
1. OLD EXAM PROBLEMSNOTE These are exam problems from another 
ourse by another professor. There aresome di�eren
es in style and emphasis. If 
onfused, ask the TA or myself. While the �nal ofthis 
ourse will be somewhat di�erent, pra
ti
ing with these problems should be useful.Problem 1.Consider the following transport equation in the plane for the fun
tion u(x; y):(1) �xu+ 2x�yu = 0 :a) Solve equation (1) with the following 
onditions on the y-axis:u(0; y) = y2 :b) Is it possible to �nd a solution of (1) in the entire plane su
h that it has the following
ondition on the x-axis: u(x; 0) = sin(x) :If not, give the reason why. (Hint: It may be helpful to sket
h the 
hara
teristi
s of theequation (1)). Problem 2.This problem is 
lose to something we dis
ussed in a le
ture. Consider the wave equation fora vibrating string of length ` = � with �xed endpoints (i.e. the Diri
hlet problem). Supposethat the wave speed is 
 = 1 (i.e. we have that T = � = 1 for the tension and mass density).Suppose that the initial Cau
hy data is given by:u(0; x) = sin(x) + 2 sin(3x) � 5 sin(6x) + sin(11x) ;ut(0; x) = � sin(x) + 4 sin(7x) + sin(10x) � 3 sin(15x) :Compute the energy at ea
h time t for the wave u(t; x). That is, 
ompute the integral:E(t) = 12 Z �0 �u2t (t; x) + u2x(t; x)� dx :(Hint: There is an easy way and a hard way to do this. Orthogonality and the 
onservationof energy are your friends.) 1



2 Problem 4.Suppose that one is given a solution �u = 0 to the Lapla
e equation in the re
tangle0 < x < a and 0 < y < b, with the Neumann boundary 
onditions:��yu(x; 0) = f(x) ;�xu(a; y) = g(y) ;�yu(x; b) = k(x) ;��xu(0; y) = h(y) :a) Prove that the boundary data f; g; k; h must satisfy the following integral identity:0 = Z a0 f(x)dx+ Z b0 g(y)dy + Z a0 k(x)dx + Z b0 h(y)dy :Noti
e that this identity just represents the physi
ally reasonable fa
t that for a steady statetemperature distribution, the total 
ux a
ross the boundary of the domain must be zero. Ifthere was any net heat either 
oming in or going out of the re
tangle, then the temperaturedistribution wouldn't be in equilibrium! (Hint: This is one of those identities that 
omes fromdire
tly manipulating the equation. Don't try to make some awful expansion).b) Suppose that one were not aware of the 
on
lusion of a) above, and that one naivelytried to 
ompute a solution to the problem:�u = 0 ; in 0 < x < a ; 0 < y < b ;�yu(x; 0) = 0 ;�xu(a; y) = C ;�yu(x; b) = 0 ;�xu(0; y) = 0 ;for some 
onstant C 6= 0. Assume that the solution 
ould only be a produ
t u(x; y) =X0(x)Y0(x) of two linear fun
tions X0(x) and Y0(x). Why is it that one 
annot �nd su
h asolution? That is, where does this pro
edure for �nding a solution fail?
) Write down an expli
it solution u(x; y) to the following \well-posed" Neumann problem:�u = 0 ; in 0 < x < � ; 0 < y < � ;�yu(x; 0) = 0 ;�xu(�; y) = 
os(y) ;�yu(x; �) = 0 ;�xu(0; y) = 0 :



3Problem 5.Cal
ulate an expli
it solution to the following Diri
hlet problem in a unit square with
ontinuous boundary values:�u = 0 ; in 0 < x < 1 ; 0 < y < 1 ;u(x; 0) = 0 ;u(1; y) = y ;u(x; 1) = 1 + sin(�x) ;u(0; y) = y :(Hint: De
ompose this problem into two: One where you remove sin(�x) from the boundary
onditions, and a se
ond one where the boundary values are zero ex
ept for u(x; 1) = sin(�x).It is possible to guess the solution in the �rst 
ase, while we know how to do the se
ondproblem. Get the solution of the original problem from those two solutions).Problem 6.a) Solve the following Diri
hlet problem in the unit 
ir
le:�u = 0 ; in 0 6 r < 1 ;u(1; �) = 1 + sin(2�) + 
os(2�) :b) Verify that the maximum prin
iple is true for this expli
it solution. (Hint: It might beeasiest to �rst subtra
t o� a 
onstant. Noti
e that if u is any fun
tion, then u� C will haveits maximum at the same point that u does, and that the maximum of u � C is just themaximum of u minus C.) Problem 2.Consider the solution u(x; t) to the wave equation:�2t u = �2xu ;u(x; 0) = (
os(x) ; if ��2 6 x 6 �2 ;0 ; otherwise :ut(x; 0) = (sin(x) ; if �� 6 x 6 � ;0 ; otherwise :Please 
ompute the quantity u(10; 10).



4 Problem 3.Please 
ompute the energy:E[u℄(t) = 12 Z 1�1 �u2t + u2x�(x; t) dx ;of the solution u(x; t) to the previous problem at time t = 10.Problem 4.The heat equation for a solid metal ring is the following (\periodi
" boundary 
onditions):ut = kuxx ; �� 6 x 6 � ;u(��; t) = u(�; t) ;ux(��; t) = ux(�; t) ;u(x; 0) = f(x) :a) Use separation of variables to derive the general solution u(x; t) to this problem.b) Write down the spe
i�
 solution u(x; t) to the above problem with initial data:f(x) = 3 + 2 
os(3x) � 5 sin(4x) :
) Compute the steady state temperature T1 = limt!1 u(x; t) to the solution from part b).Show that this is equal to the average initial temerature:Tav = 12� Z ��� f(x) dx :Problem 5.Please 
ompute the full sin/
os series on the interval [�1; 1℄ for the fun
tion:�(x) = 1� x2 :(Hint: Noti
e that this fun
tion is even. Also, use integration by parts to 
ompute theintegrals.) Problem 6.a) Solve the following Diri
hlet problem in the unit 
ir
le:�u = 0 ; in 0 6 r < 1 ;u(1; �) = 1 + 3 sin(5�) + 
os(6�)� 4 
os(10�) :



5b) Compute the average value: A = 12� Z 2�0 u(1; �) d� ;and show that it is equal to ujr=0.


