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ABSTRACT

Certain diffusion processes known as semimartingale reflecting Brownian motions (SRBMs)
have been shown to approximate many single class and some multiclass open queueing net-
works under conditions of heavy traffic. While it is known that not all multiclass networks
with feedback can be approximated in heavy traffic by SRBMs, one of the outstanding
challenges in contemporary research on queueing networks is to identify broad categories of
networks that can be so approximated and to prove a heavy traffic limit theorem justifying
the approximation. In this paper, general sufficient conditions are given under which a heavy
traffic limit theorem holds for open multiclass queueing networks with head-of-the-line (HL)
service disciplines, which in particular require that service within each class is on a first-in-
first-out (FIFO) basis. The two main conditions that need to be verified are that (a) the
reflection matrix for the SRBM is well defined and completely-S, and (b) a form of state
space collapse holds. A result of Dai and Harrison shows that condition (a) holds for FIFO
networks of Kelly type and their proof is extended here to cover networks with the HLPPS
(head-of-the-line proportional processor sharing) service discipline. In a companion work,
Bramson shows that a multiplicative form of state space collapse holds for these two families
of networks. These results, when combined with the main theorem of this paper, yield new
heavy traffic limit theorems for FIFO networks of Kelly type and networks with the HLPPS

service discipline.
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1 Introduction

Queueing network models are of current interest for analyzing congestion and delay in
computer systems, communication networks and complex manufacturing systems (see e.g.,
[3, 54]). Many of these systems have stations that can process more than one class of
customer or job (so-called multiclass networks) and/or have complex feedback structures.
Heavily loaded networks, where congestion is a compelling problem, are of particular in-
terest. Frequently, exact analysis of such networks is unavailable and it is natural to seek
tractable approximations. In connection with this, certain diffusion processes, known as
semimartingale reflecting Brownian motions (SRBMs), have been proposed as approxima-
tions for normalized versions of the queue length or workload processes in heavily loaded
networks [28, 30]. Heavy traffic limit theorems justifying these approximations have been
proved for many single class and some multiclass queueing networks (see [52] for a summary
of such results). However, it is known that not all multiclass networks with feedback can be
approximated in heavy traffic by SRBMs (cf. [22, 51, 21, 33]), and one of the outstanding
challenges in contemporary research on queueing networks is to identify broad categories of
networks that can be so approximated and to prove a heavy traffic limit theorem justifying

the approximation.

In this paper, general sufficient conditions are given under which a heavy traffic limit
theorem holds for open multiclass queueing networks with head-of-the-line (HL) service
disciplines, which in particular require that customers within each class are served on a
first-in-first-out (FIFO) basis. For open networks, the associated SRBMs live in the positive
orthant of a Fuclidean space. Besides the usual functional central limit theorem assumptions
and independence assumptions on the primitive processes for our queueing network model,

the two main conditions of our heavy traffic limit theorem are that
(a) the reflection matrix for the limit SRBM is well defined and completely-S,
(b) a form of state space collapse holds.

The definition of a completely-S reflection matrix is given in Section 6. This condition is
known to be necessary and sufficient for the existence and uniqueness of an SRBM. State
space collapse is defined in Section 4 and its key role in the proof of our heavy limit theorem
is explained below. For certain service disciplines, e.g., FIFO (across all classes at a station),

state space collapse is necessary for a heavy traffic limit theorem to hold (see Appendix B).

The two key features of our proof of the heavy traffic limit theorem are

(1) the assumption of state space collapse is used to approximate the normalized high dimen-
sional queue length process at each station by a constant vector times the normalized

workload process for the station,

(ii) an invariance principle (or perturbation result) for SRBMs and condition (a) are used

to turn the independence and functional central limit theorem assumptions for the



normalized external arrival, service time, and routing processes, into weak convergence

of the normalized workload processes to an SRBM.

State space collapse is critical to our treatment of multiclass networks. This phenomenon
was first established by Whitt [50] for the case of a single multiclass station with a static
priority discipline, whereas the term was first used in the later work of Reiman [45, 46],
which was also concerned with a single station. Verification of state space collapse is a
key feature of the heavy traffic limit theorem of Peterson [42] which applies to feedforward
multiclass queueing networks with a preemptive resume static priority service discipline. In
our limit theorem, state space collapse is an assumption, which would need to be verified in
any particular application. In connection with this, in a companion work, Bramson [11] has
shown that a multiplicative form of state space collapse holds for two interesting families of
multiclass networks. In Proposition 8.1 of this paper, it is shown that this multiplicative
form implies regular state space collapse under our heavy traffic conditions and condition

(a), both of which are assumptions for our heavy traffic limit theorem.

Most prior proofs of heavy traffic limit theorems for open queueing networks, such as those
of Reiman [44] for single class FIFO networks, of Peterson [42] for feedforward multiclass
networks with preemptive resume static priorities, and of Chen and Zhang [15] for re-entrant
lines with a first-buffer-first-served priority service discipline, used a stronger and more
restrictive result than the invariance principle referred to in (ii) above. Those proofs relied on
the existence and uniqueness of a continuous path-to-path mapping which could be applied
to obtain an SRBM path as the continuous image of a Brownian motion path (cf. [31, 26]).
A major difficulty in generalizing those proofs to multiclass networks with feedback is that
uniqueness does not always hold for such a path-to-path mapping [2, 41], even when existence
and uniqueness in law of an SRBM is known. Indeed, Dai, Wang and Wang [23] have given an
example of a FIFO network of Kelly type for which the continuous mapping argument used
in [42, 44] cannot be readily extended. (The details of this example are given in Appendix
A of this paper.)

To overcome this difficulty, in [53], this author established an invariance principle (or
perturbation result) for SRBMs which could take the place of the continuous mapping argu-
ment used by Reiman [44], Peterson [42], and Chen and Zhang [15]. This result is based on
a distributional characterization of an SRBM which involves a certain martingale property.
Accordingly, in establishing our heavy traffic limit theorem, a martingale property of the
queueing network model needs to be established, and this in turn requires that a stopping
time property be verified. For our proof of the martingale property (cf. Lemma 8.4), in-
dependence assumptions are imposed between and within the (external) interarrival time,
service time and routing sequences (cf. Section 3.1.6). In particular, this independence is
stronger than what is needed for a conventional continuous mapping argument, where the
main condition is that a functional central limit theorem holds for these primitive processes.
Though it is possible that this independence assumption could be relaxed, this would require

a more general approach than that used here. The stopping time property (cf. Lemma 8.3) is
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expected to hold for a wide variety of non-anticipating service disciplines. However, to give a
rigorous proof of this property, one needs to formalize the notion of a service discipline. The
stopping time property is verified here for so-called head-of-the-line (HL) service disciplines
(our notion of an HL service discipline is a little more general than that used by Bramson in
[10, 11]). An HL service discipline requires that service within each class is on a FIFO basis
(that is, service for each class is concentrated on the customer at the head-of-the-line for the
class) and each class receives a proportion (possibly zero) of the associated server’s time,
where this proportion may be random but it is kept constant between changes in the arrival
and departure processes. Furthermore, these proportions should depend in a measurable way
on the “state” of the queueing network, and they should not anticipate (external) interarrival
times, service times or routing vectors for future arrivals (our measurability and dependence
assumptions are made precise in Section 3.1.5). Common service disciplines which satisfy
the HL requirement are FIFO (across all classes at a station), preemptive resume static pri-
orities and HLPPS (head-of-the-line proportional processor sharing). Static priority policies
without preemption could be included in an extension of our model. However, to reduce the
complexity of the stopping time argument, that case has not been treated here (see Section

3.1.5 for more discussion).

We note here that in recent work Chen and Zhang [16] have given a heavy traffic limit
theorem for a multiclass FIFO network with a restrictive spectral radius condition on the
workload contents matrix (denoted by G here). They do not use a continuous mapping
argument and in a sense they implicitly verify (i) and (ii). Their approach to proving the
stopping time property is different from that used here. Furthermore, they only consider a
FIFO service discipline. The main result stated in Chen and Zhang [16] is neither subsumed
by nor subsumes the results indicated below for FIFO networks of Kelly type. It remains an
open problem to identify collections of FIFO networks that naturally satisfy their spectral
radius condition.

As applications of the main theorem of this paper, the results of Bramson [11] on multi-
plicative state space collapse are combined with a verification of condition (a) (see Dai and
Harrison [20] for FIFO networks of Kelly type and Section 9 for an extension to HLPPS
networks), to yield new heavy traffic limit theorems for FIFO networks of Kelly type and
HLPPS networks. In a FIFO network, customers are served in the order of their arrival at
each station, without regard to their class designation. A Kelly type network is such that
the mean service time is the same for all classes at a given station. (In fact, Bramson works
with a mild generalization of Kelly type networks, namely those that are asymptotically of
Kelly type. Our heavy traffic limit theorem also holds for such networks with a FIFO service
discipline. However, to simplify terminology in the text, we shall simply use the term Kelly
type until we come to the precise statement of the relevant heavy traffic limit theorem or
to proofs of related results, see e.g., Lemma 9.2 and Theorem 10.1.) In an HLPPS network,
all non-empty classes present at a station are served simultaneously, where the fraction of

time spent on a given class is proportional to the number of customers present in that class,



and all of this service goes to the customer at the head of the line of the class. When the
service times are exponentially distributed, the queue length process for an HLPPS network
is equivalent in distribution to that for a network having the usual processor sharing disci-
pline in which all customers at a station receive an equal proportion of the server’s time.
Thus, HLPPS networks have some similarities with processor sharing and FIFO networks,

but they turn out to be easier to work with for the purpose of verifying state space collapse.

This paper is organized as follows. Some preliminary notation is established in Section
2. Our model for an open queueing network is described in Section 3. Although much of
the setup described there applies for arbitrary non-idling service disciplines, our heavy traffic
limit theorem is only proved for head-of-the-line (HL) service disciplines. Thus, from Section
3.1.5 onwards we restrict to such service disciplines which include FIFO (across all classes at
a station), preemptive resume static priority and HLLPPS policies. Fluid and diffusion scaling
for the primitive network processes and performance processes are defined and applied to
equations satisfied by our network model in Section 4. Assuming state space collapse and
invertibility of a certain data matrix, these equations are then reduced to the form given by
equations (74)—(77). Our heavy traffic assumptions, in particular, conditions which imply a
functional central limit theorem for the primitive external arrival, service time, and routing
processes, are specified in Section 5. The precise definition of a semimartingale reflecting
Brownian motion in an orthant (SRBM) is given in Section 6. The main result of this
paper, namely, the statement of general sufficient conditions which imply a heavy traffic
limit theorem for open multiclass queueing networks with HL service disciplines, is given in
Section 7. This result is proved in Section 8. In Section 9, Assumption 7.1 (or equivalently,
condition (a) above) on the data matrices for the queueing networks is verified to hold for
FIFO networks of Kelly type and HLPPS networks. This was originally shown by Dai and
Harrison [20] for FIFO networks of Kelly type. Their proof is repeated in Section 9 for
completeness and to facilitate the extension made there to HLPPS networks. In Section 10,
the results of this paper are combined with those of Bramson [11] to yield new heavy traffic
limit theorems for FIFO networks of Kelly type and HLPPS networks.

As a possible roadmap for reading this paper, we suggest the reader start with Section
3, to become familiar with our queueing network model and the associated performance
processes. After reviewing the definitions of the diffusion scaled processes in Section 4, the
reader may then turn to Section 10 where the main theorem of this paper is applied, in
combination with the results of Bramson [11], Dai-Harrison [20] and Section 9, to yield new
heavy traffic limit theorems for two families of open multiclass networks. In order to fully
appreciate the meaning of the results stated there, the reader will need to consult Section
2 for notation related to weak convergence, the heavy traffic assumptions of Section 5, and
the definition of an SRBM given in Section 6. However, knowing the statements of the
results should guide the reader in focussing on what is essential for their understanding. The
reader will note that the proofs of these two results in Section 10 are quite short. This is

no accident. On consulting the main theorem of the paper, Theorem 7.1, the reader will see



that this theorem is set up in such a way that a heavy traffic limit theorem is immediate once
Assumptions 7.1 and 7.2 (i.e., (a) and (b) above) have been verified. For the two applications
given in Section 10, Assumption 7.1 on the data matrices follows from Dai-Harrison [20] and
Section 9, and Assumption 7.2 on multiplicative state space collapse is shown to hold in
Bramson [11]. Finally, the reader will want to turn to Sections 7 and 8 where the main
theorem of this paper is stated and proved. At this stage the reader will need to consult

Section 4 in more detail.

2 Notation

The set of non-negative integers will be denoted by IN. For each positive integer n, the n-
dimensional Euclidean space will be denoted by IR™ and the n-dimensional positive orthant
will be denoted by R} = {z € R" :2; >0, 2 =1,...,n}. When n = 1, the superscript will
be suppressed on IR' and IR}F Vectors will be column vectors unless indicated otherwise.
Inequalities between vectors in IR" should be interpreted componentwise. For a,b € R",

b component is the maximum of a; and b;

we shall use a V b to denote the vector whose 1"
for e = 1,...,n. Similarly, a A b will denote the componentwise minimum of @ and b. The
superscript ' will be used to denote the operation of taking the transpose of a vector or
matrix. For = (z1,...,2,) € R", we will use the norm |z| = max?_, |z;|, and for the norm
of an n x [ matrix A we will use |A| = max’_, 2221 |A;;|. For a vector € IR", the n X n
diagonal matrix whose diagonal entries are given by the components of x will be denoted by
diag(x).

The notation IP will be used to denote a probability measure and IE will be used to
denote the expectation relative to IP. A triple (Q,F,{F:,t > 0}) will be called a filtered
space if Q is a set, F is a o-field of subsets of 2, and {F;,¢ > 0} is an increasing family of
sub-o-fields of F, i.e., a filtration. If in addition, IP is a probability measure on (£, F), then
(Q,F,{Fi,t > 0},IP) is called a filtered probability space. A filtration {F:,¢ > 0} will often
be simply written as {F;}. Given a fixed filtration, an n-dimensional process will be called a
martingale (relative to the filtration) if and only if each component is a martingale (relative
to the filtration).

For each positive integer n, let D™ be the space of “Skorokhod paths” in IR" having
time domain [0, 00). That is, D" is the set of all functions w : [0,00) — R" that are right
continuous on [0,00) and have finite left limits on (0,00). We shall use the abbreviation
r.c.l.l. for “right continuous with finite left limits”. The identically zero path in D™ will be
denoted by 0. For w € D™ and T' > 0, we let

(1) [wllr = sup |w(t)].
tel0,T]

Consider D" to be endowed with the usual Skorokhod J;-topology (see Skorokhod [48] and
Ethier and Kurtz [27]). Let M™ denote the Borel o-algebra on D" associated with this



Skorokhod topology. This is the same as the o-algebra generated by the coordinate maps,
ie, M" =o{w(s): 0 < s < oo}. Each continuous-time (stochastic) process in this paper
will be assumed to have paths in D" for a suitable value of n. That is, such a process is
a measurable function from some probability space (2, F,IP) into (D", M™). To indicate
the dependence on n, we shall call such a process an n-dimensional process. Consider n-
dimensional processes W1, W2, ..., and W. The filtration generated by W is taken to be
{Fi,t > 0} where F; = o{W(s): 0 < s <t} for all t > 0. The sequence {W'}2, is said
to be tight if and only if the probability measures induced by the W' on (D", M") form a
tight sequence. The notation “W' = W” will mean that the probability measures induced
by the W* on (D", M") converge weakly to the probability measure induced on (D", M")
by W as i — oo; this same state of affairs may be expressed by the statement “W* converges
in distribution to W as ¢ — oo”. For more on tightness and convergence in distribution of

processes taking values in D", see Chapter 3 of Ethier and Kurtz [27].

3 Open multiclass queueing networks: the model

In this section, our model for an open multiclass queueing network is defined. This model
is a variant of that used by Harrison and Nguyen [30] for open multiclass networks with a
first-in-first-out (FIFO) service discipline. In particular, different service disciplines besides
FIFO are allowed here and model elements incorporate information about residual service
times, and order and age of customers present in the network at time zero. The latter
are important for our treatment of networks that are initially non-empty. (For simplicity,
prior limit theorems have frequently assumed that the networks are initially empty, see
e.g., [44, 42]. For multiclass networks, this is a non-trivial assumption, see [29] for related
discussion.) Also, rather than considering a single collection of primitive processes with
accelerated long run average arrival rates, as is done in Peterson [42] and Harrison and
Nguyen [30], we revert to the more general framework of Iglehart and Whitt [34, 35] and
Reiman [44], where a family of networks is considered, each member of which may have
a different collection of primitive processes. In short, in the terminology of central limit
theorems, a triangular array of primitive (external) interarrival time, service time and routing
sequences is considered. We have chosen this more general setup because a heavy traffic
limit theorem in this context implies a certain uniformity or robustness of the diffusion
approximation to small perturbations in the distributions of the (external) interarrival times,
service times and routing sequences. Our description of the initial data is a little different
from that used in Bramson [11], where the focus is on establishing state space collapse. The
correspondence between our setup and that used by Bramson is described at the end of this

section.
Here a queueing network will be taken to consist of a fixed finite set of (service) stations
through which customers (or jobs) are processed. A customer visits stations in a sequential

manner and receives service at each station visited. In an open network, each customer



arrives from outside the network, visits a finite number of stations and then exits the network.
The route of a customer is the ordered sequence of stations that the customer visits during
its sojourn in the network. It is assumed that for each station there is an infinite buffer
to store customers awaiting service there. Each customer at a station belongs to one of a
finite number of classes. The mapping from classes to stations is many-to-one and customers
change class as they go from one station to the next. Customers in different classes may be
distinguished for example by their (external) interarrival time or service time distributions,

routing protocols or treatment under the service discipline.

3.1 Model primitives

Our description of the primitive elements for our open multiclass queueing network model
is broken down into assumptions concerning network structure, external arrivals, service
times, routing, service discipline, initial conditions, and independence. Given these model
primitives, the evolution of the queueing network is determined as that of a discrete event
system. In particular, the descriptive processes Z,W.Y, A, D, introduced in Section 3.2

below, are determined from this.

3.1.1 Network structure

We consider an open multiclass queueing network consisting of J (1 < .J < o) stations with
a single perfectly reliable server at each station and K (J < K < o0o) customer classes for the
entire network. For convenience, let 7 = {1,...,J} and K = {1,..., K}. The many-to-one

mapping from customer classes to stations is described by a J x K constituency matriz C

where for y € J, k € K,

(2) O { 1 if class k is served at station j,
Ik =

0 otherwise.

For j € J, let C(j) denote the constituency of server j,ie.,C(j) ={k € K:Cj =1}. We
assume that C(j) # 0 for each j. For k € K, let s(k) denote the station at which class & is
served, i.e., s(k) is the unique j € J such that Cj, = 1.

3.1.2 External arrivals

We assume that there is a K-dimensional external arrival process E = {E(t),t > 0} such that
for each class k € K, Fi(t) is the number of arrivals to class k from outside the network that
have occurred by time . We may have Fi(-) = 0 for some k. Let A= {k € K : Ej(-) # 0},
the set of classes that have some external arrivals. We assume that A is non-empty. For
each k € A, Fj, is assumed to be defined from a sequence of independent random variables
{ug(v),i =1,2,...}, where for i = 2,3,..., ux(i) denotes the time between the (i — 1)* and

the 't external arrival of a class k customer, and uy(1) denotes the first (residual) interarrival



time that is equal to the time measured from zero until the first external arrival to class k. It
is assumed that {ug(2),2 =2,3,...} is a sequence of strictly positive i.i.d. random variables,
each with mean 1/a; € (0,00) and variance a; € [0,00). The residual interarrival time
ur(1) is assumed to be independent of {ux(z),7 = 2,3,...} and to be strictly positive, but is
otherwise arbitrary. For k € A, setting U(0) = 0 and

(3) Ur(n) => ug(i), forn=1,2,...,
=1
we have
(4) Er(t) =max{n >0:Ug(n) <t} forallt>0.

Thus, Fy is a (delayed) renewal process. We interpret oy as the long run average external
arrival rate for class k. For convenience, we define ap = 0,a; = 0 for £ ¢ A, and we
let E4,Uy4 denote the | A|-dimensional processes whose components are given by Fy, Uy,

respectively, for k € A.

3.1.3 Service times

For each k € K, we assume that there are two sequences of service times for the class k cus-
tomers. A first sequence of random variables {vg(z),7 = 1,2,...} gives the (residual) service
times for those class k customers who are originally at station s(k) at time zero. (There are
more elements in this infinite sequence than needed, but there is no loss of generality in this
and having an infinite sequence makes for a more convenient mathematical setup.) These
“original” customers are assumed to have an ordering corresponding to (fictitious) arrival
times occurring at or before time zero. For instance the first “original” class k customer is
the one who arrived the longest time ago, the second customer in class & is the next original

b customer of class k in the net-

class k customer to have arrived, and so on. If there is an 7’
work at time zero, then vp(¢) is interpreted as the (residual) service time for that customer,
i.e., it is the amount of service time (as measured from time zero) that the customer still
needs to receive before it can depart station s(k). We define an original cumulative service

time process for class k by
(5) Vin) =Y vp(i), n=1,2,...,
i=1

and for convenience we define V,?(0) = 0. If Z7 is a random variable denoting the number
of customers in class k at time zero, then we assume that v((z) > 0 for 1 < ¢ < Z7. Further
essential distributional assumptions for the sequences {vp(¢),e = 1,2,...}, k € K, will be
embodied in the independence assumptions of Section 3.1.6 and the heavy traffic assumptions

of Section 5.

A second sequence of random variables {vi(z),2 = 1,2,...} gives the service times for the

subsequent customers arriving into class k after time zero. The time v§(¢) is the amount of
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service time at station s(k) required by the " customer who arrives into class k after time
zero. Thus, these service times are ordered according to the times of arrival of the associated
class k customers. It is assumed that {vj(:),7 = 1,2,...} is a sequence of strictly positive
i.i.d. random variables, each with finite mean mj > 0 and variance by € [0,00). We let
M denote the K x K diagonal matrix with m; as the k*® diagonal element. Let p; = m%y
which is the long run average rate at which class k& customers would be served if the server
s(k) were never idle and the server devoted all of its attention to class k. We define the

subsequent cumulative service time process for class k by
(6) Vii(n) :Zv,i(i), n=12...,

and for convenience we define V;*(0) = 0.

For a multi-index n = (n1,...,nkx) where each ng, k € K, is a non-negative integer, we
let
(7) Vo(n) = (VW(n), ..., Vg(nk))',

and we define V*(n) similarly.

3.1.4 Routing

We assume Markovian routing which can be described as follows.

Let eq,...,ex be the unit basis vectors parallel to the K coordinates axes in IR® and
let e be the K-dimensional vector of all zeros. For each class k € K, {#(¢),7 = 1,2,...} is
a sequence of i.i.d. routing vectors where ¢*(i) takes values in the set {eg,e1,...,ex}. The

interpretation of the routing vectors ¢*(7) is that the :*" class k customer to depart from
station s(k) is next routed to class [ if ¢*(z) = ¢; for some [ € K, or it leaves the network if
¢*(i) = eo.

Let Py = IP(¢*(i) = &), k € K, 1 € K. The K x K matrix P with components Py is
called the routing matriz. To simplify later notation involving other superscripts, we let P
denote P, the transpose of the matrix P. To satisfy our open queueing network assumption,
the matrix P, or equivalently P, is assumed to have spectral radius strictly less than one.
Hence
(8) Q=P ' =I14+P+(PP?+(PP+...
is well defined, where (]5)” denotes the n'™ power of P. The matrix entry Qy; is interpreted

as the average number of visits to class [ made by a customer who starts in class k.

Note that for k& € K,
(9) E[¢"(i)] = P*and  Covlg*(i)] = T*,
where P* denotes the k™ column of P and T* is the K x K matrix defined by

Tfm _ {Pkl(l — Pkl) ifl = m,

1
( 0) _PklPkm if 75 m.

11



(The reader should not confuse P* with the k' power of P, for we shall always write the
latter as (P)*.) For each k € K, we define a K-dimensional cumulative routing process for

class k by
(11) OF(n) = ¢%i), n=12,...,
=1

and for convenience we define ®*(0) = 0. We let ® = (®!,... ®F).

3.1.5 Service discipline and initial conditions

A service discipline is a non-idling policy if a server is never idle when there are customers
waiting to be served at its station. (Some authors refer to this as a work conserving policy.)
We only consider non-idling policies. Furthermore, while the general model described so far
could apply to non-idling policies such as last-in-first-out (LIFO) and processor sharing (PS),
our heavy traffic limit theorem is only proved for head-of-the-line (HL) service disciplines.
Although LIFO and PS are excluded, the collection of HL disciplines does include such
common service disciplines as FIFO (across classes), preemptive resume static priorities and
head-of-the-line processor sharing, in particular, it includes the HLPPS (head-of-the-line

proportional processor sharing) service discipline.

HL service disciplines. The rough description of an HL service discipline given in the
introduction will be made more precise here. An HL service discipline is a non-idling policy
and service within each class is on a FIFO (first-in-first-out) basis. Each class receives a
proportion (possibly zero) of the associated server’s time, where this proportion may be
random but it is kept constant between changes in the arrival or departure processes. To
further describe an HL service discipline, we need to specify the information about the state
of the queueing network that may be used to update the proportions of the server’s time

allocated to the various classes when a new arrival or departure occurs in the network.

For this, we define a strictly increasing sequence {o,}72, that specifies the successive
times at which an arrival occurs to, or a departure occurs from, some class in the network.
(The sequence {o,}72, is strictly increasing and so more than one arrival or departure may
occur at a given o,.) More precisely, we define og = 0 and o, (for £ > 1) as the time of
the (" change in the number of arrivals to, or the number of departures from, some class
in the network. (For a constructive approach, one should define the o, inductively along

with the proportions r* associated with the description of the service discipline below. In

this, for each £, o, would be defined first and then r* would be defined. While it is clear
that this could be done (cf. Lemma 8.3), here we take a descriptive viewpoint and leave
a formal inductive construction to the interested reader.) Using the fact that at least one
class has a non-zero external arrival process, it can be shown that o, < oo a.s. for each /,
and furthermore, using the a priori bound (192) on the arrival process it can be shown that
oy — o0 a.s. as { — oo. To avoid the need to always mention the exceptional null sets

where these properties may not hold, we assume that such exceptional null sets have been
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removed from the probability space a priori. There is no loss of generality in this, since our

main result, Theorem 7.1, is a statement about convergence in distribution.

For each £ € N, 1 € A, and k € K, let Z} denote the number of class k customers that
are in queue or being served at the time o, let uf denote the residual interarrival time for
class [ as measured from oy, (i.e., uf is the amount of time remaining after o, until the next
external arrival to class 1), and let vi(z) for 1 < ¢ < Z} denote the residual service time
for the 7™ customer present in class k at the time o, (i.e., the amount of server s(k)’s time
still required by the *" customer present in class k at o;). Here customers in class k are
ordered according to their times of arrival into the class, with the first customer being the
one who arrived the longest time ago, etc. A tie breaking rule (see below) can be invoked
for simultaneous arrivals to a class. For £ = 0, recalling the definitions in Sections 3.1.2 and
3.1.3 of the original queuelength, residual interarrival times and residual service times, we
have Z) = Z; is the number of customers initially in class k, u) = u;(1), and vQ(¢) = vi(4),
fors =1,...,7Z). For convenience, we extend the identity v{(i) = v(z) to ¢ > Z}, so that
this equality holds for all 7. (The times vQ(i),vg(¢) for i > Z2, are not used in specifying
the queueing network model, they are simply included for the mathematical convenience of
avoiding sequences of random length.) Similarly and even more simply, we set v (z) = 0 for
all i > Z{ and £ > 1. (We did not make this simplistic assumption of a zero value for the
case £ = 0, because the more general structure of our sequence of original residual service
times allows us to easily explain the correspondence with Bramson’s model, which differs
slightly in its treatment of the initial data.) For certain service disciplines, such as FIFO and
preemptive resume static priorities, additional information is needed to specify the action of
the service discipline. For uniformity, we include this with the information for all HL service
disciplines. For each station j € 7, let Zf = 2 kec(s) Z;. Now, consider the Zf customers
that are at station j at o, to be ordered according to the times at which they arrived at
the station, where the first customer is the one who arrived the longest time ago, etc. A tie
breaking rule (see below) is invoked to determine the ordering of customers who arrive at
a station at the same time. For each £ € IN and j € J, the composition of the customer
population at station j at time o, is recorded in a sequence {Of(z) %, of (class, age) pairs.
More precisely, {Of(z) 2, 1s a sequence of pairs of random variables where each pair takes
values in Ko x R4 (for Ko = {0} UK) such that for 1 < < Zf, Of(z’) is associated with the
" customer at station j at the time oy. The first coordinate of this ordered pair is the class
designator for the customer (an element of K), and the second coordinate is the “age” of that
customer, i.e., the amount of time that has passed since the customer arrived to its current
class at station j. For ¢ > Zf +1, Of(i) = (0,0). For example, provided Zf > 0, Of(l)
consists of the class designator and the age of the customer that is at station j at o, and who
arrived there the longest time ago. For ¢ = 0, the customers present at each station at time
zero are assumed to have (fictitious) arrival times that occurred before time zero. (These
fictitious times may also come into the computation of Of- for £ > 0 through customers who

are initially at station j and who are still there at some later times o, for £ > 0.) For many
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purposes the additional information about the order of arrival of the customers to station
J that is carried by the first coordinate of the sequence {Of(i),i =1,2,...} suffices for the
specification of the service discipline at the station. However, the additional information
about ages of customers carried by the second coordinate of {Of(i),i = 1,2,...} has been
included to allow for a wide variety of HL disciplines, including those that might provide
service based on the specific age of the customers at the station.

For each £ € IN, let Z* = (Z¢,..., ZL), u* = (uf : 1 € A), v* = {(v(1),...,v% (1)},
0" = {(04(i),-..., 04 (i) }i2, and

(12) Xt = (7" u" ' 0Y,

Then, X* is the information that can be used to determine the proportions of server effort to
be allocated to the various classes for the period [0y, 0/41). Define X (t) = 372, X£1{04§t<ag+1}
for all ¢ > 0. We regard X(0) = X° as specifying the initial condilions for our queueing

network model.

An HL service discipline is such that at the time o, for each j € J, proportions r%

(of server j’s effort) are assigned to the classes k € C(j) at station j, where ri = 0 if
Zi = 0 and Yokec(s) re = 1if Zf # 0. These proportions are specified by a measurable
function ¥ : INF x 1R|_r_4| X (]Rﬁ)]N X ((Ky x ]R_|_)J)IN — [0, 1]% where r* = W(X*). (Here, the
measurable structures on the domain and range are specified in the natural way — product
o-algebras are used, where IN and K have their discrete o-algebras and [0,1], Ry, IR are
endowed with the usual Borel o-algebras.) Over the interval [0y, 0/41), for each class k € K,
service time is dispensed by server s(k) to class k at a constant rate of ;. Then r% is the
proportion of server s(k)’s time devoted to class k over the interval [0y, 0/41). It is also the
rate at which the workload (measured in units of required service time) is being depleted for
class k over this time interval. More formally, if for each ¢t > 0, Ty(¢) denotes the amount
of time server s(k) has spent serving class k up to time ¢, then for ¢ € [0y, 0/41), Tk(t) =rt,
where the dot notation denotes the time derivative from the right. An HL service discipline
is a service discipline satisfying all of the above assumptions. From now on we restrict to
such service disciplines. We describe several common HL service disciplines in more detail
below.

FIFO. Under a FIFO service discipline, customers at each station are served on a first-in-
first-out basis. Thus, for this discipline, for j € J and k € C(j), ri = 1 if the first coordinate
of Of(l) equals k and ri = 0 otherwise. A FIFO network of Kelly type is a FIFO network
such that for each station 3 € J, the mean service time my is the same for all customer
classes k € C(7) served at station j.

Static Priorilies (Preemplive Resume). Under a static priority discipline, the classes at
each station have a fixed ranking. When the server switches attention from one customer
to another, the new customer is taken from the head-of-the-line of the highest ranking non-
empty class at the server’s station. If two or more classes are tied at the same rank, then all

customers with the same rank are served on a FIFO basis, without regard to class designation.
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We consider preemptive resume static priority service. For this, when a customer arrives at
the server’s station with a higher rank than the one currently being served, the service of the
current customer is interrupted until service of all customers with higher ranks is completed,
at which time the interrupted service continues from where it left off (preemptive resume).
For this discipline, for j € J, if k € C(j) is the single highest ranking class that appears in
the first coordinate of the sequence 0% = {O%(i)}2, then ri = 1 and r{ = 0 for [ € C(j),
[ # k. If there is more than one class of highest rank appearing in Of, then r; = 1 for
the first such class k appearing in the sequence O% and r{ = 0 for all [ € C(j) \ {k}. One
could handle non-preemptive priority service by adding an additional component to X to
keep track of the customer currently being served at each station. For the sake of simplicity
(in verifying the stopping time property in Lemma 8.3), we have not included this case here.
Indeed, based on extant limit theorems and the fact that a single customer is infinitesimal
in the heavy traffic limit, it is reasonable to conjecture that the heavy traffic behavior will
be the same whether preemptive or non-preemptive service is used. For future reference, for
each j € J, we let L(j) denote the index (or indices) for that class (or those classes) that

have lowest priority at station j.

Head-of-the-line processor sharing (HLPS). An HLPS service disciplineis an HL discipline
where the server simultaneously serves the customers at the head-of-the-line of each (non-
empty) class, i.e., i > 0 for each k such that Z} > 0. If the server allocates effort to each
class in proportion to the number of customers in that class, the discipline is called the
head-of-the-line proportional processor sharing discipline (HLPPS). For this discipline, for
jET, keC(y), r= Zﬁ/Zf if Zf # 0, or i, = 0 if Zf = 0. Alternatively, another type
of HLPS discipline is obtained if the server allocates its effort equally among the non-empty
classes.

Remark. Bramson’s [10, 11] definition of an HL service discipline is a little more restrictive
than that described here in that his proportions r* depend on a modified X*, where the
sequence v’ = {v*(1)}32, is replaced by the vector v*(1), consisting simply of the first residual

service time for each class. Since the information in v*

is not used in specifying the FIFO,
preemptive resume priority or HLPPS service disciplines, Bramson’s results apply for these
disciplines.

Breaking ties. In addition to the above, if simultaneous arrivals are allowed to a station,
then a rule is needed for determining the (FIFO) ordering of these arrivals. For concreteness
and for the purpose of rigorous proof, we describe below a specific tie breaking rule to be
used in such cases. We call this a deterministic tie breaking rule because it does not require
the use of additional randomness beyond that already present in the system in order to break

the tie.

For simultaneous arrivals to different classes at a given station, the FIFO ordering of
the classes is determined by considering arrivals to higher numbered classes to have occurred
immediately ahead of arrivals to lower numbered classes. For simultaneous arrivals to a given

class, their FIFO ordering within the class is based on the classes from which the customers
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just came, with customers who just departed from higher numbered classes being placed
ahead of customers who just departed from lower numbered classes, and external arrivals
being considered to have just departed from a lowest numbered class labelled “zero”. If
simultaneous arrivals occur both to the same class and to different classes at a given station,
the classes are first ordered and then the customers are ordered within each class, according

to the above rules.

The reader should note that, in the presence of simultaneous arrivals to different classes
at a station, a tie breaking rule is needed to update the order sequence {O*}22,. However,
depending on the service discipline, this rule may not affect the evolution of our measures
of performance, namely, the queue length and workload processes. For example, although
the order of arrival to different classes is used in executing the FIFO (across classes) service
discipline, this information is not needed for a strict priority or HLPPS discipline. Fur-
thermore, for simultaneous arrivals to the same class, the service times and routing vectors
for the class are i.i.d. and the information inserted in the order sequence {O*}$2, for these
arrivals is the same. Consequently, the specific tie breaking rule used within a class will not
affect our heavy traffic limit results. We have given an explicit tie breaking rule for this case
so that the reader who wishes to do so will have something concrete to focus on and will not

be concerned that this is an undefined quantity.

3.1.6 Independence

We assume that {u;(i),7 = 2,3,...}, {vi(¢),s = 1,2,...} and {¢*(z),1 = 1,2,...},for L € A
and k € K are mutually independent sequences of i.i.d. random variables (or vectors in the
case of the ¢(7)) and that collectively these are independent of X (0). These properties are
used to verify the functional central limit theorem in Section 5 and a certain martingale
property in Section 8. While the independence assumption could be relaxed somewhat and
the functional central limit theorem would still hold, the proof of the martingale property
uses the independence in a crucial way and generalizing the proof would require a different
approach than adopted here.

We shall refer to the basic stochastic processes F, V? V?* ® as the primitive processes for
our multiclass open queueing network model. They are primitives in the sense that given
these processes, the service discipline, initial conditions X' (0) and the rule for “breaking ties”,
one can construct path-by-path the queue length, workload, cumulative idletime, arrival and

departure processes.

3.2 Performance processes and model equations

The following descriptive processes Z, W, Y will be used to measure the performance of our

queueing network. For each class k € K, let Z;(t) denote the number of class k customers
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that are in queue or being served at station s(k) at time t. The K-dimensional process
(13) 7 = {2(),1 > 0}

is called the queue length process. For each station j € J, let W;(t) denote the amount of
work (measured in units of remaining service time) embodied in those customers who are at

station j at time ¢. The .J-dimensional process
(14) W= (W(1),t > 0}

is called the (immediate) workload process. For each station j € J, let Y;(t) denote the total
amount of time that the server at station j has been idle in the time interval [0,¢]. The

J-dimensional process
(15) Y = (Y(1),1 > 0}

is called the cumulative idletime process. The queue length and workload processes mea-
sure congestion and delay in the network. The idletime process measures utilization of the
resources (servers) in the network.

We further define the K-dimensional descriptive processes A = {A(t),t > 0} and D =
{D(t),t > 0} where for each ¥ € K and t > 0, Ax(t) denotes the number of arrivals
(both internal and external) to class k that have occurred in the time interval [0,¢] and
Di(t) denotes the number of departures from class k& that have occurred in the interval
[0,1]. We assume that A(0) = 0 and D(0) = 0. Let e denote the .J-dimensional vector,
each component of which is equal to one. Then the processes A, D, W, Y, Z are related by
the following model equations (cf. [30]). Here new processes L and F' are introduced to
elucidate the system structure. These are defined in equations (17) and (22), respectively.
We emphasize here that the model equations (16)—(22) are simply relations satisfied by the
descriptive processes associated with our queueing network model. These equations do not
give a complete description of the behavior of our queueing network (see the Remark at the

end of (this) Section 3.2).
For each t > 0,

(16) A(t) = E(t)+ F(1)

(17) L(t) = CV*(A(t)

(18) W) = CV°(Z(0)

(19) W(t) = W(0)+ L(1) — el + Y ()
(20) Y(t) = Oitigt(W(O)—l-L(s)—es)
(21) Z(t) = Z(0)+ A(t) - D(1)

(22) Pl = gcbkwk(t))

where £~ = max(—z,0) for z € R’ and the maximum (as well as the supremum in (20)) is
taken componentwise.
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Figure 1: Schematic for a multiclass open queueing network

These equations can be interpreted as follows. The arrivals to class [ in [0,¢] consist of
Ey(t) external arrivals plus Fi(t) = S8, ®F(Dy(1)) arrivals from feedback due to the fraction
of the Dy(t) departures from class k that are routed next to class [, summed over all classes
k € K. The total amount of work that has arrived at station j by time ¢ consists of the initial
workload W;(0) = Y rec(j) VP (Zx(0)) due to the ey Zx(0) customers who are originally
at station j at time zero, plus the amount of work that has come in due to arrivals in [0, ¢]
to the classes k € C(7). The #*® such arrival to class k brings with it an amount of work v§(z)
and hence the total amount of work that has come to station j in [0,¢] due to such arrivals
is the cumulative load L;(1) = ey Vi (Ar(t)). The amount of work W;(t) remaining at
station j at time ¢ is then W;(0) + L;(¢) minus the amount of time ¢ — Y;(¢) that the server
has been busy up to time ¢. This leads to the expression for W given by equations (17)-(19).
Now for each 57 € J, W, is a process with r.c.l.l. paths that take values in [0, 00), and Y is

continuous, non-decreasing and starts from zero. Furthermore, we have the integral relation

(23) o )Wj(t) dY;(t)=0 forall j € J,

which embodies the non-idling property that server j can only be idle when there is no work
to be done at station j. It then follows from uniqueness of the solution of the one-dimensional
Skorokhod problem (cf. [13]) that Y; is given by equation (20). The equation (21) simply
expresses the fact that the queue length Zi(t) for class k at time ¢ is equal to the initial
queue length Z;(0) plus the number of arrivals Aj(¢) that have occurred to class k in [0, ]

minus the number of departures Dy(t) from class k that have occurred in that time interval.

Remark. The fact that equations (16)—(22) do not give a complete description of the
behavior of our queueing network model is deliberate. These are generic equations satisfied
by the descriptive processes associated with any queueing network model satisfying the
assumptions of Section 3.1. In particular, these equations do not include information about

the service discipline. In certain situations (e.g., for a single class FIFO network as considered
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by Reiman [44]), one can add one or more equations to uniquely specify the evolution of
the processes Z, W,Y, A, D. However, for a general HL service discipline in a multiclass
network, one would at least need to add equations that are equivalent to the description
given in Section 3.1.5. This has not been done here because the queueing network model
described in Section 3.1 is taken as primitive and the model equations, plus a K x J matrix
A to be introduced later as a distillation of the service discipline, are the main derivatives of
this model needed to develop the diffusion approximation to our open multiclass queueing

network.

3.3 Relationship to Bramson’s model

In a companion work, Bramson [11] considers the problem of proving state space collapse
for open multiclass queueing networks. In particular, he verifies multiplicative state space
collapse for FIFO networks of Kelly type and for networks with an HLPPS service discipline.
Since Bramson focusses on proving state space collapse, rather than the full diffusion approx-
imation, he is able to use a slightly simpler setup for the service times than used here. Rather
than introducing two sequences of service times for the original and subsequent class k cus-
tomers as we do, Bramson uses a single sequence of random variables {vx(¢),2 = 1,2,...},
where vi(1) has a distribution corresponding to that of the first customer in class k (equal
to that of our v2(1)), and the {vg(z),7 = 2,3,...} are i.i.d. and have the same distribution
as our {vi(¢),e = 1,2,...}. He further assumes that the sequences {vi(7),7 = 2,3,...} for
k € K are mutually independent, and as a collection are independent of the other model
primitives F, ® and the initial variables Z(0), {vg(1), k¥ € K} and O°.

Indeed, with the addition of some assumptions concerning our {vy(¢),s = 1,2,...}, k € K,
one can think of constructing Bramson’s sequences from ours as follows. In addition to the
assumptions already made, assume that for each k € K, {v2(2),2 = 2,3,...} is a sequence of
i.i.d. random variables that has the same distribution as our {vj(¢),s = 1,2,...}. Further
suppose that the sequences {v((¢),2 = 2,3,...}, k € K, are mutually independent and as a
collection are independent of the initial queue length vector Z(0), the initial residual times
vo(1),k € K, and u;,l € A, and the initial sequence of (class, age) pairs O. Then one
can define Bramson’s sequence from ours as follows. Let vg(z) = vp(2) for 1 <@ < Z;(0)
and vi(2) = vi(t — Zx(0)) for ¢ > Z;(0), & € K. In terms of the model equations, the

correspondence between Bramson’s model and ours is then given by
(24) Vi(Zx(0) 4+ Ar(1)) = VP (Z(0)) + Vi (Ar(1)),

where Vi(n) =" ve(d), n =0,1,2,....

There is one other distinction between Bramson’s setup and that used here. In the
next section, we consider a sequence of open multiclass queueing networks with the same
basic structure as described in this section. On the other hand, Bramson [11] considers an

uncountable family of such networks indexed by all of the positive real numbers r € (0, o).
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One can embed our sequence in a family of the type considered by Bramson simply by
defining a family that is piecewise constant, i.e., it is constant between successive values
taken by our sequence parameter. Furthermore, one can easily check that the assumptions
required by Bramson for multiplicative state space collapse follow for this family from the
heavy traffic assumptions that we will assume in Section 5. Although we shall not need it,
in fact, one can go back and forth between our results for sequences and Bramson’s result
for families. We have chosen to keep to sequences here for compatibility with previous heavy

traffic limit theorems.

In summary, by combining the above correspondences, it follows that the conclusions
obtained by Bramson concerning state space collapse apply to our situation when we make
the additional assumptions on the original service times described in the second paragraph

of (this) Section 3.3.

4 Scaling

We now consider a sequence of open multiclass queueing networks indexed by r, where r
tends to infinity through a strictly increasing sequence of values in (0,00). (As in Bramson
[11], we use r rather than n to allow for the possibility of scaling by non-integer r.) Each
of these networks is to have the same basic structure as described in the previous section.
The numbers of stations and classes and the mapping C' from classes to stations will remain
fixed for all r. Furthermore, the collection of classes K \ A that have no external arrivals will
not change with r. On the other hand, the primitive stochastic processes F,V? V* ® and
the initial conditions embodied in X(0) are allowed to change with r. We also allow the HL
service discipline (as specified by the mapping W in Section 3.1.5) to vary with r. However,
in practice, some continuity or limiting behavior of the HL service disciplines is needed as
r — oo in order for the critical property of state space collapse to hold (cf. Definitions
4.1 and 7.1, and Assumption 7.2). Indeed, although it is no more complicated to treat the
general case, to fix ideas the reader may wish to first consider the case where the service
discipline (i.e., ¥) is fixed for the sequence of networks. This still includes the common service
disciplines given as examples here, namely, FIFO, preemptive resume priority and the HLPPS
service discipline. To indicate the position in the sequence of networks, a superscript r will
be appended to the network parameters and processes. When there is already a superscript,

the r will be appended to the right of the current superscript, e.g., as in ®*",

We first define A" to be the unique K-dimensional vector solution to the traffic equation:
(25) N =a" + PN,
i.e., using the definition (8) of Q" = (I — P)™",

(26) N o= Qo
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We also define
(27) pi= Y Nimj foralljeJ,
kec(j)

or equivalently, p” = CM"\". For the r'® network, \; is interpreted as the nominal arrival
rate to class k due to external and internal arrivals, and p} is the nominal traffic intensily
for station j. The qualifier nominal is used here because the traffic equation (25) implicitly
assumes that for each class k there is a long run average rate A} of flow into and out of that
class and that this does not exceed the maximal mean service rate puj, = 1/mj for class k.
The issue of whether the nominal arrival rate is actually a long run average arrival rate is
related to stability of the network. Rather than elaborating further on this, as a start, we
refer the interested reader to the articles in [37] by Harrison [29], Kumar [38], Dai [18], and

Bramson [7]. For our purposes, we simply regard (26) and (27) as useful definitions.

We define the following fluid and diffusion scaled processes. Fluid (or law of large num-
bers) scaling is indicated by placing a bar over a process. Diffusion (or central limit theorem)
scaling is indicated by placing a hat over a process. Here [z] denotes the integer part of a
non-negative real number z and P*" denotes the k™ column of P”. We extend the definition
of the scaled cumulative service time and routing processes to all non-negative times by

making them piecewise constant.

Fluid scaling.

(28) E"(t) = r2E(r?)

(29) Vert) = rm2ver([rt))
(30) Vert) = rm2ver((rt))
(31) OEr(1) = rTroR([r*]),

and define A", D", F" L" W’ Y" . Z" from A", D", F", L" W",Y" . Z", respectively, in the
same manner as F7 is defined from E”, namely, accelerate time by a factor of r? and divide

space by a factor of rZ.

Diffusion scaling.

(32) E'(t) = rYE(r2) — ')
(33) AT(t) = YA (%) — Nt
(34) Dr(t) = r Y (D (r?) — N r?t)
(35) Frt)y = r Y F(r*) — P A PH)
(36) Vo) = e v (rt]) — (%)
(37) OFr(t) = (@B ([rH]) — PRT[r))
(38) L'ty = v YL (r2) — p'r¥t)

(39) W (1) W (r?t)

(40) 77 (1) r1 27 (r2t)

(41) Vi) = ryr(rt)



The reader who consults the related work of Bramson [11] is cautioned that he employs a
different fluid scaling than is used here. Though both definitions incorporate the notion of
a law of large numbers scaling, we accelerate time by a factor of r? whereas Bramson only
accelerates time by a factor of r in his fluid scaling. To obtain results on state space collapse
relevant to our work, Bramson looks at his fluid scaled processes over long periods of time of
order r in size and thus is able to prove results relevant to our time scaling by r%. We shall

need one process with the same kind of fluid scaling as Bramson, namely
(42) Vor(t) = rtver([rt)).

Although the spatial scaling in (42) is the same as that for our diffusion scaling, the scaling
in time is only of order r. The scaling for V" is different from that for V*" because the
argument of V" in the model equations is Z"(0) which will have diffusion scaling applied
to it (cf. (40)), and so to compensate for division of this spatial variable by r, we need only

accelerate the argument of V" by r.

Substituting these scaled processes into the model equations (16)—(22) yields the following

fluid and diffusion scaled equations.

Fluid scaled equations.

(43) A(t) = E"(1)+ F(1)

(44) () = CV7(A(1))

(45) W) = Cver(z7(0)

(46) W7 (t) = W7(0)+ L' (t) — et + Y7 (1)
(47) Vi) = sup (W7(0) + L(s) = es)
(48) 77ty = Z7(0)+ AT(t) — D" (t).

K
(49) Fr(t)y = > oM (Di(1))
Note that for equation (51) below we use equation (25) and for equation (54) we define
(50) =" —e)r=(CM" X" —e)r.

Diffusion scaled equations.

D +A4"1+ Y7 (1)
= sup (WT(O) +L7(s)+4s)"

0<s<t
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(56) 77(1) = Zf(o)wif(t)_b?“(t)
(57) () = ié’“(ﬁz(t))+15rﬁ’"(t)

k=1

The fluid scaled equations will be used later to determine the behavior of A and D’
as 1 — oo. On the other hand, the diffusion scaled equations will used to determine the
behavior of the normalized workload W* and queue length zr processes as r — oo. Before
proceeding with this, we reduce the system of equations (51)—(57) as follows.

By substituting D from (56) into (57) and in turn substituting E7 from (57) into (51)
and solving for A" we obtain

A

(58) A= ¢ (E%t) £ E (DL — P2 ZT(O))) |

k=1

Substituting this into (52) and then substituting the result into (54) yields

) W7 0) = W7(0) 4 €1(0) ~ CMEQ P (Z7(0) ~ 7(0) + 700,
where .
@) =P o) omrg (B + X 80 + 4

Note that the only stochastic processes appearing in the expression for ér are the diffusion
scaled primitive processes E7, V*", @7 for k € K, and the fluid scaled arrival and departure
processes A”, D",

We now introduce a K x J matrix A’:

&5 itk eC(y)

0 otherwise,

(61) Ap = {

where the non-negative K-dimensional vector 6" depends on the service discipline and pa-
rameters for the r*® network. We consider the specification of A” to be part of the description
of the r*® network. Some examples of forms we propose for A" for some common service
disciplines are given below. In fact, the key desired property of A” is what we call state
space collapse, which is defined below. When we have state space collapse, it allows us to
approximate the k" component of the higher dimensional rescaled queue length process zr

by a multiple §; of the 5'" component of the lower dimensional rescaled workload process

W" where k € C(y).

Definition 4.1 (State space collapse)
State space collapse is said to hold for our sequence of open multiclass queueing networks if

for each T > 0,

(62) 127(:) — A"W"()|lr — 0 in probability as r — oco.
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Remark. Bramson [11] has a slightly different definition of state space collapse. Under
our heavy traffic condition (80) (which implies we are in the critical case in Bramson’s
terminology) and the assumption that A” converges (componentwise) to a K x .J matrix A
as r — 00, these two definitions are equivalent. Later, in Section 7, we shall define a weaker
notion called multiplicative state space collapse. In fact, it is this condition that Bramson [11]
verifies for FIFO networks of Kelly type and HLPPS networks. His work illustrates that from
the point of view of verification, multiplicative state space collapse can be a more natural
condition to work with. On the other hand, from the point of view of proving a heavy traffic
limit theorem, state space collapse as defined above is a more natural condition. Fortunately,
as shown in Proposition 8.1, the two conditions are equivalent under the assumptions given
in Section 5 and Assumption 7.1, both of which are used as conditions for our heavy traffic
limit theorem (Theorem 7.1).

From extant limit theorems, we extrapolate to propose the following forms for the 6"
(or equivalently, A™) for some common service disciplines. The forms for the FIFO and
preemptive resume static priority service disciplines may be found in the Appendix to [32]
and are based on limit theorems of Reiman [44, 46] and Peterson [42]. The form for the
HLPPS case is based on the work of Bramson [11]. We emphasize here that when referring
to these common service disciplines, we assume that the discipline is held fixed for the entire
sequence of networks. Accordingly, we shall refer to a sequence of networks with a FIFO
(respectively, static priority or HLPPS) service discipline as a sequence of FIFO (respectively,
static priority or HLPPS) networks. In the following j € J and k € C(j). Here we assume
the denominators are strictly positive (this can be achieved for instance by making the mild
assumption that A" has strictly positive entries).

FIFO. A

r k
(63) o, = S A
lec(j)

Static Priorities (Preemptive Resume). The priority ranking is fixed for the entire se-
quence of networks and hence the list £(j), consisting of those classes served at station j

that have lowest priority, does not depend on r.

. A (Ciecy Aimy)  for k€ L(j)
(64 o = {o for k € C(4) \ L()).

Head-of-the-line proportional processor sharing (HLPPS).

Arm?
(65) 6p = Bk
§ Yiec(j) M (m])?

Note that in all cases,

(66) CMTA" = 1.
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For the aforementioned service disciplines, we take A” to have the form indicated. For other
HL service disciplines, we assume that a A” of the form (61) has been given. (A more specific

form for A" is not known in general.)
Now, for each t > 0 define

(67) E(t) = ZT(t)— ATWT(1),
(68) WT(t) = CMTQPT(¢7(0) — &7(1)),
(69) G = CM'Q"P'A".

Note that the state space collapse condition (62) can be rewritten as

AT

(70) €'l — 0 1in probability as r — oo.
Substituting the above definitions into (59) yields

(71) Wr(t) = W7(0) + € (1) = G7 (W™ (1) = W7 (0)) + " (t) + Y7 (¢)
and hence

(72) (I + G (W) = W(0)) = £ (1) + 47 () + Y7 (1),

where, since Q" = (I — ]57’)_1 and equation (66) holds, we have
(73) I1+G =CM"Q A"

To proceed further we need the following Condition 4.1 to be satisfied by I + G". This is
known to hold for certain service disciplines and network structures, provided r is sufficiently
large. In particular, in Dai-Harrison [20] this was shown for FIFO networks of Kelly type, it is
shown for HLPPS networks in Section 9, and in Dai-Yeh-Zhou [25] it is shown for re-entrant

lines with a first-buffer-first-served or last-buffer-first-served static priority discipline.
Condition 4.1 [ + G" is invertible.

Assuming that Condition 4.1 holds, on multiplying (72) by R" = (I + G")™', we obtain

the following reduced form of the diffusion scaled equations:

(74) Wr(t) = X"(t)+ R'Y"(1), >0,
where
(75) X)) =W ) + R (&) +i"(1),

and &7, 7" are given by equations (60), (68), respectively. Note that from the basic properties

of the workload and cumulative idletime processes, W”, Y” | respectively, we have
(76) W'(t) € R] for all t >0,

and for each 7 € 7,

A

(77) Y7(0) =0, Y/ is non-decreasing and /0 Wi(t)dY;(t) = 0.

J
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5 Heavy traffic assumptions

To obtain a heavy traffic limit theorem for our sequence of open multiclass queueing networks,
we need to impose some additional conditions on the behavior of the primitive processes as
r — o0o. In particular, we assume that o”, m”, P", which represent the long run average ex-
ternal arrival rates, mean service times, and transition probabilities for the customer classes,
respectively, satisfy

(78) o —-a, m —m, P —P

as r — 0o, where a > 0 and m > 0 (inequalities are to be interpreted componentwise) are
finite vectors, and P is a K x K substochastic matrix with spectral radius strictly less than
one. Recalling the definition (27) of the traffic intensity p” = CM”" X", we see that the above
implies that p” — p = C MM\ as r — oo, where M = diag(m), Q = (I — P)~', P = P', and

(79) A= Qa.
Our assumption of heavy traffic is expressed by the requirements that p = e and
(80) Y =(p —e)r—v asr— oo,

for some v € IR”.
Remark. We note that these assumptions (78)—(80) are consistent with the usual heavy

traffic assumptions. For instance, setting r = y/n for n € IN, one obtains scaling and
assumptions like those in Iglehart and Whitt [34, 35], Reiman [44] and Chen and Zhang
[15, 16]. Setting r = 1/¢,, where ¢, — 0, yields the assumptions of Peterson [42].

Next we make the following assumptions which imply a functional central limit theorem
for the diffusion scaled primitive processes. Recall that for each r the sequences of external
interarrival times {u](7),7 = 2,3,...}, service times {v;"(z),7 = 1,2,...}, and routing vectors
{¢*7(1),s = 1,2,...}, for I € A and k € K, are mutually independent sequences of i.i.d.
random variables/vectors and that these are independent of the initial conditions X”(0). We
suppose that in addition to (78), the variances of the external interarrival times and service

times satisfy

(81) aj — a; € [0,00) foreachl e A, b — b, €[0,00) for each k € K,
the original residual interarrival times satisfy

(82) r'u(1) — 0 in probability as r — oo for each [ € A,

the original residual service times for the customers at the head-of-the-line of each class
satisfy
(83) r~'vp"(1) — 0 in probability as r — oo for each k € K,
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and the following conditions (which imply those of Lindeberg type) hold:
(84) sup sup IE[(uj (1)) uj(i) >n] — 0 asn — oo fori=23,...
leA 7
(85) sup sup IE[(vy"(1))%5 v (1) >n] — 0 asn —ocfori=1,2,....
keK T

Note that since the {uj(¢),7 = 2,3,...} are i.i.d., if condition (84) holds for : = 2, then it
holds for 7 = 2,3,.... Similarly, condition (85) holds for all ¢ if it holds for : = 1. Condition
(83) will not be needed immediately. It is included here since it is only a mild condition on
the initial residual service times and it will be needed in order to apply Bramson’s results on
state space collapse. We further assume that the normalized initial workload vector WT(O)
converges in distribution to a random variable W(0) as r — oo.

From the above, the independence described in Section 3.1.6, and renewal and ordinary
functional central limit theorems for triangular arrays (cf. [34, 35, 36, 43, 27]), we have
the following. Let Il = diag(alay,...,a%ax), ¥ = diag(b;,...,bx) and T* be given by
(10) for & € K. There are K + 2 independent driftless K-dimensional Brownian motions
E, Ve ol .. 0K that are jointly independent of W (0), that each start from the origin and

have covariance matrices I, ¥, T, ..., T respectively, such that
(86) (W7 (0), 7, V>, 07) = (W(0), E,V*, ®) as r — oo,
where ¢" = (Ci)“, el Ci)K’T) and ® = (®!,..., ®F). (Note that we have reused symbols from

Section 3.2 for a different purpose here, in particular, £, V?* ® now denote limiting diffusion
processes. Since all primitive queueing network processes now have a superscript of r to
indicate their position in the sequence of networks, this should not cause confusion for the
reader.)

Observe that (78) together with (86) imply the following functional weak law of large

numbers:
(87)  (W7(0), B7(), V*"(-), @"7(),..., @57()) = (0,a(-),m(-), P'(-),..., PX())
in probability as r — oo, where a(t) = at, m(t) = mt, Pk(t) — P forallt >0, k€ K, and
P* denotes the k" column of the matrix P = P'.
Let A = diag()) and

(88) H=C (AE + MQ (H + i )\kT’“) Q’M) C’.

k=1
We assume that H is non-degenerate, i.e., H is strictly positive definite. (Note that this can
be achieved by assuming that Ay > 0 for all £ and that the diagonal entries of ¥ or II are
all strictly positive. Alternatively, this could be achieved by imposing suitable restrictions
on the )\, and the YT* for each & € K. Rather than making such assumptions explicit and
thereby restricting our model a priori, we simply require that H be non-degenerate.)

The assumptions stated in this section will be assumed to hold for the remainder of this

paper.
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6 Definition of an SRBM

Throughout this section, S = ]Ri (the positive J-dimensional orthant), B denotes the o-
algebra of Borel subsets of S, 6 is a constant vector in R”, T' is a J x J non-degenerate
covariance matrix (symmetric and strictly positive definite), and R is a J x J matrix.

The following definition of an SRBM is the same as that in Williams [53]. Tt is a slight gen-
eralization (allowing an arbitrary initial distribution v) of that used by Taylor and Williams

[49] in their work on the existence and uniqueness in law of such diffusion processes.

Definition 6.1 (SRBM) Given a probability measure v on (S,B), a semimartingale re-
flecting Brownian motion (abbreviated as SRBM) associated with the data (S,0,1,R,v)

is an {F;}-adapted, J-dimensional process W defined on some filtered probability space
(Q, F, {F:}, IP) such that

(i) W=X+RY, IP-as.,
(ii) IP-a.s., W has continuous paths and W(t) € S for allt >0,
(ii1) under IP,
(a) X is a J-dimensional Brownian motion with drift vector 8, covariance matriz T

and X(0) has distribution v,
(b) {X(t) — X(0) — 6t, F;,t > 0} is a martingale,

(iv) Y is an {F;}-adapted, J-dimensional process such that IP-a.s. for each j € T,

(a) ¥;(0) =0,
(b) Y; is continuous and non-decreasing,

(c) Y; can increase only when W is on the face F; = {zx € S :z; =0},
e Jo© Lio,eo) (Wils)) dYj(s) = 0.

Loosely speaking, an SRBM behaves like a Brownian motion in the interior of the orthant
S and it is confined to the orthant by instantaneous “reflection” (or “pushing”) at the
boundary, where the direction of “reflection” on the :*! face Fj is given by the " column
of the reflection matriz R. The results of Reiman and Williams [47], Taylor and Williams
[49] and Williams [53] show that a necessary and sufficient condition for the existence and
uniqueness (in law) of an SRBM associated with (5,6,T', R, v) for each initial distribution v
on (5, B) is that the reflection matrix R be completely-S, as defined below.

Definition 6.2 (Completely-S) For a J x J matriz R, a principal submatriz of R is any
square malriz obtained by deleting all of the rows and columns of R with indices in some
strict subset T C J where T may be emply. A J x J matriz R is called completely-S if and
only if for each principal submatriz R of R there is § > 0 such that Ry > 0. Here vector
inequalities are to be interpreted componentwise.
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Remark. The following is a geometric interpretation of the completely-S condition. For
each point z on the boundary of S, let V() denote the collection of those columns of R
with indices j such that z; = 0, i.e., the ;' column of R is included in V(z) if and only
if z; = 0. Intuitively, V() is the set of “push” or “control” directions that may be used
at the boundary point z. The completely-S condition requires that for each point = on the
boundary of S, there is a positive linear combination of the vectors in V(z) that points into

the interior of S from =z.

7 Main theorem

For the statement of our heavy traffic limit theorem, in addition to the general hypotheses
of Section 5 on our sequence of open multiclass queueing networks, we need the following
Assumptions 7.1 and 7.2 whose verification depends on the service discipline used in each

network. The first assumption involves the data matrices.

Assumption 7.1 (Data matrices) A" — A asr — oo and for G = CMQPA, I+G is
invertible and R = (I + G)™" is completely-S.

Under a FIFO service discipline, assuming A > 0, for all r sufficiently large A" is given by
(61) and (63), and assumption (78) implies the convergence of A" to A. However, it has been
known since an example of Dai and Wang [22] that the condition that R is completely-S
can fail to hold for some multiclass FIFO queueing network models with feedback. Indeed,
examples of Bramson [5, 6] have shown that not all FIFO queueing networks are stable (i.e.,
are positive recurrent when viewed as a Markov process) when the traffic intensity is less
than one at each station. On the other hand, Bramson [8, 9] has shown that stability does
hold under this traffic intensity condition for FIFO queueing networks of Kelly type and
for queueing networks with the HLPPS service discipline. A proof of Dai and Harrison [20]
shows that under the conditions of Section 5 and the assumption that A > 0, Assumption
7.1 holds for any sequence of FIFO queueing networks of Kelly type. In Section 9 their proof

is extended to cover any sequence of HLPPS queueing networks.

The next assumption is a form of state space collapse which relates the diffusion scaled
workload and queue length processes. Here we use the notion of multiplicative state space
collapse, which under suitable initial conditions and the assumptions of Section 5 has been
verified by Bramson [11] to hold for FIFO networks of Kelly type and HLPPS networks.
Clearly, multiplicative state space collapse is implied by state space collapse (see Definition
4.1). On the other hand, it is shown in Proposition 8.1 that under the conditions of Section
5 and Assumption 7.1, state space collapse is implied by multiplicative state space collapse,

and hence in these circumstances the two notions are equivalent.
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Definition 7.1 (Multiplicative state space collapse) Multiplicative state space collapse

is said to hold for our sequence of open multiclass queueing networks if for each T > 0,

127() = AW ()l
Wr)lr v 1

(89)

— 0 in probability as r — oo.

Remark. Assuming the heavy traffic (critical case) conditions (80) and A” — A, Bramson’s
[11] definition of multiplicative state space collapse is the same as ours except that he has
A in place of A” in (89). Under the assumption that A” — A, it is easy to see that the two

definitions are equivalent.

Assumption 7.2 Multiplicative state space collapse holds for our sequence of open mulli-

class queueing networks.

For the next theorem, which is the main result of this paper, we recall the following
notation and definitions associated with our sequence of open multiclass queueing networks
as described in Sections 3 and 4. Recall the definition of an HL service discipline from Section
3 and the fact that for each member of our sequence of networks an HL service discipline is
used. From Section 4, recall the definitions of the diffusion scaled workload WT, cumulative
idletime Y™ and queue length zr processes, and the matrix A”. In particular, note that
under Assumption 7.1, for r sufficiently large, Condition 4.1 holds and hence W" has the
representation (74) involving X" defined by (75), (60), (67), (68). Associated with the heavy
traffic assumptions of Section 5 we have the asymptotic parameters v and H, defined in (80)
and (88), respectively, and the limit W (0) in distribution of WT(()) as r — oo. The definition
of an SRBM is given in Section 6.

Theorem 7.1 (Heavy traffic limit theorem) Consider a sequence of open mulliclass
queueing networks as defined in Sections 3 and j that satisfies the heavy traffic conditions of
Section 5 and Assumptions 7.1, 7.2. Let S = ]R‘_II_, 0 = Ry, ' = RHR' and let v denote the
distribution of W(0). Then

(90) (WT,XT,YT,ZAT):>(W,X,Y,Z) asr — oo,

where 7 = AW and (W, X,Y) salisfy the conditions of Definition 6.1, in particular, W =
X 4+ RY a.s. and W is an SRBM associated with the data (S,0,1', R, v).

8 Proof of the main theorem

Throughout this section we assume that both the conditions of Section 5 and Assumption
7.1 hold for our sequence of open multiclass queueing networks. In particular, by (78) and

Assumption 7.1, we have that G" = CM"Q"P"A" — ( as r — oo where I + G is invertible
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and R = (I+G)~" is completely-S. Since the properties of invertibility and being completely-
S are preserved under small perturbations, it follows that for all r sufficiently large, I + G”
will be invertible and R" = (I + G")~! will be completely-S. For the purposes of proving
Theorem 7.1, we may and do assume henceforth that r is large enough that these conditions
hold.

We first state four preliminary results which are used in the proof of our main Theorem
7.1. So as not to disrupt the flow of the proof of that main theorem, we defer the technical

proofs of these four results to the end of this section.

Proposition 8.1 Under the conditions of Section 5 and Assumplion 7.1, multiplicative state

space collapse implies state space collapse.

The next result shows that the limits of the fluid scaled arrival and departure processes
are deterministic linear processes which move in the k" coordinate direction at the limiting
arrival rate A\, k € K.

Lemma 8.2 Under the conditions of Section 5 and Assumptions 7.1 and 7.2, we have that
for each T > 0,
(91) A7) = AC)llr = 0 and |[D"() = A()[lr — 0,

in probability as r — oo, where A\(t) = A for all t > 0.

The next two lemmas are key to the proof that any weak limit point of the sequence of
triples {(WT, X, YT)} has the martingale property (iii)(b) of Definition 6.1, which enables us
to identify such a limit point as being associated with an SRBM. The first lemma establishes
a mild stopping time property for any HL service discipline.

First we need to define the notion of a multiparameter stopping time. Since the process
L defined in Section 3 does not appear in the sequel, we shall use the symbol L for another
purpose in this and subsequent sections. Recall from Section 3 that £7%, U’ denote the
L = |A]-dimensional processes whose components are given by K[, U, respectively, for
[ € A, where A is the collection of classes for which the associated external arrival processes
are non-zero. For notational convenience, by relabelling the classes if necessary, in the
following we may and do assume that A = {1,...,L}. We let e4 denote the vector in IR”
whose components are all ones. Consider IN* x IN® to be partially ordered such that for
n'.n? € N x IN® n' < n?if and only if this inequality holds component by component.
For each p € IN*, ¢ € INF | let

(92) Gpg = oAUL(- Ap+ea), V(- Aq), @7(- A(Z7(0) 4 q)), X7(0)},

where U4(- A(p+ea)) = (U7(- Apr+1) s 1€ A), VA7 (- hg) = (V7(- Age) - k € K), and
(- AN(Z7(0) 4 q)) = (CI)]”(- A(Z](0) + gx)) : k € K) and A7(0) is defined in Section 3.1.5
(i.e., by (12) with £ = 0, where Z°,u°, v°, O° depend on r). Then {G] : (p,q) € INF x INF}
is a multiparameter filtration (cf. [27], Section 2.8).

31



Definition 8.1 A (mulliparameter) stopping time relative to {G] : (p,q) € IN* x IN*} is a
random variable T taking values in IN® x IN® such that

(93) {r=(a}eg,
for all (p,q) € IN* x IN¥.

Lemma 8.3 For any HL service discipline used in the r'™ network, we have the following
stopping lime property. Fort > 0,

(94) T'(1) = (E4(1), A"(1))

is a (mulliparameter) stopping time relative to {G,, : (p,q) € IN* x INK}.

Remark. The reader will note that it is easy to verify that £’(¢) is a stopping time relative
to the filtration {G7 , : p € IN*}. Thus the main emphasis is on proving the property for A”"(t).
We include E7(t) in the statement of the stopping time property because this formulation
facilitates the proof. The reader will note that G/, has an unsymmetric appearance, in that
e is added to the argument of U4(-), but not to the arguments of the service time or routing
processes in G/ . This occurs because we need to know the first p; + 1 external interarrival
times for class [ before we can determine whether F(t) = p; or not, whereas for A”(t), once
the number of external arrivals up to time ¢ is known for each class, the number of additional
arrivals that have occurred up to time ¢ is determined by service times and routing vectors

for customers that have already arrived.

Lemma 8.4 Suppose that the conditions of Section 5 and Assumptions 7.1 and 7.2 hold. In
addition, suppose that

(95) supsup IE[Z;(0)] < oc.
rokek

Then, for all r sufficiently large, X7 as given by (75) has a decomposition:
(96) X'()=X"()+&(),
where X7, & are J-dimensional processes salisfying the following condilions (i)-(iii).

(1) There is a sequence of constants {0} such that " — 6 as r — oo and for each r,
{X7(t) = X7(0) — 07t,t > 0} is a martingale with respect to the filtration generated by
(Wr, X7, Y7).

(ii) For each T >0, ||€"(-)||r — 0 in probability as r — oc.

(iii) For each t >0, the collection { X" (1) — X"(0)} as indexed by r is uniformly integrable.
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Proof of Theorem 7.1. We first prove the Theorem under the L'-boundedness assumption
(95) on |Z7(0)]. An outline of the proof for this case is as follows. Using the heavy traffic
assumptions of Section 5 (especially the functional central limit theorems for the primitive
processes E™, V*" @7, together with the fluid limit result of Lemma 8.2, we show that the
process ér (cf. (60)) converges in distribution to a Brownian motion as r — oc. This is
then combined with state space collapse (which holds by Assumption 7.2 and Proposition
8.1), to show that Xr converges in distribution to a Brownian motion as r — oo. In
addition, from Lemma 8.4 we have that a small perturbation X” of X" has a martingale
property relative to the filtration generated by WT, X, yr. Using the weak convergence of
X" and the aforementioned martingale property, the invariance principle for SRBMs given in
Williams [53] can then be invoked to conclude that the sequence {(W7, X ¥")} converges
in distribution as r — oo to a triple (W, X,Y) which satisfies the conditions of Definition
6.1, and in particular, W is an SRBM. Finally, state space collapse is used to deduce that
along with this we have convergence in distribution of 7" to AW. We now proceed with the
details of the proof assuming that (95) holds.

Note that by Proposition 8.1, state space collapse holds, i.e., |[£"||7 — 0 in probability
as r — oo. Combining this with the functional central limit theorem assumption (86) of
Section 5, and the fluid limit result Lemma 8.2, we have by Theorem 4.4 of Billingsley [4]
that as r — oo,

A — —

(97) (WT(O)vET(')vV&T(')vq)r(')?AT(')vDT(')7éT(')) = (W(O),E(-),VS(-),(I)(-),)\(-),)\(-),O).

Since the processes in the right member above have continuous paths, it follows from the
random time change theorem (cf. (17.9) of [4]) and the continuous mapping theorem (cf.
Theorem 5.1 of [4]), together with the assumed convergence of the deterministic parameters
in (78), (80) and Assumption 7.1, that as r — oo,

(98) X7()= X() = W(0) + R (va-)) L oMQ (E(-) ; 2 @kw«») ; 7(-)) ,

where v(t) = 4t for t > 0, and X is a J-dimensional Brownian motion with drift § = R~,
non-degenerate covariance matrix I' = RH R’ and initial distribution v.

Combining the above with (74), (76) and (77), we see that Wr, X", V" satisly conditions
(i)=(v) of the SRBM invariance principle given in Theorem 4.1 of [53] with .J,r, W, X", VT
in place of d,n, W™ X" Y™ and with a” = 4™ = 0, 6" = 0 there. From that theorem (or
more precisely, the oscillation inequality on which the first part of the theorem is based), we
can conclude that the sequence {(W7, X", ¥")} inherits tightness from the sequence {X"}.
In order to identify any weak limit point (W, X,Y") of this sequence as being associated with
an SRBM W for the data (5,0,1', R, v), it suffices to verify that any such limit point satisfies
the martingale property (iii)(b) of Definition 6.1. By Proposition 4.2(III) of [53], a sufficient
condition for this is that the conclusion of Lemma 8.4 holds. But, under the hypotheses of
Theorem 7.1 and (95), the conclusion indeed holds. It follows (cf. Corollary 4.3 of [53]) that
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(WT,XT,YT) = (W, X,Y) as r — oo where (W, X,Y) satisfies the conditions of Definition
6.1 and hence W = X + RY a.s. and W is an SRBM associated with the data (S,0,T", R, v).
Furthermore, from the state space collapse condition (62) and the convergence of A” to A, it
follows that joint with the convergence of (WT, XT, YT) we have 27 = ATW"+&" = 7 = AW.
Thus, Theorem 7.1 has been proved under the additional assumption that (95) holds.
Finally, we reduce the general case to that where (95) holds. For this, we modify the
initial queue length in the network indexed by r by defining the new initial queue length to
be given by Z7(0) = Z"(0)14127 (0)|<r>/2y and by modifying the initial conditions to be given
by
(99) X7(0) = X7(0) Lz (0y<rorzy + (0,u"(1),0,0) 1170 (o) 502/2) -

(Here the zeros in the last term denote zero entries in the appropriate spaces, corresponding
to the initial queue length, residual service times, and ordering and age of customers, respec-
tively.) The sequence of networks resulting from this modification of the initial conditions
still satisfies all of the model assumptions of Section 3. Moreover, for each r, the performance
processes W, Y". Z" and the processes A", D" for the modified sequence of networks agree
with those for the original sequence on {|Z7(0)] < r*/2} and we have an initial workload of
zero on {|Z7(0)] > r3/2}. Now, by Assumptions 7.1, 7.2, Proposition 8.1, and the assumption
that WT(O) = W(0) as r — oo, it follows that ZT(O) = AW(0) as r — oo and hence

(100) P(|Z27(0)] > r*?) = 0 as r — oc.

Using the above and Assumption 7.2, we see that multiplicative state space collapse still
holds for the modified sequence of networks and that the diffusion scaled modified initial
workload process still converges in distribution to W(0). Furthermore, it is clear that with
the modification, condition (95) will be satisfied with Z7(0) in place of Z7(0). It then
follows from the first part of the proof of this Theorem that the quadruple (WT, XT, YT, ZT)
associated with the modified sequence of networks converges in distribution to (W, X, Y, 7)
where 7 = AW, W = X + RY a.s. and W is an SRBM associated with (S5,0,T, R, v).
However, since the set {|Z7(0)| > r3/2} on which this quadruple may differ from the original
one has probability going to zero as r — oo, it follows that convergence in distribution to
the same limit also holds for the original sequence {(WT, Xy, ZT)} o

Proof of Proposition 8.1. Recall that r is assumed to be sufficiently large that I + G” is
invertible and R” = (I + G")~! is completely-S.

The idea of the proof is to show that for each T" > 0, HWTHT is bounded in probability as
r varies, so that state space collapse can be deduced from multiplicative state space collapse.
For this, an oscillation inequality from [53] is used in conjunction with multiplicative state
space collapse to estimate HWTHT in terms of |WT(O)| and ||é7’|\T We estimate the latter by
overestimating the arrival and departure processes appearing in (60). This estimation of ér

will also be used in the proof of Lemma 8.2. Now we proceed with the details of the proof.
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For each T' > 0, let

. Z7(t) — ATW (1)
101 — ]
(101) ) Wz v 1

for all t € [0, T].

From the assumption of multiplicative state space collapse we have that for each T" > 0,
(102) H@*HT — 0 in probability as r — oc.

Note that by (87),

(103) W7 (0) = r_IWT(O) — 0 in probability as r — oc.

From the definition of £7(-), we have

(104) )y =)W lrv1) forall0 <t <T,
and A
(105) Z7(0) = ATWT(0) 4+ r71é7(0) = ATWT(0) + ¢ (0)(|WT(0)] v rTh).

On combining this with (102), (103), and the convergence of A” to A, we obtain
(106) 7Z"(0) — 0 in probability as r — oc.

Now we shall estimate A”. From the fluid scaled equations (43) and (49), we have

K
(107) A1) = B (1) + 3 04 (D (1),

k=1
Now Dj () (prior to fluid scaling) is the number of class k customers served up to time ¢ and
this is less than or equal to the initial number of customers in class k (namely Z(0)) plus
the number (denoted by S;(t)) of subsequent customers that could be served if the server at

station s(k) devoted all of its attention to subsequent class k customers and was never idle

in [0,¢]. Hence (107) yields

(108) AT(t) < E7(1) + i OH(Zi(0) + Si(1) = B(1),

k=1

where S7(t) = r=25%(r?t). Now, under any service discipline that processes customers within

each class in FIFO order we have
(109) Sp(t) =max{n >0: V" (n) <t} for each k € K.

It then follows (cf. Iglehart and Whitt [36]) from the functional weak law of large numbers
(87) for V*" that for any T > 0, the fluid scaled renewal process S”(-) = r=2S7(r? ) satisfies

(110) 1S"(-) — pu(-)||r — 0 in probability as r — oo,
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where pix(t) = mj 't for all t > 0 and k € K. Combining the above with the functional weak

law of large numbers (87), (106), and Billingsley’s random time change result (see (17.9) of
[4]), we have for each T' > 0,

— 0 in probability as r — oo,

(111) HB’" ZP%

where a(t) = at for all £ > 0.

Now we shall use the above and the functional central limit theorem assumptions in (86)
to estimate £. By (60) (108) and the fact that D;(t) < Z7(0) + A%L(¢) for all ¢ > 0, on
setting 47(t) = maxl_ (Z7(0) + Bi(t)) for all t > 0, we have for any T > 0,

(112) 1€l < [CIV>T
HOMQ'| | B

grery HIOM™Q" (7)

7T.

Now, by (78), (80), the continuous mapping theorem, (86), (106), (111), and the random
time change theorem, we have that the right member of (112) converges in distribution as

r — oo to
s . K
(13 CHIVllry + 1CMQIK i |98y + [CMQI Ellr + IT.
where B(T') = maxl, |a; + S8 Pap|T.
Now from (67), (68), (74), (75) and (104), we have for each T'> 0 and all ¢ € [0, 7],

(114) W (t) = X"(t)+ R'Y" (1)
where A A A
(115) X7(t) = W (0) + RE (1) + RCM™Q P ((7.(0) — G (4)) (W[l v 1).

We may rewrite (114) as

A

(116) W (t) = X"(t)+ (R" — R)Y"(t) + RY" (1),

where W7, V" satisly (76), (77). Since R is completely-S, it then follows from the oscillation
inequality given in Theorem 5.1 of [53] that there is a constant Cr that depends only on R
such that for each T' > 0,

(117) Osc(Y7",[0,T]) < CrOsc(X"(-) + (R" — R)Y"(-),[0,T))
(118) Osc(W’,[0,T]) < CrOsc(X"(-) + (R" — R)Y"(+),[0,T])

where Osc(w, [0,T]) = sup{|w(t) —w(s)] : 0 < s <t < T} for any w € D7. Tt then follows
as in Section 6 of [53], that for all r such that Cr|R" — R| < 5

(119) Osc(Y",[0,T]) < 2Cr0sc(X",[0,T))
(120) Osc(W7,[0,T]) < 2Cr0sc(X”,[0,T)).
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On substituting the expression for X7 from (115) in the above, we obtain

Osc(W",[0,T]) < 2CROsc(RE(-) + RCM'Q"P(¢1(0) — (r()) (W [lr v 1),[0,T7)
< 2Cg|R"[Osc(€,[0,T])
+2CR|RCM™Q" P |(||W” |7 v 1)Ose((F, [0, T]).
Hence
IWllr < [W7(0)] + Osc(W", [0, 7))
(121) < W7 (0)|+ 4Ck|R (|| ||r

FACR| R OM™ Q" P (|W|lr v 1) |G |-

Fix T'> 0 and € > 0. Then given the convergence of R", M”",Q", P and HE}HT, we can find
an ro such that for all » > rg, (121) holds and

N A 1
(122) P (1Cal M Q PGl > 5) < =

Then it follows from (121) that for each r > rq,

(123) P(|W' ||z v 1< 2([W7(0)] + 4CRIR'[|IE|lr + 1)) = 1 —

S| ™

Now by the properties of Brownian motion, there is . > 0 such that (113) is bounded by &.
with probability at least 1 — 5 and since the right member of (112) converges in distribution
to (113), it follows that there is r; > rq such that for all r > rq,

(124) (€l < 2r.) 2 1 -

| ™

Finally, since WT(O) converges in distribution, there is . > 2k, and ry > ry such that for
all r > ry,

(125) PIW(0)] < &) > 1 — %
Combining the above we see that for each r > rq,
(126) POIW V1< Cra) 21—,
where Cr. = 2(k. + 8Cprsup |R"|k. + 1). Now by (102) there is r3 > ry such that for all
r>To
r 2 rs, -
A €
(127) P(IGlr > o/ < &

It then follows that for all r > rs,
P(|Z7() = AW (e >e) < P(IGllr > e/Cre) + P([WT 2 V1> Cre) <e.

Since € > 0 and T" > 0 were arbitrary, this completes the proof that state space collapse
holds. o
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Proof of Lemma 8.2. The method of proof for this lemma follows an idea suggested by

Maury Bramson.

Our proof borrows heavily from the proof of Proposition 8.1. Briefly the idea of our proof
is as follows. Using the oscillation inequality (120) together with the estimate (112) and state
space collapse, we show that |[W”|7 — 0 in probability as r — co. Then, by combining this
with state space collapse and (48), we show that the difference between the fluid scaled arrival
and departure processes goes to zero (uniformly on compact time intervals) in probability as
r — oo. Upon substituting this into the expression (107), we obtain an implicit equation for
A" which can be solved to yield the asymptotic behavior of A” as r — oo. We now provide
the details of the proof.

We suppose that r is large enough that the oscillation inequality (120) holds. Upon

dividing this inequality through by r and recalling the definition of X7 from (75) we have
that for any T' > 0,

(128) Osc(W",[0,T]) < 2Cg0sc(X",[0,T1]),
where
(129) X(t) = W™(0) + R(€(1) +77(1)),

&) = r_lfT(-), () = r~4"(-), and fT,ﬁT are defined by (60), (68), respectively. From
(87), we have that W7 (0) — 0 in probability as r — oo. By the a priori estimate (112) on
¢" and the convergence in distribution of the right member of (112) to (113), it follows that
for each T' > 0,

(130) 1€ ()||r — 0 in probability as r — oo.
Furthermore, by Proposition 8.1 we have that state space collapse holds, i.e., for each 7" > 0,

(131) I€"lr — 0 in probability as r — oo.

On combining this with the definition of 7" and the convergence of the model parameters
given in (78), we have that ||"||r — 0 in probability as r — oo. Then, by combining the
above with (129) and the convergence of R” to R, we conclude that for each 7' > 0,

(132) |X"|l7 — 0 in probability as r — oo.
It then follows from (128) that for each T' > 0,
(133) Osc(W”,[0,T]) — 0 in probability as r — oo.

Then by (48) and (67), we have for each 7' > 0,

(134) [A"C) = D"C)llr = 127¢) = Z7(0)llr
(135) < JATIWTC) = W)z + rHIE() = 2(0)llr
(136) < |ATOsc(W”, [0, T]) + r7H1€7(-) = €7(0) ]|,
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where the last line goes to zero in probability as r — oo, by Assumption 7.1, (133) and
(131). Hence,
(137) |A"(-) = D"(*)||7 — 0 in probability as r — oc.

From (107) and the definitions of ®%" and ®*" we have

A = B+ X (B DL + 8 (D)

(138) B+ 3 P AL) + (),
where .
(139) ¢ty =Y (PH (Di(t) — Ap(t)) +r7' 0" (Dy(1))).

k=1
Now, Ci)T() converges in distribution to ®(-) as r — oo, and D" (¢) < Z"(0) + B"(t) for all
t > 0, where B" is defined in (108). It then follows by the same kind of reasoning as that
which led to (130) that for each T'> 0 and k € K,

(140) Hr_lci)kT(D};())HT — 0 in probability as r — oc.
Combining this with (78) and (137), it follows that for each T' > 0,
(141) IC"|l7 — 0 in probability as r — oc.

Solving for A” in (138), we have

(142) A1) = Q" (B (1) +C (1)
From the known convergence (cf. (78), (79), (87) and (141)) of the entities in the right

member above we have for each 7' > 0,
(143) |A"(-) — Qa(-)]lr — 0 in probability as r — oc.

Since A(+) = Qa(-), this establishes the desired result for A" and the result for D" follows
from this by (137). o

Proof of Lemma 8.3. This proof is for fixed r and so the superscript r will be suppressed
in the following. Also, for this proof only, m will denote a member of IN”, rather than the
vector of mean service times.

As in Section 3.1.5, we define a strictly increasing sequence of real-valued random times
{o4}32, for the (discrete event) queueing network model such that og = 0 and for £ = 1,2,. .,
oy is the time of the (" change in the status of the arrival-departure process pair (A, D),
i.e., o is the /" time of occurrence of an arrival to, or a departure from, some class. Note

that at a given oy, simultaneous departures and arrivals are allowed (where for simultaneous
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arrivals to a given station the tie breaking rule described in Section 3.1.5 is invoked). We
have o, < oo for each ¢, and 0, — o0 as { — oo. (We remind the reader that, without
loss of generality for the proof of Theorem 7.1, it was assumed in Section 3.1.5 that any
exceptional null sets where these properties may not hold have been removed a priori from
the probability space.) Then, for each ¢t > 0, p € IN®, g € INF,

(144) [BA() = p. A) = g} = U ({Ealt A o) = p, At A o) = g},

1=0 {=1

Thus it suffices to show that for each ¢t >0, ¢ > 0, p € IN" and ¢ € N},
(145) By, ={EA(t Noy) = p, A(t A oy) = q} € Gy

For this, fix £ > 0. It will be shown by induction that for each ¢ > 0, the following two
properties hold for all p € IN*, ¢ € IN¥:

(1) Bﬁq € gp‘b

(ii) for Z8 = (t Ao, ECANEA o), A(- ANt ANay), D(- Nt Aay), X(- ANt A oy)), we have
1B£qI£ E gpq.

Recall, from Section 3.1.5, the definition of X'(-) = {X'(¢),¢ > 0} where

(146) X(t)=> I{WSKWH}(ZK, u', v, 0% for all t > 0.

/=0

We now proceed with the induction proof. For ¢ = 0, one has o9 = 0, E4(0) = 0 and
A(0) = D(0) = 0, by definition. Moreover, X(0) € G,, for all p,q. Then (i) and (ii) are
easily verified to hold for ¢ = 0.

For the induction step, assume that (i)-(ii) hold for all p € IN*, ¢ € N*, for some ¢ > 0.

Now,

(147) B = {J(BY'nBL,),

m,n

where the union is over all (m,n) € IN" % IN® such that m < p and n < ¢. By the induction
assumption, for fixed (p,q) € IN* x IN® and any (m,n) € IN® % IN® such that m < p,n < g,
we have
(148) B € Guny,  lpe I' € G
and hence Bfnn N{o, >t} € G,y and Bfnn N{or <t} € Gun-

Now, on B: N{oy >t} o1 At =0 AL, Eg(tAoup) = Ex(t Aoy) = my A(t A opyq) =
A(t A og) =n and T = I*. Thus, if (m,n) = (p, q) we have

(149) Bzé;—l N Bfnn N {Jf > t} = B'fnn N {Jf > t} € Gumn,
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or if (m,n) # (p,q), then the left member of (149) is the empty set which is still in G,,,.

Thus, combining the above with the induction assumption (148) we obtain
¢ ¢
(150) 1B£2'10Bfnnr‘l{ag2t}1 = 1{(m7n)=(p,q)}1B£1nﬁ{ag2t}1. S gmn

On the other hand, on B: N {0, < t}, Ex(o,) = E4(t A oy) = m and the first time
after o, that a new external arrival occurs is o = mimea Uj(m; + 1). Furthermore, on the
set BY, N {0, <1}, we have

(151) Iﬁ = (JK,E(- A O'g),A(' A O'g),D(- A O'g),(",)(' A O'g)).

Recall that X (o) = X* = (Z*,u*,v*,0") and the proportions of service time for each of the
classes over [0y, 0441) are given by r* = W(X*) where ¥ is a measurable function (cf. Section

3.1.5). It follows that if we define
(152) n=o,+inf{s >0:vi (1) —ris =0 for some k such that r; > 0},

then on B, N{o; < t}, op41 = o Ay where the latter is a measurable function of (U4(- A
(m + e4)),00,X"), and hence by the induction assumption (148), (151), and the definition
of G,,, we have Lt A{o,<t}0es1 € Gmn. Moreover, on Bfnn N {o, < t}, since no external

interarrival or service time is zero, we have
(153 Do) < 2(0) + Alor) = Z(0) + .

and on this set we can express E(op41), D(0s41), A(0s11), Z(0s41) as measurable functions
of o4, 0141, E(0s), D(og), Ua(m + e4), ®(- A (Z(0) +n)), X*, Z(0), as follows. For [ € A,
kek,

Di(oe41) = Di(00) + 11t (1)=rf (0131 —00), 750}

A(oen) = Fe(omn)+ 3 0L Di(oesn)),

=1

Zi(og1) = Zp(0) + Ag(or41) = Di(o4).

(Note that E, =0if k ¢ A.) Since F, D, A, Z are constant on [0/, 0441), on combining the
above with the induction assumption (148) and (151), we have that

(154) Ige nfoyett(Tog1, E(- N opgr), A(- N ougr), D(- AN ouga), Z(0041)) € Grn
In particular,

(155) 1Bf;mn{gé<t}(EA(t/\O'E-I—l)aA(t/\O'K-H)) € Gmn

and hence

(156) B 0B, N{or <t} € Gun.

41



On combining this with (149) we see that B{f' N BL € Gyun C Gy and hence by (147),
(157) Bt € G,
Thus, (i) holds with £ + 1 in place of £. Similarly,

(158) B 0o <t} =J (B;;;l NB. N{o,<tyn{om < t}) € Gpys

m,n

where the union is over all (m,n) € IN" x IN¥ such that m < p,n < q.
It remains to verify (ii) with £ + 1 in place of £. Now, by (147), (150), (154), (156), and

the definition of T, it suffices to verify that
(159) 1B1‘;§10B,€mn{a[<t}x(' ANLNG41) € Gpg.
Furthermore, by (148), (151), (154) and (156), we have for m < p,n < ¢,

1B1€$lnBﬁmﬁ{0z<t<0z+1}X(' /\ t /\ O-E+1)
(160) - 1B1€;‘10Bﬁnnﬁ{0‘z<t<dg+1}(":}(' A t A O-f) € gmn C gpq.

Thus, it remains to show for each pair (m,n) < (p, ¢) that

(161> 1B£:;10B£mﬁ{crg<t}ﬂ{ag+1St}x(. A Uf-H) € Gpy-

Indeed, in view of (148), (151), (154) and (156), and the fact that X(-) is constant on
[0¢,0041) and oy < 0441, for this it suffices to verify that

(162) LB10Be o St}(z“l, Wt 0 € G,

This is done below. In fact, the result for the first component (that involving Z**1) follows
from (154). Although the idea for the other components is simple enough, namely, to write
w1t vt and O! as measurable functions of Z: v', O% r* o, 0041, Us(- A (Ea(0041) +
ea))s A ANopp1), D(- N o1 ), V(- A A(os41)), a variety of details are needed to take account
of the various changes in the queue lengths that might occur at /4.

Fix (m,n) < (p,q). Now,

(163) utt = Ua(Ea(0r41) + €a) — 04164,

and on B N {o™! <1},
(164) u'tt = Ualp + ea) — org1€4.

Then by the definition of G,,, (154) and (158), it follows that

(165) Lpetinpe, nfoma<n € G-

Now, for v**!, note that a customer will depart from class k at the time o,,; if and only if

vi(1) — ri(osp1 — 04) = 0 and r4 > 0. On the other hand, at least one new customer enters
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class k at the time o441 if and only if Ag(os41) > Ag(os). We use these observations to express

viﬂ as a measurable function of Z* = Z(ay,), v*, r*, o4, 0041, A(- Nopgr), V(- A A(opyq)), as

follows. For k € IC,

vi(1) for 1 <i< Zf, ifri =0,

vﬁ(l) — Ti(o‘[_}_l —oy) fori=1, if rt > 0 and vi(l) — ri(agﬂ —o0y) >0,

vi(1) for 2 <4< Zf, if ri > 0 and vi(1) — ri(os1 — a4) > 0,
CHL
v (1) = vi(i 4+ 1) for 1 <:<Zf—1, ifry > 0 and vi(1) = ri(oms — 0v),
vi(Ar(or) + ) for i = Z + J = 1rt50, o (1)=rf(0e1-0r)} a0

0 <y < Ap(omg1) — Ag(oy),

0 for 2 > Z}é + Ak(O’g+1) — Ak(O'g) — 1{7’£>07Uﬁ(1) £

=ri(oes1—00)}:

The first four options above deal with potential departures from class k. The first option
corresponds to the situation where class k receives no service in [0y, 0/41), the second and
third options correspond to the situation where the customer at the head of the line for
class k receives service in [0y,0041) but the service is not completed by the end of this
time interval, and the fourth option corresponds to the situation where a class k service
completion occurs at the time o,41. The fifth option takes account of new arrivals to class
k occurring at oy1; and the sixth option is simply a convention that vﬁ"’l(i) is defined
to be zero when 1 exceeds the number of customers in class k£ at the time o,y;. Recall
that o' = {(viT(2),...,viF"(4))}22,. Using (148), (151), (154), (157) and the facts that
A(os41) = q on Bf;qH N {oe1 <t} and V(- A q) € Gy, it follows from the above that

‘
(166) 1B§§10B;;mn{ag+lgt}v e G-
It remains to verify that

‘
(167) lBﬁj;lnB,é’mn{angt}O e G-

For this we claim that for each j € J,
(168) Of“ = ®j(0§70£70£+1, ZZ,D(WH) — D(oy), A(0s41) — A(0v))

where ©; is a measurable function from (Ko x IR+)]N x Ry x Ry x INF x INF x INF
into (Ko x IR+)]N, where Ko = {0,1,..., K'}. Indeed, the action of ©; may be described
as follows. Although we have not invented notation to describe the deletion, update and
insertion operations below, it is evident from this description that ©; can be defined as a
measurable function of the form indicated above. For each k € C(j), if Di(0441)— Dy(0¢) >0

(in which case the left member must equal one since simultaneous departures from a class
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cannot occur), delete the first pair in the sequence Of- that has the value k as its first
coordinate. Denote the new sequence obtained in this way by ONf Then, 05 indicates the
order and age at the time o, of those customers who are left at station j after the departures
have occurred at .41, but before the new arrivals at o,.; have been taken into account.
There are

(169) ¢ = Z) (2 — (Di(o101) — Di(0)))

keC(j

of these “remaining” customers at station j. We update the ages of these remaining cus-

£
G

include information about the new arrivals and so obtain Of“, for each k € C(y), insert

tomers by adding o,41 — 0, to the second coordinate of the first pairs in Of To
Ak(os41) — Ag(oy) copies of the class designator, age pair (k,0) into Of just after the first
Cf'H pairs in this sequence. The order in which these new pairs are inserted is given by the
tie breaking rule for treating simultaneous arrivals. Note that simultaneous arrivals to the
same class are indistinguishable in terms of the information to be inserted in Of and so only

the deterministic rule for breaking ties between classes is needed here. It now follows from

(148), (151), (154) and (168) that
(170) Lgt, n(oea<y O € Guun

and hence on combining this with (157) we obtain (167). Thus (162) has been verified and

this completes the induction step. o

Proof of Lemma 8.4. In this proof only, M” will denote a martingale rather than the

o-algebra on D”.

An outline of our proof is as follows. The idea of the proof of part (i) is that apart
from small error terms associated with state space collapse and residual interarrival times,
by suitably centering and scaling the primitive processes (E”, V*" ®%") we can reexpress
X, as given by (60), (68) and (75), in terms of a multiparameter martingale evaluated at
a stopping time. Indeed, we use the i.i.d. and independence assumptions on the primitive
sequences {uj(i),1 = 2,3,...}, {v"(i),1 = 1,2,...}, {¢"F(4),: = 1,2,...}, 1 € A, k € K,
as described in Section 3.1.6, to establish the multiparameter martingale property (182)
below. This implies that the process {77(p,q),G;,,(p,q) € IN* x IN®} as defined in (183)
is a multiparameter martingale. In order to conclude that the stopped process in (199) is
also a martingale, we establish L?-bounds on the multiparameter martingale 7" and bounds
on the mean of the stopping time 77(¢) = (E’%(t), A”(t)). The martingale property in part
(i) of the lemma follows from this stopped martingale property and the fact that Y7, W”
are adapted to Q:T(t). State space collapse and the asymptotic negligibility of error terms
associated with the martingale property of the renewal process E’; are used to show part
(ii). Finally, the uniform integrability property in part (iii) follows from L? bounds used in
obtaining the stopped martingale property mentioned above. Now we provide the details of

the proof.
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For the moment, let r be fixed. Now, {G; } =1{G,, : (p,q) € IN* x IN*1 defined by (92)

is a (multiparameter) filtration and for each ¢t > 0, by Lemma 8.3,

(171) 7'(1) = (E4(1), A7(1))

is a (multiparameter) stopping time relative to this filtration. If (27, F") is the measurable
space on which all of the processes indexed by r are defined, then for each ¢ > 0 we can

define a o-algebra associated with 77(t) as follows:
(172) Gy ={BeF :BN{r'(1) < (p.q)} €7, forall (p,q) € N* x N¥}.

Then {G’. @yl 2 0} is a filtration in the usual one-parameter sense.

We first verify that Y, W" are adapted to the filtration {G7, .t > 0}. Since A"(0) con-
tains (V°7(+), Z7(0)), it follows that W (0) = CV*"(Z7(0)) is goo measurable. Furthermore,
the multiparameter process {(U%(p + e4),V*"(q)) : (p,q) € IN¥ x IN*} is adapted to the
filtration {G,} and hence by the discrete nature of IN" % IN¥ it is progressively measurable.
Then by Proposition 2.8.5 of [27] and the stopping time property of 77(¢) we have that for
each t > 0,

(173) (UA(EL(L) + ea), VIT(AT(1))) € Groy

It then follows (using approximation of the supremum at a countable set of times) that (cf.
(20)),

(174) Y'(t) = Oitigt(WT(O) + CVP(A"(s)) —es)” € Gloy

and

(175) Wr(t)y=W"(0)+ CV>"(A"(t)) —et + Y7 (1) € G

We now introduce the fundamental multiparameter martingales M”, 0", Q", and mar-
tingales associated with squares of their components. For each p € IN¥ ¢ € INF | let

(176) Mi(p) = (o ( (pz+1)—U7(1))—pz)

(177) Ni(p) = ( ))? = pi(a])?aj)

(178) Oplqr) = ( ) qrmy,

(179) Prlar) = ( w@)? — qiby,

(180) O (q) = @M (Z(0 )+qk)—<1>’“(2£(0))—15k”“%
(181) Ri (@) = Qi (ar) Q)" (ar) — s Y3

forall I € A, 1,5,k € K. Let M"(p) = (Mj(pm) : L € A), N"(p) = (N/(p1) : | € A),
O"(q) = (Oilqr) = k € K), P'(q) = (Pilqr) : k € K), Q"(q) = (2" (q1),---, Q" (¢x)),
R'(q) = (RY(¢1),...,R%"(qr)). Because of the independence, i.i.d. and integrability
assumptions of Section 3, we have that the (2L + 2K + K? + ]&’3)—dimensional process:

(182)  {S"(p,q) = (M (), N"(p), O"(9), P"(q), Q"(4), R™(9)) : (p,q) € N x "},
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is a multiparameter martingale relative to {G; }.
For each (p,q) € IN* x INF | let

(183) T'(p,q) = (M'(p),0"(q),Q"(q)).

We aim to show that {77(7"(t)), Grrypt 2 0} is a martingale. However, we cannot imme-
diately deduce this from the martingale property of S”, since 77(1) is a possibly unbounded
stopping time. So we first truncate time, apply the multiparameter stopping theorem and
then pass to the limit in the truncation using uniform integrability to deduce the desired
result. The bounds obtained for the uniform integrability will also prove useful in verifying

part (iii) of the lemma. For n € IN, let nl (respectively, nf*)

denote the L-dimensional (re-
spectively K-dimensional) vector whose components all have value n. Then for the minima
p Ant, g An®, defined componentwise, we can verify (in a similar manner to that for S")
that

(184) {S™(p,q) = S"(p An",g An™) : (p,q) € NV x NI}

is a multiparameter martingale relative to {G] }. Then by the multiparameter optional

stopping theorem (see [27], Theorem 2.8.7) we have that

(185) {87 (" (1)), GFr iy, t 2 0}

is a martingale for each n € IN. Now, for (p,q) € INY x IN® and n € N, let

(186) T (p,q) = (M'(pAn"),0"(gAn"™),Q (g An")).

For each n € IN, it follows from the martingale property for {S™"(77(t)), Grrgyel 2 0} that
(187) {T7"(" (1)), GFrry, t 2 0}

is a martingale. We aim to prove that the same is true with 77 in place of 77". For
t >0 fixed, 77"(77(t)) — T7(77(t)) pointwise as n — oo, and so it suffices to show that
{T"(r7(t))}2, is L*-bounded for each ¢ > 0, since this implies that it is uniformly inte-
grable. By the martingale properties of the N, P" and R" elements of S""(7"(-)) we have
forallle A, 1,k e K, n > 1:

(188) EIMI(E(1) A n))* — (B (1) A n)(of)2a] = 0,
(189) E(OF(AL(1) An))* = (AL(1) A )] = 0
(190) Q" (AL(1) An))? — (A1) A m)TET] = 0.

From Lorden’s inequality for renewal processes (cf. Lindvall [39], pp. 77-78; Carlsson-Nerman

[12]) and by setting the first external interarrival time to zero, we obtain the following upper

bound for all [ € A,
(191) E[E[(1)] < ajt + (af)a] + 2.
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Indeed, since ] =0, a] =a] =0for [ € K\ A, the above holds for all [ € K. Furthermore,
since we have assumed FIFO service within each class, as in the proof of Lemma 8.2 (cf.

(108)) we have
K

(192) AT(t) S ET(1) + Y0V (Z(0) + S{(1) = B(t)
=1
where S](t) is given by (109) with [ in place of k there. Now, for each k,l € K,
(193) )" (Z7(0) + ST (1) < Z7(0) + 57 (1)
and by Lorden’s inequality again,

(194) IE[ST(1)] < pit + (p7)?b] + 2.

Combining (191)-(194) we have for each k € K,
K

(195)  IE[AL(D)] < (akt + (af) a) +2) + 3 (EIZ{(0)] + pit + (u7) "0 +2) = (1),
=1

where ¢ (t) is finite by (95). It then follows from (188)—(190), (191) and (195) that for all
n>1,le A i,kek,

(196) IE[(M](E[(t) An))*] < (af)ajc(1)
(197) IE[(OL(AL(1) An))*] < Dpeg(t)
(198) BI(Q (AL(1) An))’] < T3¢ (1).

This establishes the desired L?-boundedness and hence
(199) [T (77 (1)), Gyt > 0}

is a martingale for each r.

We now apply the above martingale properties to establish part (i) of the lemma. First
extend the definition of M” to coordinates k ¢ A by defining M} = 0 for all k € K\ A.

Then, rewriting 57’, as defined by (60), in terms of some elements of S, we have

(200) E)=EW+CM Q¢ (1) + (1),

where

e = e (ot g (—Me )+ e e )+
I itk A
e = {O/];(U]:(Ez(TQt) + 1) —up(1)—r*t) ifke A,

) = 3 (FT(DE() — M (ZE(0) + A1) + M (Z1(0))) -

k=1
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Since T"(77(r?*t)) = (M7 (EL(r*t)), O"(A"(r*t)), Q"(A"(r*t))), it follows from the martingale
property of 77(77(+)) that
(201) {€7(1) =47, Grrgpany t 2> 0}

d

(200) we have

is a martingale. Now, from (75) an
(202) X7(1) = X"(1) + & (1)
where

X7(t) = W'(0)+ RE(1)
e = R0+ OMQTIC () 4+ ¢R(1))
By the martingale property for 7, for 7 = R"4",
(203) {X7(t) = X7(0) = 07t, G p2p, L > 0}

is a martingale. Note that Y7, W are adapted to {Q:T(T%),t >0}, by (174)—(175) and (39),
(41). Hence, {X"(1) — X" (0) — 67{,1 > 0} is a martingale relative to the filtration generated
by (W7, X7, V7).

In order to show part (ii) of the lemma, note that by (68), (78), and the fact that
state space collapse holds by Assumption 7.2 and Proposition 8.1, we have for each 7" > 0,

I7" ()|l — 0 in probability as r — oc. Furthermore, by the definition of K] from U] for
ke A, for each T > 0,

(204) Ir= ¢ Ol < 2max fag] e ui(BE () + D]l

where, as a consequence of our functional central limit theorem assumptions in Section 5,
the right member goes to zero in probability as r — oo (see the proof of Lemma 6 in
Iglehart and Whitt [36]). By (87), Assumption 7.1 and state space collapse, we have that
7Z7(0) = ATW™(0) 4+ r~1&7(0) — 0 in probability as r — co. Now,

K
(205) 1<)l < kE 1857 (D}(-) = @57 (Z7(0) + AL()) + 947 (Z(0))]I7,

=1
where, by a similar argument to that used in deducing (98) from (97), using (86) and Lemma
8.2 we have that the right member above converges to zero in distribution (or equivalently,
in probability) as r — oo. Combining the above with the convergence of CM"Q" and R,
we see that for each T'> 0, ||¢"(+)||z — 0 in probability as r — oc.

It remains to show part (iii) of the lemma. Since X" (0) = WT(O) and R" — R, for this it

suffices to show that {£7(#)} as r varies is uniformly integrable for each fixed ¢ > 0. Now by
Fatou’s lemma, (196)—(198) hold with the n’s removed. Fix ¢t > 0. By (78), (95) and (195),

we have

e (r*t)
(206) sup II?EE}LCX( ] < o0.
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Replacing ¢ by r?¢ in (196)—(198), and combining the above with the assumed convergence
of af, i, = ==, aj, b, T*7 (cf. (78), (81) and (10)), we see that
k

{r (MI(E"(r*1)), O7(A7(r*1)), Q7(A"(r*1)))}

as a collection indexed by r is L:-bounded, and hence uniformly integrable. Combining
this with the convergence of M”,Q", and 4", we see that {£(¢)} is uniformly integrable, as
desired. o

9 Verification of Assumption 7.1 for FIFO networks of
Kelly type and HLPPS networks

For the statements of the definitions and lemmas in this section, consider a sequence of open
multiclass queueing networks as defined in Sections 3 and 4 that satisfies the heavy traffic
assumptions of Section 5. In this section, we refer to this as “our sequence of queueing
networks”. For this section only, A and D will have different meanings than elsewhere (they

will denote matrices here).

The following matrix theoretic result, which is taken from Dai and Harrison [20], plays a
key role in the verification of Assumption 7.1 for FIFO networks of Kelly type and HLPPS
networks.

Definition 9.1 A J x.J matriz A is said to be admissible if there is a J x J diagonal matriz
D with strictly positive diagonal entries such that

(207) AD 4+ DA’

is (strictly) positive definite.

Lemma 9.1 If a J x J malriz A is admissible, then A is invertible, A™' is admissible, and
A and A™' are complelely-S.

Proof. See Dai and Harrison [20]. o

Definition 9.2 Our sequence of queueing networks is said to be asymptotically of Kelly type
if m as defined in (78) is such that for each 3 € J, my has the same value for all k € C(7).

Lemma 9.2 Suppose that our sequence of queueing networks has FIFO service, is asymp-
totically of Kelly type, and X > 0, i.e., A\p > 0 for each k € K. Then Assumplion 7.1
holds.
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Remark. The proof of this lemma is given in Section 3 of Dai and Harrison [20]. (Although
it is not emphasized there, it is implicit in the proof that A > 0, i.e., A = diag()) has strictly
positive diagonal entries.) The proof is repeated below for the convenience of the reader
and because our verification of Assumption 7.1 for HLPPS networks uses elements from this

proof.
Proof. From the FIFO assumption, by (63), for all r sufficiently large that A\” > 0, we have
Ak

(208) op = —
Pj

forall k €C(j), y€ T,

and so as r — oo, since p — 1 for each j € J and A" — A, we have

(209) A" — A =AC".

Furthermore, from (73) and the convergence of M” to M, Q" to @), and A" to A, we have
(210) I+ G=CMQA.

From the assumption that the sequence of networks is asymptotically of Kelly type we have
that

(211) CM = MC,

where M is a J x .J diagonal matrix whose j* diagonal entry is the common value of m; for

all k € C(y). Then by (209)—(211), we have
(212) I+ G=CMQAC"= MCQAC".

We now show that [ + G is admissible. An application of Lemma 9.1 then completes the
proof that Assumption 7.1 holds.

Using A = diag(a) + XK | M\idiag(P*), where P* denotes the k™ column of P = P’, we
can verify (cf. [20], (3.19)—(3.20)) that

(213) A(I = P)+ (I — P')A = diag(a) + T + (I — PA(I — P),

where T = 5K | A\ TF and Y* is given by (10). Note that the right member here is positive
definite because the first two terms in that member are non-negative definite and the last
term is positive definite by the assumption that A has strictly positive diagonal entries and
the fact that I — P is invertible. On multiplying (213) on the left by @ = (I — P")~! and on
the right by " we then have that QA+ AQ' is positive definite. Then, since the constituency
matrix C' has full rank and so the null space of C" is trivial, it follows that CQAC’'+ CAQ'C’

is positive definite and hence so too is
(214) (I+G)M +M(I+G)=MCQAC'M + MCAQ'C'M.

Since M is a diagonal matrix with strictly positive diagonal entries, this completes the proof

that I + G is admissible. o
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Lemma 9.3 Suppose that our sequence of queueing networks has the HLPPS service disci-
pline and A > 0. Then Assumption 7.1 holds.

Proof. This proof is similar to that for Lemma 9.2. The main difference is that the matrix
A has a slightly different form. Indeed, for the HLPPS service discipline (see (65)), for all r

sufficiently large we have

T T
Apmy

 Yiec( M(m])?

(215) oy, forall k € C(j), y €T,

and so as r — oo, since A" — A > 0 and m” — m > 0, we have
(216) A" — A= MAC'(CM?AC")™.

Here CM*AC" is a J x J diagonal matrix whose ;' diagonal entry is > kec(j) Agm?i which is
strictly positive since Ay > 0 and my > 0 for all £ € K. Then since (210) holds, we have

(217) I+G=CMQA=CMQMAC'(CM*AC")™".
Hence, using the fact that MA = AM, we have
(218) I+ G=CMQAMC'(CM*AC")™.

The proof given in Lemma 9.2 that QA + AQ'’ is positive definite does not depend on the
specific service discipline and so it also applies here. Since M is a diagonal matrix with
strictly positive diagonal entries and C has full rank, it follows that for D = CM?AC",

(219) (I+@)D+D(I+G)=CMQAMC'+ CMAQ'MC'

is positive definite. Since D is a diagonal matrix with strictly positive diagonal entries, [ +G
is admissible and hence by Lemma 9.1 it is invertible and its inverse is completely-S. This

completes the verification of Assumption 7.1. o

10 Heavy traffic limit theorems for FIFO networks of
Kelly type and HLPPS networks

For the statements of the two theorems in this section, we consider a sequence of open
multiclass queueing networks as defined in Sections 3 and 4. In order that our model be
consistent with that of Bramson, we also assume the additional conditions described in the
second paragraph of Section 3.3, i.e., for each r and each k € K, {v,"(¢),t = 2,3,...} is a
sequence of i.i.d. random variables that has the same distribution as our {v;"(¢),: = 1,2,...},
and for each r, the sequences {v;"(),7 = 2,3,...}, k € K, are mutually independent, and,

as a collection, are independent of the initial queue length Z7(0), the initial residual times
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{v"(1),k € K} and {uj,l € A}, and the initial sequence of (class, age) pairs O°". Recall
from Section 4 the definitions of the diffusion scaled processes associated with workload WT,
cumulative idletime V" and queue length 77, and the non-negative entries 6; in the matrix
A". Associated with the heavy traffic assumptions of Section 5 we have the asymptotic
parameters v and H, defined in (80) and (88), respectively, and the limit W (0) in distribution
of WT(O) as r — 00. The law of W(0) is denoted by v. The definition of an SRBM is given
in Section 6.

In order to obtain heavy traffic approximations using Theorem 7.1 (and in particular, to
apply the results of Bramson [11] on multiplicative state space collapse), we need to assume
that state space collapse holds initially. In Bramson’s [11] terminology, the initial data
must be asymptotically close to a certain invariant manifold. In fact, for FIFO networks of
Kelly type, this involves assumptions on the initial distribution of the workload amongst the
different classes and on the ordering of the customers initially at each station, or equivalently
on the departure process for a small interval of time. This requirement is stronger than simply
requiring that (62) hold with 7" = 0 and is captured in condition (220) of Theorem 10.1.
On the other hand, for HLPPS networks, since service is distributed across the classes in

proportion to the length of the queue for each class, in this case it suffices to have (62) for

T =0 (cf. (224)).

Theorem 10.1 (Heavy traffic limit theorem for FIFO networks of Kelly type)
Consider a sequence of open multiclass queueing networks with the FIFO service discipline
that satisfies the heavy traffic conditions of Section 5. Suppose that this sequence is asymp-
totically of Kelly type (cf. Definition (9.2)) and that X > 0, i.e., Ay > 0 for all k € K.
Further suppose that for each j € J and k € C(j),

(220) sup | Di(t) — 85t] — 0 in probability as r — oo,
€0, (0)]

where 67, is given by (63). Then
(221) (WT,XT,YT,ZAT)i(W,X,Y,Z) as r — oo

where Z = AW for A = AC’, and (W, X,Y) salisfy the conditions of Definition 6.1, in
particular, W = X + RY a.s. and W is an SRBM associated with the data (S,0,1', R,v) for
=Ry, '=RHR'.

Remark. Condition (220) is used to describe the required initial behavior of our networks

with a FIFO service discipline. The assumption of a FIFO service discipline implies that
(222) Dy(Wi(0)) = Z¢(0),

for all & € K. This can be interpreted as follows: W7(0) is the first time that all of the work

initially held at station j has been completed, and at this time, because the service is on
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a FIFO basis, the number of departures that have occurred from any class £ € C(7) up to
that time is equal to the number of customers Z(0) initially in that class. One can combine
(222) with (220), and use the definitions of fluid and diffusion scaling, and of A" (see (61)),
to conclude that for each j € J and k € C(y),

(223) |Z7(0) — AR W (0)] = r~ Y| DL(WI(0)) — 65WI(0)] — 0 in probability as r — oo,

However, (220) requires more than this, it requires that the ordering of the customers initially
at station j and the distribution of the initial workload amongst these customers be such
that up to an error that is o(r), in the initial interval [0, W7 (0)], server j will expend effort
in the proportions given by 6] to the classes k& € C(j). We note in particular that if W7(0)

and ZT(O) converge to zero in probability as r — oo, then (220) is automatically satisfied.

Proof of Theorem 10.1. By Theorem 7.1, we simply need to verify that Assumptions
7.1 and 7.2 hold. By Lemma 9.2, Assumption 7.1 on the data matrices holds. For the
multiplicative state space collapse Assumption 7.2, note from the assumptions that A" — A,
WT(O) converges in distribution, and the initial condition (220), that the latter will still
hold if for each k, é; there is replaced by 6; = lim,_ ., 6;, which equals A; for a FIFO
service discipline.  With this replacement, condition (220) is the same as condition (3.6)
(or equivalently, (3.9)) of Bramson [11]. (We remind the reader, as noted in Section 3.3,
that Bramson [11] considers an uncountable family of networks indexed by all r € (0, c0).
However, we can embed our sequence in such a family, by a (right continuous) piecewise
constant extension, and it is easy to check that Bramson’s conditions (3.1)—(3.6) hold for the
resulting family.) It then follows from Theorem 1 of Bramson [11] and the remark following
Definition 7.1 that the Assumption 7.2 of multiplicative state space collapse is satisfied. Our

desired result then follows from Theorem 7.1. o

Theorem 10.2 (Heavy traffic limit theorem for HLPPS networks) Consider a se-
quence of open multiclass queueing networks with the HLPPS service discipline that satisfies
the heavy traffic conditions of Section 5. Suppose that A > 0 and

(224) |ZT(0) — ATWT(O)| — 0 in probabilily as r — oo,
where A" is given by (61), (65). Then
(225) (WT,XT,YT,ZT):> (W, X,Y,Z) asr— oo,

where 7 = AW for A = MAC'(CM?*AC')™Y, and (W, X,Y) satisfy the condilions of Def-
inttion 6.1, in particular, W = X + RY a.s. and W is an SRBM associated with the data
(S,0,1',R,v) for = Ry, ' = RHR'.

Proof. The proof is the same as for Theorem 10.1, except that Lemma 9.3 is used in place

of Lemma 9.2 and Theorem 1’ of Bramson [11] is used in place of his Theorem 1. o

Remark. Versions of Theorems 10.1 and 10.2 above also appear as Theorems 2 and 2’,

respectively, in Bramson [11].
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11 Directions for further research

A compelling problem left open by this paper is that of identifying other families of networks
(besides those discussed in Section 10) which satisfy the conditions of our heavy traffic limit
theorem (Theorem 7.1). More precisely, which open multiclass networks with HL service
disciplines are such that (a) the reflection matrix R is well defined and completely-S (see
Assumption 7.1), and (b) (multiplicative) state space collapse holds (see Assumption 7.2)7
Natural networks to examine in this light are those with (preemptive resume) static priority
service disciplines. For re-entrant lines with a first-buffer-first-served or last-buffer-first-
served static priority discipline, Dai, Yeh and Zhou [25] (see their appendix) have shown
that condition (a) holds. In [11], Bramson gives sufficient conditions for (b) to hold for
networks having a fixed static priority discipline. His conditions are phrased in terms of
required behavior of associated balanced fluid models. It is a challenging open problem to
identify static priority networks for which the sufficient conditions given by Bramson are
satisfied and for which condition (a) holds. A related problem is to further investigate when
state space collapse is necessary for a heavy traffic limit theorem of the type contained in
Section 7 (cf. Appendix B).

The assumption of FIFO service within a class is used in the proofs of Proposition 8.1
and Lemmas 8.2 and 8.4. In particular, this assumption is used to obtain (108) and (192),
where estimates on the behavior of S can be obtained directly from the behavior of the
primitive process V;”". While it seems likely that the results in Proposition 8.1, and Lemmas
8.2 and 8.4, could be extended to other service disciplines (e.g., LIFO and PS), suitable
replacements would need to be found for the aforementioned estimates. In a similar vein, it
is desirable to extend the stopping time property of Lemma 8.3 to other service disciplines
besides those of the HL type considered here. It seems likely that this property holds for a
wide variety of non-idling, non-anticipating service disciplines.

Other generalizations that might be attempted are to relax the independence assumptions
of Section 3.1.6 between and within the external interarrival time, service time and routing
sequences, and to allow external interarrival and service times that may take the value zero
with positive probability. Relaxation of the independence assumption would substantially
affect verification of the martingale property in Lemma 8.4. Allowing zero external inter-
arrival and service times would at least further complicate the verification of the stopping
time property (cf. Lemma 8.3).

Finally, it is natural to try to extend the results of this paper to closed and capacitated
networks. For such networks, the associated SRBMs live in convex polyhedrons. Sufficient

conditions for existence and uniqueness of such SRBMs have been given in Dai and Williams
[24] and an invariance principle for those SRBMs has been established by Dai and Dai [19].

Acknowledgements. J. Michael Harrison first suggested to the author that state space
collapse and an invariance principle for SRBMs are essential keys to the proof of a heavy

traffic limit theorem for multiclass networks. In connection with this, Elizabeth Schwerer
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to the referees for their helpful comments. Finally, the author thanks J. Michael Harrison
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A Appendix: FIFO network of Kelly type for which

the continuous mapping argument fails

We first describe the continuous mapping approach to construction of SRBMs. In the follow-
ing, C7 = {z :[0,00) — R’, = is continuous} and C = {x € C’ : 2(0) € S}. We endow
C’ (and hence Ci) with the topology of uniform convergence on compact time intervals.

Consider the following so-called deterministic Skorokhod problem for a given J x J matrix

R.

Definition A.1 (Skorokhod problem) Let v € C]. Then (w,y) € C7 x C/ solves the
Skorokhod problem (SP) for x (with respect to R) if

(1) w(t)==2(t)+ Ry(t) € S for all t >0,
(i1) y is such that for j =1,...,.J,

(a) y;(0) =0,
(b) y; is non-decreasing,

(c) y; can increase only when w; is zero, i.e., [;° w;(t)dy;(t) = 0.

From the work of Harrison and Reiman [31] and Dupuis and Ishii [26] it is known that
if R is of the form I — @) where |@| (the matrix obtained by replacing each entry in @ by
its absolute value) has spectral radius strictly less than one, then for each z € Ci there
is a unique pair (w,y) that solves the Skorokhod problem for z and moreover the mapping
Y C] — C7 x C7 given by (z) = (w,y) is continuous and adapted (i.e., for each ¢ > 0,
the mapping * — (w(t),y(t)) is Ms-measurable where M; = o{z(s) : 0 < s < t}). The
continuous mapping % can then be used to construct a SRBM W with data (S5,0,I', R, v),
as defined in Section 6, from a given (4, ') Brownian motion X with initial distribution v by

defining (W,Y) = ¢(X). Furthermore, under the assumptions mentioned at the beginning
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of this paragraph, i can be extended continuously to a mapping from D‘_II_ = {z ¢ D’ :
z(0) € S} into D7 x D7, One can then use this continuous mapping to turn approximations
of X (obtained by functional central limit theorems) into approximations of W. This is a
key element of the heavy traffic limit theorem proofs of Reiman [44], Peterson [42] and Chen
and Zhang [15].

Unfortunately, uniqueness of solutions to the Skorokhod problem need not always hold,
even when R is completely-S. For example, Mandelbaum [40] has shown that for J = 2
there can be non-uniqueness of solutions of the Skorokhod problem for certain reflection

matrices. In particular, one can adapt his idea to show non-uniqueness of such solutions for

. 1 4
R:( 5).
_% 1

In such cases of non-uniqueness we do not know that there is a continuous path-to-path

the reflection matrix

mapping that can be applied to yield an SRBM path from a Brownian motion path and so
we cannot use this approach to prove a heavy traffic limit theorem. The following example
illustrates that reflection matrices of this type can arise as SRBM data associated with a
FIFO network of Kelly type. This example was provided to the author by Jim Dai in 1997
and is based on work of Jim Dai, Gang Wang and Yang Wang [23] done in 1992.

Example A.1 Consider a FIFO network of Kelly type as described in Section 3. The

network has three stations, six customer classes, constituency matrix

C =

o O =
o = O
O = O
—_ o O
— O O
o O =

and deterministic routing such that the only non-zero entries in P are Py ;4 = 1 for k =
1,2,...,5. External arrivals are assumed to only occur to class 1 and the (long run average)
arrival rate is assumed to be a > 0. The network is assumed to be of Kelly type and so
there is only one mean service time per station. We let m; denote the mean service time for
customers at station j, 7 = 1,2,3. Service is on a FIFO basis at each station. The traffic
intensity parameter for station j is given by p; = 2am;, y = 1,2,.... If we suppose that «
and m; are fixed such that p; = 1, then under the heavy traffic scaling the matrix GG remains
fixed and from (212) we have

3 2 2
1
]_|_G:diag(aml,amg,amg)C(]_Pl)_lc’/:5 2 30
2 4 3
Hence,
R
neasar=2| 1 s
2 8
2 8 1
) 5



Note that, apart from normalization by a diagonal matrix, the matrix R contains the 2 x 2
submatrix R considered by Mandelbaum [40]. The non-uniqueness exhibited by Mandelbaum
can be parlayed into non-uniqueness of solutions for the Skorokhod problem associated with
R. Thus the continuous mapping approach cannot be used to prove a heavy traffic limit
theorem for this FIFO network of Kelly type. Consequently, the approach presented in this
paper, using the invariance principle for SRBMs, is currently the only viable approach for
FIFO networks of Kelly type.

B Appendix: State space collapse is necessary for a

heavy traffic limit theorem for FIFO networks

Proposition B.1 Consider a sequence of open multiclass queueing nelworks with FIFO
service that satisfies the heavy traffic assumptions of Section 5. Suppose that jointly with the
convergence assumed in (86), we have

(226) (WT,ZT) = (W,Z) asr — oo

where W, 7 are continuous processes. Then for A" given by (61), (63), we have thal state
space collapse holds, i.e., (62) holds.

Proof. From (226), it follows that

(227) (WT,ZT,WT,ZT) = (0,0,W,7) asr — oc.

For a FIFO service discipline we have the additional model equation (cf. Bramson [11]):
(228) Dip(t+W/(1)) — Dy(t) = Z;(t) forallt>0,ke€C(j),j€T.

By a similar proof to that for Lemma 8.2, we have that (91) holds. To see this, note that
from (48) and (227), we have for each 7' > 0,

(229) IA"() = D"()llx = 127(-) = Z"(0)|lr — 0 in probability as r — co.

Then one can proceed precisely as in the proof of Lemma 8.2 (from (138) onwards) to
conclude that (91) holds. Applying (91), (226) and the heavy traffic assumptions of Section
5, we see from (58) that

K

@) A0 = Q B0+ X8 00) - P20 - 20)) 2 A0 asr o
k=1

and this convergence is joint with (226) and (86). Combining this with (56) we have

(231) D7() = A() + (2(0) = 2(-))

D(+) asr— oo,
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jointly with (230), (226) and (86). Now, by (228), for j € J, k € C(j) and t > 0,

5 Dy(r2(t + W] (1)) — Di(r?t)

r

= Dyt + Wi (1) = Dp(t) + Wi ().

It follows from the fact that |[W7(-)||z — 0 in probability for each T' > 0, (226) and (231)
that for j € 7, k € C(y),

(232) Zi() = Di() = D) + MWi() = AgWy(-) as r — oo,
jointly with (226), where for k € K,

Ne if k€ C(j),
(233) Bij = { 0 il k¢C(j).

It then follows from the fact that A” — A, (232) and (226) that

Z() = AT = 270 = AW+ AW() = W) + (A = A7)

= 0 asr— oo,

and hence (62) holds. o
Remark. For the case when the networks are initially empty, i.e., WT(O) =0 and ZT(O) =0

for all r, the above result can be improved using elements of the proofs in Dai-Nguyen [21].
In this case, using an alternative FIFO model equation to (228) that holds when a network
is initially empty, one can show that the conclusion of Proposition B.1 still holds when (226)
is replaced by the simpler assumption that W= W asr — 0o, where W is a continuous
process. While it is likely that this result can be extended to networks that are initially
non-empty, a generalization of the model equation used by Dai and Nguyen would have to

be found. We leave such a generalization for further research.
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