implies either A3y = 0 or Ags = 0. If A3y = 0, then B33y = B3y = 0 too, so

span {vy, v2,v4,v5} would be Bs-invariant. Hence Ags = 0 and
0= (BA)2s = AgsA1s + M Ags

and either A45 =0 as A15 ;lé 0. If A45 = 0, then Bgl = Bgl = B41 = 0, SO Span {Ul,U5}
would be Bs-invariant. Hence Aszs # 0.

If Ays =0, then (BA)ys5 = 0 would make Ass = 0 too and
0= (BA)ys = Aos A5 + Aoy Aos + Aoz Azs + Mo Ays

would imply Ags = 0. Hence B9y = By = Bz = 0, and span{v;,v3,v5} would be
Bs-invariant. So A45 # 0.

Hence we can rescale

Ags

V4 H— ——U4
A4
A35

vy — —/—U3
A15

With respect to this new basis, Ay5 = —A4 and Azs = Ays.
From (BA)25 = 0, A25 = A15 and now

0= (BA)ss = Ai5(A1s + Azs + A3)
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implies A34 = —A15 — )\3.
Setting
0= (BA)s2 = A15412 + A2 Ans

If A12 = 0, then A14 =0 and
0= (BA)s3 = A13(Ais + A3).

If Aj3 = 0, then Bsy = Bss = Bsy = 0 and hence span {vy,v3,v4} is Bs-invariant. If
A1 = —As, then A3y = 0 and in turn B3y = Bsy = Bz = 0 making span {vs,v4} a

proper Bs-invariant subspace. Hence we can assume A2 # 0 and

Ay = Al;;‘lu
Now
0= (BA)34 _ _A%5A12 4+ Ao Agg A1D + A3 Aoy + AoA3Ais + )\2)\%
A2
forces
A — — )\2(1424 + l3)(A15 + 13)
12 = yE
15
and
0= (BA)s; = (Ais + A3) (A5 Aig + AggAgs + A23)\3)‘

Ars
If Aj5 = —)3, then Aj9 =0 by (BA)34 = 0, which we have ruled out already. Therefore

(Aoq + A3) Az

A = —
13 A15

Letting
0= (BA)ys = Als + Aoy Ars + Az Ars — Mo

implies
A2 g

Apg = —Ays — Aoy + .
23 15 24 A15

To solve for Agy, set

2 2
0= (BA)s5 — (BA)us = A2AsAaAzs + A AsAg ZQA1A5A15 + A2A3 A A5
15

to obtain
A1 )\5A%5

Agg = —A1s — Aodg g — ——=.
24 15 = A2AsAL = s
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Finally substitute this back in

23245, — A\3)3)\3
0= (BA)y = >\1)\52152 2)\2>\3>\4
A5AZA A5

to get

VRS RRARY
App = ————=2.

A1 As)

1.5 Characterization of All Simple Representations

Now that we know that simple representations of dimension d < 5 of B3 are
of the form described in the last four theorems, the natural question to ask is whether
all representations of this form are simple. We will find that the answer is no, but
we can give an explicit necessary and sufficient condition for simplicity in terms of the
eigenvalues.

Let P\ () = [lizn(z — i) for 1 < n < d. Note that (z — An)Py(Ld)(:Jc) is the
characteristic polynomial of A and B. Hence (A — \,) Prgd)(A) = 0 so the columns of
P (A) are 0 or eigenvectors of A. By Proposition 1.9, P,gd)(A) # 0 so at least one of
the columns is nonzero and the others are multiples of this column. So Py(Ld)(A) is of

rank 1. Analogous statements hold for Py(Ld)(B). Hence

PO (A) PO (B) P (4) = Q) PO (4)

mn

for some constant Q%%. A and B can be switched in the last equation by conjugating
by ABA. The entries of A and B are rational functions in Aq,..., Ay, d, therefore the
Q%% are also rational functions of the same variables.

Denote by Eg.i) the elementary d x d matrix whose only nonzero entry is a 1 in

the (4,7) position.
Lemma 1.21.
d d d) (d
o) PV(B) PV (4) = Q1Y) ELY.

b) PY(B) PY(A) = 0 if and only if Q%) = 0.
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¢) The polynomials are

QR = X2 £\, — A2

QP = (A, + A de) (A2 + Amd)

with k # m,n.
Q= =7 %+ VAL + N+ A+ A M) (7 + AmAr + A i)
with v> = X1 -+ Ay and k,1 #m,n.

QR =7 (P Ay + AL+ Ay +22) [T 2 + Amde) (97 + Andp)
k#mmn

with ’)’5 = )\1 )\5
Proof:

a) Observe that (B — X\;)v; € span{vj;1,...,v4} for all j > i. Hence Pl(d) (B)V C
span {vg}, that is the only nonzero entries of Pl(d) (B) are in the bottom row.
Also, (A—X;)v; € span{vy,...,v;_1} forall j <i. Hence P(Ed) (A)v; =0for j < d,
and Péd) (A)vg € span {v }, that is the only nonzero entry of Péd)(A) is in the top
right corner. So Péd)(A) = aE(:? and Pl(d)(B) P(Ed)(A) = ﬁE((iZ) for some o, 5 € F.

1
So

(d)

and hence a = Q-
b) This follows from a) by reindexing the eigenvalues.

c¢) Using a), Q%) can be easily found by direct computation. Then just reindex the

eigenvalues so that 1 and d are replaced by m and n for the general case.

Theorem 1.22. Let F' be an algebraically closed field.



18

a) There exists a simple representation of Bz on a vector space V of F-dimension
d < 5 if and only if the eigenvalues and (for d = 4,5) v, as defined in Lemma
1.21, satisfy Q%L #0 for1 <m,n<d.

b) Any simple Bs-module over F is uniquely determined by the eigenvalues and (for

d=4,5) by a choice of the root 7.
Proof:

a) Assume V is a simple Bsz-module. Then, as we have already observed, Py(Ld) (A) is
nonzero for all 1 < n < d. Suppose Q%q)z = 0 for some m, n. Then Pé{i) (B) P,gd) (A) =
0 by Lemma 1.21. Since PT(Ld)(A) # 0, there exists a vector v € V such that
ap, = Py(Ld)(A)v # 0, hence a, is an eigenvector of A with eigenvalue \,. Let
b, = ABAa,, which is then an eigenvector of B with the same eigenvalue. Since
P,(,fl)(B) an = P,gii)(B)PT(Ld)(A)v =0, W = span {an,Bay,..., B4 2a,,b,} is B-

invariant. Observe that
P (B)B'a, = B;PY(B)a, =0

and
P(B)by = ] (B=X) (B=Xn)ba =0.

i£m,n
Thus P,g,;i ) (B) restricted to W is 0, which shows W is a proper subspace of V. This

contradicts Proposition 1.7.

Conversely, let Q,(ff,)z # 0 for all m # n. Let W C V be a nonzero Bs-submodule.
Then A has an eigenvector a; in W. We know by Lemma 1.21 that PT(Ld) (A) # 0 for
1 < n < d, so the minimal polynomial of A is the characteristic polynomial, hence
the Jordan form of A contains only full blocks, so its eigenspaces are 1-dimensional.
Since Pz-(d) (A) # 0, there exists v € V such that Pi(d)(A) v # 0. So Pz-(d) (A)v is an
eigenvector of A with eigenvalue )\;, just like a;. Hence a; € span {Pi(d) (A) U} and

we can always scale v so that a; = Pz-(d) (A)v.

We will now show that vy, vg € W. If i = 1, then

vy = ABAv, € (ABA)W = W.
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If not, let b; = PV (B) P{”)(4) v. Now

PP(A) b, = P(4) P(B) P (A) v = Q¥ PV (A)v £ 0

)

so by # 0 and by is an eigenvector of B with eigenvalue A\;. So is vg, thus vy €

span {b;} C W and we may scale vy so that vy = by. Also, v; = (ABA) tvgs € W.
Let wi = v1, wg = vg and w; = H?:Z_H(A — Aj)vg for 2 < i < d. Obviously,
w; € W. Note that

PY(B) (A= M) (A= Xg) - (A= A\)w; = P (B) S (A) vy =

P(B) P (A)va PV (B) a; = Q') P1(B) a; # 0

so w; # 0 for all . We will prove that they are linearly independent. Let ) ajw; =
0 with at least one nonzero coefficient. Let & be maximal with respect to «y # 0.

If £ =1, then ayv; = 0 implies oy = 0, a contradiction. So k > 2, and

k—1 d
H(A - ) Z ajw; = akP]gd)(A) vg = 0.
j=1 i=1

But Pk(d)(A) Vg = Pk(d)(A) Pl(d)(B) a; # 0 by the usual argument, so oy = 0, which

is a contradiction.

So span{wi,...,wq} is a d-dimensional subspace of W. Hence W = V.

b) This follows from our earlier computations.



Chapter 2

Unitary Representations

2.1 Introduction

Unitary braid representations have been constructed in several ways using the
representation theory of Kac-Moody algebras and quantum groups, see e.g. [6], [9], and
[16], and specializations of the reduced Burau and Gassner representations in [1]. Such
representations easily lead to representations of PSL(2,Z) = Bs/Z, where Z is the
center of Bs, and PSL(2,Z) = SL(2,Z)/{£1}, where {£1} is the center of SL(2,Z).
We give a complete classification of simple unitary representations of B3 of dimension
d < 5 in this paper. In particular, the unitarizability of a braid representation depends
only on the the eigenvalues Ai, Ag,...,Aq of the images the two generating twists of
Bjs. The condition for unitarizability is a set of linear inequalities in the logarithms
of these eigenvalues. In other words, the representation is unitarizable if and only if
the (arg A1,arg \g,...,arg \g) is a point inside a polyhedron in (R/27)¢, where we give
the equations of the hyperplanes that bound this polyhedron. This classification shows
that the approaches mentioned previously do not produce all possible unitary braid
representations. We obtain representations that seem to be new for d > 3. As any
unitary representation of B, restricts to a unitary representation of B3 in an obvious
way, these results may also be useful in classifying such representation of B,,.

Since we are interested in unitarizable representations, we will let F' = C and
we will require that |\;| = 1. Let p: B3 — V be a simple d-dimensional representation

(d <5), and A = p(01), B = p(02). Any unitarizable complex matrix is diagonalizable,

20
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so we can assume that A and B are diagonalizable. So the eigenvalues A1, Ag, ..., \g
are distinct by Proposition 1.8. Denote the C-algebra generated by A and B by B. In
other words, B = p(CBs), where CBs is the group algebra. Note that B = End(V') by
simplicity.

The proof proceeds by defining a vector space antihomomorphism 2 : B — B
and proving that it is an algebra antihomomorphism and an involution of B in section 2.2.
In section 2.3, we define a sesquilinear form (.,.) on the ideal I = Bep; that is invariant
under multiplication by A and B. We prove that (.,.) is positive definite if ,ul(f) > 0 for
2 <4 < d. In this case, p is a unitary representation of B3 on the d-dimensional vector
space I. We also prove that if p is a unitarizable representation ,ul(f) >0 for2 < <d.

In section 2.4, we give some examples of using the positivity of uz(-f).

2.2 An Involution of the Image of Bj

Let epr,; be the eigenprojection of M to the eigenspace of A;, where M € {A, B}.

That is
1 M- P9

)

N, pld '
j# Ai = A Pi( )(Ai)

EM,;i =

Note that e4; and ep; always exist because the eigenvalues are distinct. Also ey en,; =

(d)
2

dijen,;- Define 4] by epieajen; = ,ug.cil)eB,i. Note that

(d)
(@) _ Qji

Fji = @ d :
P PO ()

(d)

Lemma 2.1. The p,;;’ are real numbers.

Proof: For i # j, the proof is by direct computation using \; = )\i_l and ¥ = vy~ 1. For

example, for d = 5:

@ Xy A+ Xy + N T (07 + M) (77 + Ay Ax)
i Y e = ) Tty Oy = M)
N1+ ) T+ Tl (2 + ) (07 + X Ae)
(1= NATHE =T VO [kzi s (Ni = k) (N — Ak)
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The first of the two quotients is easily seen to be real. For the second quotient,

(Hk;,éi,j(v? + Aidk) (7 + Ajm) _ Mg O AN O+ A7
o Hk;éi,j()\i - Ak)O‘j — k) v° Hk;éi,j(A;l - )\];1)0\;1 - /\;21)

Multiply the numerator and the denominator by y'2A3\3 [, £ij )\z to see that this is

J
still ) )
[Thri j (" + XAR) (7 + AjAk)

o Hk;ﬁi,j()\z‘ = M) (Aj = Ax)

For the case 1 = j, note that Zzzl ear =1, s0

ep; = engilep;
d

= eB, Z €A kEB,i
k=1
d

= E €BiCAKER,i

k=1
. (d)
d
= Z'uki €B,i
k=1

Hence Zzzl ,u,(g) =1, and u('-i) =1-=3 ) ,u,(g) is real. O

i
Proposition 2.2. S ={esepiea;|1<4,5<d, i #j}U{ea; |1 <i<d} isa basis

for the C-vector space B.

Proof: Suppose

d d d
E E Qjj€A€B1€A,; + E ajieq; =0
i=1 j=1 i=1

J#i

Multiply by es; both on the left and on the right. The only term of the sum that
survives is

ajiea; =0

Let v; be an eigenvector of A corresponding to A;. Then ea;v; = v; # 0, so ea; # 0.
Hence o;; = 0.

For i # j, multiplying by e ; on the left and by e, ; on the right shows

ajjesqepeaj =0
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But
e enen — | o Y= D@,
eB,1€A,i€B,1€4,jeB,1 = (eB,1€aieB,1)(€B,1€4,j€B,1) = l;y [} €B1 F

so eqiep,iea; 7 0. Hence o;; = 0. So S is linearly independent. It has d? elements,

hence it is a basis of the d?-dimensional space B. O

Note: if we know uz(-g) # 0 for all ¢, we can use the basis S’ = {eaep1€4,; |

1 <i,j <d} instead of S. As ey epiea; = ,ul(;i)

ea, S' is almost the same as S. Since
S’ is more symmetric than S, its use makes the following computations simpler and the
arguments more transparent. In the most general case however, uz(-;-i ) could be 0.

Define 2 : C — C as the usual complex conjugation. Extend ¢ to B — B by
requiring 2 to be an antilinear map with +(es;) = ea; and «(es ep1€a,j) = eajepiea;

for i # 7. Note that z(uz(-;-l)) = ,ug;i).

Lemma 2.3. 1 as defined above is an antihomomorphism on the algebra B and +* = Idg.

Proof: 1t is sufficient to prove that 1 acts as an antihomomorphism on the elements of
the basis S. S has two different types of elements, therefore we will have four different
cases. Since each can verified directly by a simple computation, we will show the details

for only one:

1.
1(eaiea) =1(eaj)r(ea)
2.
1leaileagepiear)) = wleajepieak)r(ea)
i((eaieeaglear) = wlear)rleajeniear)
3. For i # k,

1((eajieBieas)(earenienn)) = (eaienear)(eajeniea,)
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1((easieBieay)(eajeniear)) = ileailenieajepi)ear)

d
€A, (M§1)€B,1)€A,k)

|
-

d
= piPileaienienr)

_ () .
= M1 €AKEB,1€A

Also
weagepieak)leaepiea;) = (eaxrepieag)(eaenieas)
= ear(eBieajeni)ea
_ @, |
= [ij1 €A KEB,1€A
That +> = Idg follows immediately from the definition. O

Lemma 2.4. 1(ep,1) = ep,1.
Proof: First note that «(eaepi€ea;) = z(uz(-g)eA,i) = ,ugf)eA,i = eajep,€ea;. Multiply

ep by 1 = Zgzl ea; on both sides:

d d
€B,1 = ZeA,z' €B,1 ZGA,J' :ZeA,z'eB,leA,j

i=1 j=1 ij
into
d d d
epy) = 1| DD eaiepiea; | =YY uleaienieay)
i=1 j=1 i=1 j=1
d d
= E E (eajeB,1€4,i) = e€B,1
i=1 j=1

Corollary 2.5. «(A) = A !, and «(I) = I.

Proof:
d d

d
Z(A) = Z(Z AieA,i) = ZA_Z'Z(GAJ) = ZAZIGAJ = Ail
i=1

=1 =1
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Similarly,

Lemma 2.6. +(B) = B~ L.

Proof: Note that A '4(B)A™! = 1(A)u(B)1(A) = 1(ABA) = 1(BAB) = 1(B)A N(B).
That is A~! and 2(B) satisfy the braid relation. So the group homomorphism p’ : B3 —
GL(V) defined by p'(01) = A~! and p/(03) = 1(B) is another representation of B on V.
Once again, the braid relation implies that A~! and +(B) are conjugates. Hence they
have the same eigenvalues, namely )\1_1, Ay L )\;1.

But ¢+ : B — B only permutes the basis S of B = End(V). Hence (B) =
1(End(V)) = End(V) and A~! and #2(B) generate the algebra End(V). That is p is also
a simple representation of Bj

Now, (A7'4(B))? = «(BA)? = 1(AB)? = 4(0I) = 0 = 61 (recall |§] = 1).
By Corollary 1.22, the eigenvalues )\1_1, )\2_1, el )\;1 (if d=2,3) or the eigenvalues to-
gether with ¢ (if d = 4,5) uniquely determine a simple representation of B3 on V up to
isomorphism.

But we already know such a representation, namely o1 — A~! and o9 — B~ L.
Hence there exists M € GL(V) such that A=! = MA™'M~! and +(B) = MB~'M~".
Then M is in the centralizer of A.

d
B -\
Meg M~ = M LY Mt
€B,1 (H)q—)\i)
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Call the quantity in parentheses ¢. Note that ¢ is the eigenprojection to the sub-
space spanned by the eigenvector w; of B~! with eigenvalue )\fl. But the eigenvectors
wy,ws, ..., wy of B~! are also eigenvectors of B and span V (the eigenvalues are dis-
tinct). Hence ¢(w;) = w1 = epjw; and ¢(w;) = 0 = epjw; for ¢ > 2. That is
¢ = ep,1 as their action on the basis {w;,ws,...,wq} is identical. Then Lemma 2.4
shows «(Meg 1 M™1) =14(¢) =1(ep,1) = ep,1-

Hence conjugation by M is a B-algebra isomorphism that fixes A and ep ;. But
A and ep; generate the basis S of B, hence they generate the algebra B. So conjugation
by M must fix every element of B. In particular, «(B) = MB'M ! = B~1. O

2.3 An Invariant Inner Product

Let B act on the left algebra ideal Bep,. Note that Bep 1 is a d-dimensional

C-vector space, as ep 1 is an idempotent of rank 1.

Definition 2.7. Define the form (.,.) on Bep 1 by (aep1,bep1)ep,1 = 1(bep1)aep =

ep,1t(b)aep for aep1,bep 1 € Bep .

It is easy to verify that (.,.) is a sesquilinear form on the C-vector space Bep ;.
Since 2(A) = A~ and #(B) = B!, this form is clearly invariant under the action by A
and B, hence p(Bs).

Lemma 2.8. T' = {egep1 |2 < i < d}U{ABAep} is a basis for the left algebra ideal
Bep,1 considered as a C-vector space.

Proof: Suppose
d

a1ABAep; + Z ajepiep) =0
i—2

Note that (eA,Z-ABAeB’l)(ABA)_1 = eaea,1 = 01;€e4,1. Since (ABA)~! is
invertible ey jABAep; = 0 if and only if ¢ > 2.

Multiply by e,1 on the left. Then ajes,1ABAep) =0 But eq1ABAep, # 0,
so a1 = 0.

Now, multiply by e4; (¢ > 2) on the left. Then wojes;ep; = 0. We know

€B,1€AEB,1 = ,ugf)eB,l # 0 by simplicity, so e4;ep,1 # 0 and o; = 0.
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Hence T is a linearly independent set, and we can conclude that it is a basis of

the d-dimensional vector space Bep ;. O

Note: if we know e41ep1 # 0, we can use the more symmetric basis T =
{eaiep1 | 1 < i < d} to simplify this and some of the following computations. Unfor-
(ti)

tunately, e4 1ep,1 could in general be 0. In particular, if p;;" = 0, then es1ep; = 0

too.

Theorem 2.9. The braid representation B is unitarizable if and only if ,ug(li) > 0 for all
2<i<d.

Proof: Suppose ,ug(li) > 0 for all 2 < ¢ < d. Consider the action of B on Bepg ;. The
sesquilinear form defined above is invariant under the action of p(B3). So it is sufficient

to show that it is an inner product. That is we need to prove that it is positive definite.

On the basis T

(eaiem,eazepi)ep = eit(eai)eaien = ep1€aieaien,
_ ) _ (@
— eB,leA,zeB,l — /1'2'1 eB,l
(ABAep,1,ABAepi)ep1 = (eB1,€B,1)€B,1 = €B,1€B,1 = €B,1

d)

Hence (esiep,i,eaiep,1) = Mz(-l
(ABAep,1, ABAep,1) = 1. We claim that T is orthogonal with respect to (., ,). Let

1,7 1 and i # j:

for + > 2, which is positive by our condition, and

(eazem,i,eajepi)er1 = epit(eai)eajepi =epeaieaep =0

(ABAep,i,eaiep,1)ep1 = epjvlea)ABAep) =epiea;ABAep; =0

We used ey ;ABAep; = 0 in the last computation just like in Lemma 2.8.

Hence (., .) is a positive definite form. Then Bep; is a C-vector space with
inner product (.,.) and the action of p(Bs) on this space is unitary.

Conversely, suppose B is unitarizable. So there exists V' a C vector space with
inner product (.,.) and p : B3 — GL(V) such that A = p(o1) and B = p(o2) act as
unitary operators on V. Let * be the transpose induced by (.,.). We know A* = A~}

and B* = B™'. Let v € V be an eigenvector of B with eigenvalue A;. Then ep v = v



and

* *
0 < (eaienv,eaiep1v) = (v,€p € €a€B10)

d d
= (v,epeaiep1v) = <Ua,%(1)€B,IU> = ME1) (v, v)

(d) (d)

Hence p;;” > 0. We know uz(-f) # 0 for ¢ > 2 by simplicity, so p;;” > 0 in this case.

2.4 Examples

Example 2.10. d =2

Mg) _ =22+ A2 — A2
(A1 = A2)(A2 — A1)
XS+
(A2
A1
= 14+ 70\1 — )\2)2
- - 1
(A/Aa = 1)(A2/ A1 — 1)
= 1- ﬁ -1 - >0
A2
That is
;—; — 1‘ >1

or A\/Ae = €' for /3 <t < 57/3.

Example 2.11. d =3

3 (A2 + X223) (A2 + A1 )3)
o
2 (A1 = A2) (A1 — A3) (A2 — A1) (A2 — A3)

A3 A A A
(1+x§’ﬁ)(rf+r§)

8 (-2 (- B D)

(3) _ ()\2 + )\2)\ ) )\2 —+ )\1)\2)
st (h — A2) (A — A3)(hs — A1) (s — Aa)
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Let Wwo = )\2/)\1 and w3y = )\3/)\1. Then

,U(g) _ (1 + wsws) (wz + w3w2_1)
2 11— wsl® (1 — w3) (w — ws)
(3) (1 + wows) (UJ3 + wgwgl)

M3 =

11— wsl? (1 — ws) (w3 — wo)

Let €™ = wy and €™ = w3. So we are looking for (t,%3) € [0,1)? such that

both ug‘? >0 and ug) > 0. ug‘? and ug) can change signs at

wWwoawsz = — 1
W3Wy L= —woy
Wols L= —ws

wy = 1
w3 = 1
w2 = W3

These equations can be transformed into linear equations in t2 and t3 by taking logs:

1
to+t3 = 5
1
t3 = 29+ 3
1
toy = 23+ 3
ta = 0
t3 = 0
to = {3

Of course, the above equations are all understood mod 1.

Computation by Maple shows that ,ug?i) > 0 and N:(ﬁ) > 0 in the open set colored

black on the plot below. The grey regions are those where one of ,ug? and pgﬁ) is positive
and the other is negative. The line {5 = t3 corresponds to Ay = A3, in which case the

representation cannot be unitarizable.



Figure 2.1: Region of unitarizability for d = 3
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Chapter 3

Tensor Categories

3.1 Definitions

Definition 3.1. A monoidal category Cisa category C with a tensor product ® : CxC —
C on the objects and morphisms of C, a natural transformation a between ® o (® x Ids)

and ® o (Ids x®), and a unit object 1 € C such that

1.
(XeV)eV)eWw 2 vovev)eow
lax®va/
(XY)(VeWw) ax,yev,w
lax,ymw

XY e (Veow) Xo(YoV)oW)

-
ldx ®ay,v,w

is commutative.

2. X1 21®X =X forall X €C.

Definition 3.2. A monoidal category is called strict if @ is the identity and 1 ® X =
X®1=X forany X €C.

Definition 3.3. A strict monoidal category is called rigid if every object X € C has a
dual object X* € C and a pair of morphisms iy : 1 - X @ X* and ey : X* @ X — 1
such that the maps

3 Id Id
X=1oX 22  xextoX XY xg1=X

31
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Id ] Id
X*:X*(X)H&X*@X@X*&ﬂ@X*:X*

are Idx and Idx-.

Definition 3.4. A tensor category is a monoidal category equipped with a direct sum

@ : C x C — C and an operation of projection onto subobjects.

Definition 3.5. The Grothendieck semiring R of the tensor category C is the set of

equivalence classes of objects of C with @ and ® as addition and multiplication.

We call an object X in category simple if End(X) is a field. We will always
assume that 1 is simple. A tensor category is semisimple if each object is semisimple,

that is it is a direct sum of simple objects.

Definition 3.6. A monoidal category C is called braided if there exists a family ¢ of
natural isomorphisms cy, : V@ W — W ® V such that:

XY ®~Z X®ZQY

C% %{,Z

YRX®Z

CX\Y®Z

and

XY ®~Z YRZX

CXQY,Z

Im %@Id‘:’

X®RZRQY

commute. Naturality means that for any morphisms f: X — X' andg:Y — Y’

(f®g)ocxy =cxry o (f®9).

This is a generalization of the flip, which is the natural isomorphism between
Pyp: A®B — B® A, where A and B are modules over the commutative ring R.
Note that the flip is involutive, that is Pg 4 o P4 g = Idagp. This is not required for a

braiding, but the property is generalized in the notion of a twist:

Definition 3.7. A twist in a braided monoidal category C is family 6 of isomorphisms
Oy : V — V such that

Oxgy = cy,x ocx,y o (Ox ® by)



33

for all X,Y € C. 0 is required to be natural in the sense that for any morphism

f: X =Y, 0yof=/fobx.

Definition 3.8. A ribbon category C is a rigid braided monoidal category with a com-

patible twist, meaning:
(Ox ® Idx-) ocix = (Idx ®0x+) o ix.

In a ribbon category, we can define the trace of an endomorphism and the

dimension of an object as follows.

Definition 3.9. Let C be a ribbon category, X € C, and f € End(X). Then the trace
of f is defined as

tr(f) =ex ocex,x-o((fxof) ®Idx+)oix € End(1)
and the categorical dimension of X as
dim X = tr(Idx).

It can be shown (see [13]) that tr(fg) = tr(¢gf) for any f € Hom(X,Y) and
g € Hom(Y, X). Also tr(f ® g) = tr(f) tr(g) for any f € End(X) and g € End(Y). If
f € End(1), then tr(f) = f.

3.2 An Application of Braid Representations

Let C be a semisimple ribbon tensor category with End(1) = F an algebraically
closed field. Then Hom(X,Y) is an F-vector space for all X,Y € C and End(X) is a
semisimple F'-algebra.

Assume that C contains a self dual object Z, that is 1 appears exactly once in
the direct sum decomposition of Z ® Z. Let p € End(Z ® Z) be the projection to 1 and
p(V =p®Idy and p@ =1dy @p in End(Z93).

Lemma 3.10.

p@ (M p@ £
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Proof: Let ¢ =iz ey € End(Z%?), ¢V = ¢®1dy, and ¢/® =1d; ®q. Then

¢? ¢ ¢ = (1d ®iz) (1dz ®ez)(iz ® 1dz) (e ® 1dz)(1d; ®iz)(1dz @ez) = ¢

Idz Idz

Note ¢ # 0 because

Idy = (Idz ®ez)(iz @ 1dz) (ez ® Idz)(Idz ®iz) = (Idz ®€Z)q(1)(IdZ ®iz)

[\ [\
e e

Idz Idz

and similarly ¢ # 0 either. Let o = ez iz € End(1l) = F. Then

2 . .
q° =1igzegigzez = aq.
——

P
and hence qz-2 =agq; fori =1, 2.

Observe that ¢ € End(Z%?) which is a semisimple F-algebra, hence isomorphic
to a direct sum of full matrix rings. Suppose a = 0 hence ¢ is nilpotent. As ¢ can only
be nonzero on the direct summand 1 of Z®? and the multiplicity of 1 is 1, ¢ is nilpotent
if and only if ¢ = 0. But then ¢¥) = 0, which we have proven is not the case. Therefore
a #0.

Note (1/aq®™)?2 =1/aq® for i =1, 2 and im1/a ¢'¥) = im p;. Hence

1 1
p®pp@ = L @@ = L@ 4,
a (0%

O

Let f € End(Z®2). Note that Z® 1 = Z, hence p@ (f @ Id;)p® is a multiple
of p@. In particular, let f = py be a projection onto some term X in a direct sum

decomposition of Z¥2. Define dim X by
(dim X)p®?) = (dim Z)*p"”) (px @ Tdz)p"®)

where we choose dim Z so that dim 1 = 1. This determines dim Z up to sign and dim X
is clearly independent of the choice of sign. It can be checked that this definition of
dim X is equivalent to the usual one given in Definition 3.9 for direct summands in Z%2.

Let ¢; = cz,7z®1dz and ¢ = Idz ®cz,z. By the definition of braiding ¢; ca ¢1 =
¢y ciCo. Assume Z%2 = @Z X; where the X; are d nonisomorphic simple objects of
nonzero dimension. Then the braiding cz 7 acts on these simple objects via scalars A;.

Assume that the )\; are distinct.
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Proposition 3.11. In this case, we can define an action of Bz on V = Hom(Z, Z%3) by
oif =c¢iof for f € Hom(Z, Z®3). Then V is a simple Bs module and each eigenvalue
of o; is of multiplicity 1.

Proof: Index the X; so that X; = 1 C Z®2. Then p(l) = px, ®Idz and p(2) =1dz ®px, .
Let 2 : 1 — Z%2 be a nonzero morphism. Then im2 = z;. As dim X; # 0, the projections
p( must be nonzero when restricted to Z® X; C Z%3. Hence v; = (p(i) ®Idz)(Idz ®1) #
0 and oyv; = \jv;. As dim Hom(Z, Z%93) = dim Hom(Z®?2, Z%2), the v; form an eigenbasis
of V for ¢y.

Suppose V is not simple. Let 0 C V; C ... CV,, =V be a composition series of
V. Clearly, each p( ® Idy; acts nonzero on exactly one simple factor in the series, and
each simple factor has at least one p(¥ @ Idy acting nonzero on it. There are at least
two simple factors so we can choose i so that p(¥ ® Idz and p(!) act nonzero on different
simple factors. Since p(?) is conjugate to p(M, p(2) acts nonzero on the same simple factor

as p1), Hence p@ (p) @ Idz)p? = 0 which would contradict dim z; # 0. O

Corollary 3.12. We have
dim X; = pf{) (dim 2)2

with N%) as in Chapter 2.

Proof: As the eigenvalues are all of multiplicity 1, we have well-defined eigenprojections

p® = PD(c)/PD ()) and p@ = PP (c;)/ P (A1). Hence

(d) (d) (d) (d)
(dimXi)Pldi(CQ) — (dim Z)? P1d (cz)Pid (01)P1d (c2)
P 0n) POONPD ()P ()
(d) p(d)
— (dim 2)? Qi P (e2)

O

In particular, let C be a braided tensor category whose Grothendieck semiring
is isomorphic to that of the representation category of g where g is of orthogonal or
symplectic type. Let Z € C be the object corresponding to the vector representation of
g. Then Z7®@ Z =2 1® X ®Y and the above result applies with d = 3. Choose alpha € C

1

so that the eigenvalues of ¢; on X and Y are aqg and —aqg™". Denote the eigenvalue on
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1 by »—'. It can be shown that « is a fourth root of 1, but we will not need it in this

discussion. The categorical dimensions are

11 o1
disz(rqzr s +1>T -
@ —q a—q
S | 1
dimy = ("9 1) 727
2 —2 -1
@ —q ¢—q
1
dimZzi(r T1+1>.
¢—q

It is possible to prove that r = ¢V~ ! for g is orthogonal type and r = ¢~ V1 if it is
symplectic.

If g is an exceptional Lie algebra, we can choose Z to correspond to the ad-
joint representation to get a 5-dimensional simple representation of Bs. The categorical
dimesnions of the 5 simple summands of Z ® Z can be computed like in the previous

case (see [11]).
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