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ABSTRACT

Certain diffusion processes known as semimartingale reflecting Brownian motions (SRBMs)
have been shown to approximate many single class and some multiclass open queueing net-
works under conditions of heavy traffic. While it is known that not all multiclass networks
with feedback can be approximated in heavy traffic by SRBMs, one of the outstanding
challenges in contemporary research on queueing networks is to identify broad categories of
networks that can be so approximated and to prove a heavy traffic limit theorem justifying
the approximation. In this paper, general sufficient conditions are given under which a heavy
traffic limit theorem holds for open multiclass queueing networks with head-of-the-line (HL)
service disciplines, which in particular require that service within each class is on a first-in-
first-out (FIFO) basis. The two main conditions that need to be verified are that (a) the
reflection matrix for the SRBM is well defined and completely-S, and (b) a form of state
space collapse holds. A result of Dai and Harrison shows that condition (a) holds for FIFO
networks of Kelly type and their proof is extended here to cover networks with the HLPPS
(head-of-the-line proportional processor sharing) service discipline. In a companion work,
Bramson shows that a multiplicative form of state space collapse holds for these two families
of networks. These results, when combined with the main theorem of this paper, yield new
heavy traffic limit theorems for FIFO networks of Kelly type and networks with the HLPPS

service discipline.
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1 Introduction

Queueing network models are of current interest for analyzing congestion and delay in
computer systems, communication networks and complex manufacturing systems (see e.g.,
[3, 54]). Many of these systems have stations that can process more than one class of
customer or job (so-called multiclass networks) and/or have complex feedback structures.
Heavily loaded networks, where congestion is a compelling problem, are of particular in-
terest. Frequently, exact analysis of such networks is unavailable and it is natural to seek
tractable approximations. In connection with this, certain diffusion processes, known as
semimartingale reflecting Brownian motions (SRBMs), have been proposed as approxima-
tions for normalized versions of the queue length or workload processes in heavily loaded
networks [28, 30]. Heavy traffic limit theorems justifying these approximations have been
proved for many single class and some multiclass queueing networks (see [52] for a summary
of such results). However, it is known that not all multiclass networks with feedback can be
approximated in heavy traffic by SRBMs (cf. [22, 51, 21, 33]), and one of the outstanding
challenges in contemporary research on queueing networks is to identify broad categories of
networks that can be so approximated and to prove a heavy traffic limit theorem justifying

the approximation.

In this paper, general sufficient conditions are given under which a heavy traffic limit
theorem holds for open multiclass queueing networks with head-of-the-line (HL) service
disciplines, which in particular require that customers within each class are served on a
first-in-first-out (FIFO) basis. For open networks, the associated SRBMs live in the positive
orthant of a Fuclidean space. Besides the usual functional central limit theorem assumptions
and independence assumptions on the primitive processes for our queueing network model,

the two main conditions of our heavy traffic limit theorem are that
(a) the reflection matrix for the limit SRBM is well defined and completely-S,
(b) a form of state space collapse holds.

The definition of a completely-S reflection matrix is given in Section 6. This condition is
known to be necessary and sufficient for the existence and uniqueness of an SRBM. State
space collapse is defined in Section 4 and its key role in the proof of our heavy limit theorem
is explained below. For certain service disciplines, e.g., FIFO (across all classes at a station),

state space collapse is necessary for a heavy traffic limit theorem to hold (see Appendix B).

The two key features of our proof of the heavy traffic limit theorem are

(1) the assumption of state space collapse is used to approximate the normalized high dimen-
sional queue length process at each station by a constant vector times the normalized

workload process for the station,

(ii) an invariance principle (or perturbation result) for SRBMs and condition (a) are used

to turn the independence and functional central limit theorem assumptions for the



normalized external arrival, service time, and routing processes, into weak convergence

of the normalized workload processes to an SRBM.

State space collapse is critical to our treatment of multiclass networks. This phenomenon
was first established by Whitt [50] for the case of a single multiclass station with a static
priority discipline, whereas the term was first used in the later work of Reiman [45, 46],
which was also concerned with a single station. Verification of state space collapse is a
key feature of the heavy traffic limit theorem of Peterson [42] which applies to feedforward
multiclass queueing networks with a preemptive resume static priority service discipline. In
our limit theorem, state space collapse is an assumption, which would need to be verified in
any particular application. In connection with this, in a companion work, Bramson [11] has
shown that a multiplicative form of state space collapse holds for two interesting families of
multiclass networks. In Proposition 8.1 of this paper, it is shown that this multiplicative
form implies regular state space collapse under our heavy traffic conditions and condition

(a), both of which are assumptions for our heavy traffic limit theorem.

Most prior proofs of heavy traffic limit theorems for open queueing networks, such as those
of Reiman [44] for single class FIFO networks, of Peterson [42] for feedforward multiclass
networks with preemptive resume static priorities, and of Chen and Zhang [15] for re-entrant
lines with a first-buffer-first-served priority service discipline, used a stronger and more
restrictive result than the invariance principle referred to in (ii) above. Those proofs relied on
the existence and uniqueness of a continuous path-to-path mapping which could be applied
to obtain an SRBM path as the continuous image of a Brownian motion path (cf. [31, 26]).
A major difficulty in generalizing those proofs to multiclass networks with feedback is that
uniqueness does not always hold for such a path-to-path mapping [2, 41], even when existence
and uniqueness in law of an SRBM is known. Indeed, Dai, Wang and Wang [23] have given an
example of a FIFO network of Kelly type for which the continuous mapping argument used
in [42, 44] cannot be readily extended. (The details of this example are given in Appendix
A of this paper.)

To overcome this difficulty, in [53], this author established an invariance principle (or
perturbation result) for SRBMs which could take the place of the continuous mapping argu-
ment used by Reiman [44], Peterson [42], and Chen and Zhang [15]. This result is based on
a distributional characterization of an SRBM which involves a certain martingale property.
Accordingly, in establishing our heavy traffic limit theorem, a martingale property of the
queueing network model needs to be established, and this in turn requires that a stopping
time property be verified. For our proof of the martingale property (cf. Lemma 8.4), in-
dependence assumptions are imposed between and within the (external) interarrival time,
service time and routing sequences (cf. Section 3.1.6). In particular, this independence is
stronger than what is needed for a conventional continuous mapping argument, where the
main condition is that a functional central limit theorem holds for these primitive processes.
Though it is possible that this independence assumption could be relaxed, this would require

a more general approach than that used here. The stopping time property (cf. Lemma 8.3) is
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expected to hold for a wide variety of non-anticipating service disciplines. However, to give a
rigorous proof of this property, one needs to formalize the notion of a service discipline. The
stopping time property is verified here for so-called head-of-the-line (HL) service disciplines
(our notion of an HL service discipline is a little more general than that used by Bramson in
[10, 11]). An HL service discipline requires that service within each class is on a FIFO basis
(that is, service for each class is concentrated on the customer at the head-of-the-line for the
class) and each class receives a proportion (possibly zero) of the associated server’s time,
where this proportion may be random but it is kept constant between changes in the arrival
and departure processes. Furthermore, these proportions should depend in a measurable way
on the “state” of the queueing network, and they should not anticipate (external) interarrival
times, service times or routing vectors for future arrivals (our measurability and dependence
assumptions are made precise in Section 3.1.5). Common service disciplines which satisfy
the HL requirement are FIFO (across all classes at a station), preemptive resume static pri-
orities and HLPPS (head-of-the-line proportional processor sharing). Static priority policies
without preemption could be included in an extension of our model. However, to reduce the
complexity of the stopping time argument, that case has not been treated here (see Section

3.1.5 for more discussion).

We note here that in recent work Chen and Zhang [16] have given a heavy traffic limit
theorem for a multiclass FIFO network with a restrictive spectral radius condition on the
workload contents matrix (denoted by G here). They do not use a continuous mapping
argument and in a sense they implicitly verify (i) and (ii). Their approach to proving the
stopping time property is different from that used here. Furthermore, they only consider a
FIFO service discipline. The main result stated in Chen and Zhang [16] is neither subsumed
by nor subsumes the results indicated below for FIFO networks of Kelly type. It remains an
open problem to identify collections of FIFO networks that naturally satisfy their spectral
radius condition.

As applications of the main theorem of this paper, the results of Bramson [11] on multi-
plicative state space collapse are combined with a verification of condition (a) (see Dai and
Harrison [20] for FIFO networks of Kelly type and Section 9 for an extension to HLPPS
networks), to yield new heavy traffic limit theorems for FIFO networks of Kelly type and
HLPPS networks. In a FIFO network, customers are served in the order of their arrival at
each station, without regard to their class designation. A Kelly type network is such that
the mean service time is the same for all classes at a given station. (In fact, Bramson works
with a mild generalization of Kelly type networks, namely those that are asymptotically of
Kelly type. Our heavy traffic limit theorem also holds for such networks with a FIFO service
discipline. However, to simplify terminology in the text, we shall simply use the term Kelly
type until we come to the precise statement of the relevant heavy traffic limit theorem or
to proofs of related results, see e.g., Lemma 9.2 and Theorem 10.1.) In an HLPPS network,
all non-empty classes present at a station are served simultaneously, where the fraction of

time spent on a given class is proportional to the number of customers present in that class,



and all of this service goes to the customer at the head of the line of the class. When the
service times are exponentially distributed, the queue length process for an HLPPS network
is equivalent in distribution to that for a network having the usual processor sharing disci-
pline in which all customers at a station receive an equal proportion of the server’s time.
Thus, HLPPS networks have some similarities with processor sharing and FIFO networks,

but they turn out to be easier to work with for the purpose of verifying state space collapse.

This paper is organized as follows. Some preliminary notation is established in Section
2. Our model for an open queueing network is described in Section 3. Although much of
the setup described there applies for arbitrary non-idling service disciplines, our heavy traffic
limit theorem is only proved for head-of-the-line (HL) service disciplines. Thus, from Section
3.1.5 onwards we restrict to such service disciplines which include FIFO (across all classes at
a station), preemptive resume static priority and HLLPPS policies. Fluid and diffusion scaling
for the primitive network processes and performance processes are defined and applied to
equations satisfied by our network model in Section 4. Assuming state space collapse and
invertibility of a certain data matrix, these equations are then reduced to the form given by
equations (74)—(77). Our heavy traffic assumptions, in particular, conditions which imply a
functional central limit theorem for the primitive external arrival, service time, and routing
processes, are specified in Section 5. The precise definition of a semimartingale reflecting
Brownian motion in an orthant (SRBM) is given in Section 6. The main result of this
paper, namely, the statement of general sufficient conditions which imply a heavy traffic
limit theorem for open multiclass queueing networks with HL service disciplines, is given in
Section 7. This result is proved in Section 8. In Section 9, Assumption 7.1 (or equivalently,
condition (a) above) on the data matrices for the queueing networks is verified to hold for
FIFO networks of Kelly type and HLPPS networks. This was originally shown by Dai and
Harrison [20] for FIFO networks of Kelly type. Their proof is repeated in Section 9 for
completeness and to facilitate the extension made there to HLPPS networks. In Section 10,
the results of this paper are combined with those of Bramson [11] to yield new heavy traffic
limit theorems for FIFO networks of Kelly type and HLPPS networks.

As a possible roadmap for reading this paper, we suggest the reader start with Section
3, to become familiar with our queueing network model and the associated performance
processes. After reviewing the definitions of the diffusion scaled processes in Section 4, the
reader may then turn to Section 10 where the main theorem of this paper is applied, in
combination with the results of Bramson [11], Dai-Harrison [20] and Section 9, to yield new
heavy traffic limit theorems for two families of open multiclass networks. In order to fully
appreciate the meaning of the results stated there, the reader will need to consult Section
2 for notation related to weak convergence, the heavy traffic assumptions of Section 5, and
the definition of an SRBM given in Section 6. However, knowing the statements of the
results should guide the reader in focussing on what is essential for their understanding. The
reader will note that the proofs of these two results in Section 10 are quite short. This is

no accident. On consulting the main theorem of the paper, Theorem 7.1, the reader will see



that this theorem is set up in such a way that a heavy traffic limit theorem is immediate once
Assumptions 7.1 and 7.2 (i.e., (a) and (b) above) have been verified. For the two applications
given in Section 10, Assumption 7.1 on the data matrices follows from Dai-Harrison [20] and
Section 9, and Assumption 7.2 on multiplicative state space collapse is shown to hold in
Bramson [11]. Finally, the reader will want to turn to Sections 7 and 8 where the main
theorem of this paper is stated and proved. At this stage the reader will need to consult

Section 4 in more detail.

2 Notation

The set of non-negative integers will be denoted by IN. For each positive integer n, the n-
dimensional Euclidean space will be denoted by IR™ and the n-dimensional positive orthant
will be denoted by R} = {z € R" :2; >0, 2 =1,...,n}. When n = 1, the superscript will
be suppressed on IR' and IR}F Vectors will be column vectors unless indicated otherwise.
Inequalities between vectors in IR" should be interpreted componentwise. For a,b € R",

b component is the maximum of a; and b;

we shall use a V b to denote the vector whose 1"
for e = 1,...,n. Similarly, a A b will denote the componentwise minimum of @ and b. The
superscript ' will be used to denote the operation of taking the transpose of a vector or
matrix. For = (z1,...,2,) € R", we will use the norm |z| = max?_, |z;|, and for the norm
of an n x [ matrix A we will use |A| = max’_, 2221 |A;;|. For a vector € IR", the n X n
diagonal matrix whose diagonal entries are given by the components of x will be denoted by
diag(x).

The notation IP will be used to denote a probability measure and IE will be used to
denote the expectation relative to IP. A triple (Q,F,{F:,t > 0}) will be called a filtered
space if Q is a set, F is a o-field of subsets of 2, and {F;,¢ > 0} is an increasing family of
sub-o-fields of F, i.e., a filtration. If in addition, IP is a probability measure on (£, F), then
(Q,F,{Fi,t > 0},IP) is called a filtered probability space. A filtration {F:,¢ > 0} will often
be simply written as {F;}. Given a fixed filtration, an n-dimensional process will be called a
martingale (relative to the filtration) if and only if each component is a martingale (relative
to the filtration).

For each positive integer n, let D™ be the space of “Skorokhod paths” in IR" having
time domain [0, 00). That is, D" is the set of all functions w : [0,00) — R" that are right
continuous on [0,00) and have finite left limits on (0,00). We shall use the abbreviation
r.c.l.l. for “right continuous with finite left limits”. The identically zero path in D™ will be
denoted by 0. For w € D™ and T' > 0, we let

(1) [wllr = sup |w(t)].
tel0,T]

Consider D" to be endowed with the usual Skorokhod J;-topology (see Skorokhod [48] and
Ethier and Kurtz [27]). Let M™ denote the Borel o-algebra on D" associated with this



Skorokhod topology. This is the same as the o-algebra generated by the coordinate maps,
ie, M" =o{w(s): 0 < s < oo}. Each continuous-time (stochastic) process in this paper
will be assumed to have paths in D" for a suitable value of n. That is, such a process is
a measurable function from some probability space (2, F,IP) into (D", M™). To indicate
the dependence on n, we shall call such a process an n-dimensional process. Consider n-
dimensional processes W1, W2, ..., and W. The filtration generated by W is taken to be
{Fi,t > 0} where F; = o{W(s): 0 < s <t} for all t > 0. The sequence {W'}2, is said
to be tight if and only if the probability measures induced by the W' on (D", M") form a
tight sequence. The notation “W' = W” will mean that the probability measures induced
by the W* on (D", M") converge weakly to the probability measure induced on (D", M")
by W as i — oo; this same state of affairs may be expressed by the statement “W* converges
in distribution to W as ¢ — oo”. For more on tightness and convergence in distribution of

processes taking values in D", see Chapter 3 of Ethier and Kurtz [27].

3 Open multiclass queueing networks: the model

In this section, our model for an open multiclass queueing network is defined. This model
is a variant of that used by Harrison and Nguyen [30] for open multiclass networks with a
first-in-first-out (FIFO) service discipline. In particular, different service disciplines besides
FIFO are allowed here and model elements incorporate information about residual service
times, and order and age of customers present in the network at time zero. The latter
are important for our treatment of networks that are initially non-empty. (For simplicity,
prior limit theorems have frequently assumed that the networks are initially empty, see
e.g., [44, 42]. For multiclass networks, this is a non-trivial assumption, see [29] for related
discussion.) Also, rather than considering a single collection of primitive processes with
accelerated long run average arrival rates, as is done in Peterson [42] and Harrison and
Nguyen [30], we revert to the more general framework of Iglehart and Whitt [34, 35] and
Reiman [44], where a family of networks is considered, each member of which may have
a different collection of primitive processes. In short, in the terminology of central limit
theorems, a triangular array of primitive (external) interarrival time, service time and routing
sequences is considered. We have chosen this more general setup because a heavy traffic
limit theorem in this context implies a certain uniformity or robustness of the diffusion
approximation to small perturbations in the distributions of the (external) interarrival times,
service times and routing sequences. Our description of the initial data is a little different
from that used in Bramson [11], where the focus is on establishing state space collapse. The
correspondence between our setup and that used by Bramson is described at the end of this

section.
Here a queueing network will be taken to consist of a fixed finite set of (service) stations
through which customers (or jobs) are processed. A customer visits stations in a sequential

manner and receives service at each station visited. In an open network, each customer



arrives from outside the network, visits a finite number of stations and then exits the network.
The route of a customer is the ordered sequence of stations that the customer visits during
its sojourn in the network. It is assumed that for each station there is an infinite buffer
to store customers awaiting service there. Each customer at a station belongs to one of a
finite number of classes. The mapping from classes to stations is many-to-one and customers
change class as they go from one station to the next. Customers in different classes may be
distinguished for example by their (external) interarrival time or service time distributions,

routing protocols or treatment under the service discipline.

3.1 Model primitives

Our description of the primitive elements for our open multiclass queueing network model
is broken down into assumptions concerning network structure, external arrivals, service
times, routing, service discipline, initial conditions, and independence. Given these model
primitives, the evolution of the queueing network is determined as that of a discrete event
system. In particular, the descriptive processes Z,W.Y, A, D, introduced in Section 3.2

below, are determined from this.

3.1.1 Network structure

We consider an open multiclass queueing network consisting of J (1 < .J < o) stations with
a single perfectly reliable server at each station and K (J < K < o0o) customer classes for the
entire network. For convenience, let 7 = {1,...,J} and K = {1,..., K}. The many-to-one

mapping from customer classes to stations is described by a J x K constituency matriz C

where for y € J, k € K,

(2) O { 1 if class k is served at station j,
Ik =

0 otherwise.

For j € J, let C(j) denote the constituency of server j,ie.,C(j) ={k € K:Cj =1}. We
assume that C(j) # 0 for each j. For k € K, let s(k) denote the station at which class & is
served, i.e., s(k) is the unique j € J such that Cj, = 1.

3.1.2 External arrivals

We assume that there is a K-dimensional external arrival process E = {E(t),t > 0} such that
for each class k € K, Fi(t) is the number of arrivals to class k from outside the network that
have occurred by time . We may have Fi(-) = 0 for some k. Let A= {k € K : Ej(-) # 0},
the set of classes that have some external arrivals. We assume that A is non-empty. For
each k € A, Fj, is assumed to be defined from a sequence of independent random variables
{ug(v),i =1,2,...}, where for i = 2,3,..., ux(i) denotes the time between the (i — 1)* and

the 't external arrival of a class k customer, and uy(1) denotes the first (residual) interarrival



time that is equal to the time measured from zero until the first external arrival to class k. It
is assumed that {ug(2),2 =2,3,...} is a sequence of strictly positive i.i.d. random variables,
each with mean 1/a; € (0,00) and variance a; € [0,00). The residual interarrival time
ur(1) is assumed to be independent of {ux(z),7 = 2,3,...} and to be strictly positive, but is
otherwise arbitrary. For k € A, setting U(0) = 0 and

(3) Ur(n) => ug(i), forn=1,2,...,
=1
we have
(4) Er(t) =max{n >0:Ug(n) <t} forallt>0.

Thus, Fy is a (delayed) renewal process. We interpret oy as the long run average external
arrival rate for class k. For convenience, we define ap = 0,a; = 0 for £ ¢ A, and we
let E4,Uy4 denote the | A|-dimensional processes whose components are given by Fy, Uy,

respectively, for k € A.

3.1.3 Service times

For each k € K, we assume that there are two sequences of service times for the class k cus-
tomers. A first sequence of random variables {vg(z),7 = 1,2,...} gives the (residual) service
times for those class k customers who are originally at station s(k) at time zero. (There are
more elements in this infinite sequence than needed, but there is no loss of generality in this
and having an infinite sequence makes for a more convenient mathematical setup.) These
“original” customers are assumed to have an ordering corresponding to (fictitious) arrival
times occurring at or before time zero. For instance the first “original” class k customer is
the one who arrived the longest time ago, the second customer in class & is the next original

b customer of class k in the net-

class k customer to have arrived, and so on. If there is an 7’
work at time zero, then vp(¢) is interpreted as the (residual) service time for that customer,
i.e., it is the amount of service time (as measured from time zero) that the customer still
needs to receive before it can depart station s(k). We define an original cumulative service

time process for class k by
(5) Vin) =Y vp(i), n=1,2,...,
i=1

and for convenience we define V,?(0) = 0. If Z7 is a random variable denoting the number
of customers in class k at time zero, then we assume that v((z) > 0 for 1 < ¢ < Z7. Further
essential distributional assumptions for the sequences {vp(¢),e = 1,2,...}, k € K, will be
embodied in the independence assumptions of Section 3.1.6 and the heavy traffic assumptions

of Section 5.

A second sequence of random variables {vi(z),2 = 1,2,...} gives the service times for the

subsequent customers arriving into class k after time zero. The time v§(¢) is the amount of
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service time at station s(k) required by the " customer who arrives into class k after time
zero. Thus, these service times are ordered according to the times of arrival of the associated
class k customers. It is assumed that {vj(:),7 = 1,2,...} is a sequence of strictly positive
i.i.d. random variables, each with finite mean mj > 0 and variance by € [0,00). We let
M denote the K x K diagonal matrix with m; as the k*® diagonal element. Let p; = m%y
which is the long run average rate at which class k& customers would be served if the server
s(k) were never idle and the server devoted all of its attention to class k. We define the

subsequent cumulative service time process for class k by
(6) Vii(n) :Zv,i(i), n=12...,

and for convenience we define V;*(0) = 0.

For a multi-index n = (n1,...,nkx) where each ng, k € K, is a non-negative integer, we
let
(7) Vo(n) = (VW(n), ..., Vg(nk))',

and we define V*(n) similarly.

3.1.4 Routing

We assume Markovian routing which can be described as follows.

Let eq,...,ex be the unit basis vectors parallel to the K coordinates axes in IR® and
let e be the K-dimensional vector of all zeros. For each class k € K, {#(¢),7 = 1,2,...} is
a sequence of i.i.d. routing vectors where ¢*(i) takes values in the set {eg,e1,...,ex}. The

interpretation of the routing vectors ¢*(7) is that the :*" class k customer to depart from
station s(k) is next routed to class [ if ¢*(z) = ¢; for some [ € K, or it leaves the network if
¢*(i) = eo.

Let Py = IP(¢*(i) = &), k € K, 1 € K. The K x K matrix P with components Py is
called the routing matriz. To simplify later notation involving other superscripts, we let P
denote P, the transpose of the matrix P. To satisfy our open queueing network assumption,
the matrix P, or equivalently P, is assumed to have spectral radius strictly less than one.
Hence
(8) Q=P ' =I14+P+(PP?+(PP+...
is well defined, where (]5)” denotes the n'™ power of P. The matrix entry Qy; is interpreted

as the average number of visits to class [ made by a customer who starts in class k.

Note that for k& € K,
(9) E[¢"(i)] = P*and  Covlg*(i)] = T*,
where P* denotes the k™ column of P and T* is the K x K matrix defined by

Tfm _ {Pkl(l — Pkl) ifl = m,

1
( 0) _PklPkm if 75 m.

11



(The reader should not confuse P* with the k' power of P, for we shall always write the
latter as (P)*.) For each k € K, we define a K-dimensional cumulative routing process for

class k by
(11) OF(n) = ¢%i), n=12,...,
=1

and for convenience we define ®*(0) = 0. We let ® = (®!,... ®F).

3.1.5 Service discipline and initial conditions

A service discipline is a non-idling policy if a server is never idle when there are customers
waiting to be served at its station. (Some authors refer to this as a work conserving policy.)
We only consider non-idling policies. Furthermore, while the general model described so far
could apply to non-idling policies such as last-in-first-out (LIFO) and processor sharing (PS),
our heavy traffic limit theorem is only proved for head-of-the-line (HL) service disciplines.
Although LIFO and PS are excluded, the collection of HL disciplines does include such
common service disciplines as FIFO (across classes), preemptive resume static priorities and
head-of-the-line processor sharing, in particular, it includes the HLPPS (head-of-the-line

proportional processor sharing) service discipline.

HL service disciplines. The rough description of an HL service discipline given in the
introduction will be made more precise here. An HL service discipline is a non-idling policy
and service within each class is on a FIFO (first-in-first-out) basis. Each class receives a
proportion (possibly zero) of the associated server’s time, where this proportion may be
random but it is kept constant between changes in the arrival or departure processes. To
further describe an HL service discipline, we need to specify the information about the state
of the queueing network that may be used to update the proportions of the server’s time

allocated to the various classes when a new arrival or departure occurs in the network.

For this, we define a strictly increasing sequence {o,}72, that specifies the successive
times at which an arrival occurs to, or a departure occurs from, some class in the network.
(The sequence {o,}72, is strictly increasing and so more than one arrival or departure may
occur at a given o,.) More precisely, we define og = 0 and o, (for £ > 1) as the time of
the (" change in the number of arrivals to, or the number of departures from, some class
in the network. (For a constructive approach, one should define the o, inductively along

with the proportions r* associated with the description of the service discipline below. In

this, for each £, o, would be defined first and then r* would be defined. While it is clear
that this could be done (cf. Lemma 8.3), here we take a descriptive viewpoint and leave
a formal inductive construction to the interested reader.) Using the fact that at least one
class has a non-zero external arrival process, it can be shown that o, < oo a.s. for each /,
and furthermore, using the a priori bound (192) on the arrival process it can be shown that
oy — o0 a.s. as { — oo. To avoid the need to always mention the exceptional null sets

where these properties may not hold, we assume that such exceptional null sets have been
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removed from the probability space a priori. There is no loss of generality in this, since our

main result, Theorem 7.1, is a statement about convergence in distribution.

For each £ € N, 1 € A, and k € K, let Z} denote the number of class k customers that
are in queue or being served at the time o, let uf denote the residual interarrival time for
class [ as measured from oy, (i.e., uf is the amount of time remaining after o, until the next
external arrival to class 1), and let vi(z) for 1 < ¢ < Z} denote the residual service time
for the 7™ customer present in class k at the time o, (i.e., the amount of server s(k)’s time
still required by the *" customer present in class k at o;). Here customers in class k are
ordered according to their times of arrival into the class, with the first customer being the
one who arrived the longest time ago, etc. A tie breaking rule (see below) can be invoked
for simultaneous arrivals to a class. For £ = 0, recalling the definitions in Sections 3.1.2 and
3.1.3 of the original queuelength, residual interarrival times and residual service times, we
have Z) = Z; is the number of customers initially in class k, u) = u;(1), and vQ(¢) = vi(4),
fors =1,...,7Z). For convenience, we extend the identity v{(i) = v(z) to ¢ > Z}, so that
this equality holds for all 7. (The times vQ(i),vg(¢) for i > Z2, are not used in specifying
the queueing network model, they are simply included for the mathematical convenience of
avoiding sequences of random length.) Similarly and even more simply, we set v (z) = 0 for
all i > Z{ and £ > 1. (We did not make this simplistic assumption of a zero value for the
case £ = 0, because the more general structure of our sequence of original residual service
times allows us to easily explain the correspondence with Bramson’s model, which differs
slightly in its treatment of the initial data.) For certain service disciplines, such as FIFO and
preemptive resume static priorities, additional information is needed to specify the action of
the service discipline. For uniformity, we include this with the information for all HL service
disciplines. For each station j € 7, let Zf = 2 kec(s) Z;. Now, consider the Zf customers
that are at station j at o, to be ordered according to the times at which they arrived at
the station, where the first customer is the one who arrived the longest time ago, etc. A tie
breaking rule (see below) is invoked to determine the ordering of customers who arrive at
a station at the same time. For each £ € IN and j € J, the composition of the customer
population at station j at time o, is recorded in a sequence {Of(z) %, of (class, age) pairs.
More precisely, {Of(z) 2, 1s a sequence of pairs of random variables where each pair takes
values in Ko x R4 (for Ko = {0} UK) such that for 1 < < Zf, Of(z’) is associated with the
" customer at station j at the time oy. The first coordinate of this ordered pair is the class
designator for the customer (an element of K), and the second coordinate is the “age” of that
customer, i.e., the amount of time that has passed since the customer arrived to its current
class at station j. For ¢ > Zf +1, Of(i) = (0,0). For example, provided Zf > 0, Of(l)
consists of the class designator and the age of the customer that is at station j at o, and who
arrived there the longest time ago. For ¢ = 0, the customers present at each station at time
zero are assumed to have (fictitious) arrival times that occurred before time zero. (These
fictitious times may also come into the computation of Of- for £ > 0 through customers who

are initially at station j and who are still there at some later times o, for £ > 0.) For many
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purposes the additional information about the order of arrival of the customers to station
J that is carried by the first coordinate of the sequence {Of(i),i =1,2,...} suffices for the
specification of the service discipline at the station. However, the additional information
about ages of customers carried by the second coordinate of {Of(i),i = 1,2,...} has been
included to allow for a wide variety of HL disciplines, including those that might provide
service based on the specific age of the customers at the station.

For each £ € IN, let Z* = (Z¢,..., ZL), u* = (uf : 1 € A), v* = {(v(1),...,v% (1)},
0" = {(04(i),-..., 04 (i) }i2, and

(12) Xt = (7" u" ' 0Y,

Then, X* is the information that can be used to determine the proportions of server effort to
be allocated to the various classes for the period [0y, 0/41). Define X (t) = 372, X£1{04§t<ag+1}
for all ¢ > 0. We regard X(0) = X° as specifying the initial condilions for our queueing

network model.

An HL service discipline is such that at the time o, for each j € J, proportions r%

(of server j’s effort) are assigned to the classes k € C(j) at station j, where ri = 0 if
Zi = 0 and Yokec(s) re = 1if Zf # 0. These proportions are specified by a measurable
function ¥ : INF x 1R|_r_4| X (]Rﬁ)]N X ((Ky x ]R_|_)J)IN — [0, 1]% where r* = W(X*). (Here, the
measurable structures on the domain and range are specified in the natural way — product
o-algebras are used, where IN and K have their discrete o-algebras and [0,1], Ry, IR are
endowed with the usual Borel o-algebras.) Over the interval [0y, 0/41), for each class k € K,
service time is dispensed by server s(k) to class k at a constant rate of ;. Then r% is the
proportion of server s(k)’s time devoted to class k over the interval [0y, 0/41). It is also the
rate at which the workload (measured in units of required service time) is being depleted for
class k over this time interval. More formally, if for each ¢t > 0, Ty(¢) denotes the amount
of time server s(k) has spent serving class k up to time ¢, then for ¢ € [0y, 0/41), Tk(t) =rt,
where the dot notation denotes the time derivative from the right. An HL service discipline
is a service discipline satisfying all of the above assumptions. From now on we restrict to
such service disciplines. We describe several common HL service disciplines in more detail
below.

FIFO. Under a FIFO service discipline, customers at each station are served on a first-in-
first-out basis. Thus, for this discipline, for j € J and k € C(j), ri = 1 if the first coordinate
of Of(l) equals k and ri = 0 otherwise. A FIFO network of Kelly type is a FIFO network
such that for each station 3 € J, the mean service time my is the same for all customer
classes k € C(7) served at station j.

Static Priorilies (Preemplive Resume). Under a static priority discipline, the classes at
each station have a fixed ranking. When the server switches attention from one customer
to another, the new customer is taken from the head-of-the-line of the highest ranking non-
empty class at the server’s station. If two or more classes are tied at the same rank, then all

customers with the same rank are served on a FIFO basis, without regard to class designation.
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We consider preemptive resume static priority service. For this, when a customer arrives at
the server’s station with a higher rank than the one currently being served, the service of the
current customer is interrupted until service of all customers with higher ranks is completed,
at which time the interrupted service continues from where it left off (preemptive resume).
For this discipline, for j € J, if k € C(j) is the single highest ranking class that appears in
the first coordinate of the sequence 0% = {O%(i)}2, then ri = 1 and r{ = 0 for [ € C(j),
[ # k. If there is more than one class of highest rank appearing in Of, then r; = 1 for
the first such class k appearing in the sequence O% and r{ = 0 for all [ € C(j) \ {k}. One
could handle non-preemptive priority service by adding an additional component to X to
keep track of the customer currently being served at each station. For the sake of simplicity
(in verifying the stopping time property in Lemma 8.3), we have not included this case here.
Indeed, based on extant limit theorems and the fact that a single customer is infinitesimal
in the heavy traffic limit, it is reasonable to conjecture that the heavy traffic behavior will
be the same whether preemptive or non-preemptive service is used. For future reference, for
each j € J, we let L(j) denote the index (or indices) for that class (or those classes) that

have lowest priority at station j.

Head-of-the-line processor sharing (HLPS). An HLPS service disciplineis an HL discipline
where the server simultaneously serves the customers at the head-of-the-line of each (non-
empty) class, i.e., i > 0 for each k such that Z} > 0. If the server allocates effort to each
class in proportion to the number of customers in that class, the discipline is called the
head-of-the-line proportional processor sharing discipline (HLPPS). For this discipline, for
jET, keC(y), r= Zﬁ/Zf if Zf # 0, or i, = 0 if Zf = 0. Alternatively, another type
of HLPS discipline is obtained if the server allocates its effort equally among the non-empty
classes.

Remark. Bramson’s [10, 11] definition of an HL service discipline is a little more restrictive
than that described here in that his proportions r* depend on a modified X*, where the
sequence v’ = {v*(1)}32, is replaced by the vector v*(1), consisting simply of the first residual

service time for each class. Since the information in v*

is not used in specifying the FIFO,
preemptive resume priority or HLPPS service disciplines, Bramson’s results apply for these
disciplines.

Breaking ties. In addition to the above, if simultaneous arrivals are allowed to a station,
then a rule is needed for determining the (FIFO) ordering of these arrivals. For concreteness
and for the purpose of rigorous proof, we describe below a specific tie breaking rule to be
used in such cases. We call this a deterministic tie breaking rule because it does not require
the use of additional randomness beyond that already present in the system in order to break

the tie.

For simultaneous arrivals to different classes at a given station, the FIFO ordering of
the classes is determined by considering arrivals to higher numbered classes to have occurred
immediately ahead of arrivals to lower numbered classes. For simultaneous arrivals to a given

class, their FIFO ordering within the class is based on the classes from which the customers
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just came, with customers who just departed from higher numbered classes being placed
ahead of customers who just departed from lower numbered classes, and external arrivals
being considered to have just departed from a lowest numbered class labelled “zero”. If
simultaneous arrivals occur both to the same class and to different classes at a given station,
the classes are first ordered and then the customers are ordered within each class, according

to the above rules.

The reader should note that, in the presence of simultaneous arrivals to different classes
at a station, a tie breaking rule is needed to update the order sequence {O*}22,. However,
depending on the service discipline, this rule may not affect the evolution of our measures
of performance, namely, the queue length and workload processes. For example, although
the order of arrival to different classes is used in executing the FIFO (across classes) service
discipline, this information is not needed for a strict priority or HLPPS discipline. Fur-
thermore, for simultaneous arrivals to the same class, the service times and routing vectors
for the class are i.i.d. and the information inserted in the order sequence {O*}$2, for these
arrivals is the same. Consequently, the specific tie breaking rule used within a class will not
affect our heavy traffic limit results. We have given an explicit tie breaking rule for this case
so that the reader who wishes to do so will have something concrete to focus on and will not

be concerned that this is an undefined quantity.

3.1.6 Independence

We assume that {u;(i),7 = 2,3,...}, {vi(¢),s = 1,2,...} and {¢*(z),1 = 1,2,...},for L € A
and k € K are mutually independent sequences of i.i.d. random variables (or vectors in the
case of the ¢(7)) and that collectively these are independent of X (0). These properties are
used to verify the functional central limit theorem in Section 5 and a certain martingale
property in Section 8. While the independence assumption could be relaxed somewhat and
the functional central limit theorem would still hold, the proof of the martingale property
uses the independence in a crucial way and generalizing the proof would require a different
approach than adopted here.

We shall refer to the basic stochastic processes F, V? V?* ® as the primitive processes for
our multiclass open queueing network model. They are primitives in the sense that given
these processes, the service discipline, initial conditions X' (0) and the rule for “breaking ties”,
one can construct path-by-path the queue length, workload, cumulative idletime, arrival and

departure processes.

3.2 Performance processes and model equations

The following descriptive processes Z, W, Y will be used to measure the performance of our

queueing network. For each class k € K, let Z;(t) denote the number of class k customers
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that are in queue or being served at station s(k) at time t. The K-dimensional process
(13) 7 = {2(),1 > 0}

is called the queue length process. For each station j € J, let W;(t) denote the amount of
work (measured in units of remaining service time) embodied in those customers who are at

station j at time ¢. The .J-dimensional process
(14) W= (W(1),t > 0}

is called the (immediate) workload process. For each station j € J, let Y;(t) denote the total
amount of time that the server at station j has been idle in the time interval [0,¢]. The

J-dimensional process
(15) Y = (Y(1),1 > 0}

is called the cumulative idletime process. The queue length and workload processes mea-
sure congestion and delay in the network. The idletime process measures utilization of the
resources (servers) in the network.

We further define the K-dimensional descriptive processes A = {A(t),t > 0} and D =
{D(t),t > 0} where for each ¥ € K and t > 0, Ax(t) denotes the number of arrivals
(both internal and external) to class k that have occurred in the time interval [0,¢] and
Di(t) denotes the number of departures from class k& that have occurred in the interval
[0,1]. We assume that A(0) = 0 and D(0) = 0. Let e denote the .J-dimensional vector,
each component of which is equal to one. Then the processes A, D, W, Y, Z are related by
the following model equations (cf. [30]). Here new processes L and F' are introduced to
elucidate the system structure. These are defined in equations (17) and (22), respectively.
We emphasize here that the model equations (16)—(22) are simply relations satisfied by the
descriptive processes associated with our queueing network model. These equations do not
give a complete description of the behavior of our queueing network (see the Remark at the

end of (this) Section 3.2).
For each t > 0,

(16) A(t) = E(t)+ F(1)

(17) L(t) = CV*(A(t)

(18) W) = CV°(Z(0)

(19) W(t) = W(0)+ L(1) — el + Y ()
(20) Y(t) = Oitigt(W(O)—l-L(s)—es)
(21) Z(t) = Z(0)+ A(t) - D(1)

(22) Pl = gcbkwk(t))

where £~ = max(—z,0) for z € R’ and the maximum (as well as the supremum in (20)) is
taken componentwise.
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Figure 1: Schematic for a multiclass open queueing network

These equations can be interpreted as follows. The arrivals to class [ in [0,¢] consist of
Ey(t) external arrivals plus Fi(t) = S8, ®F(Dy(1)) arrivals from feedback due to the fraction
of the Dy(t) departures from class k that are routed next to class [, summed over all classes
k € K. The total amount of work that has arrived at station j by time ¢ consists of the initial
workload W;(0) = Y rec(j) VP (Zx(0)) due to the ey Zx(0) customers who are originally
at station j at time zero, plus the amount of work that has come in due to arrivals in [0, ¢]
to the classes k € C(7). The #*® such arrival to class k brings with it an amount of work v§(z)
and hence the total amount of work that has come to station j in [0,¢] due to such arrivals
is the cumulative load L;(1) = ey Vi (Ar(t)). The amount of work W;(t) remaining at
station j at time ¢ is then W;(0) + L;(¢) minus the amount of time ¢ — Y;(¢) that the server
has been busy up to time ¢. This leads to the expression for W given by equations (17)-(19).
Now for each 57 € J, W, is a process with r.c.l.l. paths that take values in [0, 00), and Y is

continuous, non-decreasing and starts from zero. Furthermore, we have the integral relation

(23) o )Wj(t) dY;(t)=0 forall j € J,

which embodies the non-idling property that server j can only be idle when there is no work
to be done at station j. It then follows from uniqueness of the solution of the one-dimensional
Skorokhod problem (cf. [13]) that Y; is given by equation (20). The equation (21) simply
expresses the fact that the queue length Zi(t) for class k at time ¢ is equal to the initial
queue length Z;(0) plus the number of arrivals Aj(¢) that have occurred to class k in [0, ]

minus the number of departures Dy(t) from class k that have occurred in that time interval.

Remark. The fact that equations (16)—(22) do not give a complete description of the
behavior of our queueing network model is deliberate. These are generic equations satisfied
by the descriptive processes associated with any queueing network model satisfying the
assumptions of Section 3.1. In particular, these equations do not include information about

the service discipline. In certain situations (e.g., for a single class FIFO network as considered
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by Reiman [44]), one can add one or more equations to uniquely specify the evolution of
the processes Z, W,Y, A, D. However, for a general HL service discipline in a multiclass
network, one would at least need to add equations that are equivalent to the description
given in Section 3.1.5. This has not been done here because the queueing network model
described in Section 3.1 is taken as primitive and the model equations, plus a K x J matrix
A to be introduced later as a distillation of the service discipline, are the main derivatives