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Part I

Groups
1 Introduction

Some motivation:
In this age of computers, algebra may have replaced calculus (analysis) as the most important part of mathematics. For

example:
1) Error correcting codes are built into the CD player and the computer. Who do you call to correct errors? The

algebraist, that’s who!
2) Digital signal processing (such as that involved in medical scanners, weather prediction, the search for oil) is dominated

by the fast Fourier transform or FFT. What is this? The FFT is a finite sum whose computation has been sped up considerably
by an algebra trick which goes back to Gauss in 1805. Once more, algebra not analysis rules.
3) In chemistry and physics, one studies structures with symmetry such as the benzene molecule depicted in Figure 1.

What does the 6-fold symmetry have to do with the properties of benzene? Group theory is the tool one needs for this.

Figure 1: benzene

4) The search for secret codes —cryptography. Much of the modern world —particularly that which lives on the internet
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depends on these codes being secure. But are they? We will consider public key codes. And who do you call to figure out
these codes? An algebraist !
5) The quest for beauty in art and nature.

Figure 2: photoshopped flower

Figure 3: hibiscus in kauai

Our goal this quarter is to figure out enough group theory to understand many of these applications.

References:
J. A. Gallian, Contemporary Abstract Algebra; N. Carter, Visual Group Theory ; L. Dornhoff and F. Hohn, Applied

Modern Algebra; W. Gilbert and W. K. Nicholson, Modern Algebra with Applications; G. Birkhoff and S. Maclane, A Survey
of Modern Algebra; A. Terras, Fourier Analysis on Finite Groups and Applications. There is also a free program: Group
Explorer, which you can download and use to explore small groups. Another free but harder to use program is SAGE.
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Figure 4: picture with symmetry coming from the action of 2× 2 matrices with non-0 determinant and elements in a finite
field with 11 elements

Some history.
Much of our subject began with those favorite questions from high school algebra such as finding solutions to polynomial

equations. It took methods of group theory to know when the solutions could not be found in terms only of nth roots.
Galois who died at age 21 in a duel in 1832 laid the foundations to answer such questions by looking a groups of permutations
of the roots of a polynomial. These are now called Galois groups. See Ian Stewart, Why Beauty is Truth, for some of the
story of Galois and the history of algebra.
Another area that leads to our subject is number theory: the study of the integers. The origins of this subject go back

farther than Euclid’s Elements. Euclid lived in Alexandria around 300 BC. Polynomial equations with integer coeffi cients
are often called diophantine equations in honor of Diophantus who also lived in Alexandria, but much later (around 200
A.D.). Yes, algebra is an old subject and one studied in many different countries. For example, the name "algebra" comes
the word al-jabr, one of the two operations used to solve quadratic equations by the Persian mathematician and astronomer,
Mohamed ibn Musa al-Khwārizmı̄, who lived around 800 A.D.
A large part of this subject was created during many attempts to prove Fermat’s Last Theorem. This was a conjecture

of Pierre de Fermat in 1637 saying that the equation xn + yn = zn can have no integer solutions x, y, z with xyz 6= 0 and
n > 2. Fermat claimed to have a proof that did not fit in the margin of the book in which he wrote this conjecture. People
attempted to prove this without success until A. Wiles with the help of R. Taylor in 1995.

Final Notes.
BEWARE OF TYPOS. I am terrible at proof reading.
I should thank MSRI, Berkeley for support during the writing of these lectures.

2 Preliminaries

Notation. From now on, I will often use the abbreviations:
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=⇒ implies
iff (or ⇐⇒) if and only if
∀ for every
∃ there exists
s.t. such that
.
= the thing on the left is defined by that on the right
Z,Q,R,C the integers, rationals, reals, complex numbers, resp.

I am not going to review the basics of proofs. Hopefully you have figured out the basics, either from that high school plane
geometry class or a college class introducing the subject of mathematical proof. See K. Rosen, Discrete Mathematics, for an
introduction to proof. We will discuss proof by mathematical induction soon. There are some interesting papers by Steven
Krantz on the subject. On is called "The Proof is in the Pudding: A Look at the Changing Nature of Mathematical Proof."
You can find links to these articles in Wikipedia’s articles on mathematical proof and the future of mathematics. Another
cautionary tale concerns K. Gödel’s incompleteness theorems from 1931, the 1st of which says that for any consistent formal
system for the natural numbers there is a statement about the natural numbers that is unprovable within this system.
Let’s review a bit of set theory. G. Cantor (1845-1918) developed the theory of infinite sets. It was controversial. There

are paradoxes for those who throw caution to the winds and consider sets whose elements are sets. For example, consider
Russell’s paradox. It was stated by B. Russell (1872-1970). We use the notation: x ∈ S to mean that x is an element
of the set S; x /∈ S meaning x is not an element of the set S. The notation {x|x has property P} is read as the set of x
such that x has property P . Consider the set X defined by

X = {sets S | S /∈ S}.

Then X ∈ X implies X /∈ X and X /∈ X implies X ∈ X. This is a paradox. The set X can neither be a member of
itself nor not a member of itself. There are similar paradoxes that sound less abstract. Consider the barber who must shave
every man in town who does not shave himself. Does the barber shave himself? A mystery was written inspired by the
paradox: The Library Paradox by Catharine Shaw. There is also a comic book about Russell, Logicomix by A. Doxiadis
and C. Papadimitriou.
We will hopefully avoid paradoxes by restricting consideration to sets of numbers, vectors, functions. This would not be

enough for "constructionists" such as E. Bishop, once at U.C.S.D. Anyway for applied math., one can hope that paradoxical
sets and barbers do not appear. Thus we will be using proof by contradiction, for example.
Most books on calculus do a little set theory. We assume you are familiar with the notation. Let’s do pictures in

the plane. We write A ⊂ B if A is a subset of B; i.e., x ∈ A implies x ∈ B. If A ⊂ B, the complement of A in
B is B − A = {x ∈ B |x /∈ A} . The empty set is denoted ∅. It has no elements. The intersection of sets A and B is
A ∩ B = {x|x ∈ A and x ∈ B}. The union of sets A and B is A ∪ B = {x|x ∈ A or x ∈ B}. Here "or" means either or
both. See Figure 5. Sets A and B are said to be disjoint iff A ∩B = ∅.
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Figure 5: intersection and union of square A and heart B
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Definition 1 If A and B are sets, the Cartesian product of A and B is the set of ordered pairs (a, b) with a ∈ A and
b ∈ B; i.e.,

A×B = {(a, b)|a ∈ A, b ∈ B}.

Example 1. Suppose A and B are both equal to the set of all real numbers; A = B = R. Then A × B = R × R = R2.
That is the Cartesian product of the real line with itself is the set of points in the plane.
Example 2. Suppose C is the interval [0, 1] and D is the set consisting of the point {2}. Then C ×D is the line segment
of length 1 at height 2 in the plane. See Figure 6 below.

Figure 6: The Cartesian product [0, 1]× {2}.

Example 3. [0, 1]× [0, 1]× [0, 1] = [0, 1]3 is the unit cube in 3-space. See Figure 7.
Example 4. [0, 1] × [0, 1] × [0, 1] × [0, 1] = [0, 1]4 is the 4-dimensional cube or tesseract. Draw it by "pulling out" the
3-dimensional cube. See T. Banchoff, Beyond the Third Dimension. Figure 8 below shows the edges and vertices of the
4-cube (actually more of a 4-rectangular solid) as drawn by Mathematica.
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Figure 7: [0, 1]3

Figure 8: graph representing the hypercube [0, 1]4
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3 The Integers

Notation:

Z+ {1, 2, 3, 4, ...} the positive integers
Z {0,±1,±2,±3, ...} the integers

We assume that you are familiar with the integers. Let us list the algebra axioms for Z. By an axiom, we mean that it is
a basic unproved assumption. We have a long list of axioms (9). Hopefully you won’t go to sleep before the end since the
last one (well ordering) is particularly important.
Algebra Axioms for Z.
For every n,m ∈ Z there is a unique integer m+ n and a unique integer n ·m such that the following laws are valid for

all m,n, k ∈ Z. This says the integers are closed under addition and multiplication.
R1) commutative laws: m+ n = n+m and m · n = n ·m
R2) associative laws: k + (m+ n) = (k +m) + n and k · (m · n) = (k ·m) · n.
R3) Identities: There are 2 distinct elements 0 and 1 in Z such that 0 + n = n and 1 · n = n, for all n ∈ Z.
R4) Inverse for addition: For every m ∈ Z there exists an element x ∈ Z such that m+ x = 0.
R5) No zero divisors: m · n = 0 implies either m or n is 0.

We sometimes write n ·m = n ∗m = n×m = nm.
As a result of axioms R1-R4, we say that Z is a "ring with identity for multiplication". As a result of the extra axiom

R5 we say that Z is an "integral domain". Rings will be the topic for the last half of these lectures.
Exercise. a) Show that the identities 0 and 1 in R3) are unique.
b) Show that the inverse x of the element m in R4) is unique once m is fixed.

Exercise. Show that in axiom R4, we can write 1 + u = 0 and then define u = −1. Show that then for any m ∈ Z, if x
is the integer such that m+ x = 0, we have x = (−1) ·m. We will then write x = −m.
Exercise. Cancellation Law. Show that if a, b, c ∈ Z, and a 6= 0, then ab = ac ⇒ b = c.
Moreover there is an ordering < of Z which behaves well with respect to addition and multiplication. The properties of

inequalities can be derived from 3 simple axioms for the set P = Z+ of positive integers.
Order Axioms for Z.

O1) Z = P ∪ {0} ∪ (−P ), where −P = {−x|x ∈ P}. Moreover this is a disjoint union. That is

0 /∈ P, 0 /∈ −P, P ∩ (−P ) = ∅.

O2) n,m ∈ P =⇒ n+m ∈ P.
O3) n,m ∈ P =⇒ n ·m ∈ P.

As a result of the 8 axioms R1-R5 and O1-O3, we say that Z is an ordered integral domain. There is still one more
axiom needed to define Z , but we discuss this below after saying more about the order relation a < b.

Definition 2 If a, b ∈ Z we say that a < b (b is greater than a or a is less than b) iff b− a ∈ P = Z+.

Examples. By this definition, the set P consists of integers that are greater than 0. We can see that 0 < 1 since
otherwise, by O1), 0 < −1. But then, according to axiom O3) it follows that (−1)(−1) = 1 ∈ P, Contradiction.
It follows from our axioms that P ⊃ {1, 2, 3, 4, · · · }, using O2).
We can use our axioms to prove the following facts about order.

Facts about Order. ∀ x, y, z ∈ Z
Fact 1) Transitivity. x < y and y < z implies x < z.
Fact 2) Trichotomy. For any x, y, z ∈ Z exactly one of the following inequalities is true: x < y, y < x, or x = y.
Fact 3) x < y implies x+ z < y + z for any z ∈ Z.
Fact 4) If 0 < c and x < y, then cx < cy.
Fact 5) If c < 0 and x < y, then cy < cx.

Proof. We will leave most of these proofs to the reader as Exercises. But let’s do 1)and 3).
Fact 1) x < y means y − x ∈ P. y < z means z − y ∈ P. Then by Ord2 and the axioms for arithmetic in R, we have
y − x+ z − y = z − x ∈ P. This says x < z.
Fact 3) Since x < y we know that y − x ∈ P. Then (y + z)− (x+ z) = y − x ∈ P and we’re done.
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Exercise. Prove the rest of the facts about order.

Of course we will write a ≤ b (or b ≥ a) if either a = b or a < b.
One thing that differentiates Z from the real numbers R or the rational numbers Q is the following axiom.

Axiom 3 (The Well Ordering Axiom). If S ⊂ Z+, and S 6= ∅, then S has a least element a ∈ S such that a ≤ x,
∀x ∈ S.

This axiom says that any non-empty set of positive integers has a least element. We usually call such a least element a
minimum.
Note that you could state a similar axiom for Z+ ∪ {0} or Z+ ∪ {0,−1}, etc.
G. Peano (1858-1932) wrote down the 5 Peano Postulates (or axioms) for the natural numbers Z+ ∪ {0}. We won’t list

them here. See, for example, Birkhoff and MacLane, Survey of Modern Algebra. Once one has these axioms it would be
nice to show that something exists satisfying the axioms. We will not do that here, feeling pretty confident that you believe
Z exists. See the comic book about Russell, Logicomix by A. Doxiadis and C. Papadimitriou for a story of the writing of
Principia Mathematica by Russell and Whitehead. One of the big events in the comic book is getting to the point to deduce
that 1 + 1 = 2.
It follows from all these facts and the exercises at the end of this section that Z = {0,±1,±2,±3,±4, · · · }. Thus we can

picture the integers as forming a line of equally spaced points stretching out to ∞ on the right and −∞ on the left. See
Figure 9.

Figure 9: integers on the line

Exercise. Show that there is no largest integer N such that ∀x ∈ Z, we have x ≤ N.
Exercise. Show that there is no integer a such that 0 < a < 1. Deduce that then the set of positive integers P = Z+ =
{1, 2, 3, 4, .., n, n+ 1, ...}.

Hint. Consider the least such a and deduce a contradiction by considering the location of a2 with respect to 0 and a.

The most important fact about the well ordering axiom is that it is equivalent to mathematical induction. We discuss
that in the next section.

4 Mathematical Induction

Domino Version of Mathematical Induction. Given an infinite line of identical equally spaced dominos, we want to
knock over all the dominos by just knocking over the first one in line. To be able to do this, we should make sure that the
nth domino is so close to the (n+1)st domino that when the nth domino falls over, it knocks over the (n+1)st domino. See
Figure 10.
Translating this to theorems, we get the following

Principle of Mathematical Induction I.
Suppose you want to prove an infinite list of theorems Tn, n = 1, 2, .... It suffi ces to do 2 things.
Step 1) Prove T1.
Step 2) Prove that Tn true implies Tn+1 true for all n ≥ 1.

Note that this works by the well ordering axiom. If S = {n ∈ Z+|Tn is false}, then either S is empty or S has a least
element q. But we know q > 1 by the fact that we proved T1. And we know that Tq−1 is true since q is the least element of
S. But then by 2) we know Tq−1 implies Tq, contradicting q ∈ S. It follows that S must be empty.
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Figure 10: An infinite line of equally spaced dominos. If the nth domino is close enough to knock over the n+ 1st domino,
then once you knock over the 1st domino, they should all fall over.

Example. Tn is the formula used by Gauss as a youth to confound his teacher:

1 + 2 + · · ·+ n =
n(n+ 1)

2
, n = 1, 2, 3, ....

Proof. We follow our procedure for Math. Induction I.
First, prove T 1. 1 = 1(2)

2 . Yes, that is certainly true.
Second, assume T n and use it to prove T n+1, for n = 1, 2, 3, .....

Tn : 1 + 2 + · · ·+ n =
n(n+ 1)

2

Add the next term in the sum, namely, n+ 1, to both sides of the equation and obtain

1 + 2 + · · ·+ n+ (n+ 1) =
n(n+ 1)

2
+ (n+ 1) .

Finish by simplifying the right-hand side of this last equality to get

n(n+ 1)

2
+ (n+ 1) = (n+ 1)

(n
2

+ 1
)

= (n+ 1)

(
n+ 2

2

)
,

which gives us formula Tn+1.
Note: I personally find this proof a bit disappointing. And many times students have complained at this point that they
are not convinced of the truth of the formula. Induction does not seem to reveal the underlying reason for the truth of such
a formula. Some have even complained that this proof requires that one believe in mathematical induction. Well, yes, it
is an axiom and we have to believe it.
Of course, there are many other proofs of this sort of thing. For example, look at

1 + 2 + · · ·+ n

n+ (n− 1) + · · ·+ 1

When you add corresponding terms you always get n+ 1. There are n such terms. Thus twice our sum is n(n+ 1).
Exercise. Use mathematical induction to show that

12 + 22 + · · ·+ n2 =
n(n+ 1)(2n+ 1)

6
.

We also have the concept of inductive definition. For example, to define n factorial, written n! , we define 0! = 1 and,
assuming that n! is defined, then we define (n+ 1)! = (n+ 1)n!. Of course this means that n! = n(n− 1)(n− 2) · · · 2 · 1 =
the product of all integers between 1 and n. This number is the number of permutations or rearrangements of a set of n
objects. To see how many ways there are to arrange n elements in a row, note that there are n choices for the 1st element
in the row, n− 1 choices for the 2nd, and so on until you reach the last element in the row of n elements, for which you have
1 choice.
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Definition 4 The symbol
(
n
k

)
, read "n choose k" (the number of combinations of n things taken k at a time, not counting

order) is defined to be (
n

k

)
=

n!

k!(n− k)!
=
n(n− 1) · · · (n− k + 1)

k(k − 1) · · · 1 ,

for n, k non-negative integers. The symbol
(
n
k

)
represents the number of k element subsets of a set with n elements.

To see the last statement, let us count the ways to create a k-element subset of an n-element set. First there are n ways
to choose the 1st element of the subset. Then there are n − 1 ways to choose the 2nd element, since it can’t equal the 1st
element. Continue in this way until you reach the kth element. There will be n− (k− 1) ways to choose this element. The
product of all these numbers is the numerator of

(
n
k

)
. But 2 sets are the same if their elements are permuted or rearranged;

e.g., {1, 2, 3} = {3, 2, 1}. There are k! permutations of the k elements in our set. Thus we must divide by k!.
The symbol

(
n
k

)
is also a binomial coeffi cient. The binomial theorem says

(x+ y)n = xn + nxn−1y +
n(n− 1)

2
xn−2y2 + · · ·+ n(n− 1)

2
x2yn−2 + nxyn−1 + yn

=

n∑
k=0

(
n

k

)
xkyn−k.

Exercise. Prove that a)
(
n
k−1
)

+
(
n
k

)
=
(
n+1
k

)
and b)

(
n
k

)
=
(
n

n−k
)
.

Hint. For part a), just use the definition and put everything on the left over a common denominator. Note that this
formula explains Pascal’s triangle

1 1
1 2 1

1 3 3 1
1 4 6 4 1
1 5 10 10 5 1

The nth row of Pascal’s triangle gives the coeffi cients in the expansion of (x + y)n. According to the formula in the
exercise, the kth coeffi cient in row n is the sum of the 2 coeffi cients nearest it in the row above (row n-1).
We name this triangle for B. Pascal (1623 — 1662), but it was known earlier to Indian, Persian, Chinese and Italian

mathematicians.
Exercise. Use mathematical induction to prove the binomial theorem:

(x+ y)n =

n∑
k=0

(
n

k

)
xkyn−k.

There is also a short and thus preferable combinatorial proof of the binomial theorem. Look at the coeffi cient of xkyn−k

in the expansion of (x+ y) · · · (x+ y)
n terms

. This coeffi cient comes from choosing k x’s and n − k y’s. This is the same as the

number of k−element subsets of an n-element set; i.e.
(
n
k

)
.

There are times when the 1st induction principle won’t do. For that we need the 2nd principle.
Principle of Mathematical Induction II.
To prove an infinite list of theorems

d1, d2, d3, . . . dn, dn+1, . . .

you need to do 2 steps.
Step 1. Check that d1 is true.
Step 2. Show that for every n ≥ 1, the truth of d1, d2, d3, . . . dn implies the truth of dn+1.

Exercise. Show that both math. induction principles are equivalent to the well ordering principle.

Math. Induction II in Pictures
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Step II says you have to organize the dominos so that if we knock over all the first n dominos, then the next domino must
fall.
The moral is that, if your dominos are not all in a line, depending on the way the dominos are organized, it may take

more than 1 domino to knock over the next one. In Figure 11 you are supposed to need ≥2 dominos to knock over the one
to their right.
In the examples, sometimes you know you need dn−1 and dn to knock over dn+1, but other times you may not know how

many dj with j < n+ 1 you need to knock over dn+1, as in the proof of the fundamental theorem of arithmetic in the next
section.

Figure 11: an attempt to picture the 2nd mathematical induction principle in which we arrange dominos so that ≥2 are
needed to knock over one domino

Example. Fibonacci Numbers fn are defined inductively by setting f1 = f2 = 1 and fn+1 = fn−1 + fn. The 1st few
Fibonacci numbers are 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, 233, 377, ....
Exercise. Show that fn < 2n. Hint. You will need the 2nd mathematical induction principle. Use the results for n− 1 and
n to prove that for n+ 1.
History. These numbers are named for Fibonacci (1180-1228), aka Leonardo of Pisa, who used these numbers to model

the number of pairs of rabbits on an island supposing 1 pair of baby rabbits is left on the island. Each newborn pair takes 2
months to mature and produces a new pair in then 3rd month and in every month thereafter. Indian mathematicians may
have considered these numbers before Fibonacci.
These numbers are so popular that there is even a journal devoted to them.

Exercise. What is wrong with the following “proof”by induction?
We claim we can show that in any room of n people all have the same birthday.
This is clear when n = 1.
To show that the case n− 1 implies the nth case, note that if a room has n people, we can send person A out. Those left

are n− 1 people, each having the same birthday by the induction assumption. Now bring person A back and send person B
out. Then, by the induction assumption, A must have the same birthday as the rest of the people in the room. So all have
the same birthday!
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5 Divisibility, Greatest Common Divisor, Euclid’s Lemma

Definition 5 Suppose that a and b are integers, with b 6= 0. We say a divides b written a|b if there is an integer c such
that b = ac. We will also say that a is a divisor of b or b is a multiple of a.

Examples. ±1,±2,±3,±4,±6 are all the divisors of 12.

Definition 6 An integer p > 1 is prime iff p = ab for integers a, b implies either a or b is ±1.

Examples. The first few primes are 2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31.
Exercise. Show that there are infinitely many primes.

Hint. Do a proof by contradiction and assume that there are only a finite number n of primes. Call them p1, p2, ..., pn.
Consider the number M = 1 + p1p2 · · · pn. Is M divisible by any pj?

Somewhere you learned to do long division. So for example you divide 7 into 31 and get quotient 4 and remainder 3.
This means 31 = 4 ∗ 7 + 3.
This can be tabulated as:

4
4|31

28
3

Here we make it a theorem.

Theorem 7 (The Division Algorithm). Suppose that a, b are non-negative integers with b > 0. Then there are
(unique) integers q (quotient) and r (remainder) such that a = bq + r and 0 ≤ r < b.

Proof. We use the well ordering principle. Look at the set S of non-negative integers of the form a − bn, for n ∈ Z. We
know that S is not empty, since we can take n = 0 as we are assuming that a ≥ 0. So now let r be the smallest element
of S (which exists by the well ordering axiom). We claim that r satisfies the inequalities stated. By the definition of S, we
know 0 ≤ r. If (by contradiction) r > b, then r− b = a− bn− b = a− (n+ 1)b ∈ S contradicting the minimality of r. We
leave it as an Exercise to show that q and r are unique.

Exercise. Extend the division algorithm to negative integers a. Example. −5 = 2 ∗ (−3) + 1. Here a = −5, b = 2, q =
−3, r = 1. Note that in the division algorithm, q =

⌊
a
b

⌋
where the floor of x is bxc =the largest integer ≤ x.

Definition 8 A positive integer d is called the greatest common divisor (gcd) of 2 integers a, b, where a and b are not
both 0, written d = (a, b) = gcd(a, b), means that
1) d divides both a and b,
and
2) if an integer c divides both a and b, then c must divide d.

If gcd(a, b) = 1, we say that a and b are relatively prime.
Note that the greatest common divisor is just what the name says it is (at least after you know Theorem 9 below) - the

greatest of all common divisors of a and b.
Examples. 1 = gcd(0, 1), 1 = gcd(3, 2), 5 = gcd(10, 25), 11 = gcd(33, 77), 1 = gcd(37, 5).
Figure 12 is a list density plot in Mathematica of the values gcd(m,n) for 1 ≤ m,n ≤ 100.

Exercise. Explain the lines seen in Figure 12. The command in Mathematica used to generate the Figure was
ListDensityPlot[Table[GCD[m, n], {m, 100}, {n, 100}], Mesh -> None,
InterpolationOrder -> 0, ColorFunction -> "Rainbow", Frame -> False].

The Euclidean Algorithm. To compute gcd(37, 5) one compiles a list of divisions. The gcd will be the last non-0
remainder. We know that the list of remainders must end in 0 since it is strictly decreasing.

37 = 5 ∗ 7 + 2
5 = 2 ∗ 2 + 1
2 = 1 ∗ 2 + 0

So gcd(37, 5) = 1
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Figure 12: A color is placed at the (m,n) entry of a 100 × 100 matrix according to the value of gcd(m,n). This is a list
density plot in Mathematica.

It is not hard to check that the last non-0 remainder must divide all the preceding remainders and thus both 37 and 5.
This is done by reading the table from bottom to top. Moreover, if c is a common divisor of 37 and 5, we see that c must
divide all the remainders by reading the list from top to bottom.
We can also use the Euclidean algorithm from bottom to top to write the gcd(a, b) as a integer linear combination of a

and b:

1 = 5− 2 ∗ 2 from row2.
1 = 5− (37− 5 ∗ 7) ∗ 2 from row1.

Thus
1 = 5 ∗ (1 + 14)− 37 ∗ 2 = 5 ∗ 15− 37 ∗ 2.

Exercise. Compute d = gcd(17, 28) using the Euclidean algorithm. Then find integers m,n such that d = 17m+ 28n.
Exercise. Write out the general statement of the Euclidean algorithm for 2 positive integers a and b, and then prove it.
Hint. To find gcd(a, b) perform the following divisions:

a = bq1 + r1, where 0 ≤ r1 < b
b = r1q2 + r2, where 0 ≤ r2 < r1
r1 = r2q3 + r3, where 0 ≤ r3 < r2
· · · · · · · · · · · · · · · · · · · · · · · ·
rn−1 = rnqn+1+0, so that rn is the last non-0 remainder. You need to show that rn = gcd(a, b).

The general Euclidean algorithm gives the following proposition.

Theorem 9 If a and b are integers, then d = gcd(a, b) = na + mb for some integers m,n. Moreover, d is the smallest
positive integer which is an integer linear combination, na+mb, of a and b.

Exercise. Prove the preceding proposition.

Lemma 10 (Euclid) Suppose that a and b are integers and let p be a prime. If p divides ab then either p divides a or p
divides b.
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Proof. Suppose that p does not divide a. Then 1 = gcd(a, p). Why? It follows from the preceding proposition that
1 = na + mp for some integers n,m. Multiply this equality by b. That gives b = nab + mbp. Since ab = pc, for some
integer c, this means b = p(nc+mb) and p divides b.

Exercise. Prove that if prime p divides a product a1a2 · · · ar then p must divide aj for some j.

Theorem 11 (The Fundamental Theorem of Arithmetic). Every positive integer n > 1 factors uniquely (up to order)
as a product of primes.

Proof. Here we sketch only the uniqueness and leave the existence of the factorization as an Exercise for the reader.
Both parts of the proof require the 2nd principle of induction.
Step 1) We start with n = 2. In this case, the factorization is unique as 2 is a prime.
Step 2) Our induction assumption says: each integer m with 2 ≤ m < n has a unique prime factorization. We must use this
to show that then so does n+ 1.
So suppose that n+ 1 has 2 prime factorizations

n+ 1 = p1p2 · · · pu = q1q2 · · · qv.

Here all the pi and qj are primes (not necessarily distinct). Clearly then n + 1 is not a prime. Euclid’s Lemma says that if
a prime divides a product, then it must divide one of the factors. So by Euclid’s Lemma, we know that the prime p1 must
divide qj for some j. But since the only positive divisors of the prime qj are 1 and qj , it follows that p1 = qj . This means we
can divide p1 = qj out of both sides and obtain 2 factorizations for the smaller number (n + 1)/p1. But that isn’t possible
by the induction assumption; i.e. all the remaining primes must also coincide and n+ 1 has a unique factorization.

Euclid proved the existence part of the fundamental theorem. The uniqueness was not proved until C. F. Gauss (1777-
1855) wrote his book Disquisitiones Arithmeticae in 1798 when he was 21. The uniqueness was perhaps considered obvious.
However, when people attempted to prove Fermat’s Last "Theorem" using arithmetic in more general rings like Z[e2πi/n]
whose elements are polynomials with integer coeffi cients in the nth root of unity ζn = e2πi/n, it was soon learned that unique
factorization can and does fail for large enough values of n; for example, n = 23.
Exercise. Tell whether the following statements are true or false and give a brief explanation of your answer.
1) If a, b, r ∈ Z+ and r divides ab, then either r divides a or r divides b.
2) For a, b ∈ Z+ if a divides b and b divides a, then a = b.

6 Modular Arithmetic, Congruences

Example. Clock Arithmetic
Question. If it is 3 o’clock now, what time is it after 163 hours?
Method of Solution. Divide 163 by 12. Obtain the quotient 13 and the remainder 7. That is 163 = 13× 12 + 7.
Answer. It will be 10 = 7 + 3 o’clock.
What if you want to know if it is A.M. or P.M.? Then you should divide by 24 rather than 12.
We say that 3 + 163 is congruent to 10 modulo 12 and write

3 + 163 ≡ 3 + 7 ≡ 10(mod12).

C. F. Gauss (1777-1855) invented this notation. L. Euler (1707 —1783) had introduced the idea earlier (around 1750). It
gives us a new way to do arithmetic. This is modular arithmetic and is lies at the foundation of most of our applications.

Definition 12 Fix a modulus m which is a positive integer. If a, b are integers, define a ≡ b(mod m) (read as "a is
congruent to b modulo m") iff m divides (a− b).

Exercise. Prove that a ≡ b(mod m) iff a and b have the same remainder upon division by m.

Example. Let m = 3. Draw a picture as in Figure 13. We are taking the infinite line of integers and rolling it up into a
3-gon.
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Figure 13: Rolling up the integers modulo 3

Taking the modulus m = 12, you get a clock.
There are 3 congruence classes of integers mod 3. The set of these is Z3. We can identify Z3 with {0, 1, 2} or with

{−1, 0, 1}, or lots of other things.
We can then use ordinary addition and multiplication of integers to define a sum and product on Z3.

Example.

0 + 1 ≡ 1(mod 3)
1 + 2 ≡ 3 ≡ 0(mod 3)
2 + 2 ≡ 4 ≡ 1(mod 3)

With this you get addition and multiplication tables for Z3 which are also called Cayley tables, named for Arthur Cayley
(1821-1895). These tables first appeared in an 1854 paper of Cayley.

Addition Table for Addition in Z3
+(mod 3) 0 1 2

0 0 1 2
1 1 2 0 ≡ 1 + 2
2 2 0 1 ≡ 2 + 2

Multiplication Table for Multiplication in Z3
×(mod 3) 0 1 2

0 0 0 0
1 0 1 2
2 0 2 1 ≡ 2 · 2

In the multiplication table, it would make sense to leave out the 1st row and 1st column since they only contain 0s. Later
in these notes we will learn that Z3 is a ring, in fact, a field. But in this first part of the lectures, we just say Z3 is a group
under addition, while Z3 − {0} is a group under multiplication. See Section 9.
Exercise. Do the analogous addition and multiplication tables when m = 7 and 8.

We will have lots more to say about these groups. They are important for all the applications we will discuss; e.g.,
error-correcting codes and cryptography.
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Exercise. For n ∈ Z+, and a, b, c ∈ Z, show that a ≡ b(modn) implies ac ≡ bc(modn).
Exercise. a) Compute gcd(83, 38) = d using the Euclidean algorithm from the preceding section.

b) Use the result of part a) to write d = 83m+ 38n, with integers m,n.
c) Then use part b) to solve 38x ≡ 1(mod 83).

7 Relations

Many of the ideas we have already discussed are examples of relations; e.g., a < b or a ≡ b(modm). The modern way to
think of such things is as a subset of the Cartesian product Z× Z.

Definition 13 A (binary) relation R from set A to set B is a subset of the set A×B = {(a, b) | a ∈ A, b ∈ B}. We write
aRb if (a, b) ∈ R. A relation R on A is a subset of A×A.

Examples. 1) A relation on Z is < . That is, the relation is the set of pairs (a, b) in Z× Z with a < b.
2) Another relation on Z is divisibility; i.e., the pairs (a, b) in Z× Z with a|b (i.e., a divides b).
3) Congruence (modm) gives yet another relation on A = B = Z; i.e., a ≡ b(modm).

Definition 14 A relation R on a set S is an equivalence relation iff it has the following 3 properties. Let’s write a ∼ b
instead of (a, b) ∈ R.
1) a ∼ a for all a ∈ S (reflexivity)
2) a ∼ b ⇐⇒ b ∼ a (symmetry)
3) a ∼ b and b ∼ c =⇒ a ∼ c (transitivity)

Let’s figure out whether the 3 relations in the preceding examples are equivalence relations on Z.
1) a < b is not an equivalence relation since it is not reflexive or symmetric.
2) a|b is not an equivalence relation since it is not symmetric.
3) a ≡ b(modm) is an equivalence relation.

Exercise. Show that the preceding statements about <, |,≡ are correct.

Definition 15 Suppose a ∼ b denotes an equivalence relation on a set S. Define the equivalence class of a ∈ S to be

[a] = {b ∈ S|b ∼ a}.

Equivalence relations are closely connected with partitions as we will see in the following theorem.

Definition 16 A partition of a set S is a collection of non-empty pair-wise disjoint subsets of S whose union is S.

Examples. Consider congruence modulo 3 as an equivalence relation on Z. There are only 3 equivalence classes
[0] = {all integers which are divisible by 3} = {3n | n ∈ Z} = {a ∈ Z | a ≡ 0(mod 3)};
[1] = {all integers with remainder 1 when divided by 3} = {1 + 3n | n ∈ Z} = {a ∈ Z | a ≡ 1(mod 3)};
[2] = {all integers with remainder 2 when divided by 3} = {2 + 3n | n ∈ Z} = {a ∈ Z | a ≡ 2(mod 3)}.

Note that we have a disjoint partition of Z into the 3 equivalence classes mod 3:

Z = [0] ∪ [1] ∪ [2], [0] ∩ [1] = ∅, [0] ∩ [2] = ∅, [1] ∩ [2] = ∅.

Theorem 17 Equivalence classes from an equivalence relation ∼ on a set S give a partition of S into a union of disjoint
subsets and conversely.

Proof. =⇒ Why a union? Every a ∈ S is in the equivalence class [a] by reflexivity. Why disjoint? If c ∈ [a]∩ [b], then c ∼ a
and c ∼ b. By symmetry, then a ∼ c and c ∼ b. So by transitivity, a ∼ b. This implies if x ∈ [a] then x ∼ a and a ∼ b, so
x ∼ b and thus x ∈ [b]. Thus [a] ⊂ [b]. Similarly [b] ⊂ [a]. Therefore [a] = [b] if [a] ∩ [b] 6= ∅.
⇐= We leave the proof of the converse as an Exercise.

Gallian, Contemporary Abstract Algebra, Chapter 1, gives many applications of modular arithmetic in everyday life; e.g.,
in the assignment of check digits in Universal Product Codes read by optical scanners in large stores.
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8 Functions and the Pigeonhole Principle

We now have a new way to think about functions. Identifying a function with its graph, we see that a function is a special
kind of relation.

Definition 18 Suppose A and B are sets. A function f : A −→ B (mapping A into B) is a relation from A to B such that
every a ∈ A is the first member of precisely one (a, b) ∈ f ; that is,
i) if a ∈ A, ∃ b ∈ B such that (a, b) ∈ f
ii) if (a, b) ∈ f and (a, c) ∈ f, then b = c.
We write b = f(a) instead of (a, b) ∈ f .

Warning: Some algebra books (e.g., Herstein, Topics in Algebra) write af instead of f(a). This is often called Reverse
Polish Notation. That old Hewlett-Packard calculator that I bought in the early 1970s used it.

Definition 19 If f : A −→ B is a function, then the set f(A) = {f(a) | a ∈ A} is called the image of A under f .

Exercise. Tell whether the following formulas are true or false and explain. 1) f(A ∪ B) = f(A) ∪ f(B) 2)
f(A ∩B) = f(A) ∩ f(B).

Examples.
Favorite functions from Z to Z:

f(x) = x2, for all x ∈ Z.
g(x) = x+ 1, for all x ∈ Z.

A non-function:
h(x) = either 1 or -1, for all x ∈ Z.

Definition 20 (Composition of Functions). If f : A → B and g : B → C, define the composition of f and g to be
(g ◦ f) (x) = g(f(x)), for all x ∈ A. Then g ◦ f is a function and g ◦ f : A→ C.

Note that g ◦ f is not usually the same as f ◦ g. For example, if f(x) = x2 and g(x) = x+ 1, then

(g ◦ f)(x) = x2 + 1,

while
(f ◦ g)(x) = (x+ 1)2 = x2 + 2x+ 1.

Exercise. Show that composition of functions is associative; i.e., if f : A→ B, g : B → C, and h : C → D, then

h ◦ (g ◦ f) = (h ◦ g) ◦ f.

Definition 21 A function f : A→ B is one-to-one (1-1 or injective) iff f(u) = f(v) implies u = v.

Examples:
1) f : Z → Z defined by f(x) = 5x is 1-1 since Z has no zero divisors. Thus 5u = 5v implies 5(u − v) = 0 and thus

u− v = 0.
2) f : Z→ Z defined by f(x) = x2 is not 1-1 since f(x) = f(−x).

Definition 22 f : A→ B is onto (or surjective) iff for every b ∈ B there exists a ∈ A such that f(a) = b or, equivalently
f(A) = B.

Examples:
1) f : Z→ Z defined by f(x) = x+ 5 is onto. For given y, you can solve y = x+ 5 for x. Answer: x = y − 5.
2) f : Z→ Z defined by f(x) = 5x is not onto, since not every integer is divisible by 5.
A function that is 1-1 and onto is also called bijective or a bijection. We won’t usually use these words, preferring

to say 1-1 and onto.
Example. The function g(x) = x+ 1, for all x ∈ Z is both 1-1 and onto.
Exercise. Show that the operation of composition of functions f : A→ A is associative; i.e., f ◦ (g ◦ h) = (f ◦ g) ◦ h.

There is a right identity for the operation of composition of functions. If f : A → B and IA(x) = x, ∀x ∈ A, then
f ◦ IA = f. Similarly IB is a left identity for f ; i.e., IB ◦ f = f.
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Definition 23 If f : A→ B is 1-1 and onto, it has an inverse function f−1 :→ A defined by requiring f ◦ f−1 = IB and
f−1 ◦ f = IA. If f(a) = b, then f−1(b) = a.

Exercise a) Prove that if f : A→ B is 1-1 and onto, it has an inverse function f−1.
b) Conversely show that if f has an inverse function, then f must be 1-1 and onto.

Exercise. Tell which of the following functions are 1-1 then tell which are onto.
a) f : Z→ Z given by f(x) = x3; b) f : Z→ Z given by f(x) = 3x; c) f : Z→ Z given by f(x) = x− 3.

Definition 24 We say that a finite set S has n elements iff there is a 1-1, onto function f : {1, 2, ..., n} → S. Then we
write n = |S| .

We can use the function f in the preceding definition to give a labeling of the elements of S;

S = {f(1) = s1, f(2) = s2, ..., f(n) = sn}.

Exercise. Show that we have the following properties of |S| for finite sets S, T.
a) If S ∩ T = ∅, then |S ∪ T | = |S|+ |T | .
b) |S × T | = |S| |T | .
c) |{f : S → T}| = |T ||S| .

Exercise. The Pigeonhole Principle. If A and B are finite sets, each with the same number n of elements, then
f : A→ B is 1-1 iff f is onto.
Hint. Think of the elements of set A as pigeons and the elements of the set B as holes. Think of the f(a) = b as

putting pigeon a into hole b. So f is 1-1 means no 2 pigeons share a hole. And f is onto means every hole has a pigeon.
See Figure 14.

Figure 14: The pigeonhole principle

The 1st formulation of the pigeonhole principle seems to have been due to Dirichlet in 1834. He called it the "Schub-
fachprinzip" which translates to "drawer principle."

Definition 25 For any function f : A→ B, we define the inverse image of a set S ⊂ B by

f−1(S) = {b ∈ B | f(b) ∈ S} .

In the preceding definition we do not assume that the function f has an inverse function.
Exercise. Show that, the inverse image has the following properties.

1) f−1(A ∪B) = f−1(A) ∪ f−1(B)
2) f−1(A ∩B) = f−1(A) ∩ f−1(B).
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9 Introduction to Groups

Cayley gave the 1st abstract definition of groups in 1854. We’ve already seen some examples of groups:
the integers Z under + ;
the integers mod n, Zn, under the operation a+ b (modn).

Definition 26 A group G is a set of elements with one (binary) operation, which is a function from ordered pairs in G×G
to G, taking (a, b) ∈ G×G to a unique element a · b ∈ G, such that we have 3 laws

1) associative law
a · (b · c) = (a · b) · c, for all a, b, c ∈ G;

2) identity (call it e, or sometimes I or 0 or 1)
there exists an element e ∈ G such that

a · e = e · a = a, for all a ∈ G;

3) inverses
given a ∈ G, there is an element a−1 ∈ G such that

a · a−1 = a−1 · a = e.

The group G is abelian or commutative if for all a, b ∈ G, we have a · b = b · a.
The fact that a, b ∈ G =⇒ a · b ∈ G is called closure. We will usually write ab (or perhaps a ∗ b or a + b or a ◦ b)

instead of a · b.

Example 1. Z under + forms a commutative group. The identity is 0. The inverse of x ∈ Z is written −x. But Z under
multiplication does not form a group, nor does Z− {0}.
Example 2. The dihedral group D3 of symmetries of an equilateral triangle has 6 elements D3 = {I,R,R2, F, FR, FR2}.
The actions of these elements are pictured in Figure 15.
This group is the same as (technically we say “isomorphic to”) the group S3 of all permutations of the 3 objects - Blue,

Pink, Yellow. Write numbers instead. Write 1 for blue, 2 for pink and 3 for yellow. A permutation ρ in S3 means a
function ρ : {1, 2, 3} → {1, 2, 3} which is 1-1 and onto.

However D4, the group of symmetries of a square is not the same as S4. For S4, the group of permutations of 4 objects,
has 4 · 3 · 2 = 24 elements while D4 has only 8 elements.

Definition 27 Sn=symmetric group = group of 1-1, onto functions from {1, 2, . . . , n} onto {1, 2, . . . , n}, with the operation
composition of functions.

Definition 28 Dn=dihedral group = group of rigid motions of a regular n-gon. The group operation is again composition.

Neither Sn nor Dn is a commutative group.
Exercise. Show that Sn has n! elements, while Dn has 2n elements.
My personal feeling is that to compute in D3, it helps to use permutation notation. That’s probably because I have

trouble following what is going on when I move a triangle around in my head.
We use the following notation for the 1-1 onto function f from {1, 2, 3} to {1, 2, 3}:

f =

(
1 2 3

f(1) f(2) f(3)

)
.

Recall that we have identified 1 with the blue vertex of the triangle in Figure 15, 2 with the pink vertex, and 3 with the
yellow. Then we see that the flip F is

F =

(
1 2 3
2 1 3

)
.

The rotation R is

R =

(
1 2 3
2 3 1

)
.
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Figure 15: The symmetries of a regular triangle are pictured. Here R is rotate 120◦ counterclockwise and F is flip about a
vertical axis through the top vertex.
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So what is R · F ?

R · F =

(
1 2 3
2 3 1

)(
1 2 3
2 1 3

)
.

This acts on a number in {1, 2, 3} on the right so that first 1 goes to 2 and then 2 goes to 3 so that 1 goes to 3, for example.
So we get:

R · F = F ·R2 =

(
1 2 3
3 2 1

)
.

What is R2?

R2 =

(
1 2 3
3 1 2

)
.

What is R3? That answer had better be the identity.

R3 =

(
1 2 3
1 2 3

)
= I = identity.

We can do a multiplication table for the group once we have all the elements. The last is R2 · F = F · R. Thus D3 is
not commutative. We see that

R2 · F =

(
1 2 3
1 3 2

)
.

With the above computations, we can find the following multiplication table.

Multiplication Table for D3

· I R R2 F RF R2F

I I R R2 F RF R2F
R R R2 I RF R2F F
R2 R2 I R R2F F RF
F F
RF RF
R2F R2F

Exercise. Finish the multiplication table for D3. What is the inverse of R? What is the inverse of RF?
If you are given a multiplication table and asked to check that the set forms a group, it is easy to check properties 2 and 3

in the definition of a group, but hard to check the associative law (property 1). For a group of order 6, there are 63 formulas
a(bc) = (ab)c to check. But in our case it is easy, since our group elements are functions mapping the set {1, 2, 3} 1-1 onto
itself and composition of functions is associative. Multiplication tables of groups always have every element of the group in
each row and column, as we shall see.

Symmetry groups arise in many areas such as chemistry, physics, statistics. You can replace the 2 dimensional figures
we just considered by 3 dimensional or even higher dimensional figures and look at their rigid motions.
How do you tell what is the symmetry group of a figure? In the plane it is the group of functions from the plane to itself

that preserve the distance and map the figure onto itself. There are 3 types of symmetries of figures in the plane:
1) reflection across a line
2) rotation around the origin
3) translation by a fixed vector b, x→ x+ b for any vector x ∈ R2.

We have seen examples of figures with symmetries of types 1) and 2) the dihedral group. To obtain examples of transla-
tional symmetries, look at Figure 16 which is supposed to stretch out to infinity in both directions.

Figure 16: part of a design which should be imagined to stretch out to ∞ and −∞

The rotations of a planar regular n-gon forms a group with n elements called Cn, the cyclic group of order n. The
elements of Cn are:
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I,R,R2, R3, . . . , Rn−1

where R is rotation by 2π/n degrees. The group operation is again composition of functions. Cn has a particularly easy
multiplication table. It is really the same as that for the integers modulo n under addition. Each row is obtained from the
row above by shifting to the left and moving the 1st element to the end.

Multiplication Table for Cn

· I R R2 · · · Rn−2 Rn−1

I I R R2 · · · Rn−2 Rn−1

R R R2 R3 · · · Rn−1 I
R2 R2 R3 R4 · · · I R
...

...
...

...
. . .

...
...

Rn−2 Rn−2 Rn−1 I · · · Rn−4 Rn−3

Rn−1 Rn−1 I R · · · Rn−3 Rn−2

The upper left quarter of the multiplication table for D3 is the same as the multiplication table for C3.

Example. The object in Figure 17 has rotational symmetry but not reflective symmetry. Thus its symmetry group is C3
and not D3. See Gallian,Contemporary Abstract Algebra, for many more examples of this sort.

Figure 17: a figure whose symmetry group is C4

Exercise. Find the symmetry groups of Figures 1, 2, and 3.

Exercise. Is the following table the multiplication table of a group G = {a, b, c, d} of order 4?

∗ a b c d

a a a a a
b a b c d
c a c a c
d a d a d

Exercise. Tell which of the following are groups and why.
a) The integers Z under addition; b) Z under multiplication; c) The real numbers R under addition; d) R under

multiplication e) R− {0} under multiplication.
Exercise. Show that in any group G if a, b ∈ G, then (ab)−1 = b−1a−1.

Exercise. Show that in a group G, if a ∈ G, then
(
a−1

)−1
= a.

Exercise. Show that in a group G if a, b ∈ G and (ab)
2

= a2b2, then ab = ba.
Exercise. Define the operation F on Z by aFb = a− b. Does this operation make Z a group?
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Figure 18: Group Explorer version of the multiplication table for a cyclic group or order 6

Figure 19: Group Explorer version of the multiplication table for D3 (alias S3) with our upper case R and F replaced by
lower case letters
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10 Visualizing Groups

We have multiplication tables which help us to visualize groups. Using the program Group Explorer, for example, we get
Figure 18 for the multiplication table of a cyclic group G = 〈a〉 of order 6 and Figure 19 for the multiplication table of the
dihedral group D3 (alias S3).
But Cayley gave us another way to visualize these groups, using directed graphs (which are just sets of vertices with

directed edges (arrows) connecting them). In fact, he even colored the edges. Every element of 〈a〉 is a power of a. We
say that a is a generator of 〈a〉 . Every element of D3 is a power of R and F. Here R is a rotation by 120◦ counterclockwise
and F is a flip about a vertical axis through the top vertex and the midpoint of the bottom edge. Every element of D3 is a
product of powers of R and F. We say that {R,F} generates D3. In general, a subset S of a group G is said to generate
G iff all elements of G are finite products of elements of S. Associate a color to each element of S. The Cayley graph
X(G,S) has vertices corresponding to the elements of the group G. Then for each element s ∈ S and each vertex g ∈ G
draw an arrow with the color corresponding to s from vertex g to vertex gs. Figures 20 and 21 (created by Group Explorer)
give Cayley graphs for G = C6 = 〈a〉 with S = {a} and for D3 with S = {R,F}.

Figure 20: Group Explorer version of Cayley graph of cyclic group G = 〈a〉 of order 6 with generating set S = {a}.

Of course you can take different generating sets for the same group. In Figures 22 and 23 we choose G = C6 = 〈a〉 , with
S = {a, a5} and S =

{
a, a3, a5

}
, respectively.
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Figure 21: Group Explorer version of Cayley graph of D3 with generating set {R,F}. Again our upper case letters are
replaced by lower case in the diagram.
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Figure 22: The undirected version of the Cayley graph of C6 = 〈a〉 with generating set S =
{
a, a−1

}
created with Group

Explorer. Usually this graph is drawn without the arrows on the edges as it is really an undirected graph.

The fact that S is a generating set for the group G manifests itself in the Cayley graph X(G,S) in the fact that any 2
vertices in the graph have a path connecting them consisting of a sequence of directed edges.
Exercise. Draw a Cayley graph for the Klein 4-group with generating set S = {h, v}. The multiplication table is in Figure
24. Does this Cayley graph look like that for C4 = 〈a〉 with S =

{
a, a−1

}
? What does that tell us about using Cayley

graphs to understand groups?
Exercise. Find the symmetry group of a rectangle which is not a square.
Exercise. Find the symmetry group of the designs in Figure 25.
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Figure 23: Cayley graph of C6 = 〈a〉 with generating set S =
{
a, a3, a5

}
created with Group Explorer. It is really an

undirected graph.

Figure 24: Group Explorer version of the multiplication table for the Klein 4-group

Figure 25: symmetrical designs
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The Cayley graph also tells us relations in the group. This idea is not to be confused with the relations in Section 7.
The relations we discuss here are equations involving "words" made up from the generators of our group and their inverses.
For example, look at Figure 21. Follow the path going around the outside triangle clockwise starting at the top vertex and
returning to it. This gives the equation RRR = R3 = I which is a relation in D3. Remember that we use capital letters for
the elements and Group Explorer uses lower case. The path with 4 edges on the right side of the picture gives a 2nd relation
RFRF = I in D3. One way to define a group is to give its generators plus a set of relations. Cayley graphs do this in pictures.
A presentation of a group G is a pair 〈S : R〉, where S is a set of generators of G and R is a set of words in these generators
representing relations saying that the word=the identity. We will say more about presentations of groups via generators and
relations later. For example a presentation of the dihedral group D3 is given by D3 =

〈
R,F : R3 = F 2 = I, FRF = R−1

〉
.

Group Explorer lists groups this way.
The free group on a set S of generators means the set of all possible words in the generators and their inverses, with no

relations. If S has one element, this group can be identified with Z, but otherwise it is an infinite non-abelian group.

11 More Examples of Groups

Felix Klein (1849-1925) said “a geometry is a space with a group of transformations.”Richard Brauer said in 1963: “Groups
are the mathematical concept with which we describe symmetry.”Some examples in 3 dimensions are the symmetry groups
of the 5 regular polyhedra (the Platonic solids): tetrahedron, cube, octahedron, dodecahedron, icosahedron. We pic-
ture them in Figure 26 taken from Wikipedia. For more information on them see Wikipedia under Platonic solids
or groups, http://www.dartmouth.edu/~matc/math5.geometry/unit6/unit6.html#Elements, or http://www-history.mcs.st-
and.ac.uk/~john/geometry/Lectures/L10.html.

Figure 26: pictures of the Platonic solids from Wikipedia

The symmetry groups of the Platonic solids are quite interesting finite groups called the tetrahedral group (A4) of
symmetries of a tetrahedron, the octahedral group (S4) of symmetries of an octahedron or cube, and the icosahedral group
(A5) of symmetries of an icosahedron or dodecahedron. They can all be identified with permutation groups. We will define
the alternating group An in a later section. It is a subgroup of the symmetric group Sn which consists of half the elements
of Sn (the “even”permutations).

As we said earlier, the symmetric group Sn is the group of 1-1, onto functions f : {1, 2, . . . , n} → {1, 2, . . . , n} with group
operation given by composition of functions. We used the notation(

1 2 · · · n
f(1) f(2) · · · f(n)

)
.

This allows us to see that the number of elements of Sn is n!. For there are n ways to choose f(1). Then, since f is 1-1,
there are n − 1 ways to choose f(2) as it is not equal to f(1), and n − 2 ways to choose f(3) as f(3) cannot equal f(2) or
f(1). Keep going in this way. At the end, there is only 1 way to choose f(n). So we find that the number of elements in Sn
is n! = n(n− 1)(n− 2) · · · 2 · 1. Thus S4 has 4 · 3 · 2 · 1 = 24 elements, while A4 has 12 elements. And A5 has 60 elements -
half the elements of S5. We will study these groups in detail in Section 14.
Let’s look at 3 examples of groups.

Example 1. Zn denotes the additive group of integers mod n where the elements are really equivalence classes for the
equivalence relation of congruence modulo n. Here we define the sum of equivalence classes by summing representative
elements of the classes. That is:

[a] + [b] = [a+ b(modn)].
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Or one could just say Zn = {[0], [1], . . . , [n − 1]} and the operation is addition mod n. At some point, one should really
check that the operation is well defined. This means we should show that a ≡ a′(modm) and b ≡ b′(modm) implies
a+ b ≡ a′ + b′(modm). We leave this an an exercise.
Let’s look at the multiplication table for Z6. Each row of the table is obtained by shifting the row above it to the left

(extending the row above by adding a copy of it to the right. This is quickly seen to be a colorless version of the multiplication
table in Figure 18.

Addition Table for Z6 under addition.
+ mod 6 0 1 2 3 4 5

0 0 1 2 3 4 5
1 1 2 3 4 5 0
2 2 3 4 5 0 1
3 3 4 5 0 1 2
4 4 5 0 1 2 3
5 5 0 1 2 3 4

The diagonals going from lower left to upper right are constant. This is a cyclic group generated by the element [1],
meaning that ∀ [x] ∈ Z6,∃n ∈ Z+ s.t. [x] = n [1]

.
= [1] + · · ·

n times
+ [1]. These are the easiest groups to deal with. We study

such groups in Section 13.

Example 2. What can we do about multiplication mod n? We need to take a subset of Zn to get a group under multiplication.
This subset is called the group of units mod n and defined by

Z∗n = {[a] = a(modn) | gcd(a, n) = 1}.

We call the elements of Z∗n "units" because they are the invertible elements for multiplication in Zn. This means Z∗n is
the set of [a] = a(modn) such that ∃ b with ab ≡ 1(modn).

To prove this, note that a ∈ Z∗n implies that

1 = gcd(a, n) = ab+mn, for some integers b,m, (1)

(using Theorem 9 from Section 5 which says that d = gcd(a, n) is the smallest positive integer d of the form d = ab + mn,
for integers b,m). But formula (1) implies that ab ≡ 1(modn).
Conversely if ab ≡ 1(modn), then ab− 1 = cn, for some integer c, and then 1 = ab− cn. This implies that 1 = gcd(a, n)

(again using Theorem 9).
Thus we can check that Z∗n is a group under multiplication. Multiplication is well defined since [a] = [a′] , [b] = [b′] implies

a − a′ = nq and b − b′ = nr. Thus ab − a′b′ = ab − a′b + a′b − a′b′ = (a − a′)b + a′(b − b′) = nqb + a′nr which says
[ab] = [a′b′]. It is closed under multiplication since [a] , [b] ∈ Z∗n means that there are integers c and d such that ac ≡ 1(modn)
and bd ≡ 1(modn). This implies that abcd ≡ 1(modn) and [ab] ∈ Z∗n.

The associative law follows from that for the integers; that is, (ab)c = a(bc) for integers a, b, c implies (ab)c ≡ a(bc)(modn).
The identity is 1(modn) using the fact that gcd(1, n) = 1. Inverses exist in Z∗n since Z∗n is the set of a(modn) such that
there is a b with ab ≡ 1(modn) and then [a]

−1
= [b] ∈ Z∗n.

For example: To find the inverse of 2(mod 5) you need to find b such that 2b ≡ 1(mod 5). The solution is b ≡ 3(mod 5).
You can find it by trial and error. Try all values of b(mod 5) and see which one works.
Another way to find b is to compute the gcd(2, 5) using the Euclidean algorithm. Note that 1/2 does not make sense in

Z∗5 except to write 2−1 is 3(mod 5).
Look at the case n = 6. Z∗6 = {1,−1(modn)}. This has the multiplication table below which is just that of a cyclic

group of order 2.

·(mod 6) 1 −1

1 1 −1
−1 −1 1
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The number of elements of Z∗n is defined to be the Euler phi-function φ(n). To compute it, you need to factor n into
a product of distinct prime powers. Then for distinct primes pi we have

φ (pe11 p
e2
2 · · · perr ) = φ (pe11 )φ (pe22 ) · · ·φ (perr ) =

(
pe1 − pe1−1

) (
pe2 − pe2−1

)
· · ·
(
per − per−1

)
. (2)

Formula (2) tells us that

φ(6) = (2− 1)(3− 1) = 2, φ(8) = 23 − 22 = 4, and φ(12) = (4− 2)(3− 1) = 4.

Exercise. a) Prove the last formulas.
b) Show that φ(pe) = pe − pe−1, for any prime p, and exponent e = 1, 2, 3, .... Hint: count the multiples of p between 1

and pe.
c) Wait until we have the Chinese remainder theorem to prove the general formula. See Section 19.

The multiplication table for Z∗8 = {1, 3,−3,−1(mod 8)} is a bit more interesting than that for Z∗6.

·(mod 8) 1 3 −1 −3

1 1 3 −1 −3
3 3 1 −3 −1
−1 −1 −3 1 3
−3 −3 −1 3 1

This group is often called the Klein 4-group. See Figure 24. Klein named it the 4-group in 1884. Note that every
element a of this group has the property that a · a = identity. Also the group is commutative or abelian.
Example 3. Next let’s look at a group of 2 × 2 matrices. Take F = Zp, the integers modulo p, where p is a prime. You
could also take F = R, the real numbers. Then the general linear group is

GL(2, F ) =

{
g =

(
a b
c d

)∣∣∣∣ a, b, c, d ∈ F,det g = ad− bc 6= 0(mod p)

}
,

where the operation is matrix multiplication. The definition of matrix multiplication is the same as for matrices of real
numbers, except that all computations are with integers modulo p.
Why is GL(2, F ) closed under multiplication of matrices? You need to note that det(AB) = det(A) det(B). Since we are

assuming det(A) and det(B) are in Z∗p, it follows that det(A) det(B) is also in Z∗p. The reason is that Z∗p is a group under
multiplication as we saw in the last example.

The identity is
(

1 0
0 1

)
.

The inverse of
(
a b
c d

)
is
(
a b
c d

)−1
= (ad− bc)−1

(
d −b
−c a

)
, where all computations are done modulo p.

Here the reciprocal of the determinant is computed mod p, just as we compute inverses in Z∗p. We are not computing
using fractions in the rational numbers. Thus 1

a = a−1 = b really means b is an integer such that ab ≡ 1(mod p). This is
what happens in Z∗p. Note that the inverse is in GL(2, F ) since det(M−1) = (det(M))−1.
Matrix multiplication is associative because it comes from composition of functions. What is the function? Let F 2 be the

2-dimensional vector space over F :

F 2 =

{(
x
y

)∣∣∣∣x, y ∈ F} .
Here we define the sum of vectors and product with scalar α ∈ F by(

x
y

)
+

(
u
v

)
=

(
x+ u
y + v

)
, α

(
x
y

)
=

(
αx
αy

)
.

Given a matrix M =

(
a b
c d

)
, we have a linear function TM : F 2 → F 2 given by

TM

(
x
y

)
=

(
a b
c d

)(
x
y

)
=

(
ax+ by
cx+ dy

)
.
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The function uniquely determines the matrix, since M =

(
TM

(
1
0

)
, TM

(
0
1

))
. Composition of these functions

corresponds to multiplying matrices. That is, TMN = TM ◦ TN .
Exercise. Check the preceding formulas involving TM .

You can also check that multiplication of matrices is associative by multiplying out 3 matrices with parentheses arranged
in 2 ways.
Take p = 5 and look at the following example.

Special Case. In GL(2,Z5), we get the following formulas. All computations are mod 5. Thus 1/(−2) is 2(mod 5), since
2(−2) ≡ −4 ≡ 1(mod 5). (

1 2
3 4

)−1
=

1

−2

(
4 −2
−3 1

)
= 2

(
4 3
2 1

)
=

(
3 1
4 2

)
.

To check this, we multiply out the 2 matrices and see if we get the identity matrix.(
1 2
3 4

)(
3 1
4 2

)
=

(
3 + 8 1 + 4
9 + 16 3 + 8

)
=

(
1 0
0 1

)
.

Again the arithmetic was all mod 5.
Question. How big is GL(2,Z5)? Answer. 480 elements. To see this, note that the first row can be any vector (a, b) with
a, b ∈ Z5, except (0, 0) since the determinant must be non-zero. Thus there are 5 · 5− 1 = 24 possible 1st rows of a matrix in
GL(2,Z5). Once the 1st row is given, the 2nd row cannot be a scalar (in Z5) multiple of the 1st (as the determinant must be
non-zero). Thus there are 52 − 5 = 20 possible second rows. This means that there are 24 · 20 = 480 elements of this group.
In 1832 Galois was the 1st to consider such groups.

Exercise. Find the inverse of
(

1 2
3 4

)
in GL(2,Z7).

Theorem 29 (Facts About Groups G).
1) The identity element of G is unique.
2) Inverses are unique.
3) Cancellation Law. For elements a, x, y in group G, we have ax = ay implies x = y.
4) Solution of equations. Given a, b in a group G, you can always solve ax = b for x in G.

Proof. 1) Suppose e and f are both identities in G. Then e = ef = f , first using the fact that f is an identity and then
using the fact that e is an identity.
2) Suppose an element a ∈ G has 2 inverses b and c. Then if e is the identity, ab = e = ca which implies

b = eb = (ca)b = c(ab) = ce = c.

3) Multiply both sides of the equality on the left by a−1. You need to use the associative law.
4) It is an exercise to prove this.

Corollary 30 Every row of the multiplication table of a finite group G is a permutation of the 1st row.

Proof. The map from row 1 to row k is 1-1 by the cancellation law. This map is onto by part 4) of the preceding theorem.

Definition 31 Assume G is a group. Define the left multiplication function La : G→ G by La(x) = ax, for x ∈ G.

Exercise. Show that the function La is 1-1 and onto.

If you would like to think about a really large finite group of symmetries, you might want to look at the symmetries of
the icosahedron, or symmetries of various chemical structures, or the group of motions of Rubik’s cube, or Sn for large n, or
GL(2, Zp) for large p.
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12 Subgroups

We want to talk about subgroups which are subsets of groups that are groups as well (using the same operations as in the
big group). First we should say a bit about integer powers of an element a in a group G. It works just as it did with
real numbers essentially. Define a0 = e =identity in G and for a positive integer n, define an = a · a · a · · · a

n times
. Then define

a−n =
(
a−1

)n
, for all n = 1, 2, 3, ....

Proposition 32 (Facts About Exponents are the Usual). Assuming a is an element of a group G and r, s ∈ Z, it
follows that

aras = ar+s and (ar)
s

= ars.

Proof. If both exponents r and s are non-negative integers, these facts follow easily from the definition. You just have to
think how many factors of a are on each side. If both r and s are negative integers, these facts are easily deduced from the
definition in a similar way by counting how many factors of a−1 are on each side.

The only case that requires some effort is the case that one exponent is negative and one positive. If r = −m and s = n
with m > 0 and n > 0, then

aras = a−1 · · · a−1
m factors

a · · · a
n factors

= an−m = ar+s.

Using the associative law, we can cancel a−1a = e. If n ≥ m, what remains is an−m = ar+s. If n < m, what is left is

aras = (a−1)m−n = a−(m−n) = ar+s.

If n = m, no factors are left. This completes our discussion of the 1st fact.
The 2nd fact about exponents can be shown as follows. If s is positive, then using the first fact, we have

(ar)
s

= ar · · ·
s factors

ar = a
s terms
r+···+r = as·r.

If s = 0, the formula is clear as both sides are the identity. If s < 0, we can argue in a similar matter using the definition
and the fact that

(ar)
−1

= a−r, for all r.

Exercise. Finish the proof of the 2nd fact when s < 0.

Example. Consider Z∗7, the group consisting of elements a(mod 7) such that gcd(a, 7) = 1. The operation is multiplication
modulo 7. Consider the powers of 2. You get 20 ≡ 1(mod 7), 21 ≡ 2(mod 7), 22 ≡ 4(mod 7), 23 ≡ 8 ≡ 1(mod 7). The powers
will repeat after this. So H = {1, 2, 4(mod 7)} is a subgroup of Z∗7 consisting of all powers of 2(mod 7).

Definition 33 The order of a finite group G is the number of elements in G, denoted |G| or #(G).

Examples. Orders of various groups.
The group of integers mod n under addition; |Zn| = n
Z∗n =the multiplicative group of elements a of Zn such that g.c.d.(a, n) = 1; |Z∗n| = φ(n) = the Euler phi-function
Dn =The dihedral group of motions of a regular n-gon; |Dn| = 2n.
The symmetric group of permutations of n objects; |Sn| = n! = n(n− 1)(n− 2) · · · 2 · 1.

Definition 34 The order of an element a in a group G is written |a| is the smallest positive integer n such that an =
e =identity in G. If no such n exists, then we say that a has infinite order.

Example 1. Z∗7 the group of invertible elements in Z7, under multiplication mod 7.
The order of 2 in Z∗7 was shown to be 3 in the 1st example of this section.
What about the order of 3 in Z∗7 ? The following computation shows that |3| = 6 in Z∗7.

32 ≡ 9 ≡ 2(mod 7), 33 ≡ 6 ≡ −1(mod 7), 34 ≡ −3 ≡ 4(mod 7), 35 ≡ −9 ≡ −2 ≡ 5(mod 7), 36 ≡ −6 ≡ 1(mod 7).
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Moreover, this shows that Z∗7 consists of powers of 3(mod 7) :

Z∗7 = {3n(mod 7)|n ∈ Z} = {1, 2, 3, 4, 5, 6(mod 7)}.

Example 2.
In the dihedral group D3 of motions of an equilateral triangle, the order of R (which was counterclockwise rotation by

120◦) is 3 and the order of F (which was reflect across an axis stretching from one vertex to the midpoint of the opposite
side; i.e. a vertical flip) is 2.
Example 3. Consider the group Z6 under addition mod 6. What are the orders of the elements? Here the powers
an = a · · · · · a

n times
, for n > 0 become multiples na = a+ · · ·+ a

n times
(mod 6), for n > 0. We list the elements and their orders in a

table. The orders are all the divisors of the order of Z6.

a = element of Z6 under + mod 6 |a|
0(mod 6) 1
1(mod 6) 6
2(mod 6) 3
3(mod 6) 2
4(mod 6) 3
5(mod 6) 6

Exercise. Find the orders of all elements of Z8 under addition mod 8 and Z∗8) under multiplication mod 8.

Definition 35 A subgroup H of a group G is a subset H ⊂ G which is itself a group under the same operation as for G.

Example 1. Let G = Z6 under + mod 6. Look at the subset H = {2n(mod 6) | n ∈ Z} under the same operation as in G.
This is a subgroup.
Proof. If 2n(mod 6) and 2m(mod 6) are in H then 2n− 2m = 2(n−m)(mod 6) ∈ H, for all n,m ∈ Z. It follows that 0 ∈ Z
and that H is closed under both addition and subtraction. Thus it is a group as the associative law certainly holds.
Example 2. Suppose thatD3 = {I,R,R2, F, FR, FR2} is the dihedral group of motions of an equilateral triangle. Subgroups
are

H1 = {I, F}, H2 = {I, FR}, H3 = {I, FR2}, H4 = {I,R,R2}.

There are also 2 other so-called “trivial” subgroups

H5 = {I} and H6 = D3 itself.

Note that the orders of the subgroups are 1, 2, 3 and 6. These are all the positive divisors of 6.
We can draw a picture of the subgroups of D3. See Figure 27. Here an ascending line means the lower group is a subgroup

of the upper group and there is no subgroup between the lower and upper groups. Such pictures are often drawn for a partial
ordering (in this case Hi ⊂ Hj ); which means a relation that is reflexive, antisymmetric, and transitive. Such diagrams
are then called poset diagrams. Here "poset" means partially ordered set. Antisymmetric means that A ⊂ B and B ⊂ A
implies A = B. The others are defined in Section 7. More information on such things can be found in Dornhoff and Hohn,
Applied Modern Algebra.
Exercise.
1) Are there any other subgroups of the dihedral group D3? Why?
2) Draw the subgroup diagram for the dihedral group D4.

Example 3. The group Zn of integers mod n under + (modn) is not a subgroup of the group Z of integers under +. Why?
The two operations are different. For example 3 + 3 ≡ 0(mod 6) in Z6 but 3 + 3 = 6, which is not 0 in Z.

Example 4. The order of 1 in the group Z under addition is infinite.

We have 2 tests for a non-empty subset H of G to be a subgroup of G under the operation of G.
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Figure 27: all the subgroups of D3

Proposition 36 (2-Step Subgroup Test). Suppose that G is a group and H ⊂ G such that H 6= ∅. Assume that ∀
a, b ∈ H it follows that a · b ∈ H and a−1 ∈ H. Then H is a subgroup of G.

Proof. It is clear that H is closed under multiplication, and that the multiplication satisfies the associative law. Also we
clearly have the existence of inverses in H. But why does H have an identity? We know there is an a ∈ H as H 6= ∅. We
also know a ∈ H implies a−1 ∈ H. Thus, by our hypothesis, the identity e = aa−1 ∈ H.

There is also a shorter test.

Proposition 37 (1-Step Subgroup Test). Suppose that G is a group and H ⊂ G such that H 6= ∅. Assume that ∀
a, b ∈ H it follows that a · b−1 ∈ H. Then H is a subgroup of G.

Proof. Use the 2-step test. To see that H contains the inverse of any b ∈ H. Take a = e in the 1-step test and see that
b−1 = a · b−1 ∈ H. To see that H contains ac if H contains a and c, take b = c−1, in the test.

There is a 3rd test for a non-empty finite subset H of G to be a subgroup of G under the operation of G.

Proposition 38 (Finite Subgroup Test). Suppose that G is a group and H ⊂ G, H finite, such that H 6= ∅. Assume that
a, b ∈ H =⇒ a · b ∈ H. Then H is a subgroup of G.

Proof. We use the 2-step test. Thus we need only show that a ∈ H implies a−1 ∈ H. If a = e=identity, then a−1 = e and
we are done. Otherwise look at the subset {a, a2, a3, . . . .an, . . . .} ⊂ H. Since H is finite, we must have ai = aj for some
i > j ≥ 1. Then ai−j = e and i− j ≥ 1. Therefore e ∈ H and a · ai−j−1 = e implies ai−j−1 = a−1 ∈ H.

Definition 39 If a is an element of a group G, the cyclic subgroup generated by a is < a >= {an | n ∈ Z}.

It is not hard to see that < a > is a subgroup using the 1-step test and properties of exponents. Just look at the following
calculation:

an(am)−1 = an−m ∈< A > .

Example 1. In Z6 under addition mod 6, find all the cyclic subgroups. Remember that an becomes na for a ∈ Z6 and an
integer n.

< 0 >= {n · 0(mod 6)|n ∈ Z} ={0(mod 6)}
< 1 >= {n · 1(mod 6)|n ∈ Z} ={1, 2, 3, 4, 5(mod 6)} =< 5 ≡ −1(mod 6) >
< 2 >= {n · 2(mod 6)|n ∈ Z} ={2, 4, 0(mod 6)} =< 4 ≡ −2(mod 6) >
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< 3 >= {n · 3(mod 6)|n ∈ Z} ={3, 0(mod 6)}
Note the order of the element a in Z6 , which was computed earlier in this section, the same as the number of elements

in < a >. We prove this, in general, in a later section.
Exercise. Are there any other subgroups of the group Z6?
Example 2. Consider the dihedral group of symmetries of an equilateral triangle

D3 = {I,R,R2, F, FR, FR2}.

The cyclic subgroups are the ones we found in Figure 27 except for D3 itself which is not cyclic:

< I >= {I}, < F >= {I, F}, < FR >= {I, FR}, < FR2 >= {I, FR2}, < R >= {I,R,R2} =
〈
R2
〉
.

Next we look at the subgroup of elements that commute with everything in a group.

Definition 40 The center of a group G is Z(G) = {a ∈ G | ax = xa,∀x ∈ G}.

Proposition 41 The center of G is a commutative subgroup of G.

Exercise. Prove the preceding proposition using the 1-step subgroup test.
Example 1. Find the center of the dihedral group D3.
It is {I}. To see this, look at the group table that we made in an earlier section. No row equals the corresponding column

except the 1st row and column corresponding to the identity I.
Example 2. Find the center of the dihedral group D4.
Answer. Z(D4) = {I,R2}. Here R = R90 means rotate 90◦ and V is a vertical flip. To see the center is what we claim,

look at the multiplication table for D4. You can find one using the program Group Explorer, or in Gallian, Contemporary
Modern Algebra, for example. Note that the row for R180 = (R90)

2 is the same as the corresponding column.

Example 3. Find the center of the general linear group GL(2, F ), where F = R = the (field of) real numbers. You could
also let F = Zp, for a prime p > 2. Recall that

GL(2,R) =

{(
a b
c d

)∣∣∣∣ ad− bc 6= 0

}
.

Answer.

Z (GL(2,R)) =

{
aI =

(
a 0
0 a

)∣∣∣∣ a ∈ R, a 6= 0

}
.

To prove this, you just have to see what matrices commute with all non-singular 2× 2 matrices. Let a, b, c, d be the entries
of a matrix in the center of GL(2,R). Then for all u, v, w ∈ R with uw 6= 0 we have(

a b
c d

)(
u v
0 w

)
=

(
u v
0 w

)(
a b
c d

)
.

Doing the multiplications we get (
au ∗
cu ∗

)
=

(
∗ ∗
wc wd

)
.

It follows that cu = wc for all u and w in R - in particular, for u = 1 and w = 2. Thus c = 0. Similarly b = 0 can be seen by
looking at (

a b
0 d

)(
u 0
v w

)
=

(
u 0
v w

)(
a b
0 d

)
.

This implies (
∗ bw
dv dw

)
=

(
ua ub
va ∗

)
.

So bw = ub. Taking w = 1 and u = 2 gives b = 0.
Thus our matrix must be diagonal. To see that the diagonal entries must be equal, look at the preceding computations

again, now with b = c = 0. You see that dv = va. Taking v = 1 implies d = a. So our matrix is aI, where I is the identity
matrix.
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Note that our arguments also work for matrices with entries in F = Zp, p an odd prime. When p = 2, some modification
is needed as there is only one non-zero element of F .
Exercise. 1) Suppose that H and K are subgroups of G. Show that H ∩K is also a subgroup of G
2) Is the same true for the union of subgroups? Why?

If you try to write down a multiplication table for an abstract group of order 4 that is not cyclic, you will be forced to
write down a table like that below. What is the main property of the table? Every element has order 2 or 1. No element has
order 4. So the multiplication table looks like:

· e a b c

e e a b c
a a e c
b b e
c c e

Note that the main diagonal consists of e =identity, since all elements x 6= e have order 2. What is ab ? There is only
one choice ab = c. Why? If ab = b = eb, for example, then by cancellation a = e. But a 6= e. That’s true since our group has
order 4.
Exercise. Fill in the rest of the table and show that the result gives a group.

One of our goals should be to get to know the small groups really well. Ultimately, we should know how many different
groups (up to isomorphism, a word meaning mathematically identical which will be defined in a later section) exist of each
order n ≤ 15 or so. And one should be able to write down Cayley tables for such groups. Group Explorer will help in this
endeavor certainly. For prime orders, the only groups are cyclic. That is our next topic.

13 Cyclic Groups are Your Friends

The cyclic groups are the simplest, thus our friends. For example, they are always abelian (but not the converse). And they
have many applications. I discuss many such applications in my book, Fourier Analysis on Finite Groups and Applications.
Many applications come from thinking of large finite cyclic groups as good approximations for a circle. The fast Fourier
transform is one such application. It allows rapid signal and data processing.
Other groups are more complicated, especially the non-abelian ones. J. H. Conway says that groups “are adept at doing

large numbers of impossible things before breakfast.”
What does it mean for a group G under multiplication to be cyclic?

Definition 42 A group G is cyclic means G =< a >= {an|n ∈ Z}.

Another way to think about this is to say that the multiplication table for the group can be identified (by clever relabeling)
with that for Zn under addition mod n.
Example. The Multiplication Table for an Abstract Cyclic Group G of Order 10 under Multiplication. See
Figure 28 for this table.
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Figure 28: The Group Explorer version of the multiplication table for a cyclic group of order 10
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Note that in this group a has order 10. What is the order of a2? What is the order of a3 ?
The multiplication table for a cyclic group of order 10 is really the “same”as that of Z10 under addition mod 10. More

precisely, this means the following. You identify e with 0(mod 10), ax with x(mod 10). Define f(ax) = x(mod 10). This is a
well-defined function. One can check that f(c)+f(d) ≡ f(cd)(mod 4). Later we will call such a function f : G→ Z10 a group
isomorphism. To be called a "group isomorphism" the function f must be 1-1 and onto and preserve the group operation.
Recall that the order of a finite group means the number of elements in the group. When we study groups of order n,

we really need only to look at the various non-isomorphic groups. Thus (up to isomorphism) there is really only 1 group of
order 1, 1 group of order 2, 1 group of order 3, 2 groups of order 4, 1 group of order 5. We will be able to prove such things
soon. There are tables of small groups in the library and on the internet. You can look at the Group Explorer program for a
list of small groups. In the old days I looked at a book by A. D. Thomas and G. V. Wood titled Group Tables. It lists the
multiplication tables for all groups of order ≤ 32, except the cyclic groups.
Our goal in this section is to prove the main theorem about cyclic groups which is Theorem 45 below. Before we can

prove this theorem, we need more information about computation in cyclic groups.

Proposition 43 (Facts About Powers in Finite Cyclic Groups). Suppose that G is a finite group and a ∈ G.
Suppose that a has order n = |a|, meaning that the positive integer n is the smallest such that an = e = identity of G. Then
we have the following facts.
1) ai = aj ⇐⇒ i ≡ j(modn). Multiplication in G corresponds to addition of exponents mod n.
2) < a >= {a, a2, a3, · · · , an−1, an = e}. The elements in the set are distinct and thus the 2 ways we use the word

“order”are in agreement. The order n of a is the same as the order of the cyclic group < a >. That is,

| < a > | = |a|.

3) ak = e =identity ⇐⇒ n divides k ⇐⇒ k ≡ 0(modn).

Proof. 3) is just a special case of 1). So we will say no more about 3).
1) Suppose i ≡ j(modn). This means i− j = n · q for some integer q. Then, by Proposition 32,

ai−j = anq = (an)q = eq = e.

It follows that ai−j = e and then that ai = aj upon multiplying both sides by aj , again using Proposition 32.
Suppose ai = aj . Then multiply both sides by a−j . Using Proposition 32, this gives ai−j = e = identity. We want to

show that n = |a| divides i− j. To do this, we apply the division algorithm to i− j to get

i− j = nq + r, with 0 ≤ r < n.

The proof will be complete if we can show the remainder r = 0. We know that

e = ai−j = anq+r = (an)qar = ar.

So e = ar. But if r were not 0, this would contradict the definition of |a| = n = smallest positive integer such that an = e.
Thus r = 0 and i ≡ j(modn). We leave the statement about multiplication as an exercise.
2) The order of a, |a| = n says that if we look at the powers aj , j ≥ 1, the first to be the identity is the nth power.

Moreover, the elements of the set
< a >= {a, a2, a3, · · · , an−1, an = e}

must be distinct by part 1). For no 2 distinct elements in the set {1, 2, 3, ..., n} can be congruent mod n. Why?
Morals of the 3 Facts About Powers
It is easier to compute in Zn under addition mod n, than it is to compute in the multiplicative group of powers of the

element a. That is, one should take logs. In the old days (when I was a teenager) we learned to multiply real numbers using
log tables which change multiplication to addition. The slide rules we used when I was a college student had the same effect.
They were mechanical log tables and they made a horrible noise when hundreds of students were using them on a physics
exam. Click click click........ Anyway, the same principle works in cyclic groups. Take logs and compute with the exponents
i(modn) rather than ai. Discrete logarithms in finite cyclic groups have applications in cryptography. The discrete log
problem concerns the speed of computing discrete logs.
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Example. Suppose order of a is |a| = n. How many elements of < a >= {a, a2, ..., an−1, an = e} are squares? An element
b = ak of < a > is a square means that there exists an integer power y with b = ak = (ay)2 . This is solvable by fact 1) iff
given k, there exists a y solving the congruence

k ≡ 2y(modn). (3)

Now we have a linear congruence to solve rather than an abstract non-linear equation in an unknown group. The
congruence in formula (3) will have a solution y for a given k iff gcd(2, n) divides k. It is an Exercise to prove this last
statement.
So we have 2 cases.

Case 1. If n is even, we will only have a solution for even exponents k modulo n. That is only half of the elements of < a >
will be squares in this case.
Case 2. If n is odd, then everyone in < a > is a square.

The following Proposition generalizes this example from squares to kth powers.

Proposition 44 (3 More Facts About Powers in Cyclic Groups). Again assume |a| = n in a finite group G. Then
we have the following 3 facts.
4) < ak >=< a > iff gcd(k, n) = 1.
5) < ak >=< agcd(n,k) >
6)

∣∣ak∣∣ = n
gcd(n,k) .

Proof. 4) This is just a special case of 5).
5) To show the set equality, we show two set containments.
Proof that < ak>⊂< ad>, where d = gcd(n, k).
Then n = n′d and k = k′d where gcd(n′, k′) = 1. So ak = ak

′d implies < ak >⊂< ad >.
Proof that < ad>⊂< ak>.
We know d = nx+ ky for some integers x and y. It follows from Proposition 32 that ad = anx+ky = anxaky = aky. This

implies < ad >⊂< ak >.
Putting our two set containments together gives < ak >=< ad >.
6) < ak >=< ad > by 5) where d = gcd(n, k). So d divides n. It is not hard to see that |ad| = n

d . First show the left

hand side is ≤ the right hand side. Note that, by properties of exponents from an earlier section, we have
(
ad
)n
d = an = e.

Thus |ad| ≤ n
d .

But this last inequality must be an equality. For if |ad| = s < n
d , it follows that e = (ad)s = ads , with 0 < s < n

d . This
implies 0 < ds < n which would contradict the hypothesis that the order of a is n. Thus the order |ad| = n

d .

Now finally we can prove the main theorem about cyclic groups.

Theorem 45 (Main Theorem on Cyclic Groups and Their Subgroups). Suppose G is a finite cyclic group of order
|G|.

1) Any subgroup H of G is cyclic.
2) The order |H| of subgroup H of G must divide the order |G|.
3) For every divisor d of |G|, there is a unique subgroup H of G such that |H| = d. If G =< a > , then H =< a

n
d >.

Proof. 1) Suppose G =< a >. Let m be the smallest positive integer such that am ∈ H. Then 1) is a consequence of the
following claim.
Claim. H =< am > .
Proof of Claim.
By the division algorithm, if at ∈ H, we have t = mq + r with 0 ≤ r < m. But then by Proposition 32, ar = at−mq =

at(am)−q ∈ H, contradicting the definition of m unless r = 0. Thus H must equal < am >.
QED Claim.

2) Using Part 1) of this theorem, we know that H =< am >. Fact 6) from Proposition 44 says

if G =< a > and |a| = n, then |H| = |am| = n

gcd(n,m)
.

This certainly divides n.

40



3) Suppose d divides n = |a|, where G =< a >. Then, by Fact 6 from Proposition 44, a subgroup of G of order d is

A=
〈
a
n
d

〉
.

We should explain why this is the only subgroup of G having order d. Suppose H is another subgroup of G with |H| = d.
We know by 1) and 2) that H =< am > for some m. Then, by Fact 5) in Proposition 44, we have H =

〈
agcd(m,n)

〉
. Here let

gcd(m,n) = k. Then k divides n. Now H =< ak > , |H| = d imply d =
∣∣ak∣∣ = n

gcd(n,k) = n
k since k divides n. It follows that

n
d = k. This proves A = H.

Example. The poset diagram for the subgroups of a cyclic group of order 24 is now easy to draw. It is the same as the
poset diagram of the subgroups of the group Z24, under +(mod 24). See Figure 29. The more primes dividing the modulus,
the higher dimensional the diagram. Here there are only 2 primes and so the diagram is 2-dimensional.

Figure 29: Poset diagram of the subgroups of Z24 under addition.

In these poset diagrams we only draw a line from the group above to the subgroup directly below. For example < 0 > is
a subgroup of all these groups, but we only draw a line from < 8 > and < 12 > down to < 0 >. The line is drawn between
subgroups A ⊂ B iff there is no subgroup of G between A and B.

Exercise. Draw the poset diagram for the subgroups of the cyclic group of order 60. There are 3 primes so the diagram is
3-dimensional.

We end this section with a formula counting the number of elements of order d in a cyclic group G if d divides the order
of G.

Theorem 46 Assume G =< a >, where |G| = |a| = n is finite. Then, if d divides n, the number of elements of order d in
G is φ(d) = Euler phi- function (which is the order of Z∗d or the number of integers a between 1 and d with gcd(a, d) = 1).

Proof. By 3) there is a unique subgroup H =< b > of G with |H| = d. Then every element of order d in G must generate
H. Fact 4) of Proposition 44 says that H =< bk > iff gcd(k, d) = 1. There are φ(d) such numbers k modulo d.

Example 1) Suppose p is a prime. Then φ(p) = p− 1, since all integers a between 1 and p− 1 have gcd(a, p) = 1. The only
positive divisors of p are 1 and p. Then the cyclic group Zp, under +(mod p), has p−1 generators a(mod p), a = 1, 2, ..., p−1.
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Example 2) It turns out that when p =prime, Z∗p = {1, 2, ..., p− 1(mod p)}, under multiplication mod p, is cyclic. We will
prove this in Section 11 of Part II when we discuss finite fields.
The group Z∗p has order p− 1 and thus has φ(p− 1) = φ(φ(p)) generators. In the following examples, we list the smallest

positive generator.

Z∗5 = < 2(mod mod 5) >,Z∗7 =< 3(mod 7) >,Z∗11 =< 2(mod 11) >,Z∗13 =< 2(mod 13) >,

Z∗17 = < 3(mod 17) >,Z∗19 =< 2(mod 19) >,Z∗23 =< 5(mod 23) >,Z∗29 =< 2(mod 29) > .

Finding generators of Z∗p, is so useful in number theory that many books on the subject include tables giving the generators
g of Z∗p for small values of p. These generators are called “primitive roots”mod p in number theory. Finding them by
hand can be time consuming. Mathematica will find them for you. The number 2 works about 37% of the time according to
a famous conjecture of E. Artin from 1927 which remains unproved though there is much computer evidence.
Exercise. Tell whether the following statements are true or false and give a brief reason for your answer.
a) A cyclic group can have only 1 generator.
b) Any abelian group is cyclic.
c) The following table is the multiplication table for a group G = {a, b, c, d} of order 4. Is the group cyclic?

∗ a b c d

a a b c d
b b a d c
c c d b a
d d c a b

Exercise. Find all the subgroups of the group Z of integers under addition.

14 Groups of Permutations

Now we study a sequence of groups that gets big fast.

Definition 47 The symmetric group is Sn = {σ : {1, 2, 3, ..., n} → {1, 2, 3, ..., n}| σ is 1− 1 and onto}, for n = 2, 3, 4, 5, ....
Multiplication is composition of functions.

Throughout this section we will assume n ≥ 2.
A permutation σ is uniquely determined by its list of values and we shall write

σ =

(
1 2 · · · n

σ(1) σ(2) · · · σ(n)

)
.

It follows from this representation that there are n! = n(n − 1)(n − 2) · · · 2 · 1 elements of Sn as we showed in an earlier
section.
Later we will see that every finite group G of order n can be viewed as a subgroup of Sn. This is Cayley’s theorem proved

in 1854.
Subgroups of Sn are known as permutation groups. Thus every finite group can be viewed as such a permutation group.

We saw earlier that the dihedral group D3 of symmetries of an equilateral triangle can be viewed as S3. The dihedral group
D4 is a proper subgroup of S4. For the order of D4 is 8 while the order of S4 is 24. The order of Sn grows large quite rapidly.
Some examples are |S5| = 120, |S6| = 720, |S52| is approximately 8 times 1067.
The last group, S52, is of interest for a card player. Statisticians study S52 to learn how many shuffl es it takes to put a

deck of cards in “random”order. See papers of P. Diaconis for example.
There are applications of the symmetric group Sn in a variety of fields e.g., economics, psychology, statistics, chemistry,

physics. Mathematica will do computations in the symmetric group.

Disjoint Cycle Notation for Permutations.
Let’s define the notation by example. Consider the permutation

σ =

(
1 2 3 4 5
5 3 4 2 1

)
.
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The cycle notation says that this permutation sends 1 to 5 and 5 to 1. It sends 2 to 3, 3 to 4, and 4 to 2. So we write

σ = (15)(234) = (234)(15).

The cycles (15) and (234) are said to be disjoint since each acts on disjoint sets of numbers, namely {1, 5} and {2, 3, 4}.
Exercise. Find the disjoint cycle decomposition for every permutation in S3 and S4.

We will need the following definition to compute orders of permutations written in disjoint cycle notation.

Definition 48 The least common multiple of 2 integers m,n, written lcm[m,n] = [m,n], is the smallest positive integer
that is a multiple of both m and n.

Examples. lcm[2, 3] = 6, lcm[4, 20] = 20.
Exercise. Show using unique factorization into primes that we can compute the gcd and lcm as follows, once we have
factored the integers involved as a product of the primes pi, i = 1, ..., k:

gcd

(
k∏
i=1

peii ,
k∏
i=1

pfii

)
=

k∏
i=1

pgii , where gi = min{ei, fi};

lcm

[
k∏
i=1

peii ,

k∏
i=1

pfii

]
=

k∏
i=1

phii , where hi = max{ei, fi}.

Exercise. Prove that for integers n,m, not both 0, we have

lcm[n,m] =
nm

gcd(n,m)
.

Exercise. Extend the definitions of gcd and lcm to sets of 3 or more integers. Do the formulas in the last 2 exercises
extend?

Proposition 49 (Facts About Permutations).
1) Every permutation in Sn can be written as a product of disjoint cycles. Here "disjoint" means that the numbers moved

by each of the cycles form pair-wise disjoint sets.
2) Disjoint cycles commute.
3) The order of a product of disjoint cycles is the least common multiple of the cycle lengths.

Proof. 1) It is an exercise to prove this by generalizing the example above.
2) Since the cycles act on disjoint sets of numbers, their ordering does not matter.
3) Suppose that α and β are disjoint cycles. Then, since they commute, we see that (αβ)k = αkβk = e ⇐⇒ αk = e

and βk = e. To see this, just remember that α and β move elements of disjoint subsets of {1, 2, 3, ..., n}.

Exercise. Show that non-disjoint cycles need not commute.
Example. What is the order of σ if

σ =

(
1 2 3 4 5
2 1 5 3 4

)
= (12)(354).

Answer. The order of σ is 6 = lcm[2, 3].
Check.

i σi

1 (12)(354) = (354)(12)
2 (12)2(354)2 = (354)2

3 (12)3(354)3 = (12)
4 (12)4(354)4 = (354)
5 (12)5(354)5 = (12)(354)2

6 (12)6(354)2 = (1)
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Question. What is σ−1?
To figure this out, recall our other notation for σ.

σ =

(
1 2 · · · n

σ(1) σ(2) · · · σ(n)

)
.

To find the inverse function, just switch row 1 and row 2 to get

σ−1 =

(
σ(1) σ(2) · · · σ(n)

1 2 · · · n

)
.

Then we should reorder the columns to put the numbers on the top row in order.
Example. Consider

σ =

(
1 2 3 4 5
2 1 5 3 4

)
= (12)(354)

and find that

σ−1 =

(
2 1 5 3 4
1 2 3 4 5

)
.

Reordering the columns gives

σ−1 =

(
1 2 3 4 5
2 1 4 5 3

)
= (12)(345).

Another way to find the inverse is to use the fact that σ is a product of disjoint cycles. So then we just need to know the
formula for the inverse of a cycle. One answer is to raise the cycle to the power p=length of cycle−1. Another answer is to
reverse the order of the numbers in the cycle:

(a1a2 · · · ar)−1 = (arar−1 · · · a2a1) .

For our example, using the fact that disjoint cycles commute, we get the inverse of σ = (12)(354) :

σ−1 = (12)−1(354)−1 = (12)(354)2 = (12)(453) = (12)(345).

Exercise. Let τ =

(
1 2 3 4 5 6 7
5 4 3 2 7 1 6

)
.

a) Find the disjoint cycle decomposition of τ .
b) Find τ−1.
c) Find the order of the permutation τ .

Our next question arises in many contexts, for example, in the definition of the determinant.
Question. What is an even permutation?
In order to answer this, we need to write the permutation σ as a product of transpositions (ab) also known as 2-cycles.

If you get an even number of transpositions, then σ is an even permutation. Otherwise σ is odd. By Lemma 51 below,
any product of transpositions representing σ must have the same length modulo 2. Thus the evenness or oddness of σ is a
well defined concept.
In order to write an arbitrary permutation σ as a product of transpositions or 2-cycles, we just need to write any cycle

as a product of transpositions since σ is a product of cycles. First consider an example.
Example. This decomposition is not unique. We can write

(12345) = (15)(14)(13)(12)

or
(12345) = (12)(23)(34)(45).

To see that this works, you just have to see where both sides send x ∈ {1, 2, 3, 4, 5}. Make a table

x (12345)x (15)(14)(13)(12)x (12)(23)(34)(45)x

1 2 2 2
2 3 3 3
3 4 4 4
4 5 5 5
5 1 1 1
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It follows that (12345) is an even permutation. In general, a cycle of odd length is an even permutation.

Lemma 50 Every transposition can be written as a product of an odd number of adjacent transpositions; i.e. those of the
form (a a+ 1).

Instead of proving the Lemma in general, we give an example.
Example. (14) = (12)(23)(34)(32)(21).
Exercise. Check the preceding example and then find the analogous decomposition of (13) and (27) in S7.

Lemma 51 The even or oddness of a permutation is well defined. Equivalently, suppose σ = α1α2 · · ·αr = β1β2 · · ·βs ,
where αi and βj are transpositions for all i, j. Then r ≡ s(mod 2).

Before attempting a proof, we need a certain useful polynomial.

Definition 52 We can associate the very useful polynomial in n variables to our problem. Define

V (x1, · · · , xn) =
∏

1≤i<j≤n
(xi − xj) .

Define the action of permutation σ ∈ Sn on the polynomial by

(σV ) (x1, x2, . . . , xn) = V (xσ(1), xσ(2), . . . , xσ(n)).

Exercise. Does στV = σ(τV )?
From the definition of V (x1, · · · , xn), we see that

V (xσ(1), xσ(2), . . . , xσ(n)) = sgn(σ)V (x1, · · · , xn), where sgn(σ) = ±1.

Lemma 51 will be proved if we can show that

sgn(σ) =

{
1, σ even
−1, σ odd.

(4)

Example. In the case n = 3, our polynomial is: V (x1, x2, x3) = (x1 − x2)(x1 − x3)(x2 − x3). Then if σ = (12), we have

((12)V )(x1, x2, x3) = (x2 − x1)(x2 − x3)(x1 − x3) = −V (x1, x2, x3).

If σ = (13), then

((13)V )(x1, x2, x3) = (x3 − x2)(x3 − x1)(x2 − x1) = (−1)3V (x1, x2, x3) = −V (x1, x2, x3).

The following proposition implies formula (4) for sgn(σ). This will complete the proof of Lemma 51.

Proposition 53 Properties of sgn(σ). Suppose that α, β, σ are in Sn. Then we have the following formulas.
1. sgn(αβ) = sgn(α)sgn(β).
2. sgn(tranposition) = −1.
3. sgn(σ) = (−1)#(tranpositions in σ).

Proof. 1. sgn(αβ) =
V (xαβ(1),...xαβ(n))

V (x1,...,xn)
=

V (xα(β(1)),...xα(β(n)))

V (xβ(1),...xβ(n))

V (xβ(1),...xβ(n))

V (x1,...,xn)
= sgn(α)sgn(β).

2. From Lemma 50 above and part 1, we just need to consider adjacent transpositions. Any transposition like (a a+ 1)
replaces the term (xa − xa+1) with its negative. The other affected terms of V are of the form (xa − xj) and (xa+1 − xj)
with j > a+ 1. These do not change the sign as they are just interchanged. Thus sgn(a a+ 1) = −1.
3. This follows from parts 1 and 2.

Definition 54 The alternating group is An = {σ ∈ Sn | σ is even}.
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Proposition 55 (Facts about the Alternating Group).
1. An is a subgroup of Sn .
2. |An| = |Sn|

2 = n!
2 .

Proof. 1. Use the finite subgroup test. So you just need to see that the product of 2 even permutations is even. Suppose
σ = α1α2 · · ·αr and τ = β1β2 · · ·βs, where the αi and βj are all transpositions. Here both r and s are even. Then στ is the
product of r + s transpositions, and r + s is also even.
2. There are as many even permutations as odd ones in Sn. For we have a 1-1, onto function T : An → Sn −An defined

by T (σ) = (12)σ.

Exercise. Do the odd permutations in Sn form a subgroup of Sn?

Example. The Tetrahedral Group.
T = A4 is now our favorite new group. It is identifiable with the group of proper rotations of a tetrahedron. Here “proper”

means it can be done by 3-space rotation. See Figure ??.

Figure 30: tetrahedron

We can identify elements of the group T of proper rotations of the tetrahedron with permutations in S4 easily enough.
But why must they be even? Note that any one of 4 faces of the tetrahedron can be placed on the ground. Then you can
rotate in 3 ways. Thus the order of the group T looks like 12. that is the same as the order of A4. So we have some evidence
that T can be identified with A4.
Exercise. Show that the 2 groups T and A4 are really the same by numbering the vertices of the tetrahedron and figuring
out what permutation of the vertices corresponds to the various motions in T.
Exercise. Work out the Cayley tables of A4 and S4. Of course the program Group Explorer will do these tables for you
as well as Cayley graphs.
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Exercise. Prove that our very useful polynomial from Definition 52 is the Vandermonde determinant defined by

V (x1, x2, ..., xn) = det


xn−11 xn−21 · · · x1 1
xn−12 xn−22 · · · x2 1
...

... · · ·
...

...
xn−1n xn−2n · · · xn 1

 .

Then it is clear that the transposition (ab) switches rows a and b and thus multiplies the determinant by −1. Try the case
n = 3 first.

Exercise. Consider the permutation σ =

(
1 2 3 4 5
5 4 1 2 3

)
. Write σ as a product of disjoint cycles. Is σ even or odd?

What is the order of σ? Find the inverse of σ. Compute σ3.
Exercise. Tell whether the following statements are true or false and give a brief reason for your answer.
a) The permutation τ = (123)(321) has order 3.
b) The product of 2 odd permutations is odd.

Exercise. Show that, for n ≥ 3, the group An is generated by 3-cycles (abc).

15 Isomorphisms and Cayley’s Theorem

At last we tell you precisely how to identify when 2 groups are mathematically the same or isomorphic.

Definition 56 Suppose that G and G′ are groups. A function T : G → G′ is called a group isomorphism iff T is 1-1
and onto and T preserves the group operations; i.e. T (xy) = T (x)T (y). Then we say that groups G and G′ are isomorphic
and write G ∼= G′.

Example. All cyclic groups of order n are isomorphic to the group of integers mod n under addition mod n.
To see this, suppose G = 〈a〉 = {ax | x ∈ Z} has order n. Define the function T : Zn → G by T (xmodn) = ax. The

map is well defined and 1-1 by Proposition 43. The map is onto since every element of 〈a〉 is a power of a. To see that the
function preserves the group operations, use Proposition 32 to show that

T (x+ y(modn)) = ax+y = axay = T (x)T (y).

Of course, here the first group has the operation of addition and the second group has multiplication as its operation.
Nevertheless we can now identify the 2 groups as far as these lectures are concerned. We should be able to translate any
question about a cyclic group into a question about the integers mod n under addition.

Proposition 57 (Facts About Group Isomorphisms). Suppose that G and G′ are groups and T : G→ G′ is a group
isomorphism. Then we have the following facts.
1) If e is the identity of G and e′ is the identity of G′, then T (e) = e′.
2) For all x ∈ G, we have T (x−1) = T (x)−1.
3) The order of T (x) ∈ G′ is the same as the order of x ∈ G.

Proof. We leave the proof of 1) as an Exercise.
2) e′ = T (e) = T (xx−1) = T (x)T (x−1) and e′ = T (e) = T (x−1x) = T (x−1)T (x) implies the desired result.
3) Suppose n = |T (x)| and d = |x| . Then T (e) = e′ = T (x)n = T (xn) implies xn = e. Thus d = |x| divides n = |T (x)| .

To go the other way, e′ = T (e) = T (xd) = T (x)d. Thus n = |T (x)| divides d. Since n divides d and d divides n, it follows
that n = d. Why? Exercise.
Exercise. Show that Z6 under addition is isomorphic to Z∗7 under multiplication.

Theorem 58 (Cayley’s Theorem.) If G is a finite group of order n, then G is isomorphic to a subgroup of Sn, the
group of permutations of n objects.

Proof. For any g ∈ G, recall that we have the left multiplication map Lg of G by setting Lg(x) = gx, for all x ∈ G. See
Definition 31 of Section 11. We showed in Section 11 that Lg is 1− 1 and onto and thus permutes the elements of G.
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We can enumerate G = {g1, ...gn} and write La(gi) = gσa(i) = agi, for σa ∈ Sn. Then define T : G→ Sn by T (a) = σa.
We need to show that T is 1-1 and preserves the group operations. Suppose σa = σb. Then if g1 = e, the identity of G, we
have a = gσa(1) = gσb(1) = b. So T is 1-1. Next consider

gσab(i) = abgi = a(bgi) = a(gσb(i)) = gσa(σb(i)).

It follows that T (ab) = σab = σa ◦ σb = T (a) ◦ T (b).
The theorem is proved once you do the exercise proving that if T is 1-1 and preserves group operations then the image

T (G) = {T (g)|g ∈ G} is a subgroup of Sn. Hint: you can use the finite subgroup test here.

Cayley’s theorem does not say that the group G of order n is isomorphic to Sn. This is impossible unless n = 1. For
Sn has order n! while G only has order n. The symmetric group is huge compared with G, even for n = 5 when n! = 120.
Under the isomorphism of Cayley’s theorem the group S3 is isomorphic to a subgroup of S6, which is a group of order 720.
Exercise. Consider the group Z5 of integers mod 5 under addition. Enumerate the elements as {[1], [2] , [3] , [4] , [5]}.
Find the permutations in S5 coming from the proof of Cayley’s theorem. For example, σ3([x]) = [3 + x(mod 5)]. Then

σ3 =

(
1 2 3 4 5
4 5 1 2 3

)
= (14253). Note that this is not a shock as the element in S5 must have the same order as that

in Z5 to which it corresponds (by part 3) of Proposition 57.
Exercise. Show that the group S3 is isomorphic to the following group of matrices under the operation of matrix multipli-
cation:

G =


 1 0 0

0 1 0
0 0 1

 ,

 1 0 0
0 0 1
0 1 0

 ,

 0 1 0
1 0 0
0 0 1

 ,

 0 0 1
0 1 0
1 0 0

 ,

 0 1 0
0 0 1
1 0 0

 ,

 0 0 1
1 0 0
0 1 0

 .

Exercise. Show that isomorphism between groups is an equivalence relation.

Definition 59 If G is a group and T : G → G is a group isomorphism, we say that T is a group automorphism. The
set of all automorphisms of G is called Aut(G) and it forms a group under composition of functions.

Definition 60 Take a fixed element g ∈ G. Define the conjugation function Cg(x) = g−1xg for all x ∈ G. If y = g−1xg
for some g ∈ G, we say that x and y are conjugate elements of G.

Exercise. Show that conjugation is a group automorphism.
Of course, if the group is abelian, conjugation is not very interesting because it is the identity map taking x to x. We call

the automorphism Cg an inner automorphism. The rest of the automorphisms of G are called outer automorphisms.
Exercise. Show that there is an equivalence relation on a group G obtained by saying x, y ∈ G are equivalent iff x and y
are conjugate. The equivalence classes for this equivalence relation are called conjugacy classes.
Exercise. Find all the conjugacy classes inA4. Hint. Look at cycles and note that σ (a1a2 · · · an)σ−1 = (σ (a1)σ (a2) · · ·σ (an)) ,
for any permutation σ ∈ Sn.
Exercise. Find all the conjugacy classes in GL(2,R), the group of 2× 2 real matrices with non-0 determinant. Conjugate
matrices were well studied in your linear algebra book. They correspond to matrices that give the same linear transformation
of R2 but with respect to different bases of R2. Such matrices are called "similar" in linear algebra. See Section 10 of Part
II.
Exercise. Find 4 subgroups of the symmetric group S4 that are isomorphic with S3.
Exercise. Tell whether the following statements are true or false and give a brief reason for your answer.
1) The groups S4 and D12 are isomorphic.
2) Define f : Z→ Z by f(x) = 2x, ∀x ∈ Z. Consider Z to be a group under addition. Then f is a group isomorphism.
3) Z7 is a normal subgroup of Z14.
4) Consider the integers Z and the rationals Q as groups under addition. These groups are isomorphic.

16 Cosets, Lagrange’s Theorem, and Normal Subgroups

In this section we want to generalize the concept of Zn the integers mod n.
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Definition 61 If H is a subgroup of the group G, we say that a left coset of H is a set of the form gH = {gh | h ∈ H}.
One can similarly define a right coset of H to be a set Hg. We denote by G/H the set of all left cosets and H\G the set
of right cosets.

Example. Take the group G = Z under addition and the subgroup H = nZ = {nq|q ∈ Z}. We view the elements of Zn as
cosets:

[a] = a+ nZ = {a+ nq | q ∈ Z}.

Since this particular group is abelian, left cosets are the same as right cosets.

Proposition 62 (Facts About Cosets). Suppose H is a finite subgroup of the finite group G. Then we have the following
facts.
1) |H| = |Hg| = |gH| for all g ∈ G.
2) We have an equivalence relation on G by defining x ∼ y iff x−1y ∈ H. Then the equivalence classes are the left

cosets which partition G into a disjoint union of left cosets.
3) |G/H| = |G|

|H| .

Proof. 1) Recall the left multiplication map Lg(x) = gx, for all x ∈ G. This map takes H 1-1 onto gH. Thus |H| = |gH| .
2) If x−1y = h ∈ H, then y = xh ∈ xH and conversely. To see that this relation is an equivalence relation, we just need

to prove that it is reflexive, symmetric and transitive.
a) reflexive x ∼ x : x−1x = e ∈ H
b) symmetric x ∼ y =⇒ y ∼ x : x−1y = h ∈ H implies h−1 = y−1x ∈ H
c) transitive x ∼ y and y ∼ z =⇒ x ∼ z : x−1y = h ∈ H and y−1z = k ∈ H implies hk = x−1yy−1z = x−1z ∈ H.

It follows that equivalence classes for this equivalence relation are the left cosets.
3) This follows from 1) and 2) since G is a disjoint union of |G/H| left cosets each of which has the same number |H| of

elements. Thus |G| = |G/H| |H| .

Example. Take the group G = Z6 under addition along with the subgroup H = 〈2(mod 6)〉 = {2, 4, 0(mod 6)} . The cosets
of H are H and 1 +H = {1, 3, 5(mod 6)}. We see that each coset has 3 elements, the cosets are disjoint, and every element
of G is in some coset just as Proposition 62 predicted.

The preceding facts about cosets lead quickly to Lagrange’s theorem.

Theorem 63 (Lagrange’s Theorem.) Suppose that H is a subgroup of a finite group G. Then |H| divides |G| .

Proof. This follows from part 3) of the preceding Proposition.
Instead of calling this Lagrange’s theorem, we should perhaps have called it Lagrange’s corollary.

Corollary 64 1) If G is a finite group, the order of any element of G must divide the order of G.
2) Any group G of prime order is cyclic.
3) Fermat’s Little Theorem. If a ∈ Zp, where p is prime, then ap ≡ a(mod p).

Proof. 1) We know that the order of 〈a〉 is the same as the order of the element a of G.
2) A prime p has no positive divisors but p and 1. Thus from part 1) if |G| = p, then the order of any element a 6= e of

G must be p. So 〈a〉 = G.
3) If a ≡ 0(mod p) the result is clear. Otherwise a(mod p) is in the group Z∗p which has order p − 1. This implies (by

part 1)) that ap−1 ≡ 1(mod p). Multiply the congruence by a to obtain the result.

Exercise. Find all the subgroups of Z∗7, Z∗8, Z∗9, Z∗10.
Exercise. Find all left cosets of the subgroup H = {1, 11(mod 20)} in Z∗20.

Definition 65 A subgroup H of the group G is called a normal subgroup iff g−1Hg = H for all g ∈ G. The equality
g−1Hg = H means H =

{
ghg−1|h ∈ H

}
.
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Exercise. Show that, equivalently, a subgroup H of G is normal iff gH = Hg for all g ∈ G; i.e., if every right coset is a left
coset.
Exercise. Find all normal subgroups of S3.
It is clear that every subgroup of an abelian group is normal. In the next section we will see why normal subgroups are

nice.
There are graphs associated to the cosets G/H and a generating set of G. These are called Schreier graphs. The

vertices are the cosets gH, g ∈ G. Put an arrow from coset gH to coset sgH for each s ∈ S. There are examples of these
graphs in Terras, Fourier Analysis on Finite Groups and Applications or Terras, Zeta Functions of Graphs: A Stroll through
the Garden.
Example. Let G = K4 the Klein 4-group. Recall the multiplication table in Figure 24. Let H = {e, h}. Find G/H and
draw the corresponding Schreier graph for the edge set S = {h, v}. To create the Schreier graph you take the Cayley graph
X(K4, S) and glomp together vertices which are in the same H− coset. These graphs will be undirected since x ∈ S implies
x−1 ∈ S. See Figure 31 which shows the Cayley graph X(K4, S) on the left and the Schreier graph for G/H on the right.

Figure 31: On the left is the Cayley graph for the Klein 4-group K4 = {e, h, v, hv}, with generating set S = {h, v} using the
notation of Figure 24. On the right is the Schreier graph for K4/H, where H = {e, h}, with the same set S = {h, v}.

Exercise. Show that an element g of the group G defines a function Lg(xH) = gxH, for all xH ∈ G/H. Then show that
the function Lg : G/H → G/H is 1-1 and onto. Moreover show that Lgg′ = Lg ◦ Lg′ . We view Lg as defining a group
action on G/H.
Exercise. Draw the Schreier graph for the quotient G/H with G = GL(3,Z2) , H = the subgroup of matrices of the form 1 ∗ ∗

0 ∗ ∗
0 ∗ ∗

 , where * means the entry can be either 0 or 1, and generating set S =


 0 1 1

0 1 0
1 0 0

 ,

 1 0 0
0 0 1
0 1 1

.
Change the subgroup H to the subgroup consisting of transposes of the matrices in H. This produces a Schreier graph whose
adjacency matrix has the same eigenvalues as the original. But the 2 graphs are not isomorphic graphs (meaning not related
by a 1-1,onto map between vertices preserving adjacency of vertices). See Terras, Fourier Analysis on Finite Groups and
Applications or Terras, Zeta Functions of Graphs: A Stroll through the Garden. These graphs helped to answer a question
posed by Mark Kac in the article "Can you hear the shape of a drum?" which appeared in The American Mathematical
Monthly, 73 (1966), 1—23. Carolyn Gordon, D. Webb and S. Wolpert used the same basic construction in 1992 to show that
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there are (non-convex) planar drums that cannot be heard. This means that the fundamental frequencies of vibration for
the 2 drums are the same although one drum cannot be turned into the other by rigid motions.

17 Building New Groups from Old, I: Quotient or Factor Groups G/H

We want to imitate the construction of the integers modulo n. Suppose that H is a subgroup of the group G. Recall that a
left coset gH = {gh|h ∈ H}. Take G = Z under addition and the subgroup H = nZ, consisting of all multiples of n. Then
the cosets are:

[0] = H, [1] = 1 +H, ..., [n− 1] = (n− 1) +H.

These are the elements of Zn. We were able to add integers mod n by writing [a] + [b] = [a+ b] . We had to show that this
makes sense; i.e.

[a] = [a′] , [b] = [b′] implies [a+ b] = [a′ + b′] .

To do the analog for a subgroup H of any group G, we will need to have H satisfy a condition. We will need H to be a
normal subgroup of G. Abnormal subgroups need not apply for this construction job.
Example. Consider the group Sn of permutations of n objects. Which subgroups H of Sn are normal? To answer this
question, consider the following formula with arbitrary cycle (a1a2 · · · ar) of length r:

σ ◦ (a1a2 · · · ar) ◦ σ−1 = (σ (a1)σ (a2) · · ·σ (ar)).

The formula is valid since the permutations only affect the elements of {1, 2, ..., n} of the form σ(aj) for some j = 1, 2, ..., r.
The element σ(aj) is sent to σ(aj+1) by both sides for j = 1, ..., r − 1. The element σ(ar) is sent to σ(a1).
This shows that if H is normal and contains a cycle of length r, it must contain all other cycles of length r. This means

that when n = 3, the only normal subgroups are {(1)}, {(1), (123), (132)}, and S3.
Exercise. Find all normal subgroups of S3.

Definition 66 If H is a normal subgroup of the group G define the quotient (or factor) group G/H to be the set G/H
of left cosets with multiplication (aH) (bH) = abH, ∀a, b ∈ G.

Check that G/H is a group.
Defining the multiplication of subsets S, T ⊂ G as ST = {xy|x ∈ S, y ∈ T} , we can consider (aH) (bH) as the product

of 2 cosets. This is of course independent of the representatives a and b which were chosen. Then since H is normal,
(aH) (bH) = a (Hb)H = abHH = abH, since HH = H. To see that G/H is a group, we need to find an identity H. Then
aHH = aH and HaH = aHH = aH. And (aH)−1 = H−1a−1 = Ha−1 = a−1H. The associative law is hopefully clear.

Example 1. Take G = Z and H = nZ. Then G/H is Zn.
Example 2. Consider the group G = S3 with normal subgroup H = {(1), (123), (132)}. What is S3/H? We know it has
order equal to |G/H| = |G| / |H| = 2. Therefore G/H is a cyclic group of order 2 generated by (123)H.

Exercise. Show that the center Z(G) is a normal subgroup of the group G.
Exercise. Show that the intersection of 2 normal subgroups of G is a normal subgroup of G.
Exercise. Show that if H is a subgroup of group G and |G/H| = 2, then H is a normal subgroup of G.

18 Group Homomorphism

We have already defined group isomorphisms. Homomorphisms are similar except they need not be 1-1 and onto. The idea
comes from C. Jordan in 1870.

Definition 67 If G and G′ are groups, a function T : G → G′ is a group homomorphism iff T (xy) = T (x)T (y) for all
x, y ∈ G.
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Example 1. Let G = Z under addition and G′ = Zn under addition mod n. Define T (x) = x(modn). This is a group
homomorphism which is not an isomorphism.
Example 2. Let G = Sn, for n ≥ 2. The map sgn : Sn → {±1} is a group homomorphism by Proposition 53. It cannot
be 1-1 unless n = 2.
Example 3. Let R be the group of real numbers under addition. And let C be the group of complex numbers under
addition; i.e. C = {x + iy|x, y ∈ R}, where i =

√
−1. If x + iy and u + iv ∈ C, with x, y, u, v ∈ R, we define the sum by

(x+ iy) + (u+ iv) = (x+ u) + i(y+ v). We have a group homomorphism T : R→ C defined by T (x) = x. It is 1-1 but not
onto as i /∈ R.
Exercise. Show that the familiar function φ : R → R+ defined by setting φ(x) = ex, for every real number x, is a group
homomorphism if we consider R as a group under addition and R+ as a group under multiplication.

Definition 68 Suppose G,G′ are groups and T : G → G′ is a group homomorphism. The kernel of T is kerT =
{g ∈ G|T (g) = e′} , where e′ is the identity of G′.

Lemma 69 Suppose G,G′ are groups and T : G → G′ is a group homomorphism. If e is the identity of G and e′ is the
identity of G′, then T (e) = e′ and T (x−1) = T (x)−1.

Proof. First note that T (e)T (x) = T (ex) = T (x) = e′T (x) implies by the cancellation law that T (e) = e′.
Second note that T (x−1)T (x) = T (x−1x) = T (e) = e′. Similarly T (x)T (x−1) = e′.

Exercise. Show that, under the assumptions of the 1st isomorphism theorem, the image f(G) = {f(x)|x ∈ G} does indeed
form a subgroup of G′.

Lemma 70 The group homomorphism T : G → G′ is an isomorphism iff it is onto and the kernel is the trivial subgroup
kerT = {e}, where e is the identity of G.

Proof. To see this, using Lemma 69, we need to show that T is 1-1 iff ker T = {e}. Suppose T is 1-1. Then clearly
kerT = {e}. Conversely, suppose kerT = {e} . Then Tx = Ty implies T (xy−1) = T (x)T (y)−1 = e′ = the identity of G′.
But then xy−1 ∈ kerT = {e} and xy−1 = e which implies x = y. Thus T is 1-1.

Exercise. Suppose that G,G′ are groups with identities e, e′, respectively, and T : G → G′ is a group homomorphism.
Show that T (e) = e′.
Exercise. Suppose that G,G′ are finite groups and T : G → G′ is a group homomorphism. Show that the order |T (g)|
divides the order |g| , for all g ∈ G.
Example 1. Let G = Z under addition and G′ = Zn under addition mod n. Define T (x) = x(modn). The kernel of T is
the additive subgroup nZ.

Example 2. Consider the group R2 of vectors
(
x
y

)
, for x, y real. This is a group under component-wise addition:(

x
y

)
+

(
u
v

)
=

(
x+ u
y + v

)
. Given a 2× 2 matrix M =

(
a b
c d

)
, we have a group homomorphism LM : R2 → R2

defined by LM

(
x
y

)
=

(
a b
c d

)(
x
y

)
=

(
ax+ by
cx+ dy

)
. The kernel of LM is called the nullspace of the matrix M (or

the linear transformation LM ) in linear algebra courses.

Lemma 71 If G,G′ are groups and T : G→ G′ is a group homomorphism, then kerT is a normal subgroup of G.

Proof. First let us show that kerT is a subgroup of G. Let’s use the 1-step test. Suppose that x, y ∈ kerT. This means
that if e′ is the identity of G′, T (x) = T (y) = e′. But then T (xy−1) = T (x)T (y)−1 = e′. So xy−1 ∈ kerT.
So now we need only show that a−1(kerT )a = kerT , for all a ∈ G. If x ∈ kerT, look at T (a−1xa) = T (a)−1T (x)T (a) =

T (a)−1e′T (a) = e′. This means that a−1(kerT )a ⊂ kerT. Multiply the set theoretic equality by a on the left and a−1 on
the right to get kerT ⊂ a (kerT ) a−1. Then replace a by a−1 to see that kerT ⊂ a−1 (kerT ) a. This finishes the proof that
a−1(kerT )a = kerT.

Example 3. Consider the homomorphism f taking the additive group R of real numbers to the multiplicative group
T of complex numbers of absolute value 1, T = {z ∈ C | |z| = 1}. The homomorphism is defined by f : R → T,
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f(x) = e2πix = cos(2πix) + i sin(2πix). Here i =
√
−1 . Note that f(x + y) = f(x)f(y). Question: What is ker f ?

Answer: ker f = Z. You see this from the picture showing the location of the point e2πix = cos(2πix) + i sin(2πix) in the
plane. What are the polar coordinates of this point? The radius is 1 and the angle is 2πx.
Example 4. Suppose that F = {F : R→ R} and D = {F : R→ R|f is everywhere differentiable} . Both F and D are
groups under addition defined by (f + g)(x) = f(x) + g(x), ∀x ∈ R. Define T : D → F by Tf(x) = f ′(x) = df

dx . The
mapping T is a group homomorphism since the derivative of a sum is the sum of the derivatives (as shown in calculus or
advanced calculus since calculus classes seem to be lacking in proofs). Question: What is the kernel of T? Answer: the
functions on the real line with 0 derivative everywhere; i.e., the constant functions (using the mean value theorem).

Exercise. Show that the determinant gives a group homomorphism det : GL(n,R) → R∗, where R∗ = R − {0} under
multiplication. Here recall that GL(n,R) is the general linear group of invertible n× n real matrices.
The following theorem goes back to C. Jordan in 1870. Emmy Noether stated more general versions of this and 2 other

isomorphism theorems in 1927.

Theorem 72 (1st Isomorphism Theorem). Suppose that G,G′ are groups and f : G→ G′ is a group homomorphism.
Then the quotient group G/ ker f is isomorphic to the image group f(G) = {f(x)|x ∈ G} under the mapping

F : G/ ker f → f(G),

defined by F (g ker f) = f(g), ∀g ∈ G.

Proof. For simplicity, let K = ker f .
F is well defined. This means aK = bK implies F (aK) = F (bK). If aK = bK, then there is an x ∈ K such that

b = ax. Then, using the definition of K = ker f , F (bK) = F (axK) = f(ax) = f(a)f(x) = f(a)e′ = f(a) = F (aK). Here e′

is the identity in G′.
F preserves group operations. This means F [(aK)(bK)] = F (aK)F (bK). Using our definition of multiplication of

cosets in G/K, the definition of F , the fact that f is a group homomorphism, we have F [(aK)(bK)] = F (abK) = f(ab) =
f(a)f(b) = F (aK)F (bK).
F is one-to-one. This means F (aK) = F (bK) implies aK = bK. By definition F (aK) = F (bK) implies f(a) = f(b)

which implies (using the fact that f is a group homomorphism) that f(a−1b) = e′ =identity in G. Thus, by the definition of
the kernel, a−1b ∈ K = ker f . So a−1b = x ∈ K. It follows that b = ax and therefore that bK = axK = aK, since xK = K
for any x in K, as K is a subgroup. Thus F is 1-1.

Exercise. Show that H a normal subgroup of G, implies that the map π : G → G/H defined by π(g) = gH is an onto
group homomorphism.
Example 1. Recall that Zm is the factor group Z/mZ under addition modm. We have a homomorphism f : Z → Zm,
given by f(x) = x+mZ, for all x ∈ Z. What is ker f? It is the subgroup mZ. In this case the first isomorphism theorem just
says Z/mZ ∼= Zm. Not anything we didn’t already know. In pictures, to get Zm out of Z, you roll up the infinite discrete
line of integers into a finite circle Z/mZ by identifying integers if their difference is a multiple of m. See Figure 32.
Example 2. Consider the example above of a homomorphism taking the additive group R of real numbers to the
multiplicative group T of complex numbers of absolute value 1, defined by f(x) = e2πix = cos(2πix) + i sin(2πix). Here
i =
√
−1. We can identify T with the unit circle using the angle variable 2πx. We saw that ker f = Z. It follows from

the first homomorphism theorem that the additive factor group R/Z is isomorphic to the multiplicative group of complex
numbers of absolute value 1; i.e., R/Z ∼= T. This means that if you take the real line R mod the integers Z, you roll R up
into a circle. See Figure 33.
Fourier series are representations of periodic functions or equivalently functions on the circle R/Z ∼= T. Fourier invented

the subject in the early 1800s while studying heat diffusion on a circular wire. Now when one uses computers for everything,
the continuous circle should really be replaced by the finite circle Z/mZ. I tried to explain how to do this in my book,
Fourier Analysis on Finite Groups and Applications, Part I. The end result is that using group theory one can compute
Fourier transforms fast enough to make them essential to modern signal processing. The most important algorithm in the
subject is the Fast Fourier Transform or FFT (which was actually found by Gauss in 1805, while computing the orbit of the
asteroid Juno). See Barry Cipra’s article "The Best of the 20th Century: Editors Name Top 10 Algorithms" in SIAM News,
Volume 33, Number 4.
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Figure 32: Roll up Z to get Z/nZ

Figure 33: Roll up the real line to get a circle T ∼= R/Z

54



Example 3. Suppose that G =< a > is a finite cyclic group of order n. Define the group homomorphism f : Z → G by
f(k) = ak,∀k ∈ Z. It is easily checked that f is indeed a group homomorphism. What is the kernel of f ?

ker f = {k ∈ Z|ak = a0} = {nx|x ∈ Z} = nZ.

Here we used some of the facts about powers in cyclic groups from Proposition 43. Thus, by the first isomorphism theorem,
any cyclic group of order n is isomorphic to the group Zn = Z/nZ (under addition mod n).

Exercise. Tell whether the following statements are true or false and give a brief explanation of your answer.
1) Consider the integers Z as a group under addition and define the function f : Z→ Z by f(x) = x3,∀x ∈ Z. Then f

is a group homomorphism.
2) Consider Z3 as a group under addition mod 3. Define f : Z3→ Z3 by f(x) = x3,∀x ∈ Z3. Then f is a group

homomorphism.
Exercise. If H is a normal subgroup of K and H and K are normal subgroups of G, then G/K is isomorphic to the
group (G/H)/(K/H). Hint. Use the 1st isomorphism theorem starting out with a map T : G/H → G/K, defined by
T (gH) = gK, for g ∈ G. This is called the 3rd isomorphism theorem.

There is also a 2nd isomorphism theorem, of course. We leave it to you to Google it.

19 Building New Groups from Old (Direct Product of Groups)

In the following definition we are inspired by the group R2 consisting of vectors in the plane with addition defined by adding
vectors in the usual way by adding components.

Definition 73 Given 2 groups G and H we build a larger group consisting of ordered pairs called the direct product (or
sum) of G and H denoted G⊕H (or G×H) defined by G⊕H = {(g, h)|g ∈ G, h ∈ H} with the operation of component-wise
multiplication: (g, h)(g′, h′) = (gg′, hh′).

It is pretty easily checked that the preceding definition makes G⊕H a group. The identity is: (e, e′), e=identity of G,
e′=identity of G′. Inverses are given by (g, h)−1 = (g−1, h−1). The associative law follows from the associative laws for G
and H.
Example 1. The usual Euclidean plane R2 = R ⊕ R, where we consider R to be a group under addition. Then R2 is a
group under vector addition in the plane. Of course, it actually has more structure than that as it is a vector space. See
Section 10 of Part II.
Example 2. The Klein 4-Group. Z2 ⊕ Z2 ∼= Z22, which consists of ordered pairs of 0s and 1s. The elements are:
(0, 0), (0, 1), (1, 0), (1, 1). The operation is component-wise addition mod 2. Thus (0, 1) + (1, 1) = (1, 0), for example. It is
easily seen that each non-identity element has order 2. This group is isomorphic to Z∗8 as well as the group with multiplication
table given in Figure 24.
Similarly one can take direct products of any number of groups just as happens in calculus, when you form Rn = n-

dimensional Euclidean space. Of course, we can take direct products in which each component comes from a different group.
There are lots of applications. Computers tend to like groups like

Zn2 = Z2 ⊕ Z2 ⊕ Z2 ⊕ · · ·
n copies

⊕ Z2.

Binary error correcting codes are subgroups of this group. We will consider them later. There are also applications in
cryptography and genetics.
Cayley graphs attached to these groups are in Figures 34, 35 , and 36. These graphs are undirected because the generating

sets S have the property that s ∈ S implies s−1 ∈ S.
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Figure 34: Cayley Graph Z2 ⊕ Z2 for the generating set {(1, 0), (0, 1)} .

Figure 35: Cayley graph for Z2 ⊕ Z2 ⊕ Z2 with generating set {(1, 0, 0), (0, 1, 0) , (0, 0, 1)} .
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Figure 36: Cayley graph for Z2 ⊕ Z2 ⊕ Z2 ⊕ Z2 with generating set {(1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0) , (0, 0, 0, 1)} .
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Question 1. Let G and H be finite groups. Suppose a ∈ G and b ∈ H. What is the order of the element (a, b) ∈ G⊕H ?
Answer. least common multiple r = lcm[m,n] if m = |a| and n = |b|.
Proof. First note that

(a, b)k = (ak, bk) = (e, e′)⇐⇒ ak = e = identity of G and bk = e′ = identity of H. (5)

Let k be the order of (a, b). Formula (5) implies m = |a| divides k and n = |b| divides k. So r = lcm[m,n] divides k = order
of (a, b).

On the other hand, as r = lcm[m,n] is a common multiple of m and n. Then, using formula (5) again, replacing k by r,
we see that (a, b)r = (e, e′) and thus k =the order of (a, b) divides r. So k = r.
Question 2. Suppose that we have 2 finite cyclic groups G =< a > and H =< b >. When is G ⊕H cyclic? Answer. If
and only if gcd(|H|, |G|) = 1.
Proof. Let m = |G| and n = |H|. Suppose that gcd(m,n) = 1. Then (a, b) has order mn using the answer to the 1st
question. This implies that G⊕H is cyclic.
Conversely, suppose that G ⊕ H is cyclic. Then ∃ (g, h) ∈ G ⊕ H of order mn. Let d = gcd(n,m). Then (g, h)mn/d

=
(

(gm)
n/d

, (hn)
m/d

)
= (e, e′). This says d must be 1.

Example 3. Suppose that m and n are positive integers with gcd(m,n) = 1. We have a group homomorphism f :
Z → Zm ⊕ Zn, defined by f(x) = (x + mZ, x + nZ). Here the group operations are addition. It is easily seen that
f(x+ y) = f(x) + f(y). We leave this to you to check as an exercise.
Since gcd(m,n) = 1, ker f = {x|x ≡ 0(modn) and x ≡ 0(modn)} = mnZ. The first isomorphism theorem then says

that Z/mnZ (or Zmn) is isomorphic to the image of f which is a subgroup of Zm⊕Zn, but since both Z/mnZ and Zm⊕Zn,
have mn elements, it follows (by the pigeonhole principle) that the image of f must be all of Zm⊕Zn. Therefore we see that
as additive groups Zmn ∼= Zm ⊕ Zn.
In the 2nd part of these lectures we will see that the same thing works considering everything as a ring (which means

that the maps preserve the operation of multiplication as well as addition).
This is called the Chinese remainder theorem. A version of it was found by the Chinese mathematician Sun Tsu in

the 1st century A.D. The main point of the theorem for the number theorist is the onto-ness of the map f which is proved

very explicitly by constructing solutions to the simultaneous congruences
{
x ≡ a(modm)
x ≡ b(modn)

, when gcd(m,n) = 1. There is

an old Chinese song which describes one construction of a simultaneous solution to 3 congruences. I explain it on p. 14 of
my book, Fourier Analysis on Finite Groups and Applications.
The Chinese remainder theorem has numerous computer applications, for example, in writing programs to multiply very

large integers. I also find it astounding that it seems to say that a group that we think of as 1-dimensional (Zmn ) can be
identified with a 2-dimensional group Zm⊕Zn, at least when gcd(m,n) = 1. Of course, groups are not vector spaces, so that
dimension does not really mean anything.

Consider the Cayley graph X(Z10 ⊕ Z5, {(±1, 0), (0,±1)}) in Figure 37. This can be viewed as a finite torus. The real
torus (or doughnut) in Figure is found by looking at the quotient of the plane R⊕ R modulo Z⊕ Z.
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Figure 37: A finite torus, which is the Cayley graph X(Z10 ⊕ Z5, {(±1, 0), (0,±1)}).

Figure 38: the torus (obtained from the plane modulo its integer points; i.e R⊕ R modulo Z⊕ Z
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Exercise. Use the Chinese remainder theorem to finish the proof of formula (2) for the Euler phi-function.
Exercise. Suppose that G and H are groups. Define a map T : G⊕H → G by T (x, y) = y, for all x ∈ G and all y ∈ H.
The map is called the projection onto the 1st coordinate. Show that T is a group homomorphism. What is kerT? What
does the 1st isomorphism theorem say?
Exercise. Give 4 examples of pair-wise non-isomorphic groups of order 8. Explain.
Exercise. Suppose a and b are elements of the group G and gcd(|a| , |b|) = 1. Is it true that the subgroup H = 〈a, b〉 is
isomorphic to 〈a〉 ⊕ 〈b〉 .
Exercise. Is the order of ab equal to the product of |a| and |b| for a, b in a finite group G? Explain.
Exercise. Show that the group C of complex numbers under addition is isomorphic to the group R⊕ R.

There is one more group of order 8 that does not come out of products of groups or dihedral groups. It is the quaternion
group. It is a subset of the quaternions invented in 1843 by W. R. Hamilton to generalize the complex numbers C = R⊕iR
to 4 dimensions. Well, he actually wanted something 3 dimensional. But that proved to be impossible. He had to give up
commutativity of multiplication also. He created the quaternions while walking with his wife along a canal in Dublin. He
carved the formulas into a bridge. The space of quaternions is H = R ⊕ iR ⊕ jR ⊕ kR, where i2 = j2 = k2 = ijk = −1.
See I. Stewart, Why Beauty is Truth, for more of the story of Hamilton and his quaternions. At the moment we are just
interested in 8 of these quaternions in order to get the group considered in the following exercise.
Exercise. Consider the quaternion group Q = {±1,±i,±j,±k} , with i2 = j2 = k2 = ijk = −1. Create a multiplication
table for this group of order 8. Show that Q is not isomorphic to D4. Check that the Cayley graph of Q with generating
set S = {±i,±j} is in Figure 39.

Figure 39: Cayley graph for the quaternion group with generating set {±i,±j}

Exercise. Is Z4 ⊕ Z8 isomorphic to Z32? Why?
We will say more about the Chinese Remainder Theorem when we look at the analog for rings in Section 7 of Part II.

20 Group Action

We have already seen many examples of groups acting on sets. Here we want to prove something usually called Burnside’s
Lemma though it was 1st found by Cauchy in 1870 and then Frobenius in 1900 and finally Burnside in 1910. This lemma
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has applications in chemistry for counting certain kinds of chemical compounds. There are also applications to counting
switching circuits. The result leads immediately to work of Polyà from 1937.

Definition 74 A group G is said to act on a set X on the left if for every σ ∈ G there is a function Θ : G×X → X ,
written Θ(σ, x) = σ · x = σx for all σ ∈ G, x ∈ X, such that (στ)x = σ (τx) , for all σ, τ ∈ G and x ∈ X and if e is the
identity of G, then ex = x, for all x ∈ X.

One can similarly define a right group action on a set.

Exercise. Show that the group G acts on the set X = {f : G→ C} by setting (Lgf) (x) = f(g−1x), ∀x, g ∈ G and f ∈ X.
This is the left action. There is a similar right action. Define it.
Exercise. Define S(X) to be the set of 1−1, onto functions σ : X → X. Show that S(X) is a group under the multiplication
given by composition of functions. Then show that if group G acts on set X, via Tσ(x) = σ · x, for σ ∈ G and x ∈ X, then
we have a group homomorphism T : G→ S(X) given by T (σ) = Tσ, for all g ∈ G. Note that |X| = n implies that we can
identify S(X) with Sn.
Example 1. The dihedral group Dn acts on the regular n-gon. We examined the case n = 3 in Figure 15.
Example 2. The group G acts on itself by the left action Lgx = gx for all g, x ∈ G. The group also acts on itself on the
right via Rgx = xg−1. Exercise. Prove the statements made in Example 2.
Example 3. The symmetric group Sn acts on the set X = {1, 2, ..., n} via σ · x = σ(x), for all x ∈ X.
Example 4. The symmetric group Sn acts on polynomials in n indeterminants with real coeffi cients. The action is given
by

(σP ) (x1, ..., xn) = P
(
xσ−1(1), ..., xσ−1(n)

)
.

Example 5. The general linear group GL(n,R) of non-singular matrices M acts on Rn via M · x = Mx for vectors
x ∈ Rn. Here we consider the vectors to be column vectors and Mx means matrix multiply the n × n matrix M times the
n× 1 matrix x.

Definition 75 Assume that group G acts on set X. The orbit of x ∈ X is Orb(x) = {σx | σ ∈ G} .

Lemma 76 Assume that group G acts on set X. We have an equivalence relation on the set X given by saying x ∼ y iff
y ∈ Orb(x). Of course, the equivalence classes are the orbits.

We leave the proof of the preceding Lemma as an Exercise.
Exercise. Given a group G, we can get a group action of G on itself via conjugation: Tg(x) = g−1xg. Show that this does
indeed define a group action of G on G. What are the orbits of this group action?

Definition 77 Assume that group G acts on set X. The stabilizer of x ∈ X is Stab(x) = {σ ∈ G | σx = x} . The fixed
points of σ ∈ G are Fix(σ) = {x ∈ X | σx = x} .

Exercise. Show that Stab(x) is a subgroup of G.

Proposition 78 (Orbit/Stabilizer Theorem). Assume that the finite group G acts on the finite set X. Then for any
x ∈ X, |Orb(x)| = |G| / |Stab(x)| .

Proof. We can define a 1-1,onto function F : G/Stab(x)→ Orb(x) via F (σStab(x)) = σx. Exercise. Prove this.
Example. If H is a subgroup of the group G, then H acts on G by h · g = gh−1, for h ∈ H and g ∈ G. The orbits are the
left cosets gH. The orbit/stabilizer theorem says |G/H| = |G| / |H| . We proved this earlier.

Lemma 79 (Burnside’s Lemma) Assume that the finite group G acts on the finite set X. Then the number of orbits of
the group action is

#orbits =
1

|G|
∑
σ∈G
|Fix(σ)| .
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Proof. By the preceding Proposition

#orbits =
∑
x∈X

1

|Orb(x)| =
∑
x∈X

|Stab(x)|
|G| .

It follows that
#orbits =

1

|G|
∑
x∈X
|Stab(x)| = 1

|G|
∑
x∈X

∑
σ∈G
σx=x

1.

Now interchange the 2 sums to get

#orbits =
1

|G|
∑
σ∈G

∑
x∈X
σx=x

1 =
1

|G|
∑
σ∈G
|Fix(σ)| .

Example. The group G acts on G by conjugation: Cg(x) = g−1xg, for x, g ∈ G. The orbit of G is a conjugacy class
{x} =

{
g−1xg | g ∈ G

}
. And Stab(g) = Fix(g) = CG(g) = {x ∈ G | xg = gx} = the centralizer of g in G. The center of

G is Z(G) = {g ∈ G | gx = xg,∀x ∈ G} . It follows from the Orbit/Stabilizer Theorem that

|G| = |Z(G)|+
∑

x∈G−Z(G)

|{x}| = |Z(G)|+
∑

x∈G−Z(G)

|G|
|CG(x)| . (6)

This formula is pretty obvious, since G is a disjoint union of its conjugacy classes as conjugacy is an equivalence relation.
Thus the number of elements of G is the sum of the orders of the conjugacy classes. The conjugacy classes of elements of the
center of G have just one element.
We can use the preceding formula to prove the following theorem of Cauchy.

Theorem 80 (Cauchy). If a prime p divides the order |G| of a finite group G, then G has an element of order p.

Proof. There are 2 cases (and each case has 2 subcases). Both cases use induction on |G| . The theorem is certainly true if
G has order 1 or 2.

Case 1. The group G is abelian. If G contains no proper (normal) subgroup then G is cyclic and has an element of
order p by Theorem 45. Otherwise G has a proper (normal) subgroup H. If p divides |H|, we are done by the induction
hypothesis. Otherwise, since p divides |G| = |G/H| |H| , it follows that p must divide the order of |G/H| . Thus G/H must
contain an element of order p by the induction hypothesis. But this implies G must also contain an element of order p.

Exercise. Prove this last statement.
Hint. gH has order p =⇒ gp = h ∈ H and ge /∈ H if 1 ≤ e < p. If |H| = n, we know p does not divide n. What is the

order of gn?
Case 2. The group G is not abelian.
If p does not divide |G/CG(x)| for some x ∈ G, Lagrange’s theorem says |G| = |G/CG(x)| · |CG(x)| and thus p must divide

|CG(x)| , since p divides |G| . Then by induction, since |CG(x)| < |G| (Why?), we know that CG(x) has an element of order
p and thus so does G
Our last subcase is that p divides |G/CG(x)| = |G|

|CG(x)| for all x ∈ G. Then by formula (6) p divides every term in the
sum as well as the left hand side, which implies that p divides |Z(G)| . Then by induction because G is not abelian and
|Z(G)| < |G| , we know that there must be an element of order p in the center of G.

The preceding theorem is a special case of a theorem proved by L. Sylow in 1872. To explain this theorem, some
definitions are needed. For a prime p, a p-group means the group has order a power of p. One defines for a prime p, a
Sylow p-subgroup of a group G to be a maximal p−subgroup of G. Sylow’s 1st theorem says that, for any prime p, if for
a finite group G, we write, |G| = pen, with e ≥ 1, gcd(p, n) = 1, then there is a Sylow p-subgroup of G of order pe. There
are also 2 more Sylow theorems saying that all Sylow p-subgroups are conjugate and that the number of Sylow p-subgroups
is congruent to 1 mod p, for fixed p. We will not prove the other 2 Sylow theorems. You can find proofs in most algebra
books; e.g., Herstein, Topics in Algebra or Dummit and Foote, Abstract Algebra. One can use the Sylow theorems to show
such things as there is only one group of order 15. See Wikipedia’s Sylow Theorems chapter.
One can use Burnside’s Lemma to count other sorts of things than possible groups of certain orders.
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Example. Consider the number of necklaces that one can make using beads with 2 colors (purple and blue) located at the
vertices of a hexagon. This is equivalent to counting the chemical compounds that can be obtained by attaching H or CH3

radicals to each carbon atom in a benzene ring (see Figure 1). You might think at first that there are 26 ways to do this but
these do not all give different compounds since rotation and flip do not change the chemistry or the necklace. Thus we need
to consider the group D6 acting on the necklaces. Distinct necklaces are distinct orbits (i.e., distinct equivalence classes).
We need to make a table.

group element σ number of such elements |Fix(σ)|
I 1 26

F1 flip across axis between opposite vertices 3 24

F2 flip across axis between opposite sides 3 23

R,R5 , R=rotate by = 2π
6 = π

3 2 2
R2, R4 2 22

R3 1 23

From this, we find that the number of orbits is the sum of the numbers in the 3rd column of the table divided by the
order of the group; i.e. 15612 = 13. We picture the 13 necklaces in Figure 40.

Figure 40: the 13 necklaces with 6 beads of 2 colors

Example. Find the number of necklaces that can be made with 3 red beads and 6 green beads.
Exercise. Consider the group of rotations of a cube. View the elements as permutations of the 6 faces. The stabilizer of
the top face has 4 elements. The size of the orbit of the top face is 6. What is the order of the group? Can you identify
this group? In how many ways can you color a cube’s faces with 2 colors?
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Exercise. Consider the group of motions of the octahedron (a solid with 8 faces consisting of equilateral triangles). What
is the order of this group? Do the same thing for the dodecahedron (a solid with 12 faces consisting of regular pentagons).
See Figure 41 for the dodecahedron and Figure 42 for the dodecahedron graph.

Figure 41: The dodecahedron drawn by Group Explorer. The symmetry group is A5.

64



Figure 42: the dodecahedron graph drawn by Mathematica
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21 Public-Key Cryptography

As a last application of group theory, let us consider an algorithm used to encrypt messages which is due to Rivest, Shamir,
and Adleman in 1978. This method is called RSA cryptography.
Quite often in modern times one wants to send a message (usually on the web) which can only be understood by the

recipient. Public-key cryptography allows this to be done fairly easily and fairly securely (we hope). Think of your message
as a number mod pq, where p and q are very large distinct primes that don’t divide m. The encryption of the message m is
just mt(mod pq) for some power t. To decrypt, one needs a power s so that mts ≡ m(mod pq). From what we know about
the group Z∗pq, we know that we need to solve ts ≡ 1(modφ(pq)), where φ is Euler’s phi-function. Recall that Z∗φ(pq) has
order e = φ (φ(pq)) and te ≡ 1(mod pq). Thus s ≡ t−1 ≡ te−1(modφ(pq)). This requires one to know φ (φ(pq)) . A 2nd way
to find s is to use Euclid’s algorithm. In any case, you need to know φ(pq).

What happens is that anyone who wants to receive a secret message chooses p, q, t and publishes t and pq. The public
key is (t, pq) and the secret key need to decrypt the message is s. Anyone who wants to send a secret message m will compute
mt(mod pq) and send this number. Why can’t a 3rd party figure outm from this public knowledge? The catch is that if p and
q are huge primes, no one can factor pq in a reasonable amount of time and then no one can compute φ(pq) = (p− 1)(q− 1).
For more information on this subject, see, for example, K. Rosen, Elementary Number Theory or N. Koblitz, A Course

in Number Theory and Cryptography. See also the article of N. Koblitz in the Notices of the American Math. Society, Sept.
2007 well as that of N. Koblitz and A. Menezes, Notices of the American Math. Society, March, 2010. Or see Wikipedia as
well as the Mathematica website for RSA encryption and decryption.
There are attacks on RSA cryptosystems. And the primes p and q must be very large The RSA website (www.rsa.com)

has a discussion. The suggested size of the modulus n = pq is 1024 bits (meaning express the number pq base 2) and thus
since 21025 − 1 = 3.595 4× 10308 the number of decimal digits is something like 308. You would not like to see that number
written down here. The RSA website says such a key is OK for corporate uses but not for extremely valuable keys. It is
somewhat frightening to one born in 1942 that a googol is only 10100. I once thought that number inconceivably large. In the
1970’s I was impressed when someone could factor their social security number on their HP-65 programmable calculator.
Other groups than Z∗φ(pq) can be used for cryptography. In particular, one can use the group of points on an elliptic

curve. We may say more about these things later.
Let’s give a toy example of RSA cryptography with tiny primes and the encoding of letters modelled on examples in K.

Rosen’s book. First we make a table of letters from A to Z and the corresponding pairs of numbers 00 to 25.

A B C D E F G H I J K L M

00 01 02 03 04 05 06 07 08 09 10 11 12

N O P Q R S T U V W X Y Z

13 14 15 16 17 18 19 20 21 22 23 24 25

We assume the public key is (n = pq, t) = (37 ·59, 23). We need gcd(φ(37 ·59), 23) = 1. We know that φ(37 ·59) = 36 ·58.
So indeed gcd(36 · 56, 23) = 1. We have 37 · 59 = 2183.
Before encrypting anything, we need to address the problem of modular exponentiation. We will need to find 130423 mod 2183

for example. To do this, you might want to compute the integer 130423. But that would be a really huge number since
log10 130423 ∼= 71.65. In the old days (when I was young) this number would crash your calculator. Despite this humongous
size, Mathematica says it can handle a number this large. It says Mod[130423, 2183] = 404. I see that today (Feb. 24, 2011)
on a PC running Linux, Mathematica says it can deal with a number whose log base 10 is over 300, 000, 000.
Mathematica also has something called PowerMod. The command PowerMod[1304,23,2183] yields the same answer

404 and it should work better than just Mod since it is clever enough to compute inverses and square roots when they exist.
The number theory algorithm you would have to use if found on a desert island goes as follows. First you would write

the exponent 23 in base 2 as 23 = 1 + 2 + 4 + 16. Then you repeatedly square and reduce mod 2183. This gives the
following computation. Since we keep reducing mod 2183 the numbers never have more than 4 digits.

i 1304i (mod 2183)
1 1304
2 13042 ≡ 2024
4 20242 ≡ 234
8 2342 ≡ 181
16 1812 ≡ 16

66



Then to obtain 130423 = 13041+2+4+16 = 1304 · 13042 · 13044 · 130416 ≡ 1304 · 2024 · 234 · 16 ≡ 404(mod 2183). Mercifully
we do not really need to do this if Mathematica is available. More discussion of this algorithm can be found in K. Rosen,
Elementary Number Theory.
Exercise. Use the Mathematica command Mod[a,n] and repeated squaring to compute 210423 mod 2183. Then check
your answer using PowerMod[b,p,n].
We want to encrypt a message: NEVER GIVE UP. Take the message and translate the letters to their numerical

equivalent. Form blocks of 4 letters. Add Xs as necessary to make the last block of 4 numbers (2 letters).

NE VE RG IV EU PX
1304 2104 1706 0821 0420 1523

To encipher a block B replace it by E(B) = C = P t(modn). I am doing this using Mathematica. Of course there are
many other programs that would work, but maybe not as easily.
So we need to compute stuff.

130423 ≡ 404(mod 2183) 210423 ≡ 1867(mod 2183) 170623 ≡ 950(mod 2183)

82123 ≡ 1304(mod 2183) 042023 ≡ 964(mod 2183) 152323 ≡ 1215(mod 2183).

This means that the encrypted message is 0404 1867 0950 1304 0964 1215.
Exercise. Check that the decryption of 0404 1867 0950 1304 0964 1215 is indeed NEVER GIVE UP.
Exercise. Suppose that the public key is still (n = pq, t) = (37 · 59, 23). You need to decrypt the message:

0404 1867 0551 0496 1337 0643 0026.

Hint. First you must find s ≡ t−1 ≡ te−1(modφ(pq)). Mathematica can do this via

PowerMod[t,−1, EulerPhi[p ∗ q]].

Once you replace the blocks B by Bs(mod 2183), you will still need to translate the pairs of numbers to letters using the
table above.

22 Small Groups

We seek to list the groups of small order up to isomorphism. Of course the program Group Explorer does this for us. But
we want to convince ourselves that the list is complete. Unfortunately, we may not have the patience to give every detail of
the proofs at this point. In particular, we will assume the fundamental theorem of abelian groups. We will also see a new
group.
For orders p which are prime, we know by Corollary 64 of Lagrange’s theorem that the group is cyclic Cp and that’s it

for orders 2,3,5,7,11,13. Of course, there is only one group of order 1 as well.
It helps to know the fundamental theorem of finite abelian groups which says that a finite abelian group is a direct

product of cyclic groups. Let’s assume this theorem at this point. It has a very nice proof involving the analog of Gaussian
elimination for matrices with integer entries. Most books seem to make the proof look scary unfortunately. We learned to
like the proof from the old book by O. Schreier and E. Sperner, Introduction to Modern Algebra and Matrix Theory. For
other proofs, see Herstein, Topics in Algebra or Dummit and Foote, Abstract Algebra.

We have seen in an exercise at the end of section 12 that there are 2 groups of order 4: the cyclic group C4 of order 4
and the Klein 4-group C4 ⊕ C4.
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For order 6, there are 2 possibilities. If the group G of order 6 is not cyclic, it can only have elements of orders 1,2,
and 3 by Lagrange’s Theorem. First show that there must be an element of order 3. If G were abelian and non-cyclic, it
would have to be a product of cyclic groups of orders 2 and 3, but then by the Chinese Remainder Theorem, G would be
cyclic. Thus our group cannot be abelian. If every element of G had order 2, then G would be abelian. Exercise. Prove
this. Thus G must have an element h of order 3. Let H =< h > . Then H is a normal subgroup, by an earlier exercise.
So G/H is cyclic of order 2. It follows that G =

{
e, h, h2, g, gh, gh2

}
for some g ∈ G−H. One can show (Exercise) that

g2 = e and then that G is isomorphic to S3.
If G is an abelian group of order 8, there are as many possibilities as ways to write 8 as a product of positive integers.

We have 8, 4 · 2, 2 · 2 · 2. Thus we have the abelian groups C8, C2 ⊕ C4, C2 ⊕ C2 ⊕ C2.
If G is a non-abelian group of order 8, it turns out that there are 2 possibilities: the dihedral group D4 and the quaternion

group Q. To see this, you need to think about the possibilities for orders of elements. They cannot all be order 2 or the
group would be abelian. So there must be an element h of order 4. Then H =< h > is a normal subgroup of G, by an
earlier exercise. So G is the disjoint union of H and gH. Moreover g2 ∈ H.
Case 1. ghg−1 = h3 and g2 = e.
Case 2. ghg−1 = h3 and g2 = h2.
It is a challenge to show that these are the only cases left to consider when G is a non-abelian group of order 8. Then one

must show that in the 1st case we get the dihedral group D4 and in the 2nd the quaternion group.
For order 9 there are 2 possibilities: the cyclic group C9 and the direct product C3 ⊕ C3. We leave the proof as an

exercise.
For order 10, there are again 2 possibilities: C10 and D5.
For order 12 there are 5 possibilities: C12, C2 ⊕ C6, D6, A4, the semi-direct product C3 o C4 of C3 and C4. This last

group has generators a, b satisfying the relations a4 = b3 = e and bab = a. On the other hand, the dihedral group D6 has as
generators a, b satisfying the relations a2 = b6 = e and bab = a−1.
Finally we list the results of our thoughts about small groups.
Table of representative non-isomorphic groups of orders ≤ 13.

order 1 C1
order 2 C2
order 3 C3
order 4 C4 C2 ⊕ C2
order 5 C5
order 6 C6 S3
order 7 C7
order 8 C8 C2 ⊕ C4 C2 ⊕ C2 ⊕ C2 D4 Q
order 9 C9 C3 ⊕ C3
order 10 C10 D5

order 11 C11
order 12 C10 C2 ⊕ C6 D6 A4 C3 o C4
order 13 C13
order 14 C14 D7

order 15 C15
The only new group on our list is the semi-direct product C3 o C4. You can view this group as the points (a, b) with

a ∈ Z3 and b∈ Z4 where the product is
(a, b)(c, d) = (a+ (−1)bc, b+ d). (7)

Exercise. Show that formula (7) makes the Cartesian product Z3 × Z4 into a group.
The group C3 o C4 is also called a dicyclic group (a special case of a metacyclic group). See M. Hall, The Theory of

Groups.
We include in Figures 43 and 44 the multiplication table and the Cayley graph X(C3oC4, {a, b}) from Group Explorer.

Exercise. Count the elements of order 2 in the 3 non-abelian groups of order 12.
Answer. D6 has 7; A4 has 3; Z3 o Z4 has 1.

Exercise. Show that the group Z3oZ4 can be identified with a group of 2× 2 complex matrices generated by the matrices(
0 i
i 0

)
and

(
w 0
0 w2

)
, where i =

√
−1 = eπi/2, and w = e2πi/3. Here i2 = −1, and i4 = 1, while w3 = 1.
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Figure 43: Group Explorer’s multiplication table for the semi-direct product C3 o C4

69



Figure 44: Group Explorer draws the Cayley graph X(C3 o C4, {a, b})

Exercise. Show that the order of the general linear group whose entries come from Z2 is 168; i.e., |GL(3,Z2)| is 168. Find
the center of this group.

Exercise. Show that D3 is isomorphic to the affi ne group Aff(Z3) of matrices
(
a b
0 1

)
, with a, b ∈ Z3 and b 6= 0.

Exercise. Consider the Heisenberg group of matrices

 1 x z
0 1 y
0 0 1

 . Show that this is indeed a group and find its

center.
For more about the finite matrix groups in the exercises, see Terras, Fourier Analysis on Finite Groups and Applications.

One of the favorite graphs in this book is the Cayley graph attached to the affi ne group Aff(Zp), for prime p, with generating
set

Sa,δ =

{(
y x
0 1

)∣∣∣∣x2 = ay + δ(y − 1)2
}
, (8)

for δ a non-square in Zp and a 6= 0, 4δ. In Figure ??, we see the special case X(Aff(Z5), S1,2). The graph is obtained by
putting a star on every face of a dodecahedron. We call these graphs "finite upper half plane graphs" for reasons which are
explained in our book.

Exercise. Draw the Cayley graph X(Aff(Z3), S1,2). You should get an octahedron.
This section classified groups of order ≤ 15. That is perhaps not so impressive. Still it may have put you to sleep. Sorry!
What’s the good of such classifications, you may ask? Chemists are fond of the classification of the space groups of a

crystal. There are 230 such groups (219 is we don’t distinguish between mirror images). The types were enumerated by E.
S. Federov, A. Schönfliess, and W. Barlow, independently in the 1890’s. The symmetry groups of chemical quantities have
an effect on the physical and spectroscopic properties of the molecules.
The buckyball or C60, where now C stands for carbon and not cyclic, was discovered by R. Smalley and J. Kroto in 1985.

It is a truncated icosahedron (a soccerball) whose faces consist of 20 hexagons and 12 pentagons. The icosahedral group
A5 leaves it invariant and accounts for some of its properties. Fan Chung and S. Sternberg [Mathematics and the buckyball,
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Figure 45: The Cayley graph X(Aff(Z5), S1,2), with generating set defined by formula (8)) has edges given by solid green
lines while the dashed magenta lines are the edges of a dodecahedron.

American Scientist, 81 (1993)] apply the representation theory of the icosahedral group to explain the spectral lines of the
buckyball. They find that the stability constant for the buckyball is greater than that for benzene.
When groups of transformations leave the Lagrangian of a physical system invariant, Emmy Noether showed that there

is a corresponding conservation law. This is Emmy Noether’s theorem published in 1918. It led physicists L. M. Lederman
and C.T. Hall to write [in the book, Symmetry and the Beautiful Universe] that Noether’s theorem is "certainly one of the
most important mathematical theorems ever proved in guiding the development of modern physics."
Emmy Noether lived from 1882 to 1935 and was the creator of much of this algebra course. Sadly she lived in a time

when women were not allowed to be professors in most universities and Hitler was forcing anyone who was Jewish to flee
Europe. She died after only a few years in the U.S. teaching at Bryn Mawr college.
The classification of groups is a major preoccupation of group theorists. From 1955 to the present around 100 mathe-

maticians have been working on classifying finite simple groups. A simple group G has no normal subgroups except G and
{e}. Tens of thousands of pages of mathematics papers have been devoted to the project. Is the project finished? I have no
idea. People seem to think there are no major gaps in the proofs.
There are many types of finite simple groups: some occurring in infinite lists such as cyclic groups, alternating groups,

groups of Lie type (for example, groups like the special linear group SL(n,Zp) of n×n matrices of determinant 1 and entries
in Zp for prime p), and then there are 26 sporadic groups. The list of sporadic groups ends with the monster of order
∼= 8 · 1053.
Classifying infinite groups has also been a major project. The simple Lie groups over the complex number field were

classified. An example is SL(n,C), the group of n×n complex matrices of determinant 1. W. Killing did this in 1887. See
I. Stewart, Why Beauty is Truth. Again there are exceptional groups on the list. Evidently Killing was not happy about
that. In 1894 E. Cartan rederived Killing’s theory in his Ph.D. thesis and received most of the credit for the classification of
Lie groups. Much of modern physics and number theory involves analysis on Lie groups over not just the complex numbers
but also the reals and something called p-adic numbers.
Groups are deeply embedded in various kinds of mathematics. For example, algebraic topology involves fundamental

groups, homotopy groups, homology and cohomology groups. We restrict ourselves here to the fundamental group of a
finite graph X. The elements of this group are equivalence classes of closed directed paths on the graph starting and ending
at some fixed vertex. Two paths in the graph X are equivalent iff one can be continuously deformed into the other. The
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product of 2 paths C,D in X means first go around C and then D. It turns out that the fundamental group of X is a free
group on r generators, where r is the number of edges left out of a spanning tree T in X. A spanning tree T for a graph
X means a connected graph with no closed paths such that T has the same vertices as X. For example, if X is the complete
graph on 4 vertices or the tetrahedron graph, a spanning tree is pictured as the red edges in Figure 46 and thus there are 3
edges left out. One closed path is also indicated by following the black arrows around the outside triangle. You can create
a topologically identical graph by collapsing the spanning tree to a point. This new collapsed graph is a bouquet of 3 loops
as in Figure 47. It is fairly clear that each loop provides a generator of the fundamental group of the bouquet graph. So the
fundamental group of the tetrahedron graph is the free group on 3 generators.

Figure 46: A spanning tree for the tetrahedron graph is indicated in red. Since 3 edges are left out, the fundamental group
of the tetrahedron graph is the free group on 3 generators. The black arrows show a closed path on the tetrahedron graph.

Free groups can be used to construct the group G with presentation 〈S : R〉 as a quotient of the free group generated
by S modulo the normal subgroup generated by R. There are some famous problems associated with such constructions.
The word problem is that of deciding whether 2 words in the generators actually represent the same element of the group
G. This problem was posed by Max Dehn in 1911. P. Novikov showed in 1955 that there is a finitely presented group whose
word problem is undecidable. Dehn was famous for solving the 3rd of D. Hilbert’s 23 problems just after the problems were
posed by Hilbert at the International Congress of Mathematicians in 1900. Dehn was the 1st to solve any of the problems
and some are still open. See Wikipedia for a list. There are now 7 problems presented by the Clay Mathematics Institute
in 2000 - of which only 1 has so far been solved.
We end our discussion of groups here with a few flowers whose symmetry groups could be considered.

72



Figure 47: the bouquet of 3 loops obtained by collapsing the tree in the tetrahedron graph to a point
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