
MATH 110EXAM #2Please answer the following questions. Be
ause this test is open book and opennote, you will not get 
redit for answers unless you demonstrate how you arrivedat them. In short, please show all work.Problem 1.Please 
ompute the expli
it solution u(x; t) to the following problems:a) The Diri
hlet wave equation:utt = 
2uxx ; 0 6 x 6 � ;u(0; t) = u(�; t) = 0 ;u(x; 0) = sin(x)� 3 sin(4x) ;ut(x; 0) = 2 sin(2x) + 7 sin(9x) :

b) The Neumann heat equation:ut = kuxx ; 0 6 x 6 1 ;ux(0; t) = ux(1; t) = 0 ;u(x; 0) = 2 + 2 
os(�x) � 5 
os(3�x) :What is the steady-state temperature T1 = limt!1 u(x; t)?
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2 Problem 2.Consider the two expli
it fun
tions:�(x) = 2 sin(�x) � 4 sin(2�x) + 3 sin(4�x) � 10 sin(5�x) + 5 sin(6�x) ; (x) = � sin(�x) + 6 sin(2�x)� 2 sin(5�x) + 3 sin(6�x)� sin(7�x) :Please 
ompute the integral:h�;  i = Z 10 �(x) (x) dx :(Hint: You may freely quote the values of 
ertain integrals we have 
overed. Theanswer 
an be given qui
kly, but you need to explain 
learly what you are doing.Do not use a 
al
ulator to get a numeri
al answer.)



3Problem 3.Consider the following mixed boundary value problem for the Heat equation:ut = kuxx ; 0 6 x 6 ` ;(1) ux(0; t) = u(`; t) = 0 ;(2) u(x; 0) = f(x) :(3)Please answer the following:a) Lets try to solve this via a series expansion. First of all, 
onsider spe
ial solutionsof the form u(x; t) = X(x)T (t) whi
h lead to the boundary value problem:�X 00 = �X ; X 0(0) = X(`) = 0 :(4)Are these boundary 
onditions symmetri
?
b) Solve the ODE (4) by �nding the 
orre
t values of �n whi
h make the solutionpossible (Hint: Just start with X(x) = A 
os(p�x) + B sin(p�x) and then �nd
onditions on A and B �rst. This will then determine the values of �).


) Re
all that on
e we have expli
it solutions fXn; �ng to (4), we 
an write a generalsolution to (1) with boundary 
onditions (2) as:u(x; t) = Xn Ane�k�ntXn(x) :What is the behavior of this solutions as t ! 1? Physi
ally why does this makesense?



4d) Suppose that the Xn from part a) are 
hosen so that R0̀ X2n(x)dx = 1 (this 
analways be a

omplished by dividing through by a 
orre
t 
onstant). Suppose alsothat the initial data (3) f(x) is su
h that:Z `0 f(x)X1(x) dx = 2 ; Z `0 f(x)X2(x) dx = �3 ; Z `0 f(x)X3(x) dx = 5 ;with all other R0̀ f(x)Xk(x) dx = 0 for k 6= 1; 2; 3. Write down a formula for f(x)in terms of the Xn. Please explain 
learly why this works.


