
HW 6 due wed
OH wed : 11:00 - 11:30, 4:00 -4:30

Detni Given a seq Can ) in Q we write
(for peep Épan for apt apt , t

' "

tag .

We associate with (and the seq ofpartialsumssn-E-a.ae
The expressions

aotaitazt - . - and ¥µ an

are called series and denote the value
of Liff Sn if the limit exists

we say ¥µ on corners/diverges if
LSD converges/diverges.

Than 3.11 (Cauchy criterion) becomes

Thm3.IE an converges iff
ta >0 IN V-n±m±N I É=mak / < E

PI: Follow} from Them 3.11 and fact that

IÉÉ.ae/--lsn-sn-il
where Sn defined as above. ☐



Taking n=m above

Thm3.23_ : If Ian converges then an → 0

Obs : Converse is false .
I →0 but Ent diverges

NEXT

-1hm 3.14 becomes :

Thm3. : If an for all n then Ian

converges if and only if its partial sums are banded.
☐

th-m3.LI (comparison Test)
① If Ian / ⇐ on for all n IN and Eon converges

than Ian converges

② If an ± In ±0 for all n±N and Idn diverges
then Ian diverges

Pfi ① Given E >0 pick M ≤ N with
V-m±n ± M É=n Go < E

.

Then for in ± n ± M
I É⇒a. I ≤ É laid ≤ Énca < E
Thus Ear converges by Them 3.22 .

② Follows from contrapositive of ① . ☐



Thm3# ! let 7- C- ¢ . If I -1-1<1 then
F- É converges to ¥ .

If I # A- I
A-0

then I ¥ diverges.

Note : ÉoÉ is called a

Geometricserrespf.it#e4-%e1T-'sYi--E=o--k--lt--+--2+
. . . + ≥!

Then Sn = so Sn→¥ by -1hm 3.3, 3.20
So É◦±ⁿ = ¥ .

If 1-1-1=-1 then É -1>0 so ¥⇒Iⁿ
diverges by Thm 3.23 ☐

-hm3.2 : suppose a ,±az±as ≥ - . _ ± 0 . Then

É an converges ←→ £ 2kg ,, converges
A- I k=o

PI: Set sn = a , tazt
- -

- tan

tk = a
,
1- Zazt Yay 1- ' " t 2kaza

for all nEI+
,
KE IN . By -1hm 3.24

Ian converges ⇔ Csn) banded above

I Zkazia converges⇔ (tic) banded above



Assume (a) banded above by M .

Pick
any K c- IN . Pick any n > 2k

. Then

214=-22 ± 29+2921-203+2ay t - - -

t Zaza ,

+ ,

t ' ' ' t 292k
±
a

,
+ Zaz 1- 2 (Anstey ) t " t 262k¥

,
+ " 'Aza )

± a ,
+ Zara 1- Yay t - ' ' + 2k9gr = tk

So (tic) banded above .

⇔ Assume (tic) banded above by M .

Pick
any n c- It . Pick

any
K with n

< 2k
.
Then

Sn ≤ a , tlaztasftaytan-tQata_dt-nt@zktitazkti.d
≤ a

, + 292 1- Yay 1- " it 2kaza = tk ≤ M
so Csn ) banded above . ☐

Thm328_: É ¥ converges if p
> 1
, diverges if p ≤ 1 .

Pfi . When p ≤0 ,

Ente diverges since ¥ → 0 (Thm 3.23J.
Assume p >0. Then I n't converges iff

¥-52k '¥µ = ¥1k"" "

converges

This last series is geometry so converges
iff 21

-

P < I iff p > 1 . ☐



TUMI9 : ¥-2 n¥§ converges if p > 1
,

diverges if p≤ Ii

PI ! Done if p ≤0 .

Assume p >0. By -1hm 3.27

Series converges iff É=
,

2k - z¥☒
= É

,
k(¥P =¥⇒pÉ,¥

converges . Apply -1hm 3.28 . ☐

Defy : e = É IT E. 2 . -11828 . . .
.
(0 ! =L

,
n ! = nlcn-0:))

0b€ ¥ ≤ ¥ so ELT converges by comparisonto geometric series 2. E In .

T.nm3.ci . hi-7*(1+1) ^ = e


