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Abstract

We study the phase transition of the random d-process, which is a time-evolving random graph model
with bounded degrees: starting with an empty graph on n vertices, new random edges are added step-
by-step so that the maximum degree remains at most d. We show that the d-process undergoes a giant
component phase transition for fixed d > 3, solving a problem of Wormald from 1999. We also show that
the giant component has a non-trivial distribution at the end of the 2-process, verifying a conjecture of
Baliniska and Quintas from 1993. Our techniques show that the critical point of the phase transition in
fact equals the blow-up point of the susceptibility, which in turn is determined by O(d?) many differential
equations. Our results extend to many hypergraph generalizations of the d-process.

1 Introduction

One of the most interesting features of random graphs is the ‘giant component’ phase transition, i.e., the sud-
den change of the global graph structure from only small components to a single giant component plus
small ones. Motivated by properties of real-world networks and ideas from mathematical physics, during the
last two decades there has been an increased interest in the phase transition of time-evolving random graph
models. For many of these difficult-to-analyze models, it remains a mathematical challenge to narrow the
widening gap between simulation based results and theoretical understanding.

In this paper we study a time-evolving random graph model with bounded degrees. More precisely, for an
integer parameter d > 1 we consider the random d-process (G)izo0 = (G2 ;)io with vertex set [n] = {1,...,n},
that starts with no edges and then sequentially adds new edges one-by-one, each time choosing the next edge
uniformly at random from all so-far unused edges whose addition does not create a vertex of degree d; this
process stops when no more such edges can be added, which wh[ﬂ happens after |dn/2] steps, see [42]. Note
that Gflm has i edges. Furthermore, for d > n — 1 the d-process reduces to the classical Erd6s-Rényi random
graph process (which simply adds a new random edge in each step).

The random d-process is so natural that it has been studied by different communities. In combinatorics
it can be traced back to a suggestiorﬂ of Erdds and Rényi from 1961 for more realistic modeling [22].
In chemistry it has been studied as early as 1985, motivated by polymerization modeling [33] [7]. Tt also
corresponds to a simple random greedy algorithm for generating d-regular graphs [42, [62] (that differs from
the usual uniform random d-regular graph model). More recently, it has also been analyzed through the lens
of statistical physics [10], and a square lattice variant was studied in percolation theory [20]. Further interest
in the d-process stems from the fact that its analysis has repeatedly stimulated the development of new proof
techniques, including the differential equation method [42], [54] 53] and associated self-correction idea [48],
which both were instrumental for later breakthroughs in Ramsey Theory [12, [13], 23].
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Establishing the phase transition in the random d-process is an open problem of Wormald from 1999: he
asked [53] Section 4.3] whether there is a critical point ¢. = t.(d) after which a linear size ‘giant’ component
emerges, i.e., such that the size L (i) = L1(G;) of the largest component after ¢ steps is whp Li([tn]) = o(n)
when t < t. and whp Li(|tn]) = ©(n) when ¢ > t.. Turning to the history of this problem, results
of Ruciniski and Wormald [44] from 2002 imply that if ¢. exists, then ¢. < (d/2 —1/6) for d > 3. In 2008
Droseltis [21] attempted to analyze the d-process phase transition using the configuration model, and
in 2011 Ben-Naim and Krapivsky [I0] presented kinetic theory based evidence for the existence of t. for
d > 3. In 2013 Seierstad [45] showed that if t. exists (and further technical properties hold), then the
size of the giant component is asymptotically normal after suitable rescaling. Around 1993 Baliniska and
Quintas [8, [9] also made a simulation based conjecture regarding the distribution of the giant component in
the 2-process.

In this paper we solve the more than 20-year-old problem of Wormald, by establishing that there is a
giant component phase transition in the d-process for fixed d > 3 (see Theorem. We also verify the more
than 25-year-old conjecture of Baliriska and Quintas, by relating the size of the giant component at the end of
the 2-process with the largest component in random 2-regular graphs (see Theorem. In addition, we show
that the d-process with d = d(n) — 0o as n — oo has the same critical point ¢, = 1/2 as the Erdés-Rényi
random graph process (see Remark , and establish a phase transition in many hypergraph generalizations
of the d-process, including variants where each vertex has its own degree bound (see Theorems .

The motivation for this work is to further develop the emerging theory of phase transition in time-evolving
random graph models. Powerful ideas and heuristics from percolation theory [Il 6] and aggregation and
coagulation theory [3, 34] suggest the following generic two-step program [2], 4, 46] for establishing phase
transition: (i) show that the so-called susceptibility has a blow-up point ¢., and (ii) show that this ¢
coincides with the critical point after which a giant component emerges; here the susceptibility is defined as
the expected size of the component containing a randomly chosen vertex, i.e.,

S(i) = S(Gi) == Y |C(Gy)l/n, (1.1)

v€E[n]

where C,,(G;) denotes the component of G; which contains vertex v; cf. [30,28]. While (parts of) this emerging
program have been implemented for a few random graph models [2] 4 [14] [47] 32, 41], its application often
remains challenging. For example, step (i) usually requires showing that some system of differential equations
has a blow-up point ., which for the d-process is non-trivial since this involves O(d?) many equations. Our
proofs show how to avoid the differential equation analysis in the two-step phase transition program, i.e.,
how to obtain useful information about the susceptibility blow-up point ¢, without much technical effort.

1.1 Main results: random d-process

Our first result proves that the random d-process undergoes a phase transition for fixed d > 3, i.e., that there is
a critical point t. = t.(d) at which the size of the largest component changes from order O(logn) to order O(n);
this solves a problem of Wormald from 1999. Recall that the d-process whp ends after |dn/2] steps.

Theorem 1.1 (Phase transition of d-process for d > 3). Given d > 3, there ezists t. € (0,d/2) such that, in
the random d-process, for any t € [0,d/2] the size of the largest component after |tn] steps whp satisfies

Ly(ltn]) = {gﬁf”) A, (12)

There also exists a continuously increasing function s : [0,t.) — [1,00) with lim; ~, s(t) = oo such that, in
the random d-process, for any t € [0,t.) the susceptibility after |tn| steps whp satisfies S([tn]) ~ s(t).

Remark 1.2. The critical point of the random d-process satisfies t. = t.(d) — 1/2 as d — co. In fact, for
any t € [0,00) whp (1.2) also holds with t, = 1/2 when d = d(n) — oo as n — co. (See Appendiz[4])

This result recovers several fundamental phase transition features of the classical Erdés-Rényi reference
model [I6 B1, B0] where (a) the size of the largest component after |¢tn] steps also whp satisfies (|1.2))
with t. = 1/2, and (b) the susceptibility after |tn] steps is whp asymptotic to 1/(1 — 2t), i.e., also blows up

eq:maind:L1
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at t.. Remark indicates that the phase transition of the d-process approaches Erdés-Rényi behavior for
large d (as expected, since then the degree bounds ought to become negligible), illustrating that small d is
the most interesting case. In fact, the assumption d > 3 in Theorem is best possible, as we shall see.

From the perspective of mathematical physics, Theorem shows that in the d-process the following
two different phase transition thresholds are in fact the same: (i) the critical point around which the giant
component emerges, and (ii) the blow-up point of the susceptibility. This mimics deep results in percolation
theory [I}, B6], which show that two different critical probabilities related to (i) and (ii) are the same. This also
mimics heuristics in aggregation and coagulation theory [3| 34], which suggest that two different definitions
of the gelation time related to (i) and (ii) are the same. Furthermore, since the idealized susceptibility s(t)
is in fact determined by a system of O(d?) many differential equations (see Remark , we can use equality
of (i) and (ii) to estimate the critical point ¢, by numerically solving this system; see Sectionfor the details.

Our second result proves that the random 2-process does not exhibit Erdés-Rényi like behavior. Indeed,
Theorem shows that the rescaled size of the largest component L;(n)/n converges in distribution to a
non-trivial random variable; this in particular verifies the conjecture P(Ly(n) > n/2) ~ log(v/2 + 1) ~ 0.8814
of Baliniska and Quintas from 1993. Recall that the 2-process whp ends after n steps.

Theorem 1.3 (Largest component in final graph of 2-process). There ezists a continuously decreasing func-
tion F :(0,1] — [0,1] such that, in the random 2-process, the size of the largest component after n steps
satisfies
lim P(Li(n)/n >c) = F(c) for any ¢ € (0,1], (1.3)
n—oo

with F(c) € (0,1) for c € (0,1), F(c) =log(Ve Tt + Ve 1 =1) force (1/2,1], and F(e) — 1 as e — 0.
Remark 1.4. Analogous to (1.2), for any t € [0,1) whp Li(|tn]) = O(logn) in the random 2-process.

It is tantalizing that the probability in the 2-process has the same limit as the corresponding proba-
bility lim,,—,oc P(L1(Ry)/n > ¢) = F(c) in the standard configuration model R,, for random 2-regular graphs
with n vertices [15], [52], see Lemma Our proof of Theorem explains this by establishing a close con-
nection between R, and the way paths merge during the final m = o(n) steps of the 2-process, see Section
The complementary distribution function F' also arises in the context of the Ewens’s sampling formula, and
is closely related to the Poisson-Dirichlet distribution with parameter 1/2; see [5, Sections 5.5 and 6.1].

Our phase transition results extend to the hypergraph generalizations of the d-process introduced in [25].
More precisely, the random k-uniform d-process process with vertex set [n] sequentially adds new k-uniform
hyperedges one-by-one (starting with no hyperedges), such that the next hyperedge is chosen chosen uniformly
at random from all so-far unused hyperedges whose addition does not create a VertexE| of degree d; this process
stops when no more such edges can be added, which whp happens after |dn/k| steps, see [25].

Theorem 1.5 (Phase transition of k-uniform d-process). Given k,d > 2 with (k,d) # (2,2), Theorem
also holds (with d/2 replaced by d/k) for the random k-uniform d-process.

This result implies that, among k-uniform d-processes, only the trivial k-uniform 1-process (which simply
adds disjoint edges) and the 2-process exhibit special phase transition behaviors.

1.2 Organization

The remainder of this paper is organized as follows. In Section we give a detailed overview of the proof
strategy, highlighting the key ingredients and steps. In Section we then state our main phase transition
result Theorem [1.6] which applies to many degree restricted hypergraph generalizations of the d-process (and
extends Theore and . The next two sections are the core of the paper: in Sectionwe use coupling
arguments to obtain some approximate control over the degree restricted process, and in Section [3] we then
combine this with the differential equation method in order to prove Theorem by relating the evolution
of the degree restricted process with suitable differential equations. In Section [4] we consider the 2-process:
after a detailed outline of the proof strategy, we then prove Theorem by using coupling arguments to
relate the evolution of the 2-process with the 2-regular configuration model. In Section [f] we demonstrate
how to estimate the value of the critical point t. by numerically solving relevant differential equations. In

3For a hypergraph H, the degree of vertex v is simply defined as the number of edges of H that contain v.

eq:Llsup:d2
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Section |§| we discuss several open problems. Finally, Appendix |A|studies the critical point t. = t.(d) of the
d-process for large d, Appendix [B|shows how to deduce results for the degree restricted process from results
for its multigraph variant, and Appendix [C] contains some proofs that are omitted from the main text.

1.3 Proof overview

We now outline our proof of Theorem which adapts the mathematical physics inspired two-step phase
transition program to the random d-process (G;)i>o = (Gfm)@o with d > 3. Recalling that t. will denote
the blow-up point of the susceptibility (whose existence will be established as part of the proof), the basic
strategy is to first carefully analyze the first (¢. —e)n steps, say, and then use rough approximation arguments
to show that a giant component emerges by step (t. + €)n.

1.3.1 Key ingredients

We shall distinguish two typeﬁ of vertices: active vertices with degree less than d and inactive vertices
with degree equal to d, the crux being that the d-process only adds new edges between active vertices. In
addition, our core two-step argument will rely on the following three key ingredients:

e Susceptibility variables: Taking into account that inactive vertices play no role in the subsequent
evolution of the d-process, instead of the usual susceptibility we here study the active susceptibility

Su(i) = Su(Gi) == > |Co(Gi) NUs|/|Uhs], (1.4)

v€E[n]

where U; denotes the active vertex-set of G, i.e., the set of vertices with degree less than d. In words, Sy (i)
denotes the expected active size of the component containing a randomly chosen active vertex from G;. Using
the differential equation method [54, 63| 5I], our aim is to show that for ¢ < t. whp

Sy (tn) = s,,(t), (1.5)

where the function s, (t) is the solution to suitable differential equations, which arise from considering the
expected one-step changes E(Sy(i + 1) — Sy (i) | G;). This is more involved than in previous susceptibility
related work [2] [l (14, [47], 32} [TT]: to even be able to write down these expected changes we need to introduce
additional O(d?) auxiliary random variables Z, , (i), which are refinements of S, (i) that take into account
the vertex degrees inside each component (intuitively, degree knowledge is required for understanding when
active vertices can become inactive); see for the precise definitions of Z; (i) = Zg,a,y,a4(%).

e Blow-up point t.: For the active susceptibility we obtain differential equations of form

) = F (1 5u(®), (200) gy yc) (1.6)

along with O(d?) differential equations for the functions z ,(t) = 2y a,,.(t) associated with the new vari-
ables Z, ,(1); see and f for the actual equations. This system of differential equations is
larger and more complicated than in previous susceptibility related work [4, 14} [47] (32| TT], where the blow-up
point of such systems is established by technical analysis. We manage to sidestep this difficulty by adapting
ideas developed for processes where differential equations are unavailable [41], so that we can show existence
of the critical point ¢, where s, (¢) blows up without much technical effort (by transferring properties of the
random d-process to the differential equations), see f and Section for more details.

e Rough control: Using coupling arguments, our aim is to show that (for a small number of steps)
the evolution of the d-process can be sandwiched between two simpler random graph models. Exploiting
combinatorial properties of the d-process, for sufficiently small m we essentially show that whp

E(G)UMypy, € E(Giym) S E(Gi)U&mu,, (1.7)

where &y, and My, intuitively denote ¢ random (matching) edges with endvertices in the active vertex
set U;, see Lemma[2.2] The usage of matching edges in these inclusions differs from previous related coupling

4These two types are called unsaturated and saturated vertices in [42] 43} [52] [44].

eq:Su:approx
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arguments [14, 47, [32], [41]. The crux is that via branching process and random walk arguments we can obtain
some rough control over the two random graphs models on both sides of (|1.7)), see Lemma In particular,
assuming that the graph G; is well-behaved, for small m this essentially allows us to conclude that whp

O(logn) if m < cU;]/S.(4),

Om)  if m > Cl|/Su(), (18)

Li(i4+m) = {
where ¢, C' > 0 are suitable constants; see Theorem for the full details.

1.3.2 Phase transition: two-step approach

With these key ingredients in hand, we then are in a position to prove the phase transition result Theorem [I.1]
for the d-process with d > 3 using (a rigorous version of) the following two-step approach:

Step 1: Subcritical phase. The goal is to establish both (a) the existence of the active susceptibility
blow-up point ¢, and (b) that the largest component whp has size O(logn) after (t. —e)n steps. To this end
we shall use a ‘nibble’ argument from probabilistic combinatorics that develops ideas from [47] [41], i.e., show
that certain structural properties hold by iteratively considering a small number of steps of the d-process
(where the number of steps considered decreases as the active susceptibility increases). More precisely, using
the differential equation method and the rough control bounds we first use induction on i > 0 to essentially
establish that, after iy, = tn steps, the resulting graph G;, is whp well-behaved in the sense that

ip
Sulin) = su(tn), |Ui,| =u(tp)n, and Li(ip) = O(logn), (1.9)

where the deterministic time-sequence (tp,)n>0 satisfying ¢, < d/2 is roughly of form
to=0 and tpy1 = tp + Eu(tn)/sulth), (1.10)

see Theorem for the full details (where we in fact inductively establish that the component distribution
of G, has exponentially decaying tails). To motivate the form of the t5, note that by the approximations
from we have ip11 — in < U, |/Su(ir) for & = £(c) small enough, which eventually enables us to induc-
tively establish L (in4+1) = O(logn) by invoking the rough control bound with ¢ = i, and m = ip11 — ip,
see Section More importantly, the form of the t;, < d/2 automatically guarantees that

hlLrI;O u(tn)/su(tn) =0, (1.11)

and it also is not hard to see that limy,_, o $,,(tn) = 00, i.e., that the idealized active susceptibility blow-ups up
at the critical point t. := limp_,o ty, € (0,d/2], see Sections and for the details (where we also show
that the usual susceptibility blows up at ¢.). We then pick h = h(e,t.) large enough such that ¢, > t. — e,
which by our inductive bound suggests that whp

Lyi((te —e)n) < Ly (in) = O(logn), (1.12)

as claimed by the ¢ < ¢, part of from Theorem see Section for the rigorous details.

Step 2: Supercritical phase. The goal is to establish that the largest component whp has size ©(n)
after (t. + €)n steps. To this end we shall use a ‘sprinkling’ argument from random graph theory, i.e., show
emergence of the desired giant component by adding en extra edges to a suitable subcritical graph G;, . More
precisely, we first pick h = h(e, C) large enough such that the approximations and the limit
together guarantee that the graph G;, after iy, ~ tpn steps is whp well-behaved and satisfies

ih
C|U;, |/ Su(in) = Cu(tn)n/sy(ty) < en. (1.13)

Invoking the rough control bound (1.8]) with ¢ = i}, and m = en, using ¢, < t. this suggests that whp
Li((te + €)n) = Ly(in +en) = Q(n), (1.14)

as claimed by the ¢ > t. part of from Theorem see Section for the rigorous details. It is
instructive that fails for the random 2-process, which already ends after at most dn/2 = n = t.n steps
(a similar remark applies to the 1-process). For the d-process with d > 3, this explains why we also need to
show t. < d/2 via an extra argument, see Section For the 2-process this ‘end of process’ obstacle also
explains why Theorem requires a different two-step proof approach, whose details we defer to Section

’eq:sandwich:Ll
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1.4 More general results: random k-uniform d,-process

tement

Our arguments extend to a large class of degree restricted hypergraph processes that generalize the d-process.
Informally, each vertex v € [n] has its own maximum degree restriction dM e N = {0,1,2,...}, and in
each step we add one new random k-hyperedge that does not violate any of these degree restrictions. More
formally, given k > 2 and a degree sequence d,, = (dﬁ"), e d%n)) € N”, the random k-uniform d,-process
corresponds to a random sequence (H;);>o = (H, k’d")@o of k-uniform hypergraphs with vertex set [n] and

n,:

empty initial initial hypergraph Hy. In each step we obtain obtain H;1; by adding the hyperedge e; ;1 to H;,
where e; 1 is chosen uniformly at random from all hyperedges in (L,’C‘) \ E(H;), where the active vertex set U;

contains all vertices v € [n] with degree less than dg,") in H,;; this process stops when no more such edges can
be added, which happen after m,, — O(1) steps, where m,, := Zq}E[TL] d&”)/k.

Our main result regarding the phase transition of the random k-uniform d,-process extends Theorems
and based on two main assumptions: (a) that all degree restrictions in d,, are bounded by some con-
stant A, and (b) that the fraction of vertices in d,, with degree restriction j converges to r;. For example,
the d-process corresponds to the special case k = 2, A =d, d,, = (d,...,d) and r; = 1;_qy, where T' = d/2.
In view of (I.15), note that the k-uniform d,-process ends after m,, — O(1) = Tn — o(n) steps, where T > 0
follows from c(a) i > 0. Here N ;(H) denotes the number of vertices of H in components of size at least j.

mainhg | Theorem 1.6 (Phase transition of k-uniform d,,-process). Given k > 2, A > 1 and r = (rg,...,ra) €
[0, 1]A*E with Djeati > 0, set Ti=3 70 a1 07i/k. Then there exist t. € (0,min{T, 25}] and a
continuously increasing function s : [0,t.) — [1,00) such that the following holds for the random k-uniform
d,,-process provided that d,, = (dgn), ce d%n)) satisfies d,, € {0,...,A}" and

- Cd™ — A — <ig
nl;néo‘{v € [n] : dy itl/n =1 for each 0 < j < A. (1.15)
:subcr 1. (Subcritical phase: exponential tails) For every t € [0,t.) there are constants a, A > 0 depending only
on t, k,A,r such that, with probability 1 — o(n=%9), we have N%(Hs:ft’;d) < Ae %n for all j > 1, which
i particular implies Ll(HS’(ft’;lJ) < Clogn for a suitable constant C > 0.

:supcr | 2. (Supercritical phase: giant component) For every t € (t.,T) there is a constant ¢ = c(t, k, A,r) > 0 such
that, with probability 1 — o(n=?), we have Ll(Hk"Lit’;u) > cn.

n

nhg:tc 3. (Susceptibility: blow-up at critical point t.) For everyt € [0,t.) there is a parameter &, > 0 with &, = o(1)
such that, with probability 1 — o(n=%?), we have S(H:?”) =(1+¢&,) s(i/n) for all 0 < i < tn. Further-
more, limy ~ s(t) = oo ift. < T.

HENEN

nhg:tc| Remark 1.7. The function s(t) is determined by the unique solutions to a system of O(A*) differential
equations, see (3.11) and (3.13)—(3.17).

This result establishes exponential decay of the component size distribution in the subcritical case
t € [0,t.), which is well-known for the Erdés-Rényi reference model [I6], [3T]. This also strengthens analogies
with Percolation theory [26] 9], where exponential decay is a prominent hallmark of the subcritical phase.

Theorem [I.6]identifies the critical point ¢. of the phase transition as the blow-up point of the susceptibility,
but it does so only when t. < T, i.e., only if the giant component emerges when there is still some significant
part of the degree restricted process remaining. The 1-process shows that this extra complication is necessary,
since its susceptibility never blows up (as all components trivially have size at most 2).  Theorem also
implies that the separation ¢, < T follows from the sufficient condition T' > 1/(k — 1), which in turn is
equivalent to the idealized average degree condition jeadri > 141 /(k —1). This readily implies t. < T
for the d-process with d > 3 and for the k-uniform d-process with (k,d) # (2,2) and k,d > 2, which in turn
demonstrates that Theorem implies Theorems and (recalling that these two processes whp end
after |dn/2] and |dn/k| steps, respectively). In fact, the aforementioned sufficient condition for ¢, < T is
sharp due to the 2-process, which satisfies T'=1/(k — 1) = tc and 3 (o Jr5 = 1+ 1/(k - 1).

5The process stops when we cannot add another any edge without violating the degree restriction of some vertex v. Then
there must be [{v € [n] : dm = j} — O(1) vertices with degree j € [A], so the process stops after adding m — O(1) edges.



1.4.1 Multigraph variant

igraph

In the proofs it is convenient to consider a multigraph variant of the k-uniform d,-process, which corre-

sponds to a random sequence (G;)i>0 = (GFdn

mi)izo of hypergraphs with vertex set [n] and empty initial
hypergraph Gy. In each step we obtain G;41 by adding the hyperedge ;11 = {vit1.1,...,viy1} to Gy,
where the vertices v;11 ; are independently chosen uniformly at random from the active vertex-set U; of G;;
this process stops when no more such edges can be added. While these hypergraphs may contain multiple
edges or edges with repeated vertices, there will be rather few of these. As usual, it thus suffices to prove
Theorem for the multigraph variant, since this result then transfers in a routine way to the normal

k-uniform d,,-process; we include the fairly standard details of this reduction in Appendix
:multi| Remark 1.8. [t suffices to prove Theoremfor the multigraph variant (Gﬁ”?”)go.

2 Couplings: approximating the evolution

upling . . . . . d,,

In this preparatory section we con51der the multigraph variant (G;)i>0 = (Gf” )i>o of the k-uniform
d,,-process defined in Section and make the heuristic ‘rough control’ bound . ) bound rigorous.
In particular, Theorem gives startlng from the hypergraph G; after i steps, some approximate control
over the components arising in the subsequent evolution (during a small number of steps). Defining N;(G;)
as the number of vertices of GG; in components of size j, our main technical assumption is that G; is well-
behaved in the sense that its component distribution has exponential tails: > €] 6 'N,(G;) < Bn implies
N> ;(G;) < BB~In, which also gives L1(G;) = O(logn). The subcritical statement (2.1)) is optimized for our
upcoming inductive proof of Theorem implying that whp all subgraphs of Gi+m remain well-behaved
if m < ¢ |U|/Su(i) for small ¢ > 0. The supercritical statement implies that G;1,, whp contains a
giant component if m > C-[U;]/(S,(¢) — 1) for large C' > 0. Note that N;(G;) and |[Uf;| are determined by G;.

:rough| Theorem 2.1 (Rough control). Given k > 2, 8 > 1 and B,£, 7 > 0, there are « > 1 and A c,o,ng > 0 such
that the following holds for alln > ng and d,, € N", writing (G;)i>0 = (GfL’Z")po If de IN;(G;) < Bn
and &n < m < |U;|/8K?, then

P epio NeslGovn) < 4[G) > 107" k= 1) /bl S.) <1/ )
=1

) <
]P’(Ll(GH_m >cn ’ G; ) e " if k(k—1)-m/|U;| - (Su(i) — 1) > 4. (2.2) ’thm:rough:super‘

The constants 1/4 and 4 in f suffice for our purposes, and we remark that they could be improved
to 1—0(e) and 14+0(e) under the stronger assumption m = O(e|l4;|). The ad-hoc restriction m > &n naturally
arises in our later applications, but could also be weakened. The proof of Theorem combines coupling
arguments with branching process and random walk arguments, and is spread across Sections On a
first reading, the reader may perhaps wish to skip to the main phase transition proof in Section [3]

2.1 Sandwiching between two simpler models

ndwich

The key step in the proof of Theorem 2.1]is to show that, starting from the hypergraph G; after i steps, we can
whp sandwich the subsequent evolution of the multigraph process between two simpler random hypergraph
models. To this end we define & w as the set {fi,..., fo} of edges with f; = {w;1,...,w;x}, where each
vertex wj,;, € W is chosen independently and uniformly at random. Similarly, we write M,y for a uniformly
chosen random k matching of W of size [Mgw|=¢. Noting that U; is determined by G;, the point of the
inclusions in D is that they enable us to study monotone properties of G, ; via two more tractable
models (see Sectlon ; below we use the shorthand G + € := (V(G), E(G) UE).

ndwich| Lemma 2.2. Given k > 2, there is X > 0 such that the following holds for all n > 1 and d,, € N", writing
(Gi)izo = (Gﬁ’j”)i;g. If 0 <m < |U;|/(4k?), then there is a coupling of Giym/21 and Epy, and a coupling
of Giyar and My, 21 u, such that

]P)(Gi-i-ﬁn/ﬂ CG;+ Em,ui | Gz)

=21l-e , (2.3) ’eq:sandwich:super ‘
P(Gi + Mo, € Gigm | Gi) 2

—e . (2.4) ’ eq:sandwich:sub ‘




lution

em:evo

Proof. Inequalities f are trivial for m = 0, so we henceforth assume m > 1.  'We consider (f;)i1<j<m
with f; = {wj1,...,wjr}, where each vertex w;, € U; is chosen independently and uniformly at random.
Clearly, {f1,..., fm} gives &y 1, . Furthermore, starting from G; we obtain the subsequent evolution of the
degree restricted multigraph process by sequentially traversing the (f;)1<;<m, only adding those edges which
do not violate the degree restrictions of any vertex. The crux is that any active vertex in U; can be adjacent
to at least one more edge, which implies that all edges in any induced k-matching M C {f1,..., fm} = Emu,
are added by the degree restricted process (the vertices of f € M do not appear in any other edge, so they
are all still active when f is traversed). This yields a natural coupling with the property that

G, + MC Gi_._m and Gi+|M| CG;+ Sm,lxl,; (2.5)

for any induced matching M C &, 14,
We first prove prove (2.3), and say that f; is induced if it (i) contains k distinct vertices and (ii) is vertex
disjoint from (f)1<h<m,hsj. Let M contain all induced edges in {fi,..., fm}. It routinely follows that

EIM[ =3, P(f; is good) = m - (1= k(km —1)/|t4;]) > 3m/4. (2.6)

Note that (f;)i1<j<m is constructed by km independent random variables, each corresponding to a (random)
vertex choice from U;. Furthermore, changing the outcome of one vertex choice can change | M| by at most
two. Hence a standard application of the bounded differences inequality [35] shows that

P(IM| < [m/2]) <P(M| < EIM| —m/4) < e (2.7)

for A :=1/(128k), say, which together with establishes (2.3).

We now prove by a rerandomization argument, using a permutation 7 : U; — U; that is chosen
independently and uniformly at random. The key observation is that we can equivalently construct (f;)i1<j<m
by first generating the edges (g;)1<;j<m with the same distribution as (f;)1<;<m, and then setting f; := 7 (g;)
for all 1 < j < m, where m(g) := {w(w) : w € g}. By we know that, with probability at least 1 — e=*™,
the set {g1,...,9m} contains at least [m/2] induced edges, say g1, ..., drm/27- The crux is that, even without
knowing the permutation 7, using knowledge of (g;)1<j<m Wwe can already conclude that all edges in

M=A{x(G1), -, 7 (Grmy2)} S {f1s-- o fm} = Emu, (2.8)
are again induced. Moreover, since 7 is a random permutation of I;, the edges in M form a random matching
with the same uniform distribution as M, /211,, which together with (2.5 establishes (2.4). O

We remark that for m = ©(e|i4;|) the above argument easily allows us to improve the number of added

hyperedges from [m/2] to (1 — O(g))m for small € (see (2.6)—(2.7)) above).

2.2 Random evolution from initial hypergraph

In view 7, the next step in the proof of Theoremis to study the random evolution starting from a
fixed initial hypergraph F. One key difference to previous related results [47), [32] 4] is that in Lemma [2.3| we
only add random (matching) edges to a subset W C V(F) of the vertices. Similar to Theorem our main
technical assumption is that the component distribution of F' has exponentially decaying tails. The conditions
in both cases of Lemma [2.3| are natural: they ensure that associated component exploration processes are
subcritical or supercritical, see and below. Note that S(G;,[n]) = S(i) and S(G;,U;) = S, (3),
and recall that F + & = (V(F), E(F)U¢).

Lemma 2.3. Given k > 2, 8 > 1 and B,§,y,m > 0, there are a« > 1 and A, \,¢c,ng > 0 such that, for
alln = ng, £ > 0, the following holds for every n-vertex k-uniform hypergraph F with Zje[n] BIN;(F) < Bn,
and every vertex-subset W C V(F') of size [W| = &n, writing S(F,W) := 3" cw |Cuw(F) N W|/|W].
1. (Subcritical case: adding random edges) If k(k — 1) - £/|W]| - S(F,W) < 1 — v, then, with probability at
least 1 —n~™, we have Zje[n]aszj(Hé) <An for H:=F+ & w.

2. (Supercritical case: adding a random matching) If k(k—1)-£/|W|- (S(F,W)—1) > 1+~ and ¢ < |W|/k,
then, with probability at least 1 — e~ we have Ly (M) > cn for My := F + My w .

’ eq:sandwich:bdi

’ eq:cM:definition




:proof

The subcritical proof strategy is to consider a ‘breadth first search’ exploration process of Hy = F + &w,
which iteratively finds new neighbors in W via edges of & . Starting from an initial vertex vy € W, this
process eventually uncovers C,,, (Hy), i.e., the component of H, containing vy. Intuitively, each vertex v € W
has on average about k|&; w|/|W| adjacent edges f, = {v,w1,...,wr_1} in & w, and via each such edge f,
we find roughly 3, ), 4 [Cu, (F)) N W/| new vertices in W. Since the vertices w, € W are chosen uniformly
at random, we expect that, on average, the exploration process finds in each step about

ke w| |Cuw, (F)NW| ke
W oy T Gk (k—1)-S(F,W)<1—7 (2.9)
1<h<k wpeW

new vertices in W. By standard heuristics this suggests that the exploration process is ‘subcritical’; i.e.,
should quickly terminate (and thus should only find few vertices). Unfortunately, this reasoning is not yet
enough, since the exploration process is only subcritical when restricted to vertices from W C V(F). Here
the saving idea is that, by the assumption that F' has exponential tails, an average exploration step should
only pick up additional O(1) vertices outside W (which are not touched by any edges of & w, and thus are
irrelevant for the termination of the exploration process). This approach eventually establishes the subcritical
case by careful branching process arguments; we defer the details to Appendix

The supercritical proof strategy is similar but simpler. Again the main idea is to study the growth of a
component exploration process of M, = F' 4+ M, v, which iteratively finds new neighbors in W via matching
edges in M, . One key difference to the subcritical case is that here each vertex is contained in at most
one matching edge (so we need to adjust the number of ‘newly found’ vertices by —1). Mimicking (2.9) we
thus loosely expect that, on average, the exploration process finds in each step about

kM| Ty (|Cy, (F OW|—1) ko

T =W (k=1)-(SFEW)=1) 21+~ (2.10)

1<h<k wph, €W |

new vertices in W that can still participate in matching edges. By standard heuristics this suggests that the
exploration process is ‘supercritical’, i.e., should find a giant component. This approach eventually establishes
the subcritical case by fairly routine random walk arguments; we defer the details to Appendix

2.3 Proof of rough control result

Finally, Theorem [2.1] follows easily from Lemma [2.2] and we include the details for completeness.

Proof of Theorem[2.1, We start with inequality . Applying the subcritical case of Lemma with
F=G;, W= Z/{“S(F W) = 5,(i), £ =2m, v =1/2 and 7 set to m+ 1, noting k(k—1)-2m/|U;|- S, () 1/2
and [U;| > 8k*m > &n it follows that there are constants o > 1 and A,n; > 0 such that

IT .= P(Zje[n]ajNQj(Gi + ggm’z,{i) 2 An | Gl) < n_(”'H)

for n > ny. Applying (2.3) of Lemma [2.2| with m set to 2m, noting 2m < U(i)/(4k?) it follows that there is
a constant A > 0 such that monotonicity of N ;(-) yields

P(X @ N2j(Girm) = An | Gi) S TL+ e < (THD 726,
which establishes inequality (2.1)) for n = ng(m, A, &, n1) large enough.

For inequality (2.2) we proceed similarly. Noting that k(k — 1) - [m/2]/|U;]| - (S, (i) — 1) = 2, here we shall
apply the supercritical case of Lemma with F' = G;, W =U;, S(F,W) = S,(7), £ = [m/2] and v = 1.
Together with ([2.4) of Lemma it follows that there are constants ¢, A\,n; > 0 such that

P(L1(Gigm) < cn | Gi) < P(L1(Gi + Mpmyou,) < en | G;) + e L e A

for n > ny. This establishes inequality (2.2)) with o := Amin{1,£}/2 for n > ng(A, &, nq). O

’eq:evo:sub:rate

’eq:evo:super:rate




:proof

hm:dgl

3 Phase transition: emergence of giant component

In this core section we prove the phase transition result Theorem and in view of Remark [I.§] we shall
again consider the multigraph variant (G;)i>0 = (Gk’d")@o of the k-uniform d,-process. As indicated in

n,t

Section our approach requires numerous auxiliary random variables. Let X, (i) denote the number

of vertices v € [n] of G; with degree a and degree restriction b, i.e., with degg. (v) = a and d™ =b. The
assumptions of Theorem allow us to restrict our attention to degree pairs (a,b) € V, where

V= {(x,y) eN? : Oga:gygA} and V* = {(x,y) ey : x<y}. (3.1)

Writing (C})jee, for the components of G;, the key susceptibility related random variables are

Zmb,c,d(i) = Z |Gj,a,b

JEC;

|Cjcal  forall (a,b),(c,d) €V, (3.2)

where the (degree based) component subsets C; ., C C; are given by
Ciap={veC; : dege, (v) = a and d = b}. (3.3)
Since [Cj] = 3, pev [Cjapl, the variables Zgp c,a(i) refine the susceptibility (1.1) in view of
: Cu (Gi)] |Gy Zab,e.d(i)
s)= ¥ 1CeGl 52 [GF 5 Zaneall) 5
we[n] Jjee; (a,b),(c,d)eV

Since |C; NU;| = Z(a,b)ev*

Cj.ap|, they similarly refine the active susceptibility (1.4) in view of

. . . 12 i
Suli)= > |Cw((|;bi|muil -y Zeed) (3.5)

N
wEU; JEC; |u1‘ (a,b),(c,d)eV* U(Z)

where U (i) := |U;| denotes the number of active vertices v € [n] in G, i.e., with (degg, (v),d™) € V*. As
we shall see in Section the key conceptual point is that the extra auxiliary variables Z, p ¢ q(7) allow us
to obtain a ‘closed’ system of random variables, i.e., where we can estimate the expected one-step changes of
all variables using only variables in the system (which would fail otherwise, as indicated in Section .

The following technical result is at the heart of our inductive proof approach: it relates the evolution of the
degree restricted process with suitable differential equations. In particular, the approximations 7
show that typically U (tn) ~ u(t)n, Xqp(tn) = x4 p(t)n and Zg pc.a(tn) = 2q,p,c,q(t)n for 0 < t < ¢y, where the
deterministic functions u(t), 24 4(t) and 24 p.c.q4(t) are the solutions to a system of O(A*) differential equations.
By Remark these approximations also ensure S(tn) & s(t) and S, (tn) = s,(t), where the functions s(t)
and s, (t) are defined in terms of u(t) and 24 p,c,q4(t). The technical ‘exponential tail’ bound is optimized
for inductive applications of the rough control result Theorem and by Remarkit also ensures Lj (tn) =
O(logn) for 0 < t < t;. The definition of the time-sequence (t3)n>0 differs slightly from the heuristic
form : instead of u(t;) we here use T — t;, in the numerator, which makes it easier to see that ¢, < T,
among other advantages. In particular, in Section we shall define t. := limp,_, o, ts, and the definition
then makes it easy to see that limy,_,~ S, (tn) blows up when ¢t. < T

Theorem 3.1 (Main technical result). Suppose that k > 2, A > 1, r = (rg,...,ra) € [0,1]2T! and d,, =
(dgn)7 e ,dg,")) € {0,...,A}™ satisfy the assumptions of Theorem , Set T := Zje[A] jrj/k. Then there is
a sequence (th,ﬂh,Bh,noyh,\I/h(n),fh(n))h>0 of constants ty, B, Br,non = 0 withty =0 and S, > 1 and
non-negative functions Wy (n),&n(n) such that the following holds for each fixed h > 0:

(P1) On|0,ty] the system of differential equations (3.13))—(3.17)) has unique solutions u(t), xqp(t) and zq.p,c,q(t)
for all (a,b), (c,d) € V. These solutions satisfy u(t) = k(T —t)/(4A) and zqp.c,a(t) < 2Bp/(Bn — 1),
and they also have bounded first derivatives.
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(P2) If h > 1, then we have tp,—1 < tp, <T, By < Bn-1, Bn = Br—1 and
T —tph1
32Ak - max{su(th_l), 1} ’
where the expression sy (tp—1) is well-defined by (P1) and (3.11) below.
(P3) We have Uy (n) = o(n™) and &,(n) = o(1), with &,(n) < k(T —ty)/(8A) for n = ngp.
(P4) With probability at least 1 — Uy (n), for n > nop and all 0 < ¢ < tpn we have

th —th—1 =

T wijmy = (o), (3.7
Xa;z;(i) — 2ay(i/n) £ En(n) for all (a,b) €V, (3.8)
Zade(l) — zupea(i/n) £ En(n) for all (a,b), (c,d) € V, (3.9)
g[;b] BIN>3(Gi) < Bun, (3.10)

where G; = GZ?” is the multigraph variant of the k-uniform d,-process.

em:dgl | Remark 3.2. Setting by, :=log 8, > 0 and C}, := (1+B},) /by, note that inequality (3.10)) implies N> ;(G;) <
Brebrin, which in particular gives L1(G;) < Cplogn forn > e, say.

Remark 3.3. In view of the identities (3.4)—(3.5)), using (P1) we define
s() = Y Zapeat)  and  su(t) = > Zapea(t)/ult). (3.11)

(a,b),(c,d)eV (a,b),(c,d)eV*

Combining the inequalities from (P1) and (P3) with (3.4)—(3.5)), there is D}, = Dp(k,A,T,tn, Br, Br) > 0
such that, for n = ngp and all 0 < i < tpn, the approzimations (3.7) and (3.9) imply

S(i) = s(i/n) + A, (n) and  Su(i) = s,(i/n) + Dp&n(n). (3.12)

As we shall see, the slightly roundabout statement of Theorem has the advantage of only requiring
very little analytical knowledge about the functions u(t), x4,(t) and zgp c.a(t). In fact, in the deferred proof
of Theorem the differential equation method based approximations f will work hand in hand
with the rough control based exponential tail bound , i.e., they inductively enable each other.

The remainder of this section is organized as follows. In Section [3.1] we state the relevant system of
differential equations, define the critical point ¢., and show that s,(t) blows at t.. Using these properties, in
Section we then prove Theorem by combining our main technical result Theorem with the rough
control result Theorem [2.1] Finally, Sections are devoted to the deferred proof of Theorem

3.1 Differential equations and definition of ¢.

ec:0DE

As suggested by Theorem for given £ > 2, A > 1land r = (rg,...,ra) € [0,1]2T! we are interested in
the solution to the following systenﬂ of differential equations (heuristically derived in Section :

kX bea) To-15(t)

u'(t) = () : (3.13)
k(1;, a—16(t) — Lgg ab(t
e R 3.14)
k(k—1)% Zape () + 05T 2o 1 (1)) Ze fred(t) + 053z, £ (1)
, (t) (e,f)GV* a,b.e,f a,b e, f (S,f)GV* e f.ed c,d e, f
Za b,c,d =
s0,Cy t 2
. u(t) .y (3.15)
N k(e pyeve (Za,b,e,f(t)‘;z,’d + 05 Ze fed(t) + 5Z:b5§:dxe,f(f))

u(t) ’

6Introducing the technically redundant function u(t) = 2 belal (%0,5(0) — @4 (t)) allows for cleaner equations.
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for all (a,b), (¢,d) € V, with initial conditions

U(O) = Z Tb, xa,b(o) = ]l{a:O}rb and Za,b,c,d(o) = ]l{a:c:O, b=d}Tb; (316)

be[A]

where in (3.15]) we tacitly used the shorthand

1, ify=fandax=e+1,
Opf=q-1 ify=fandz=c, (3.17)
0, otherwise.

Our proof framework avoids the usual technical analysis of this large system of differential equations, by
effectively transferring properties of the degree restricted process to the solutions of (3.13)—(3.17).

or:fkt | Corollary 3.4. For each h > 1, the following holds on [0, ty]: the function s(t) is monotone increasing, and
we have zqpca(t) 2 0, u(t) <1 and min{s(¢), s,(¢)} > 1.

Proof. By definition Zgpq(i) > 0, so the approximation implies that whp 0 < Z,p.c.a([tn])/n <
Zabe,d(t) +0o(1) for all ¢ € [0, ). This implies zqp,c.a(t) = 0 on [0,¢], since the function zgpcq(t) is
defined without reference to n. Noting U(i) = U] <n as well as S(i) > >, 1/n = 1 and Su(i) >
> wen) Lweu,y/IUi| =1, using and we similarly obtain u(t) < 1 and min{s(t), s, (¢)} > 1. Since
5(i) = X yepm) |Cw(Gi)|/n is monotone increasing in each step, using the inequality S(i + j) > S(i) together
with we here obtain s(72) > s(mp) for all 0 < 71 < 72 < ty, i.e., that s(t) is monotone increasing. 0O

In particular, while previous related work [4l [T4] [47] [32] [TT] needed technical analysis to establish existence
of a blow-up point t. of the relevant differential equations (which for (3.13))—(3.17) would require some care
due to the unusually large number of O(A%) variables), we can simply define the critical point as

te = lim #, (3.18)
where the explicit construction of the increasing times (¢5)p>0 then nearly automatically guarantees
that the idealized susceptibility s(¢) and active susceptibility s, (t) both blow up at t., provided that t. < T
(the fact that this works can ultimately be traced back to the rough control result Theorem i.e., to
combinatorial and probabilistic properties of the degree restricted process; cf. Section . In fact, for our
purposes it suffices to show that s, (¢,) blows up as h — oo, which is easier to establish; cf. Lemma

cor:tc| Corollary 3.5. We have t. = sup,s,tn € (0,T]. Furthermore, t. < T implies limy », s(t) — oo and
limp 00 Su(tn) = 0.

Proof. By monotone convergence, t. = sup,>;ty € (0,7] is immediate (since 0 = o < ¢, < T for h > 1).
Using sy (th—1) = 1 and ¢, < t¢, by rearranging we infer s, (tp_1) = (32kA) (T —t.)/(te — th—1) for
all h > 1. Note that z4p.c,q(t) > 0 and (P1) similarly imply s(t5) > u(tn)su(tn) = k(T —tc)/(4A) - sy (tr)
for all h > 0. If t; < T, then limy,_, sy, (tn) = 0o, and monotonicity of s(¢) implies lim; »;, s, (t) = oo. O

3.2 Proof of main phase transition result

c:DGL2

In this subsection we prove Theorem following the outline from Section by combining our main
technical result Theorem [3.1] with the properties of Section [3.1] and the rough control result Theorem As
mentioned in Remark |1.8] to this end it suffices to consider the multigraph variant (G;);>0 = (G’;:?”)@o.

3.2.1 Theorem subcritical phase and susceptibility

ec:sub

Proof of the ‘subcritical phase’ and ‘susceptibility’ part of Theorem[1.6 Given 0 < t < t., we use the con-
clusions of Theorem for the smallest h = h(t) > 1 satisfying ¢, > t. Recalling Remark this readily
completes the proof by combining the tail bounds of Remark and the susceptibility approximation
with Wy, (n) = o(n™%), s(t) > 1 and Corollary(setting C:=Ch, & = A%p(n),a:=bpand A := Bp,). O
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3.2.2 Theorem supercritical phase and giant component

Proof of the ‘supercritical phase’ part of Theorem[I.6, Since t. < t < T, we may henceforth assume ¢, < T
Using Corollary we therefore can pick h > 1 large enough (and thus s, (t) large enough) such that

, 4 1 t—t, 4 (3.19)
:= min = . .
Th k(k — 1) - max{s.(tn) — 2,1} 64k2° 4 l(k—1) - (su(tn) — 2)
We now define &, as the event that G;, satisfies (3.7)—(3.10) for ¢ = 5, where
in = [tpn| and my = |drpu(ty)n]. (3.20)

I
Noting that Theorem [3.1] implies P(—&p,) < ¥ (n) = o(n™?9), we henceforth condition on G
that &, holds. Using t;, < t. and u(t) < 1, by definition (3.19) of 7, it follows that

in, and assume

in +my < (tn 4 dmpu(ts))n < (te + 4m,)n < tn. (3.21)

The approximations (3.7) and (3.11) imply S, (4n) = su(th) — 1 and w(tp)n/2 < |U;, | < 2u(ty)n for large n.
By definition (3.19) of 7, it follows that mj, < 87,|U;, | < U, |/(8k?) and

k(k—1)-mp/|Us, |- (Su(in) = 1) = k(k—1) - 74 - (su(tn) —2) =4. (3.22)

Since G;, satisfies (3.10) for ¢ = iy, by invoking inequality (2.2) from Theorem [2.1| with i = 45, m = my,
B8 = Br, B = By, and & = 1pu(ty), there are constants ¢, o > 0 such that

P(L1(Gin)) < en | Gi,) K P(L1(Gipim,) < en | Gy, ) < O(e™7") = o(n™%), (3.23)
which by recalling P(~&;,) < ¥p,(n) = o(n~%) and Remark [1.8 then completes the proof. O

3.2.3 Theorem [1.6; upper bound on t.

To complete the proof of Theorem it remains to show that the critical point satisfies ¢, < 1/(k — 1).
Our main tool is Lemma which is based on the following basic heuristic: as long as all components have
size o(n), each step should join & distinct components with probability close to one, which suggests that a
giant component should appear after roughly n/(k — 1) steps (see [44] [39, [40] for related arguments).

Lemma 3.6. Suppose that the assumptions of Theorem hold. For every t € (1/(k — 1),T) there are
v, A > 0 depending only on t,T,k, A such that P(L1(G4n)) = yn) =1 — O(e= ).

Proof of the t. < 1/(k — 1) bound of Theorem[I.6, Aiming at a contradiction, suppose that t, > 1/(k — 1).
Pick 1/(k — 1) <t < t¢, and recall that t. < T. Applying Lemma and the subcritical part of the multi-
graph variant of Theorem (as proved in Section , it follows that whp yn < L1(G\4y,)) < Clogn,
which for large n yields the desired contradiction. U

Proof of Lemma[3.6. Set m := |tn]. Pick ¢ > 0 small enough such that t(k —1)- (1 —¢)*~! > 1+ 2¢. Let B,
denote the event that, for all 0 < ¢ < j, any component of G; contains at most €|U;|/(k—1) active vertices. We
call a step successful if k& distinct components are joined up, and define S,,, as the event that at least n/(k—1)
of the first 7 steps are successful. The point is that if B; holds, then the next step ¢ + 1 is successful with
probability at least (1 — ¢)*~1, say. Since [tn] - (1 —&)*~! > (1 +¢)-n/(k — 1) for large n, using standard
Chernoff bounds (and stochastic domination) it routinely follows that P(=S,, N B,,) = O(e~*") for suitable
A = A(e, t, k) > 0. It remains to show that S,, U -8B, implies Li(G,,) > yn for some v = v(¢,t,T,A) > 0.
If By, fails, then Li(Gi) > e|U;|/k for some step i < m, so by combining [U4|A 2 3 (de‘) —degg, (v))

and 3, degg, (v) < ki < ktn with 32, dg,")/(kn) — T (see above Theorem it follows that

Li(Gn) | <] o (S /) =) o)
n = ]i?TL = A = QA .

(3.24)

for large n. Furthermore, since each successful step reduces the number of components by k& — 1, it also
follows that S, implies L1 (G,,) = n > yn, completing the proof. O
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3.3 Analysis of variables: initial values and one-step changes

In this preparatory subsection we lay the groundwork for the upcoming proof of Theorem which hinges
on an application of the differential equation method [54, 53} [51] to the O(A?) random variables U (i), X,5(4)
and Zg p.c,q4(?). In particular, tacitly assuming that the assumptions of Theorem hold, we investigate the
three main conditions of the differential equation method (trend hypothesis, boundedness hypothesis, and
initial condition), and heuristically motivate the relevant system of differential equations 7.

3.3.1 Degree related variables

We start by analyzing the degree variables X, ;(7), tacitly assuming (a,b) € V. Using assumption , it
follows that the initial values of X, (i) satisfy the initial condition

Xap(0) _ Lpazoy[{v € [n] : 4 = b}
no n

= T1a=0y76 £ Ao(n) with Ag(n) = o(1), (3.25)

where Ay(n) > 0 depends on d,, and r. Since in each step the degrees of at most k vertices are altered, it
follows that the maximum one-step changes of X, ;(7) satisfy the boundedness hypothesis

|Xa,b(i + 1) - Xa,b(i)| < k= O(l) (326)
In each step, with probability at least 1 — k2 /|U;| all k: randomly chosen active vertices vit11,...,vi+1.6 € U
are distinct. With the worst-case changes from and |U;| = U(¢) in mind, similarly to [54, B3], [45] it

now routinely follows that the expected one-step changes of X, (1) satisfy the trend hypothesis

1yas0y Xa1.6(1) — Lyacs) Xap(i 1
B4 1) - () G = 3 Tzt T ol (1)

Wi i
<Is (3.27)

_ E(Ua>0y Xa-16() — Dacp Xap (i) tofl L
U(i) u@)
We next analyze the number of active vertices U(i) = [Us| = > pea (X0,(0) — Xp5(i)). Using esti-
mate (3.25), it follows that the initial value of U (i) satisfies the initial condition

U 2 pea) Xo,b(
T(l ) bE[A = 3" rEAx(n (3.28)
be[A]

Analogously to (3.26)—(3.27)), the one-step changes of U (i) satisfy the boundedness and trend hypothesis

UG +1)=U®@)| < k=0(1), (3.29)

. . k> beia) Xo-1,6(4) 1
EU@GE4+1)-U®G) | Gi) = U0 + O(U(z)) (3.30)
To motivate the differential equations f for u(t) and z4(t), we assume the deterministic
approximations U (i) ~ u(t)n and X, ,(7) &~ 2,(t)n with ¢ = i/n. By inserting these into both sides of the
expected one-step changes (3.30)), noting U (i + 1) — U(i) & [u(t + 1/n) — u(t)]n ~ u/(t) we anticipate u'(t) =
—k > peiar To—1,6(t)/u(t) as in (3.13). The initial value also suggests u(0) = > i) as in ([3-16).
Using and we similarly anticipate the derivative and initial value of z4(%).

3.3.2 Susceptibility variables

We now analyze the susceptibility related key variables Zg p..4(4), tacitly assuming (a,b), (¢,d) € V. In Go
all component have size one, so that [C} 4||Cjc.al € {0,1}, with |C} q5||Cj.c,al = 0 unless a = ¢ and b = d.
Using estimate (3.25)), it follows that the initial values of Z, ; . q(¢) satisfy the initial condition

A

n n

Za b,c d(o) _ ]]-{a:c7 b:d}Xa,b(O)

= L{a—c—0, b=d}7b T Ao(n). (3.31)
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Since in each step at most k& components are joined, it follows that the maximum one-step changes
of Zgp.c.a(i) satisfy the boundedness hypothesis

, . . 2 .
| Zaped(i+ 1) = Zapea(i)| < kLi(i)* + (kL1(i))” = O(L1(i)?). (3.32)
For the expected one-step changes of Z, p ¢ 4(7), we first suppose that k distinct components Cj, ,...,Cj,
of G; are joined via the edge e;11 = {vit1,1,---,Vit1,k}, Where vir1 ¢ € Cj, ¢, 5, satisfies (es, f¢) € V* and

thus v 11,0 € U;. Denoting the resulting component by C;, for all degree pairs (z,y) € V the number of

(n)

vertices v € CI with deg,+(v) =z and dy’ = y are then given by

1Ct sl = 32 (ICsumal +3257), (3.33)

Le(k]
where the shorthand 65 f € {—1,0,1} is defined as in , see Sectlon In each step, with probability at
least 1 — k%L1 (i) /|U;] all k randomly chosen active vertlces Vit1,1,- -, Vit1,k € U; are in distinct components.

With the worst case changes (3 in mind, by our above dlscussmn it now follows that
E(Zapeali+1) = Zap,eali) | Gi)
+ + |Cjz er, fz| (Z)
= Z e Z |CTr,a,b||C7r,c,d| - Z |ng,a,b||cj@,c,d| H |Z/{ | +0 ‘Z/{ | )
J1EC; JLEE; 1<t<k 1<e<k v v
(e1,f1)EV*  (er,fr)EV™

where the |C), | are here defined by (3.33) above (which together with the additive error term formally
accounts for the degenerate cases where some components C;, coincide). Recalling (3.33), we have

|O7—Ti_,a,b||c7-1~'_,c7d|_ Z |Ojla )

oyl
1<t<k
= 3 (ICiasl+ 625 ) (1Cscal + 857 ) + 3 (IChanldfli? + 05571 cual + 655765457 ).
he€[k] 1<t<k
h£l
Since Z Jh€C;,(en,frn)EV* thvehvfh| = Z Jh il = |u1| by ‘ ’ it follows that

E(Za,b,c,d(i =+ 1) - Za bcd( ) | Gi )

Z Z |thy€h;fh‘(|cjh; b+ (Szth) Z ‘Cjz,ee,fz‘(lcjtz,c,d| +(5Si}f[>
htelk]  jn€e; il jeee, il
h#0 (en,frn)EV™ (e, fe)eV™
‘C]belvfé ‘ (|Cjtz,a b|5fféﬁ + 5927& IOJLC d| + (Sefl;fz 552)‘@) Ly (2)3
+D > - o\ =2,
1<e<k  je€; 4| el
(e, fe)eV™
Since Ze, f.a,(1) = Zape,r(i) and 3o |Cje f| = i) by (3.2) and (3.3), using |i4;] = U (i) it follows that

the expected one-step changes of Z, p ¢ q(%) Satlsfy the trend hypotheszs
E(Za,b,c,d(i + 1) - Za b,c d( ) ‘ G )

Bk = 1) e preve (Zaent () + 05X 1) e ey (Zeaseald) + 651 Xe s ()
U(i)? (3.34)

B eprev (Zaved 001 + 001 Zesgeali) + 621055 X s () Lo )’
! UG UG)

The precise form of (3.34) not important for our purposes: what matters is that the expected one-step
changes can be accurately estimated by a well-behaved function of the random variables Zg p ¢.a(2), Xe, r(4)
and U (). In particular, the differential equations (3.15)—(3.17) for z4 .c.4(t) are again heuristically suggested
by inserting the approximations Z, p ¢ q(%) = Zq.b.c,d(6)n, Xe (i) = xe f(t)n and U(3) = u(t)n with t = i/n

into the expected one-step changes (3.34) and initial values (3.31)), similarly to Section
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:proof

3.4 Deferred proof of main technical result

In this subsection we give the deferred proof of Theorem which inductive proceeds roughly as follows.
Assuming that 7 hold for step ip_1 = tp_1n, we use the rough control result Theorem to show
that, with probability 1 — o(n~?), the technical exponential tail bound again holds up to step 15, ~ tpn.
By Remark this ensures that all components have size O(logn), so that the one-step changes
of the Z,p..a(i) variables are at most O((logn)?), i.e., remain fairly small. With this extra information
about the subsequent evolution in hand, we then apply the differential equation method to show that, with
probability 1 — o(n=??), the approximations f also hold up to step i, ~ tpn. Here the following
simple lower bound on U (i) = |[U;| will be convenient: similarly to we deterministically have

U)  (Soep @/ (kn) =)k _ (T —t - o(1))k

> Z for all 0 < i < tn. .
- A A orall0 <i<tn (3.35)

Proof of Theorem[3.1] We construct the claimed sequence by induction on h, using Wy (n) := 2h -n=1% for
concreteness. For the base case h = 0 we set tg := 0, By := 2, By := 2, and define u(0), £4,4(0), 2a,p,c,a(0) via
the initial conditions (3.16). The inequalities in (P1) hold, since zqp,c,4(0) <75 <1 and w(0) = 3 e 70 =
ET/A. Inspecting the initial values (3.25), (3.28), (3.31)), there is a function {(n) := AXg(n) = o(1) which,
for large n, deterministically satisﬁeffor i = 0 and the inequality in (P3). Inequality also
holds deterministically for ¢ = 0, establishing the base case.

We now turn to the more interesting induction step, where h > 1. Let

’L.h,1 = Lth,lnj, (336)
and define &,_1 as the event that G;, _, satisfies (3.7)—(3.10) for ¢ = i;,_1. By induction we have
]P(ﬁgh,ﬁ < \I’hfl(n). (337)

We henceforth condition on G, _,, and assume that the event £,_; holds. Noting that s, (¢5—1) is inductively
determined by (3.11)) and (P1), gearing up to apply the rough control result Theorem |2.1| we define

1 (T—thfl)k

= S maea oy T aa o = Iman). (3.38)

Th -

Inequality (3.35)) implies |U;, _, | = upn for large n, so that my, < 7,|U;,,_, |. Similarly, the approximation (3.12))
implies Sy, (in—1) < su(th—1) + 1 for large n. By definition (3.38)) of 75, we infer my, < [U;,_,|/(8k?) and

k(k—1)-mp /U, |- Sulin-1) <k(k—1) -7 (sulth-1) + 1) < 1/4. (3.39)

Since G, _, satisfies (3.10) for ¢ = ip_1, by invoking inequality (2.1) from Theorem with ¢ = ip_1,
m=my, 8= Pn-1, B= Br_1, £ = Thup/2 and m = 100, there are constants o > 1 and A > 0 such that

P(Zje[n]ajNEj (Gi}z—1+miz) = An | Gih—l) < n7100 (3'40)

for large n. Setting Bj := min{«, 8,—1} and By, := max{A, By_1}, we now define the event

G == {(3.10) hfhesfan hll 0 < i < tpn}. (3.41)

Note that ip,—1 + mp = (th—1 + Thun/2)n = tpn by (3.6)). It follows by monotonicity of N3 ;(-) that

P(=Gn) < P(—&r—1) + P((3.10) fefikgfer ics i1 + myp, and E,—1 holds) < ¥j,_1(n) +n 1%, (3.42)

In preparation of the differential equation method, we observe that the event G;, implies

0 < Zapeali)/n<S@E) =Y Nsj(Gi)/n<BpY B, <Bu/(Bn—1)=:Th (3.43)

Jj=z1 Jj=z1
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rocess

for all 0 < ¢ < tpn. With this in mind, we next define a domain D, C R2+IVI+VI* which shall contain the
functions u(t), qp(t) and z4p.c.q(t) for t € [0,¢5], while avoiding potential singularities of the functions u(t)
and zg p.c,q(t). For concreteness fix € := 1079 (any small constant suffices), and set

s

Dy, = { (t, u, (@ap)(@pev: (Zaped @) eaev) : t € (=& th+ (T —tn)/2), 5.4
3.

u e (uh+1/2, 1 +€), ZTa,b € (—E, 1 —|—5), Zab,c,d € (—E, QFh) }

Let us collect two consequences of the definitions of the domain Dy and the event Gy. First, if we assume
that t <t + (T —ty)/2, then the deterministic inequality implies ming;<in, U(2) = (T — tp)n/(4A) =
Q(n) for large n, which ensures that the additive error terms in the expected one-step changes and
of X, (i) and U (i) are both O(n™1). Second, if we assume that the graph G; is consistent with the event Gy,
then Remark implies L;i(i) < Cplogn when i < tpn. For the variables Z, 4 q4(%) with ¢ < tpn this
means that there is a constant Dj > 0 such that (i) the additive error terms in the expected one-step
changes are bounded by § := D), (logn)3/n, and (ii) the maximum one-step changes are at
most 3 := D} (logn)?. Applying the differential equation method [53, [51] with the bounded domain D = Dy,
to the variables U(2), Xq(¢) and Z, p ¢ a(i), by the preparatory work of Section it now is fairly routine
to see that (a) the uniqueness property (P1) holds for ¢ € [0, ], and (b) there is ,(n) = o(1) such that

P((B.7) (Bl): Pfietghorsstmmp: dop | < 57, and G, holds) <n~ (). (3.45)

(For the interested reader, in the following short interlude we briefly expand on a few standard details re-
garding the application of the differential equation method, using [51, Theorem 2] for concreteness. The trend
hypothesis corresponds to (3.13)),(3.30)), (3.14)) (13.34) with additive error terms bounded by ¢,

the boundedness hypothesis corresponds to (3.26)), (3.29), (3.32) with maximum one-step changes bounded
by 3, and the initial condition corresponds to (3.16)) ,(3.31) with additive error terms bounded by

X :=max{A\g(n),n" 4} = o(1), say. To clarify: the improved estimates (i),(ii) may indeed be used for the
variables Zg p ¢.4(?), since by [51, Lemma 9] we can abandon our argument for G;4; as soon as G; violates Gy,.
The Lipschitz hypothesis is routinely verified: each of the derivatives in 7 corresponds to a func-
tion F' that is a polynomial of degree at most two in the variables (za,/u)(a,p)ev and (2a,b,c,d/%)(a,b),(c.d)eV>
where u stays bounded away from 0 in the closure Dy, of Dy, so F : D), — R has continuous derivatives in the
compact set Dj,, and is thus L-Lipschitz continuous in Dj, for suitable L = L(D},). To ensure that the approx-
imations (8.7)-(B.9) with &,(n) = O(\) = o(1) extend to all 0 < i < #;,n, it suffices to verify that the solutions
u(t), Tqp(t) and zqp,c,a(t) to the system of differential equations (3.13)-(3.17) can only come o(1) close to the
boundary of Dy, for t & [0, t5,]. This is straightforward, since otherwise we can easily get a contradiction to the
fact that, for large n, the rescaled random variables are well approximated by the solutions of the differential
equations. Indeed, 0 < X, ;(¢)/n < 1 is trivial, implies up+1 < U(4)/n < 1 for 0 < i < tpn, and
implies 0 < Zy p.c,a(7)/n < Tp, for 0 <4 < tpn. Finally, the n~“M) failure probability in follows from
nA?/B% > logn and A > § > n~!, see [51, Theorem 2 and Lemma 9].)

To sum up, combining ([3.41))—(3.42) with (3.45]) now completes (for large n) the proof of the induction step
with Wy, (n) := ¥p_1(n) + 20100 = 21 - n=199 noting that &,(n) = o(1) implies the inequality in (P3). O

4 Random 2-process

In this section we prove Theorem [1.3]for the random 2-process (G;)iz0 = (G ;)i0 defined in Section |1} note
that here we do not allow for loops or multiple edges. In particular, we shall analyze the size of the largest
component in the final graph of the random 2-process using the following 2-step argument:

Step 1: Early evolution. We first consider the 2-process graph G after M ~ n —o(n) steps, and show
that it whp satisfies the following properties: (i) all components have size o(n), and (ii) after removing an
exceptional set W of o(|Uys|) vertices, all remaining active vertices in Ups \ W have degree 1 and are endpoints
of paths with at least 3 vertices; see Section and the event 7 in Section for the details. For ease of
exposition, we henceforth tacitly ignore the exceptional vertices in W. In particular, all relevant components[]

"Here all cycles of G are irrelevant for our purposes, since they have size o(n) and contain only inactive vertices.
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of G s containing active vertices are then simply paths with at least 3 vertices, whose set we denote by P.
Clearly, from any such path p € P only its two endvertices can each participate in one more edge.

Step 2: Coupling with configuration model. The further evolution of the 2-process after step M
then iteratively joins up endpoints of paths (also allowing paths to be closed to cycles), and in each step all
such connections have the same probabilityﬂ by definition of the 2-process. A coupling of the 2-process and
the 2-regular configuration model [I5, 52] with m := |P| bins then becomes evident if we assign each path
p € P to one bin with two points, so that path joinings in the 2-process correspondEI to point pairings in the
configuration model. To recover the component sizes in the 2-process using the configuration model, we need
to take into account the sizes of the paths assigned to the bins, which are simply added up when distinct
bins are paired up. By concentration of measure we expect that the resulting component sizes are close to
their expected value (at least for large components), which in fact means that their size in the 2-process
is approximately their configuration model size multiplied with a fixed ‘stretching’ factor, see (4.6). This
stretching factor accounts for the fact that the configuration model has m = o(n) bins, and it eventually
cancels out after suitable rescaling of the sizes, see . In particular, it turns out that the size of the
largest configuration model component rescaled by m is whp approximately equal to the size of the largest
2-process component rescaled by n, see (4.10). Using known results for the 2-regular configuration model,
see Lemma this then implies the desired distributional convergence result of Theorem for
the largest component in the final graph of the 2-process; see Section for a rigorous version of this
heuristic argument (which also takes into account the exceptional set of vertices W C U;).

4.1 Early evolution and value of %,

In preparation of the proof of Theorem we henceforth fix 0 < 6 < 1/70 and define
M = [n—nlf‘s] and 7= Lnlf‘sj. (4.1)

We first show that whp Lq(Gar) = o(n), which in view of M = n — o(n) easily implies ¢, = 1.

Lemma 4.1. In the random 2-process, whp L1 (G ) < n'/2+59,

Proof. We first consider the event A that, during one of the first M steps, two components of size at
least s := n'/2t2% join. Before completing step M, note that the number of active vertices is always at
least n — (M — 1) = n'~% =: a (analogous to in Section , and that the number of components of
size at least s is always at most n/s. Since any component contains at most two active vertices, by taking a
union bound over all M possible joining steps it follows that

P(A) < M -O((n/s)*-a™?) = O(n~?).

We next consider the event B; that, during one of the first M steps, the component containing vertex ¢
joins at least z := [n2%] times another component. With similar reasoning as for the event A above, by
taking a union bound over the first z joining steps it is routine to see that

P(B:) < (M) [0(a ™))" < [0(M/(az)]” < e = o(n~72).

Hence, using a union bound argument, whp none of the events A, B, ..., B, occur. In that case, any
component initially starts with one vertex ¢ and during the first M steps then sequentially grows by at most z
component joinings, which each bring in at most s new vertices. Thus L1(Gp) < 1+ 28 = 0(n1/2+55). O

Corollary 4.2. The critical point of the random 2-process satisfies t. = 1.

Proof. Note that t. < T =1 follows by applying Theorem to the 2-process, with k = A =2, r = (0,0, 2)
and d, = (2,...,2). Now, aiming at a contradiction, suppose that t. < T. Pick t. < t < T. Applying
Lemma and Theorem |1.6| implies that whp cn < L1 (G 4,)) < n'/?+%0 < n3/4, which for large n yields the
desired contradiction. O

Hence Remark for the random 2-process is a direct consequence of Theorem

8This uniformity would fail if 2-vertex paths were in P, since pairing their two endpoints yields a forbidden multiple edge.
9This correspondence would fail if isolated vertices were in P, since pairing their two bin points yields a forbidden loop.
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4.2 Final graph: size of the largest component

To study the final graph of the 2-process, we now consider the further evolution from step M onwards;
here M = [n—n'=%] and r = [n'7?] as well as 0 < § < 1/70 are defined as in (4.1)) above.

Proof of Theorem[1.3 We start with the auxiliary claim that G satisfies, whp, the following event 7

(i) The largest component has size at most n'/2+5 = o(r).
(ii) The number X; of vertices of degree i satisfies X7 ~ 2r and Xy = o(r). Additionally, the number Y of
components of size 2 satisfies Y = o(r).

Indeed, |(i)|is implied by Lemma and follows from [48, Theorem 4 and (2.23)] (and requires § < 1/4),
establishing the claim. We henceforth condition on Gjs, and assume that 7 holds. Noting that X; is even,
the components of the graph Gj; must consist of Xy isolated vertices, Y paths with 2 vertices, and

m:=X1/2-Y ~r (4.2)

paths with at least 3 vertices, and an additional set C' of cycles (if there are any). For later reference, we
write P for the set of m = |P| paths with at least 3 vertices, and W for the set of |W| = X + 2Y = o(r)
vertices in components of size at most 2. We also denote by G the random 2-process applied from this
point onwards.

To analyze how the subsequent steps of G affects these paths and components, we shall below employ
the standard configuration model [15, 52] for a random 2-regular graph on m vertices. This has m bins
with 2 points in each, and a random pairing (matching) of the points is chosen. The bins are collapsed into
vertices, the pairs become edges, and a multigraph (possibly with loops and multiple edges) results. We
consider the configuration model process R = (Ry,..., R, ) which arises by choosing the random pairs of
points sequentially. Here R; is marginally distributed as a uniformly random choice of a set of 4 pairs of the
2m points in the model.

The key point is that we can define a coupling of (a sub-process of) the 2-process G with the configuration
model process R as follows. Each path p € P represents a bin in R, which initially contains two points
that are labeled by the two endpoints of p. Sequentially considering the steps of the 2-process G, suppose
that vivs is added in the current step. If both v; and vy currently appear as labels in R, then we add the
corresponding pair vyvs in the configuration process R. Otherwise no step is taken in R, but for coupling
purposes we update the labels as follows: if only v; appears as a label in R, then v, is one endpoint of a
path p’ in G whose vertices are all in W, and we replace the label v; by the other endpoint of p’ (to clarify:
this endpoint equals vy when p’ consists only of one vertex); we proceed analogously when only vy appears
as a label in R, with the roles of v; and wvs interchanged. Note that in R is each so-far unpaired pair with
labels vw corresponds to an edge vw that can be added to G (since both v, w currently have degree one, and
are not yet connected by an edge). Under this coupling, it thus follows that in each step of R = (R1,..., Rm)
all pairs of currently unpaired vertices are indeed equally likely to be joined up, as desired.

Consider the auxiliary graph R/, obtained by replacing each vertex in the multigraph resulting from R,
by its corresponding path p € P, in the obvious way so that the maximum degree is 2. The components
of R/, are just cycles, whose size (number of vertices) equals the total size of those paths p € P it contains.
Note that the component structure at the end of the 2-process G is obtained from the auxiliary graph R/, by
(a) inserting the vertices of W into cycles of R/, or into separate other cycles or paths, and then (b) adding
the set C' of cycles from Gjs. Since T holds, the insertions and additions in (a) only involve at most o(r)
new vertices, and the cycles added in (b) each have size at most o(r). It follows that

IL4(Ga) = Li(B],)] = olr), (43)

where we temporarily write G,, for the graph at the end of the 2-process to avoid clutter (this slight abuse
of notation will later be justified by the fact that this final graph has whp n edges).

The next step is to relate the auxiliary graph R, to the 2-regular configuration model R,,. Here the
key observation is that, equivalently to the process described above, we can obtain R, by first running the
process R to determine R,,, and only after that assigning the paths in P randomly to the vertices of R,,.

Writing s1, ..., $m for the sizes (number of vertices) of the paths in P, note that 7 implies
w = Z sj€n—r,n] and §:= ]Hel%qi(] 55 < nt/2+%9, (4.4)
j€[m]
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Consider any cycle Q of R, of length g > 1. After replacement of vertices by paths, the resulting cycle size
in R/, is equal to the sum of ¢ numbers sampled uniformly at random from the sequence (s1, ..., s, ), without
replacement. Letting Z; denote the i-th number chosen, the resulting cycle size is thus ), cld] Z; =: Xqg. We
now claim that the size L;(R],) = max X of the largest component of R, whp satisfies

|L1(R),)/n — Li(R)/m| < 4n~°. (4.5)

To see this, let gy := Vm3/2n89. First define £ as the event that, for all ¢ > qo, every cycle Q of R,, with
size ¢ satisfies X = (1 &n"%)qw/m. The expectation and variance of X¢ are known (see, e.g., Section 6
in [27] for the exact relation between sampling with and without replacement) to satisfy

w Sqw

E(Xo | Rn)=q- p- and Var(Xq | Rm) < S-E(Xg | Rn) = (4.6)

m

Note that R,, contains at most m/qy cycles of Size at least qo Taking a union bound argument over all
cycles, using Chebyshev’s inequality together with (4.4) and m < n it follows that
Sm n2%Sm?

m
P(-L) = EP(— < —- = = —9). 4.
(FL) = EP(-L | Bm) < o max s 0 = — 2, = 07 (4.7)

Next define S as the event that, for all ¢ < qo, every cycle Q of R, with size ¢ satisfies Xgo < n!~%. Known
variants of the Azuma~Hoeffding and Chernoff bounds (see, e.g., Theorem 2 and the remark below Theorem 4
in [27] for upper tail inequalities that apply to sampling without replacement) yield for all > 0 that the
upper tail P(X¢g > qw/m + z|R,,) is at most exp(—222/(¢S?)). Note that n'=° > gom/w. Taking a union
bound similar to above, using gy < n*/*t%9 and § < 1/70 it follows that

P(=S) < n- max exp( Q(n'~ 126/(])) n- exp( Q(n1/4_165)> =o(n7?%). (4.8)

Noting Li(Rpm)w/m < w < n and gow/m = o(n'~?), the event £ NS implies
|Lu(R) = La(Rn) 2| < 070 - L (Ron) = 20170 < 3017,
m m
which together with L;(R,,)|w —n|/m < r < n'~9 establishes that (4.5) holds whp, as claimed.
It remains to analyze the size Li(R,;,) of the largest component in the 2-regular configuration model R,

Results of type (4.9)) are known, but often proved in a more technical setting (such as Table 2.2, Lemma 5.7,
page 110 and Theorem 6.8 in [5]); we thus include an elementary proof of Lemma in Appendix

Lemma 4.3. There exists a continuously decreasing function F : (0,1] — [0,1] such that
lim P(Ly(R,,)/m >c) = F(c) for any ¢ € (0,1], (4.9)
m— oo
with F(c) € (0,1) for ¢ € (0,1), F(c) =log(Vet + Ve 1 —1) force (1/2,1], and F(e) — 1 as e — 0.

To sum up, since the event T holds whp and the 2- pI‘OCQbS endb Whp after n steps by [42] (justifying our
slight abuse of notation in (4.3) above), by comblmng ) and (| with < n'~? it follows that, whp,

|L1 n)/n — Li(Ry)/m| < T/n Y+ 4n=% < Bn 0. (4.10)
Given c € (0,1), we fix € > 0 small enough such that [c —e,c+ €] C (0,1), and infer
P(L1(Rwm)/m > c+¢) —o(1) < P(L1(Gyn)/n>c¢) < P(Li(Rpm)/m >c—e) + o(1). (4.11)

Inserting (4.9) into (4.11)), now (T.3) follows by first sending n — oo (and thus m ~ r = [n'=%| — 0o) and
afterwards sending € \, 0, noting that F'(c +¢) — F(c) € (0,1). This completes the proof of Theorem
since trivially P(Li(G,)/n > 1) = 0= F(1). O

The arguments of this section extend to the sizes Li(n),..., L.(n) of the largest » = O(1) components
in the final graph G,, of the random 2-process. Indeed, noting the second proof of F'(¢) < 1 in the proof of
Lemma given in Appendix by combing the above concentration event £ NS with a minor variant of
the approximation inequalities and it is not hard to extend and deduce that

nli_)ngoP(Ll(n)/n > ¢y, La(n)/n>cg, ..., Ly(n)/n>c) = Fley,...,¢) (4.12)

for a certain function F' that is strictly between 0 and 1 provided 0 < Zie[r] c < 1.
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5 Numerical estimates of critical point

In this section we demonstrate that our methods from Sections also give (without much effort) further
information about the critical point t.. Indeed, the following lemma shows that if we are able to numerically
solve the differential equations 7 for the idealized active susceptibility s, (t) with explicit error
bounds, then we can use this to (i) prove that t. < T holds, and (ii) estimate ¢, up to arbitrary precision.

Lemma 5.1. Suppose that the assumptions of Theorem hold. Let T := 3, (a1 J7i/k. Define su(t) as

in (3.11), and t. as in (3.18). Let o := 1/(32kA) and § := 64/k. Ift. < T, then lim; ~;, s,(t) = oo.
Ift € [0,T) satisfies max,e(o4) Su(x) < 00 and s,(t) = 130, then t. <T and

a(T —t) B(T —1t)
t. € (t—l— OB t+su(t)—2>' (5.1)
Remark 5.2. The proof shows more generally that, fort € [0,t.), we have
aAu(t) Bu(t)
E(T —t)/A <u(t) < k(T —1t). (5.3)

The proof is based on the idea that if s,(t) is too small or big for ¢ € [0,t.), then we can reach a
contradiction between the whp approximation S, (tn) & s,(t) and the phase transition location t.. To this
end we again consider the multigraph variant (G;);>0 = (GZ’,?")@(J, as in Sections
Proof (sketch). Note that all estimates claimed by Lemma follow from Remark so it suffices to
prove inequalities (5.2)—(5.3). Noting that [24;|A > > veln] (dv" — degg, (v)) > |U;], by proceeding along the
lines of and the proof of Corollary using the whp approximation we infer .

Aiming at a contradiction, suppose that s, (t) < aAu(t)/[k(t. — t)] =: 7 for some t € [0,t.), where
$4(t) = 1 implies 7 > 1. Using Theorem we condition on the whp event that G; satisfies 1}
for i := [tn]. Let 7:=1/(8k?r) and m := [7|U;|]. Noting m < |[U;|/(8k?) and k(k — 1) - m/|Us| - Su(i) <
k2.1 25,(t) = 1/4, inequality from Theoremimplies that whp L1(Gitm) < Clogn for some C' > 0.
But, noting i +m > [t + Tu(t)/2]n = [tc + (tc — t)]n, the multigraph variant of Theorem (as proved in
Section [3.2.2)) also implies that whp L1(G;y.,) = cn, which for large n yields the desired contradiction.

Aiming at a contradiction, suppose that s,(¢t) > max{fu(t)/[k(t. — t)],128} + 2 =: A + 2 for some
t € [0,t). Using Theorem [3.1] we condition on the whp event that G; satisfies (3.7)—(3.10)) for i := [¢n]. Let
7:=16/(k?>\) and m := | 7|U;|]. Noting m < |U;|/(8k?) and k(k — 1) - m/|Us| - (Su(i) — 1) = k?/2-7/2- X =
4, inequality from Theorem implies that whp L1(Giym) < en. But, noting ¢ +m < [t + 27u(t)]n <
[te — (tc —t)/2]n, the multigraph variant of Theorem [1.6] (as proved in Section [3.2.2)) also implies that whp
L1(Giym) < Clogn, which for large n yields the desired contradiction. O

The above arguments illustrate one conceptual difference to the statistical physics approach [10] for the
random d-process, which for each d > 3 deduceﬂ existence of the critical t. = t.(d) by numerically
finding the point beyond which a certain integral equation (involving the solution to a nonlinear second order
differential equation) starts having multiple solutions. Indeed, in our approach we analytically prove the
existence of the critical point ¢, and merely use numerical methods to estimate the concrete value of ¢, (if
desired).

6 Open problems
In this paper we initiated the study of the phase transition in the random d-process and its degree restricted

hypergraph generalizations, and the natural next step is to study the finer details of the phase transition.
With the goal of making the proof techniques in the area more robust (i.e., to handle non-trivial dependencies

10For the random d-process with fixed d > 1, their approach uses (among other things) the scaling assumption [I0, equa-
tion (32)] for the fraction of vertices in the giant component. This plausible assumption is somewhat non-trivial here, since it
fails for the 2-process due to the potential presence of multiple giant components, see (4.12)).
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between edges), here the following open problems for the random k-uniform d,,-process seem interesting for
further work. Below we tacitly assume that the general assumptions of Theorem hold, but we stress that
our main interest is really the graph case k = 2, in particular the random d-process (whenever relevant).

e Critical point: Determine the correct condition for t. < T, i.e., when the giant component emerges
significantly before the end of the process.  Perhaps optimistically, we conjecture that t. < T is impliedE|
by (k—1) Zje[A] (j— 1)jrj/ZjE[A] jrj > 1, i.e., the hypergraph generalization of the (branching process
based) Molloy-Reed giant component criterion for uniform random graphs with specified degrees. Of course,
it would also be interesting to get more explicit analytical knowledge of t., and here it might be insightful to
first prove that t. = t.(d) > 1/2 for the d-process with d > 3.

e Maximum degree: Remove or weaken the technical condition A = O(1) from Theorem

e Second largest component: Show that the second largest supercritical component has logarithmic
size, i.e., that for any t € (t.,T) there is C' = ¢(t, k, A,r) > 0 such that whp La([tn]) < Clogn.

e Giant component: (i) Show that the giant component has a scaling limit, i.e., that there is a function
p=p"AT (¢, T) — (0,1] such that, for any ¢ € (¢.,T) and & > 0, we have P(|Ly([tn])/n — p(t)| = §) — 0
as n — oo. (ii) Show the phase transition is ‘second order’; i.e., that p(t. + &) ~ ce as € \, 0 for some
constant ¢ = ¢(k, A,r) > 0. (iii) Show that the giant component satisfies a central limit theorem, i.e., that
after suitable rescaling Li(|¢n]) is asymptotically normal for any ¢ € (¢.,T); cf. [45].

e Nearly 2-regular case: Determine the behavior of the largest component in the final graph when
k =2 and ro = 1. To clarify: the 2-process corresponds to the case when all n degree-restrictions dE,") are 2,
and we are asking about the behavior when only n — o(n) degree restrictions dg,”) are 2. More generally, it
would be interesting to get a better understandinﬁ of the final hypergraph behavior when t. = T.
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and he is grateful for the hospitality and great working conditions. We thank Svante Janson for bringing
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A Critical point of random d-process when d — oo

In this appendix we study the location t. = t.(d) of the phase transition in the d-process for large d.

Theorem A.1. The critical point t. = t.(d) of the random d-process satisfies t.(d) — 1/2 as d — oo,
and t.(d) = 1/2 when d = d(n) — oo as n — oo.

The proof is based on a comparison of the random d-process (Gfm-)z-}o with the classical Erd6s—Rényi
random graph process (G, ;)i>o. The crux is that the Erdés-Rényi giant component (i) emerges after
roughly n/2 steps, and (ii) is robust with respect to the deletion of a few edges. Furthermore, for large d,
most vertices of the Erdés—Rényi random graph G,, , have degree less than d. By viewing (Gfm)@o as a
process where we ignore certain edges from (G, ;);>0, this makes it plausible that t.(d) — 1/2 as d — .

Proof. We consider (e;);>1, where each edge e;j;1 is chosen uniformly at random from ([g]) \{e1...,e}.
Clearly, {e1,...,e;} gives the uniform random graph G, ;. Furthermore, we obtain the evolution of the
d-process by sequentially traversing the (e;);>1, only adding those edges which do not create a vertex of
degree larger than d. Since e; is certainly added by the d-process if both its endvertices appear in less than d
edges in {e1,...,ej_1}, this yields a natural coupling with the property that G'rdz,max{O,i—Xn a S Gy, for
all 0 < i < n, with X, g := Zk}d kD), and D, denoting the number of vertices in G, with degree k
(see [18, 137, [49] for related arguments). Writing p = n/(%) ~ 2/n and noting ED,, , < n- (?)p* < n(6/k)*, a
standard first moment argument shows that whp maxy>10g n Dn,x = 0. Together with a routine application of
the bounded differences inequality for uniform random graphs (see, e.g., [35, Theorem 7.4 and Example 7.3]
or the discussion below [50, Theorem 1.9]), there are constants 8 € (0,1) and B € [1,00) such that, whp,

Xpa= Z kD, < Z k(EDy, i +n2/3) < [Bmax{p?, n’1/4}n] =14
d<k<logn d<k<logn

Putting things together, the described natural coupling whp satisfies the following inclusion:

G? C Gp,i forall I, 4 <@ < n. (A1)

n,ifln)d

We now compare the d-process with the Erdés—Rényi process. In the subcritical case, for any € € (0,1/2)
we have en > en/2 + I,, 4 for d > dy(¢) and n > nq(e), so using (A.1)) it follows that, whp,

LGy 1 j2—eyn) < LGl (1o joynt, 0) < L1(Gr1/2-c/2)n) < Celogn, (A.2)

where the last inequality is well-known, see [3I, Theorem 5.4]. For the supercritical case we define LY (G) :=
min L (G’), where the minimum is taken over all graphs G’ that differ from G in at most x edges. It is know

13Writing m := (1/2 + &)n and p := m/(}) ~ (1 + 2¢)/n, for the binomial random graph Gy, whp L{™(Gn.p) > cen by [1T,
Theorem 3.9], which carries over to the uniform random graph Gp, ;» by monotonicity [31, Corollary 1.16(i)].
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that whp L™ (G, (1/2+4¢)n) = cen for suitable x = (g) > 0. For any € € (0,1/2) we have I,, 4 < min{xn,n/2}
for d > da(e) and n > na(e), so using the coupling from (A.1)) it follows that, whp,

Li(Gy 1 jaeyn) = LG (1 joreyn—r1, ) = Li (G 1/242)n) = con. (A.3)

To sum up, since t.(d) exists for fixed d > 3 by Theorem the whp estimates (A.2)—(A.3) imply that for
any € > 0 we have |t.(d) — 1/2| < e for d > dy(e), i.e., that t.(d) — 1/2 as d — co. The same reasoning also
establishes that ¢.(d) = 1/2 when d = d(n) — oo as n — oo, without presupposing the existence of t.(d). O

We remark that when d = d(n) — oo as n — 00, then the above proof also shows that, for any ¢ = O(1),
the size of the largest component in the d-process whp satisfies (1.2) with ¢t. = 1/2.

B Transferring results from multigraph variant

In this appendix we show that whp results for the k-uniform d,-process routinely follow from whp results

for its multigraph variant. Indeed, given t € [0,T), note that if an event £ fails with probability at most 7

in the multigraph variant (GZ ? "Jo<i<in, then by inequality (B.1) this event £ fails with probability at most

C -7 = O(n) in the original process (H,lf;i Jogigin. This justifies Remark (1.8 from Section since in
'.

Theorem |1.6) . we only consider fixed t € [0,T) and events that fail with probablhty at most o(n

Lemma B.1. Suppose that k > 2, A > 1, r = (ro,...,7a) € [0,1]2T! and d,, = (dgn),...,d%n)) €
{0,..., A} satisfy the assumptions of Theorem . Set T = Zje[A] jrj/k. Then for every t € [0,T)
there exists C = C(t,k, A, T) > 0 such that, for n large enough, we have

P((k"

n, )Ogigtn

€ Sum) < C-P((G5) € Snn) (B.1)

0<iktn
for any set Sy in of hypergraph sequences (Gi)ogi<in With vertex set [n].

The proof is based on a standard step-by-step comparison argument (similar to [25] [38] [29]).

k,d,

Proof. We fix a hypergraph sequence (G;)ogi<in € Sn,tn that can be attained by (H,’i") .., Comparing
the probabilities with which the next edge is added in each of the two process, we have
k.d, k.d, U] /k' k.d, k.d,
PHYY =G| () {HE =Gi}) = TN P(Gh =Gin | (N {GhS"=Gi}). (B2

0<j<i 0<j<i

where Q; denotes the set of edges that can be added to H 5?7 and U; denotes the set of active vertices in Gj;.
Similar to (3.3F)), we deterministically have ming;<in [Us| = (T — t)n/A > Q(k2 + Ak!) for n large enough.
Noting | (4 ) N E( D < U] - Aand (M) > (1 — k/[Us])* - [thi|F /k!, for 0 < i < tn we thus infer

t;|* /! - 1 o (2(k2+Ak!)A>
QSN s S T- @+ amu S P\ T T —on

Since initially ]P’(H =Gy)=1= (Gﬁzg" = Gy), by multiplying (B.2) it follows that

P( ) {my=ai}) < exp<2t(k(2T+Ak') P( ) {Gh=ci}). (B.3)

0<i<in 0<i<tn

This establishes (B.1) by summing (B.3) over all attainable sequences (G;)ogi<tn € Sn.tn- O
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C Deferred proofs
C.1 Lemma 2.3} subcritical case (adding random edges)

In this appendix we prove the subcritical case of Lemma from Section [2.2] For technical reasons we
consider a Poissonized variant of Hy = F'+& w, and introduce the multiset EZW where each of the \W|k tuples

(v1,...,v;) € WF arrives according to independent Poisson processes with mean 1 := £/|W k. We study
Hf =F+&w=(V(F), E(F)U& w),

where we tacitly map tuples (v1, ..., v) to hyperedges {v1,...,vr}. Our upcoming analysis exploits standard
splitting properties of Poisson processes, which imply that we may generate £/, via the following more
tractable two-stage process: we first determine x := [£/y,| ~ Po(f), and then set Ew = 191,592}
with gy = (wy,1,...,wy,x), where each vertex w, , € W is chosen independently and uniformly at random.
For G € {F, H;} we henceforth also write C,(G) for the component of G which contains w.

Our analysis of the components of H is based on a natural ‘breadth first search’ exploration process: in
each step j > 0 we maintain two lists, one of ‘active’ vertices A; = V(F'), and one of ‘explored’ vertices £; C
V(F). Initially Ay := Cy, (F) and & := 0, where vy € V(F) is chosen uniformly at random. In step j > 1, we
pick an active vertex v; € A;_1NW (if there is one) and proceed as follows. We sequentially test the presence
and multiplicity of each (so far untested) tuple g € W* of the form (vj, w1, ..., wg_1),.-., (W1,..., we_1,v;)
in &y, and denote the resulting multiset of newly found ‘partial’ tuples § = (w1, ..., wr—1) by &;. For
each g € &;, we then mark all vertices in {J; ¢}, o4, Cu), (F) \ (Aj—1 UE;_1) as active. At the end of step j we
move v; from the active list to the explored list. The exploration process stops when [A; N TW| = 0, in which
case £ UA; = Cy,(Hy) holds (since we already found all hyperedges of £y, containing a vertex from &;).

By construction P(|C,, (H;)| = s | Hf = G) = N>4(G)/|V(F)|, so using |V (F)| = n we see that

EN>s(Hy) = P(|Cy (Hf)| = 5)n. (C.1)
Formally setting A;11 := A; and &;11 := &; whenever |A; NW| =0, let
X]' = |(.AJ Ugj)ﬂW‘ and Y} = |AjUgj|. (CQ)

At the end of each step v; € A;_1 N W is moved from the active to the explored list, so X, < r implies
|A- N W| =0 and thus Y, = |Cy, (H;)|. For all 7 > 0, it follows that

P(|Cy, (H})| = 5) < P(X, > 1) + P(Y, > s). (C.3)

We next show that the component size distribution of H; has an exponential tail, by estimating X, and Y,
using the following Chernoff-type bound (whose standard proof we include for completeness).

Lemma C.1. Let Z,Zy > 0 be independent integer-valued random variables with EZ < p—~y, Ea?0 < A
and Ea? < A, where a > 1. Givenr > 0 set T, := ZO+Zl<j<r Zj, where the Z; with j > 1 are independent
copies of Z. Then there is a = a(u,~y, o, A") > 0 such that P(T, > s) < Ae™* for all s > ur.

Proof. Let f(t) := E(e4~#). Clearly, f(0) =1 and f'(0) = E(Z — u) < —. Since P(Z > s)a® < Ea? < A,
there is D = D(u,a,A) > 0 such that f"(t) = BE((Z — p)?e!?=") < D for 0 < t < (loga)/2, say.
For x := min{y/D, (log)/2} Taylor’s Theorem thus yields f(z) < 1 —yxr + Dz?/2 < 1 — yz/2 =: ¢,
with ¢ < 1. Recalling s > ur, using Markov’s inequality and independence of the Z; we infer

P(TT > 5) _ ]P)(el’(Tr*l“”) > ex(sfpxr‘)> < (EGIZO)(.}C(I))T . efx(sf,u,'r) < Acrefm(sf,ur) < Ae 9
for suitable a = a(c, u, ) > 0 (by distinguishing the cases s > 2ur and r > s/(2u), say). O

Lemma C.2. If the assumptions of the subcritical case of Lemmal[2-3 hold, then there are constants ¢,C > 0
(depending only on k, B, B,&,7) such that P(|Cy, (H})| > s) < Ce™ for all s > 0.
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Proof. Starting with upper tail bounds for X, note that we initially have

X0, < |Cy (F)] =: Np. (C.4)
In each subsequent exploration step j > 1, the multiset of newly ‘found’ partial tuples {(w1,...,wx—1) € & j}
is dominated from above (with respect to the subset relation) by the random multiset &, where tuples
(wi,...,wp_1) € W*! appear according to independent Poisson processes with rate kv = kf/|W|*. It

follows that there is a coupling of X, and T, satisfying

X, < Ny + Z R; =T, (C.5)

1<5<r

where the R; are independent copies of

R:= > > |Cu, (F)N W] (C.6)

(wl,...,wk_l)GG 1<h<k

Similarly to &£, we may generate & as follows: we first determine z := [&] ~ Po(ky|W|*~1), and then
set & ={g1,...,9,} with gy = (wy1,...,wyx—1), where each vertex w,, € W is chosen independently
and uniformly at random. Let N ~ |C,(F)NW]|, where w € W is chosen uniformly at random. Us-
ing EN = S(F,W) and E|&| = ky|W|¥~! = k{/|W| together with the subcritical condition, it follows that

ER =E|&|-(k—1)-EN = kt/|W|- (k —1)- S(F,W) <1 — 1. (C.7)

Let o := BY/2. Recalling (C.6)), using the two-stage construction of & it is routine to deduce
g ) g g
_1116] _
Ea® — E([(EQN)k 1} ) < eXp<E|6\ . (EaN>k 1>.

Noting (k — 1)EN > 1, we see that yields E|&| < 1 — 4. Using the main technical assumptions
we infer P(N > s) < Nx4(F)/|W| < BB~*/¢, which in view of 8 = o2 implies Ea™ < B/[¢(1 — a™1)].
Hence Ea® < A’ for suitable A’ = A'(k, B,£,a). Since P(Ng > s) < Nx4(F)/n, we analogously infer
Ea™ < B/(1 —a~1) =: A. Invoking Lemmawith =1, there is a = a(y, a, A") > 0 such that

P(X,>r)<P(T, >r)< Ae™ forallr > 0. (C.8)
Mimicking the above analysis for Y., it follows that there is a coupling of Y, and T, satisfying

Y, <No+ Y Rf =TT (C.9)

1<<r

where the ij are independent copies of the random variable RT, which is defined analogously to R but
with |Cy, (F) N W] is replaced by |Cy, (F)| in (C.6). Let N* ~ |C\,(F)|, where w € W is chosen uniformly
at random. Similarly to N above, we here again have P(NT > s) < Nx4(F)/|W| < BB~* /¢, which in turn
implies Ea™¥" < B/[€(1 — a~!)] and Ea® < A, as well as ENT = YesoP(NT > 5) < B/[E(1—B71)] =2 A
Analogously to we also have E|R*| = E|&|- (k—1)-EN* < (k—1)\. Invoking Lemmal[C.1| with 1 = Mk
and v = ), similarly to there is b = b(\, k, o, A’) > 0 such that

P(Y, > s) <P(TF > s) < Ae b for all s > M\kr and 7 > 0. (C.10)

T

Finally, set 7 := |s/(A\k)]. If s > 2)k, then (C.8) and (C.10) imply P(|Cy, (H})| = 5) < A(e™ 9" + e75%),
with r > s/(2X\k). Since otherwise trivially P(|Cy,(H;)| > s) < 1, this completes the proof for suitable
constants ¢,C' > 0 (for example, ¢ := min{a/(2)\k), b} and C := max{2A, e?**¢} suffice). O

The following proof uses a truncation argument, which restricts to components of size O(logn).
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Proof of the ‘subcritical case’ of Lemma[2.5 For ¢,C > 0 as given by Lemma set D := (2 + m)/c and
s:= Dlogn. Applying Markov’s inequality, using (C.1]) and Lemma we obtain that

P(L1(H}) > 5) S P(N>u(Hy) > 5) ENso(Hy) = P(ICuy (H7)| > s)n < Cn~0F7),
Since H; = F + &y, conditioned on [£/y,| = ¢ has the same distribution as H, = F + & w, using
€7 w | ~Po(f) and £ < (1 —)[W|/[k(k —1)S(F,W)] < [W| < n (by the subcritical condition) we infer
B(Ly(H) > 5) = P(Li(H]) > s | |E5w| = ) < O(VE) - P(Ly(H}) > 8) S o(n™™).  (C.11)

Furthermore, since N3 ;(-) is kj-Lipschitz with respect to the addition or deletion of hyperedges, using
|E7 w| ~ Po(f) and Jensen’s inequality together with £ < n it follows that

[EN>;(H;y) — ENz;(He)| < kj - E||& w| — €] < kj - \/Var|€f | < kjvn. (C.12)
With an eye on (C.11)), we now define a := min{e®/?, e?/(>P)} > 1 and

Z:= Y o/Ns;(H,). (C.13)

1<5<s

Using (C.12) together with (C.1)) and Lemma by choice of o and s = Dlogn it follows that

EZ< Y ol (EN>j(Hg) + kj\/ﬁ) <Y Ce 40P ks < Agn (C.14)

1<5<s j>1

for suitable Ay = Ao(c,C,k,D). Observe that Hy is equivalent to a probability space  that consists
of k¢ = O(n) independent random variables, each of which corresponds to the choice of a random vertex
from W. Furthermore, changing the outcome of one variable can be interpreted as first deleting one hyperedge
and then adding one hyperedge, which in turn changes each N> ;(-) by at most 2kj. So, whenever wy,ws € 2
differ in the outcome of at most one random variable, then by choice of a and s it follows that

|Z(w1) — Z(we)| < Z o - 2kj < 2ks*nt/® = o(n'/?).
1<5<s

Hence a standard application of the bounded differences inequality [35] yields P(Z > EZ+n) < n~*W  which
together with (C.11f) and (C.13)—(C.14])) establishes the subcritical case of Lemma with A:= Ap+1. O

C.2 Lemma : supercritical case (adding a random matching)

In this appendix we prove the supercritical case of Lemma [2.3] from Section 2.2] for M, = F 4+ My w. For
technical reasons we shall generate a random k-matching of W of size ¢ using the following procedure.

Lemma C.3. Let ¢{, N,k € N satisfy k > 1 and N > max{¢k,1}. Then, given W C N with |W| = N,
the following procedure generates a uniform random k-matching M of W with |M| = £. Starting with
m =4, M := 10, Vy := W and j := 1, repeat the following as long as m > 1. Pick any v; € Vj, and
flip an independent random coin with success probability km/|V;]. In case of success, add the hyperedge
e:={vj,wr,...,wr_1} to M, where each w; € V;\{vj,wi,...,w;—1} is chosen independently and uniformly
at random. Furthermore, set m :=m—1, V41 := Vj\e and j := j+1. In case of failure, set V41 := V;\{v,}
and j =7+ 1.

Proof. Fix k > 1. It suffices to show, by induction on ¢ + N satisfying N > max{¢k, 1}, that every k-
matching M* of W C N with |[M*| = ¢ and |W| = N is generated with probability

4
Pe(C,N) =Ly — v
[T= (")
For the base case, note that the claim is trivial whenever ¢ = 0 or 1 < N < k. For the induction step we
thus may assume that £+ N satisfies £ > 1 and N > max{¢k, k + 1}. Fix an arbitrary k-matching M* of W

+ 1{[:0}.
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with |[M*| = {. Let v; € W be the first vertex picked by the procedure, for which we distinguish two cases.
First, if no hyperedge of M* contains v;, then we must have N —1 > ¢k. Sincealso N—1>k >1and ¢ > 1,
using induction it then follows that the procedure generates M™* with probability

k¢ N — k¢ Yl yal
1_7 -pk(E,N—l)Z . — — = — — :pk(g,N).
(-%) ¥ TR T

Second, if v; is contained in some hyperedge of M*, then the procedure adds the corresponding unique
hyperedge f = {v;, w1, ..., wk—1} with probability

L P IR S S
R O R A )

Since N — k > max{(¢ — 1)k, 1}, using induction it follows that the procedure generates M* with probability

L £—1)!
a5 pe(l—1,N — k) =z~ (M@z}e_(zw_l_jk + ﬂ{m}) = pe(6, N),
(%) = C7%77)
completing the proof. O

Deferring the choice of K > 1, it will be convenient to study the ‘truncated’ subgraph F C F', where we
ensure (by deleting suitable edges) that all vertices in components C of F' with |CNW| > K become isolated
vertices in F. In particular, any component C' of Fk satisfies |C N W| < K. Furthermore,

My i = Fg + Mz,w C F+ M&W = M,. (C.15)

Recalling the definition of S(F, W) from Lemma by construction of Fx we also have

SEW) = SFEeW)| < S 1CE) N WIW] < 3 sNay(F)/|W], (C.16)
weW: s>K
|Cw (F)NW |>K
where for G € {F, Fx} we write Cy,(G) for the component of G which contains w, as before.

Our analysis of of M, k is again based on an exploration process, but with the twist that after finishing
exploring one component we start exploring another component: in each step 7 > 0 we maintain lists of ‘active’
vertices A; C W and ‘explored’ vertices £ C W. Using the procedure from Lemma the plan is to step-
by-step generate the matching M, 1 as the exploration process evolves, formally also maintaining the list of
so-far ‘unexplored’ vertices V; := W'\ £;_1, and the ‘remaining’ number of matching hyperedges m. Turning
to the details, initially we pick a vertex vy € W and start with Ay := Gy, (Fx) N W, & := 0 and m :=¢. In
step j > 1, when m > 1 holds we then pick an active vertex v; € A;_1 C W\ &;_1 =V}, and intuitively test
for the presence of a matching hyperedge containing v;, which in the procedure from Lemma formally
corresponds to flipping an independent random coin with success probability km/|V;|. Only in case of success
we proceed as follows: we generate the hyperedge e = {v;, wi,...,wr_1} C Vj asin Lemma then mark the
vertices in e* := {w1,..., w1} as explored, mark all vertices in (U, ¢j, ., (Cuw, (Fx) N W)\ (Aj_1 UEj—1 Ue")
as active, and set m := m — 1. At the end of step j we move v; from the active list to the explored list. If
the resulting active list A; is empty, then we pick an unexplored vertex v; € W'\ &; (if there is one), and
set Aj := Cy=(F) N W; the exploration process stops if no such v} exists, or if m = 0.

The key observation is that, at the end of each step j > 0, all currently active vertices in A; belong to
the same component of M, g, so that implies

Ly(My) > Li(My ) > 4. (C.17)
The following proof analyzes the (expected) one-step changes of the active vertex set A;.

Proof of ‘supercritical case’ of Lemma[2.3. We start by carefully choosing several constants, along with some
preliminary estimates. First, we pick ¢ > 0 small enough such that

(1—0)?(14+7v)—1= /2. (C.18)
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Second, using the supercritical condition and ¢ < |W|/k it follows that

S(EW)—15 (k(k_w =3 (C.19) [ineqs]

e =
We now pick K = K(k, 8, B,&,7) > 1 large enough such that the main technical assumptions imply
s>K s>K

Third, as in the proof of Lemma we have S(F,W) = EN < EN* < B/[¢(1 — 871)], so using the
supercritical condition it follows that that there is 7 = 7(k, 8, B,£) > 0 such that

> sNau(F)/IWI< Y sBAT/ES o (C.20)

1 w
TG Rl c21)
k(k —1)(S(F,W) —1)
We now define I := |§|W||, where we pick § > 0 small enough such that
§ <min{r,o7,1} and B5kK26 < % (C.22)

We henceforth restrict our attention to the first I steps of the exploration process, during which m >
C—I>2(r=08)|W|>0and [W\E| > |W|—-1I2>=(1-46)|W|> 0 ensure that the process never stops. As
usual, we denote by F; the natural filtration associated to the exploration process after j steps. Writing
v;eA 1 CW \ Ej_1 = Vj for the active vertex chosen in step 1 < j < I, it is not difficult to see that

k(-1
E(A] — A | F) = (|W| ) B( Y B | Fovwnwn) [ Fo) - 1, (C.23)
1<h<k
where the vertices wy, € Wy, 1= W\ (-1 U{vj,w1,...,wp_1}) = V; \ {vj,w1,...,wp_1} are chosen inde-

pendently and uniformly, and the vertex set €, is defined as

(’:wh = (th(FK)ﬂW)\ (Aj,1 Ué’j,lu{wh...,wk,l}u U (Cws(FK)ﬁW))
1<s<k:s#h
Using wy, € Cy, (Fx) NW and |Cy(Fx) NW| < K together with [A;_1 U&;_1| < ITkK, a moment’s thought
reveals that we deterministically (over all possible choices of the vertices ws with s # h) have

dleul = >0 [(CulFr) N W)\ {w}| = (421 UE | + k+kK) - K

weWy, weWy,
> ) (ICw(Fx)nW| 1) = 5EKI.
weW
Noting |W},| < |W|, by combining I < 6|W| and (C.22)) with (C.16]) and (C.20) it follows that
<y
Z ||W| > S(Fg,W)—1-5kK?* > S(F,W)—1— % >(1—0) - (S(F,W)-1),
h
weWyp,

where we used (C.19) for the last inequality. Note that (C.21)—(C.22)) imply I < 0|W| < of. Using the
supercritical condition together with our choice (C.18) of o, it follows that (C.23)) is at least

kE(1—o)t

E(l4;] — A1) | F5) = (k=1)-(1-0)(S(F,W)-1) -1

(C.24) |eq:evo:EAj:2

>(1-0)?-(1+7)—1=7/2

Finally, set A; := |A;| — |A;_1| and Z, := Z1gjgs[AJ’ — E(A;|F;-1)]. The expected one-step changes
of (Z;)ogj<r are E(Z; — Z;_1 | Fj—1) = 0. Combining (C.24)) and (C.17) with |Ag| > 0, it follows that

Zr= > Aj— > EQIFim1) < (ALl = [Aol) = T-7/2 < Ly(My) —~1/2.

1<5<I 1<G<T
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egular

We have ||A;| — | A;—1|| < kK by definition of Fg, so the maximum one-step changes of (Z;)og,<r satisfy
|Z; — Z;_1] < 2kK. Since Zy = 0, a standard application of the Azuma-Hoeffding inequality [0l 27] yields

B(Ly(My) < 11/4) < B(Z1 < —1/4) < e~ 1/2@REO?),
which together with I > 6|W|/2 > 6¢n/2 (for n large enough) establishes the supercritical case of Lemma[2.3]
for suitable ¢, A > 0. O

C.3 Lemma [4.3} largest component of random 2-regular graph
Proof of Lemma @ Let X; denote the number of cycles of length ¢ in R,,. Abbreviating the number of
perfect matchings of 2i points by M (2i) := (2i)!/(i!2%), simple computations (see also [24, Lemma 4]) yield

m\ ., (t—1! M@2m—2t) ([m];)?2%"!
EX, = (t)'2 S M = (C.25)

where [a], denotes the falling factorial a(a — 1) ---(a — b+ 1). Using Stirling’s formula we obtain

vm
2t\/max{m — t,1}

where 0 ~ 1 if m —t — oo and 6 = ©(1) always (i.e., when 3 <t < m). If m/2 <t < m, then X; € {0,1},
so that P(Li(R,,) = t) = EX;. Summing (C.26)), it is routine to verify that in (4.9) we can set

Vode
F(c) ::/C T =log(Vel+ve1—1)  whenl>e>1/2 (C.27)

If m/3 <t < m/2, then X; € {0,1,2}, so cycles of length ¢ may no longer be unique. Note that the
probability that the longest cycle of R, has length ¢ and is unique, is precisely the expected number of cycles
of length t for which the remaining graph on m — t vertices has longest cycle length at most ¢ — 1. By the
conclusion of - above, the probability that the remaining graph has longest cycle length greater
than t is asymptotic to F(t/ (m —t)). Furthermore, the probability that R,, has two cycles of length ¢ is
routinely seen to be (by simple calculations similar to f above) at most

(07 (- 52) i = ey o™

Putting things together, it follows similarly to (C.27)) that in (4.9) we can set

F(c) == F(1/2) + /1/2 L= i(j{(lix D gr when 1/2>¢>1/3,

where the recursive call of F' is well-defined since z/(1 —z) € [1/2, 1]. Iterating the same reasoning, it follows
that in (4.9) we can more generally set

F(c) == F(1/k) + /l/k - Qz(\x/{(% 2) dx when 1/k>c¢>1/(k+1) for k > 2. (C.28)

Turning to the claimed properties of the function F, note that (4.9) implies F(¢) € [0, 1] for all ¢ € (0, 1].
Using (C.27) and (C.28]), it is routine to check that F' is monotone decreasing and continuous on (0, 1], and
continuously differentiable on (0,1). In addition, for any ¢ € (0,1) we have

1 1 _ _
1> F(c) > (1—yrél[&cm>§]F( Y)) - /cmdm}(l—F(c))-log(\/ﬁ—l—\/c1—1),

so that F(¢) > 1 — 1/log(ve™1) — 1 as ¢ — 0. We now show that F(c) € (0,1) for all ¢ € (0,1).
The lower bound is immediate, since F(c) > F(max{c,1/2})> 0 by (C27). For the upper bound, we
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similarly see that F'(¢) < F(1/2) < 1 for any ¢ € [1/2,1]. For ¢ € (0,1/2) there are several ways to
prove that F'(¢) < 1. One (somewhat formal) proof proceeds by contradiction, assuming that F(c¢) = 1
for some 1/(k+2) < ¢ < 1/(k+ 1) with & > 1. Then monotonicity gives F(x) = 1 on [0, ¢, which in
turn implies F’(c) = 0, so that F(c/(1 —¢)) = 1 follows from (C.28). Iterating this reasoning, it follows
that F(cg) = 1 for ¢ = ¢/(1 — ke) € [1/2,1), contradicting that F(cx) < F(1/2) < 1. A second (perhaps
more insightful) proof exploits that implies 1 — F(1/K) = P(L1(Ry) < m/K) + o(1) for any K > 2.
Note that the number Yi of sets of K distinct cycles with lengths all between 1 4+ m/(K + 1) and m/K
satisfies Yx € {0,1}, so that P(Yx = 1) = EYx. Furthermore, EYx = px + o(1) where ug is the value of
an iterated integral similar to (C.28)), and clearly ux > 0. Since Yx =1 implies Ly (Ry,) < m/K, it follows
that F(¢c) < F(1/K) <1 — ug <1 for all ¢ € [1/K, 1], completing the proof since K > 2 was arbitrary. O
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