Real Analysis Spring Qualifying Exam May, 2023
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Some notations and identities you may use
T f (@) = flx —y), fxg(x) = [ flz—y)g(y)dy
For f € LYR",m), f(§) = Jp, e 10 f(y) dy
m and dy denote the Lebesgue measure, f(z) = f(—x)
For A > 0, g*(x) = e~mMal* gA/\(f') = \""/2e=mIE?/A
You may quote a result from the book or lecture by stating the result clearly or by

the name (such as the monotone convergence theorem).
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(1) (10410410 pts) TRUE or FALSE: If true, prove it. If false, disprove it.
(a) If f is a linear functional of a normed vector space X, f~1(0) is closed.

(b) In a Hilbert space, if {x,} converges to x weakly and ||x,| — ||z||, then {x,}
converges to x strongly, namely ||z, — z|| — 0.

(c) Let E C R be Lebesque measurable set and assume that there exists 0 < a < 1
such that m(EN1T) < am(I) for all open intervals I. Then, m(E) = 0.
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(2) (3+7) Assume that pu(X) < oco. Let {f,} be a bounded sequence of complex
functions. Assume that f, — f uniformly as n — co. Prove that [ x fndp —
[ fdu. Show by an example that the assumption u(X) < oo can not be dropped.



(3) (10 pts) Let R, =[0,00), f,g € Ll(R+, nd consider

m), a
- o)
= f(

Show that h is well-defined ( y)g(z/y)/y is in LY(Ry,m)) for a.e.
r€Ry, he LYR,), and

Ialoe < 1f 1o gl

: - - 2
Comment: You may use without proof that g(z/y) is Lebesgue measurable on R? .
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(4) (74345415 pts) Define the distance function between (z1,y;) and (x2, y2) for two
points (where z;,y; are real numbers) in the plane to be

’yl_yQ‘ if T = X9, 1+’y1—y2| if .’I‘17é$2.
(i) Prove that this is indeed a metric.
(ii) The corresponding metric space (X, d) so defined is locally compact.
(iii) For any f € C.(X), Let I be the set of x such that there exists a y with
f(z,y) # 0. Prove that F'is a finite set {z1, 22, -, z,}.
(iv) For f in (iii) define I(f) = >"1, [~ f(zi,y) dy. Then I(f) induces a Radon
measure ;4 on X. Is p inner regular for all Borel set? If answer is a ‘Yes’ prove it.
if the answer is a ‘No’ find a Borel set which is not inner regular.



(5) (847 pts) Let £ denote the vector space of sequence of complex numbers x =
(z1, %9, , Ty, ) with |z]|ec = sup, |z,| < oo. Define ¢,(z) = L3702y
Prove that (i) ¢, € (£*°)* and {¢,} has a weak™® cluster point ¢; (ii) ¢ is an
element of (£*°)* which does not arise from an element of ¢'. Here ¢! denotes the
normed vector space of sequence x = (x1,Za, -+ ,Tp, -+ ) wWith ||z|; = > 7o, |zl
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(6) (15 pts) Let 1 < p < oo. Recall that A\j(a) = p({z||g(z)] > a}). Assume
that T is a linear operator from LP into L% and L% with 1 < ¢; < g2 such
that App(a) < (Ci||fllp/a)® and Arp(a) < (Collfllp/)® . Prove that for any
G <q<q, |[Tflly < Cyllfll,- Here C, depends on ¢, ¢1, g2 and Cy, Cs.



(7) (20 pts) Let I'(2) be the gamma function which is defined by

F(z):/ e 't dt
0

for z with $(z) > 0. For a compact support function ¢ prove that for any 0 <
a<n

o= [ per=riwyar = "D [ jeeote)ac

The dx,d¢ are all with respect to the Lebesgue measure of the corresponding
Euclidean spaces.
Hint: Use the Fourier transform of the Gaussian (on the covering page), the

identify [ fg= [ fg for L' functions and the change of variables for integral in
the definition of I' function.

END OF EXAM



