
APPLIED ALGEBRA QUALIFYING EXAM � SPRING 2009This part of the Applied Algebra exam will be s
aled to make up 60% of the whole exam.The problems have the same value, ex
ept for the last one whi
h will 
ount more. Try todo as many problems as possible.1. Let pn = 1n!P�2Sn � and let d be the diagonal matrix with diagonal entries x1; ::: xN ,where V = CN . The matrix d a
ts on ea
h fa
tor of V 
n, thereby de�ning a lineara
tion on V 
n. The a
tion of Sn on V 
n is given via permuting the tensor fa
tors.(a) Cal
ulate TrV 
n(pnd).(b) The value of TrV 
10((p4 
 p4 
 p2)d) 
an be written as a linear 
ombination ofS
hur fun
tions. Cal
ulate the 
oeÆ
ient of s[6;3;1℄.(
) Cal
ulate the multipli
ity of the simple S10 module S[3;3;3;1℄ in V 
10 for dim(V ) =N = 5 and for N = 3.2. Let er be the r-th elementary symmetri
 fun
tion in the variables x1; x2; :::; xn.(a) Show that the determinant of (�ei=�xj)1�i;j�n is a homogeneous polynomial and
al
ulate its degree.(b) Cal
ulate the determinant.3. Let � : G! Gl(V ) be a representation of the �nite group G into the group Gl(V ) ofinvertible linear maps on the ve
tor spa
e V .(a) Show that also the map �̂ : g 2 G 7! �(g�1)t de�nes a representation, where tmeans the transpose of a matrix.(b) Let �� and ��̂ be the 
hara
ters of � and �̂. Show that ��̂(g) = ���(g) (i.e. the
omplex 
onjugate) for all g 2 G.(
) Let V be a simpleG-module. Show: IfW is a simple Gmodule su
h that the trivialrepresentation o

urs in V 
W , then W must be isomorphi
 to the representationde�ned in (a).4. Let f1 = x2y2 � x and f2 = x3y � 1.(a) Cal
ulate a Gr�obner basis for hf1; f2i \ k[x℄ and for hf1; f2i, where hf1; f2i is theideal in k[x; y℄ generated by f1 and f2.(b) What is the variety V (f1; f2) = f(a; b); f(a; b) = 0; f 2 hf1; f2ig for k = C?5. Let G be the subgroup of S4 generated by the permutations (12) and (34), and let Vbe the simple representation of S4 labeled by the Young diagram [2; 1; 1℄.(a) Cal
ulate the Molien series of k[x1; x2; x3℄G.(b) Let ~G �= Z=2�Z=2 with generators g1 and g2, and let W be the three-dimensional~G module with basis w1; w2; w3 su
h that the a
tion of G is given byg1wi = � �wi if i=1,2,w3 if i=3, g2wi = � w1 if i=1,�wi if i=2,3.Write down a Hironaka de
omposition for k[y1; y2; y3℄ ~G.(
) Find presentations of the rings k[y1; y2; y3℄ ~G and k[x1; x2; x3℄G via generators andrelations.


