
SOLUTIONS OF SOLUTIONS OF OLD EXAM PROBLEMSREAD THIS: Unfortunately, the solutions on the webpage from whi
h I took these old examproblems referred to another exam. Below you 
an �nd SKETCHES of solutions. These areless detailed than you should do it in the exam due to la
k of time. I still hope this will beuseful. If you need more information, 
ome to my oÆ
e hour Tuesday, 3-4.0.1. Problem 1. We have to solve the di�erential equation dy=dx = 2x whi
h has the solutiony = x2. For part (a) we obtain u(x; y) = (y � x2)2. For part (b), we would getsin(x) = u(x; 0) = g(y � x2):For x > 0, this would imply u(x; y) = sin(px2 � y), while for x < 0 we would get u(x; y) =sin(�px2 � y). Obviously, these are two di�erent fun
tions. Hen
e there is no solution whosedomain of de�nition would 
ontain the whole x-axis.0.2. Problem 2. Observe thatux(x; 0) = 
os(x) + 6 
os(3x) � 30 
os(6x) + 11 
os(11x):Using orthogonality R �0 sin(nx) sin(mx) dx = 0 if n 6= m and R �0 sin2(nx) dx = �=2 (and samefor 
osines), it is easy to 
al
ulateE(0) = �4 [1 + 62 + 302 + 112 + 1 + 16 + 1 + 9℄ = 1085:As the energy for a solution of the wave equation is independent of time, this is the solutionin general.0.3. Problem 4. This was done in 
lass, ex
ept for (
). I was a little bit sloppy for part (a),so let me do this again here: If �u = 0, we get0 = Z Z uxx + uyy dxdy:We know 
al
ulateZ b0 Z a0 uxx dxdy = Z b0 [ux(x; y)℄x=ax=0dy = Z b0 [ux(a; y)� ux(0; y)℄dy:Similarly, after now integrating the y-
oordinate �rst, we getZ a0 Z b0 uyy dydx = Z a0 [uy(x; b)� uy(x; 0)℄dx:Adding both the left hand sides and the right hand sides of the two equations above, andplugging in the fun
tions of the boundary 
onditions on the right hand sides proves the desiredequality in (a). 1



20.4. Problem 5. A similar problem was also done in 
lass (look at your notes!). Following thehint, we 
onsider two Diri
hlet boundary problems. In the �rst one, the boundary 
onditionsare the same as the given one, ex
ept that u1(x; 1) = 1. In the se
ond problem we haveu2(1; x) = sin(�x) and all the other boundary 
onditions are equal to 0. Then it is easy to
he
k that u1(x; y) = y is the solution of the �rst problem.For the se
ond problem, we try u2(x; y) = Y (y) sin(�x). Hen
e we get Y 00=Y = �2, i.e.Y (y) = 
1 
osh(�y)+
2 sinh(�y). The boundary 
onditions u2(x; 0) = 0 and u2(x; 1) = sin(�x)translate to Y (0) = 0 and Y (1) = 1. Hen
e 
1 = 0 and 
2 = 1=(sinh(�)). Hen
eu2(x; y) = sin(�x) sinh(�y)sinh(�) :So the 
omplete solution is u(x; y) = y + sin(�x) sinh(�y)sinh(�) :0.5. Problem 6. We do the problem in polar 
oordinates. For a separable solution R(r)�(�),we get the equations �00 + �� = 0; r2R00 + rR0 � �R = 0:As � has to satisfy the periodi
 boundary 
onditions �(0) = �(2�), we obtain that � = n2,n = 1; 2; ::: ; in parti
ular, it is positive. Plugging this into the di�erential equation for R,we obtain R(r) = 
1rn + 
2r�n. As our solutions should be well-de�ned for r = 0, we onlyuse the positive exponents. Hen
e the general solution isu(r; �) = A0=2 + 1Xn=1 rn(An 
os(n�) +Bn sin(n�)):The solution for our given boundary value isu(r; �) = 1 + r2(
os(2�) + sin(2�)):To 
he
k the maximum prin
iple, observe that u(r; �)� 1 = r2(
os(2�) + sin(2�)). Hen
e forany given �xed �0 the fun
tion ju(r; �)j = r2j 
os(2�0) + sin(2�0)j will have its maximum atr = 1, i.e. on the boundary of the disk of radius 1 around the origin.0.6. Problem 2. We use d'Alembert's formula for the wave equation utt = uxx with initial
onditions u(x; 0) = �(x) and ut(x; 0) =  (x). This states that the solution is equal tou(x; t) = 12(�(x+ t) + �(x� t)) + 12 Z x+tx�t  (s)ds:If x = t = 10, we get �(x+ t) = �(20) = 0. Hen
eu(10; 10) = 12(�(0) + Z 200  (s) ds) =12(
os(0) + Z �0 sin(s) ds) = 12(1 + 2) = 32 :


