
EXERCISES MATH 202C - Seventh Assignment1. This exer
ise �lls in some of the `standard veri�
ations' for Lemma 12.4. As usual, letg 2 G 7! Ag be a representation of the �nite group G into the n� n matri
es, a
tingon the ve
tor spa
e V = Cn. Moreover, let B be an n� n matrix.(a) Let aB(f)(x1; :::; xn) = f((x1; :::; xn)B). Show that aB is an automorphismof k[x1; :::; xn℄ whi
h preserves the gradation. This means aB(fg) = aB(f)aB(g),aB(f+g) = aB(f)+aB(g) and aB maps k[x1; :::; xn℄d into itself, where k[x1; :::; xn℄dis the span of all monomials of degree d.(b) De�ne, as usual, (g � f)(x1; :::; xn) = f((x1; :::; xn)Ag), and let k[x1; :::; xn℄Gbe the subalgebra of G-invariant polynomials. How does k[x1; :::; xn℄G 
hange if werepla
e the given representation of G by g 7! BAgB�1, for a �xed invertible matrixB?(
) Cal
ulate the matrix whi
h des
ribes the a
tion of g 2 G on k[x1; :::; xn℄1 withrespe
t to the basis fx1; :::; xng.(d) Let p = 1d!P�2Sd �. Show that the representation of G on k[x1; :::; xn℄d isequivalent to the representation of G on pV 
d. (Hint: Consider the ve
tors pv
�,where v
� = v
�11 
 ::: 
 v
�nn .)(e) Let �d be the 
hara
ter of the representation of G on k[x1; :::; xn℄d. Show that�d is independent under basis transformations for V . Express �d in terms of S
hurfun
tions and eigenvalues of Ag.2. Let V be the 3-dimensional irredu
ible representation of the subgroup A4 of evenpermutations in S4.(a) Cal
ulate the Molien series k[x1; x2; x3℄A4 .(b) Find the degrees of a maximal set of algebrai
ally independent elements in the ringk[x1; x2; x3℄A4 , where the elements are supposed to have as small degrees as possible.(
) What is the minimal number of generators for k[x1; x2; x3℄A4? What are thedegrees of the generators added to the algebrai
ally independent generators in (b).3. Let G = Z=3, a
ting on k[x1; x2; x3℄ via shifting the indi
es mod 3 (e.g. �1:xi = xi+1,indi
es mod 3).(a) Cal
ulate generators of k[x1; x2; x3℄G and 
he
k your result via Molien's theorem.(b) Give an expli
it de
omposition of k[x1; x2; x3℄G as free module over an hsop (ho-mogeneous system of parameters).(
) Give a presentation of k[x1; x2; x3℄G via generators and relations.(d) Answer question (
) for the a
tion of G = Z=3 on k[y0; y1; y2℄ given by �1:yj = �jyj ,where � = e2�i=3.


